ON FEASIBILITY OF EXTRAPOLATION OF COMPLETELY
MONOTONE FUNCTIONS
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ABSTRACT. The feasibility of extrapolation of completely monotone functions can be
quantified by examining the worst case scenario, whereby a pair of completely mono-
tone functions agree on a given interval to a given relative precision, but differ as much
as it is theoretically possible at a given point. We show that extrapolation is impossible
to the left of the interval, while the maximal discrepancy to the right exhibits a power
law typical for extrapolation of similar classes of complex analytic functions. The power
law exponent is derived explicitly, and shows a precipitous drop immediately beyond the
right end-point, with a subsequent decay to zero inversely proportional to the distance
from the interval. The local extrapolation problem, where the worst discrepancy from
a given completely monotone function is sought, is also analyzed. In this case explicit
and easily verifiable optimality conditions are derived, enabling us to solve the problem
exactly for a single decaying exponential. In the general case, our approach leads to a
natural algorithm for computing solutions to the local extrapolation problem numerically.
The methods developed in this paper can easily be adapted to other classes of analytic
functions represented as integral transforms of positive measures with analytic kernels.
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1. INTRODUCTION

Theory of completely monotone functions (CMF) was developed in the 1920s and 1930s
in the works of S. Bernstein [2], F. Hausdorff [24], V. Widder [48, 46] and Feller [14] in
connection with the Markov moment problem [29]. This class of functions arises in several
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areas of mathematics [27, 1, 31, 49] and remains of current research interest (see reviews
[34, 32]). Its importance in applications is rapidly becoming more and more appreciated.
Multiexponential models, whereby a quantity of interest is a linear combination of decaying
exponentials with positive coefficients are abundant in physics [25, 17], engineering [22, 40],
medicine [41, 11, 10], and industry [42, 38].

While the problem of central practical importance in applications is the estimation of
parameters of a multiexponential model [35, 12, 38, 36], our goal is a theoretical analysis
of reliability of such procedures. To quantify the feasibility of recovery of such functions
from noisy measurements, we look for a pair of completely monotone functions with relative
discrepancy € on [a, b] C [0, 00), as measured by the L? norm, that differ as much as possible
at a given point oy € (a,b). We show that the discrepancy can be made as large as one
wishes for 0 < zy < a, while for 2y > b the relative discrepancy scales as €7(*0) | where

9 _
(1.1) v(xy) = — arcsin ( boa ) , xo>Dh.

™ To— a

An analogous problem has been considered for the class of Stieltjes functions (see e.g.,
[43, 29, 30]) in [20].

Our general methodology, developed in [19, 21, 20] for the Stieltjes class, can be applicable
to many different classes of functions that can be represented by integral transforms of
positive measures with analytic kernels. For example, CMF's are the Laplace transforms of
positive measures, while the Stieltjes functions, for which this approach was first developed,
are the Stieltjes transforms of positive measures [47]. The main technical difficulty is to
link the problem of the worst discrepancy between a pair of functions in our function class
to the much better understood problem of largest deviation from 0 among functions in
a reproducing kernel Hilbert space of analytic functions (such as Hardy spaces) that are
small on a curve in their domain of analyticity [6, 33, 16, 45, 9, 44]. The latter problem can
be reduced to the analysis of the asymptotics of eigenvalues and eigenfunctions of specific
integral operators [37, 23, 39, 19, 21]. The former is treated using the same methodology as
in [20], where a family of Hilbert space norms was constructed that bridge the gap between
the Hardy space norm and the L? norm on the given curve.

We also investigate the local problem of finding a completely monotone function g(z),
such that [[fo — gl/r2(ap) < € that maximizes and minimizes fo(z) — g(x), © & [a,b],
where fy(z) is a given completely monotone function, normalized by || fol/z2(ap) = 1. For
this problem, we derive necessary and sufficient conditions for the extremals g(x), using the
direct analysis of the variation due to Caprini [3, 4, 5]. Caprini’s method has the advantage
of suggesting an algorithm for computing the extremals numerically. The implementation
of this algorithm suggested the exact solutions for fy(xz) = e~*, which are then explicitly
exhibited and analyzed. The Caprini analysis-based approach has already been exploited
in the context of extrapolation of Stieltjes functions [18]. The details and implementation
of an analogous algorithm for completely monotone functions will be addressed elsewhere.

There are three main innovations in this paper. The reduction to an integral equation is
now done using a new version of Kuhn-Tucker theorem, valid in all locally convex topolog-
ical vector spaces, making it applicable to a broader class of problems. In the case under
study, the resulting integral operator has already been fully analyzed in [26]. The theory
in [19, 21] shows how the asymptotic behavior of eigenfunctions for large eigenvalues leads
to explicit formulas for exact exponents in the power laws, like (1.1).
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The second innovation is a nontrivial construction of a continuous family of Hilbert space
norms that bridge the gap between the Hardy space norm and the L?(a, b) norm. While the
constructed family of norms does not bidge the gap completely, it does so asymptotically.
The explicit form of the power law (1.1) and the explicit asymptotics of the solution to the
integral equation are essential to establishing the link.

The third, is the worst case analysis of the local problem. There, the necessary and
sufficient conditions for extremality are found and used to compute the two completely
monotone functions deviating the most from a single decaying exponential, with which
they agree up to a relative precision € on a finite interval.

2. PRELIMINARIES AND PROBLEM FORMULATION

We say that f: (0,00) — [0,00) beongs to the class CM', if it can be represented as

(2.1) f() = fola) = / o),

where o is a positive, Borel-regular measure on [0, 00), such that f(z) < oo for all z > 0.
In what follows, we will adopt the notation f,(z) to denote the function given by (2.1).
Formula (2.1) implies that f € H(R), where R = {z € C: Rz > 0} is the complex right
half-plane, and H(€2) denotes the space of all complex analytic functions on the open set
) € C. The uniqueness property of analytic functions suggests that the knowledge of a
CMF on an interval [a, b] should determine such a function uniquely. In practice, where f(x)
is known only approximately, the feasibility of extrapolation becomes a nontrivial question
that we address in this paper. Specifically, we assume that we know the values of a CMF
f(x) on the interval [a,b] up to a given relative precision € in L*(a,b). We want to know
how accurately we can extrapolate this function outside of [a, b]. One immediately observes
that for any given CMF f(z) the function fx(z) = f(z) + evV2Ke X9 is completely
monotone for any K > 0, and that || fx (z) — ()| r2(a) < €. However, for any ¢ € [0, a], we
can make fx(c)— f(c) as large as we wish by choosing K sufficiently large. This shows that
if we know that a pair of CMFs has a relative discrepancy € in L?(a,b), their discrepancy
at x < a can be made as large as one wishes. We therefore conclude that we may assume,
without loss of generality, that a = 0 and rescale b to 1. For this reason, we restrict our
attention to a subclass €5 of CMF's defined by

(2.2) €= {f € CM:|f]s < +oo},

where || - ||2 denotes the L?(0, 1) norm. We note that €, is not a vector space, but a convex
cone. The natural vector space the cone €, lies in is X = €, — &5, which is a real vector
space, even though its elements are complex-analytic functions on R.

To formulate the problem of the worst case extrapolation, we denote

f(x) — g(x)

(23) A9 = LT T

IThe original definition of CMF is a nonnegative C function on (0,00), whose kth derivative is either
always positive or always negative, depending on whether k is even or odd. It was shown by S. Bernstein
[2] that the two definitions are equivalent.
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describing the relative discrepancy at the point x between the two functions {f, g} C €.
The worst case extrapolation problem is

2.4 A*(e) = max |Alf,gl(zo)],

(2:4) © IIA[ﬁg]Ileel 17 9)(o)

where g > 1 is a given point. In other words, we seek the largest relative discrepancy
between two €, functions, that are at most € apart on [0, 1] in the L? sense. Our primary
goal is to prove formula (1.1), which is equivalent to the following theorem.

THEOREM 2.1. Let xy > 1, then

(2.5) 7(x0)(1§f lim InA%(e) _2 arcsin (i> ,

e—0+ Ine T T
where A™ () is given by (2.4), and the limit in (2.5) exists.

The idea of the proof is to relate (2.4), that we call the (f,g)-problem, to a simpler
problem that we know how to solve explicitly:
2.6) A () = maxolan), A ={6€ H: o]l < Lol < o}

where H = {¢ € H*(R) : ¢(2) = ¢(Z)} is a real subspace of the standard Hardy Hilbert
space H%(R), and where || - || is a multiple of the standard Hardy space norm

1 ‘ 1 , L[> .
@7 el* =suwp o | |o(z+iy)[Pdy = —/ [p(iy)|*dy = —/ |6 (iy)[*dy.
z>0 4T JR 2m Jgr T Jo
We call (2.6) the ¢-problem. We note that the Hardy space H*(R) is a reproducing kernel
Hilbert space (see, e.g. [7]), and problems like (2.6) have been well-understood [19, 20].
Our goal is to show both that
def In AZo(e)

(2:8) 7. 0) i

- 7(1"0)7

and that v.(z¢) is equal to the right-hand side of (2.5). We follow here the same strategy
that was used in [20] in an analogous problem about Stieltjes functions. The main difference
(and therefore difficulty) is that the Hardy norm ||-|| is not equivalent to || ||2 on the convex
cone €,. This makes the direct comparison between ~y(zg) and 7.(z) impossible.

Our way of resolving this difficulty is to bridge the gap between the two norms by intro-
ducing a continuous family of intermediate Hardy space-like norms of increasing strength
on X = €, — &, all of which are a equivalent to || - || on €. Each norm in the family gives
rise to the corresponding ¢-problem (2.6), where it replaces the Hardy norm || - ||. What
permits us to close the circle of inequalities between the corresponding power law exponents
~v is our ability to solve the the original ¢-problem (2.6) explicitly and thus estimate all of
its intermediate norms directly. We remark that it is the absence of the explicit solution of
the ¢-problem in [20] that prevented us from completing the rigorous proof of the analog
of (2.8) in the context of Stieltjes functions.

3. EXISTENCE OF MAXIMIZERS

The goal of this section is to prove the attainment of the maxima both in (2.4) and in
(2.6). We start by proving the representation property of functions in H.
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LEMMA 3.1. For any ¢ € H, there exists 0 € L*(0,0), o(t) € R, such that

(3.1) o(2) = /000 o(t)e ?dt, Rz>0.

Proof. If ¢ € H, then ¢(iy) € L*(R), and therefore, there exists ¢ € L*(R), such that
olin) = (o) = [ e ar

The symmetry of functions in H, i.e. ¢(iy) = ¢(—iy) implies that o(¢t) € R. Since H is a

subspace of the Hardy space H?(R), for any ¢ € H there is the Kramers-Kronig relation
[8, 28] that says that the real part of ¢(iy) is the Hilbert transform of its imaginary part.

Since the Hilbert transform is a Fourier multiplier operator by i sign(t), the Kramers-Kronig

relation can be written as Rg(y) = 0, where g(t) = o(t) — o(t)sign(¢). But then, g(¢) has

to be an odd function on R. We conclude that ¢g(¢) must be identically zero since it is zero
n (0,00). It follows that o(t) = 0 for all £ < 0, and

olig) = oty) = | ol it yer
0
Therefore representation (3.1) holds since Hardy functions possess a unique analytic exten-

sion into the complex right half-plane. 0]

We remark that in view of representation (3.1) the Hardy inner product in H can also
be computed as

(3.2) (@a, ) = (0, 1) 12(0,00) -
To establish attainment in (2.6), we need the following lemma.
LEMMA 3.2. For any ¢ € H

(3:3) [oll2 < Vol

Proof. Using representation (3.1), we have

1612 < 16]22 0, / / TS jdt = w((Ho)(—t), 0(8)) 12ce).

where Ho is the Hilbert transform and o € LQ(O, o0) is extended by zero on (—o0,0) to
yield a function in L?(R). Hence

I9ll2 < 7l (Ho) (=t 2@l ]l 2@ = wllollis@) = =llol*
0

The attainment in (2.6) is now obvious since A, is closed, convex, and bounded in H,
and the evaluation functional H 5 ¢ — ¢(x¢) is continuous. (It is obvious, for example,
from representation (3.1) and the fact that e** € L?(0,c0).)

To prove the attainment in (2.4), we need the following lemma.

LEMMA 3.3. For any f € &
(3.4) [ foll2 = o]l
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where

(3.5) ol = | "),

+1

Proof. Using representation (2.1), we compute

1518 = [ / T dotydos)

Now observe that since min,gsqz ' (z + 1)(1 — e™®) = 1, then for any s > 0 and ¢ > 0 we
have
1 — ¢~ (t+s)
> > .
t+s T t4+s+1 7 (t+1)(s+1)
Inequality (3.4) follows. O

We are now ready to prove the attainment in (2.4).
THEOREM 3.4. The mazimum in (2.4) is attained.
Proof. Let {f,, gn} C €2 be a minimizing sequence for (2.4). Then sequences

T fn ~ gn
fTL TR TR TR TR gn T T T
1 Fallz + [lgnll2 1£nll2 + [lgnll2

are bounded in L?*(0,1). By Lemma 3.3 the corresponding measures 7, fi, are bounded
in X*, where

(3.6) X = {cp € C([0,00)) : lim (1 +1)(t) = o}

is a Banach space with ||®|x = sup;,.o(t + 1)|®(¢)|. Since X is separable, there are weak-*
converging subsequences, not relabeled, Tn— 09 € X*, Tin— po € X*. Since e ™! € X, we
conclude that f,(x¢) — gn(x0) — fo(zo) — go(xo), where

o) = [ e dmte), anlo) = [ e ot

In fact, the pointwise convergence of fn and ¢, together with their weak precompactness
in L?(0,1) implies that f, — fo, and g, — go in L?(0,1). The weak lower semicontinuity
of the norm in L?(0,1) implies that {fo, g0} C Ac and therefore attain the maximum in
(2.4). O

4. THE ¢-PROBLEM
The goal of this section is to solve the ¢-problem (2.6).

4.1. Reduction to an integral equation. The ¢-problem (2.6) asks to maximize a linear
continuous functional on the Hilbert space H over a convex and closed subset A, C H.
A new general version of the Kuhn-Tucker theorem, valid in all locally convex topological
vector spaces, is formulated and proved in Appendix A. In order to apply it, we need to
describe the admissible set of functions 4, in the standard form (A.1). To do so, we first
observe that

oo 1
9ol = lloll20.100) = sup /0 U(t)o(t)dt, ol = sup [ ¢(x)i(x)de

112 4 o0y <1 lell2<1Jo
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Let us show that L?(0,1) acts on H by weakly continuous functionals, where the action of
Y € L*(0,1) on H is defined by

b (610)2 = /0 o(x)(a)da

Indeed, |(¢, ¥)o| < [[¢l2ll¢ll2 < v/7[[2]|¢], by Lemma 3.2. We also have

oo = [ atwp@ae = [ oo (oo = [ o,

while the bound
(@0, 0)2| < VY ll2ll ol = VAlYll2llol 220,00
implies
A% 2(0.00) < VTl
Thus, we obtain the desired description of A,

Ae - {¢0 € H: (07 \I[)L2(0,OO) S 1 VH\IJ||L2(O,OO) S 17 <07 A¢)L2(O,m) S € VHQ/}||2 S ]-}

In order to apply the Kuhn-Tucker theorem, we need to compute the smallest closed convex
cone F C H x R containing the set

F={(V, 1) : V][ z2(0,00) < 1} U{(AY, €)12(0,00) * [[¥0]]2 < 1}
We can characterize .7? as
F={(U+ A, A+ eB) : [|¥] 12000 < A, |[Ulla < B, A>0, B>0}.

Indeed, it is obvious both that F is a convex cone and that each element of F is a non-

negative linear combination of two elements from F. To prove that F is closed suppose
that

W, + A, — Pin L*(0,00), A,+eB, — a, 1¥nllz2(0,00) < Ans [|¥nll2 < Ba.

Then A, < A, + €B, and B, < (A4, + €B,)/e. Hence, we can extract convergent subse-
quences (not relabeled) of A,, — A and B,, — B. We can also extract the weakly convergent
subsequences (not relabeled) ¥,, — W, 1, — . The weak lower semicontinuity of the
norms 1mphes that ||W|12(0,00) < A, ||1/1||2 < B, while A+ ¢eB = a and ¥ + Ay = P. Thus,

(P,a) € f and we conclude that F is weakly closed. Now, according to the Kuhn-Tucker
theorem A.1,

@b Az = maxofeo) = ain (el o+ [|Aw =)
The minimizer v, in (4.1) exists for any fixed € > 0, because this is a convex and coercive
variational problem. However, this problem is difficult analyze; Hence, we are going to
modify the maximization problem (4.1) to make it more tractable, while using our under-
standing of the relation between solutions of (2.6) and (4.1) to obtain the maximizer in
(2.6). Using that for 1/p+1/q =1,

1 22
(4.2) - (EaQ + b2) . + — < (a+b)? < pa®+qb* =¢q (gaQ + b2) ,
P \4q q p q
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we conclude that for the sake of understanding the asymptotic behavior of A%°(e), we can
replace the variational problem (4.1) by a quadratic one:

(43) on(g) - e III/IQI(% €2H¢H2 + HA’QD _thHiQ(O,oo) ’

where € = €4/p(€)/q(€), and where the parameters p(e), g(e€), satisfying 1/p(e) +1/q(e) =1
will be chosen later to optimize the upper bound that, according to (4.2), reads

0 (¢)? € =€ p()
(1.4 AP < g0Qu(e).  ==e/2E

The advantage of the quadratic minimization problem (4.3) over (4.1) is that the mini-
mizer 1. of (4.3) solves a linear integral equation

(1.5 P0la) + (K@) = ——. =€ [o.1],
where K : L*(0,1) — L*(0,1),
_p [T oy)dy
(KY)(z) = (M AY)(z) = 4y

is a bounded, nonnegative, and self-adjoint operator. Hence, (4.5) has a unique solution
Y. € L*(0,1).
Representing the kernel (z + y)~! of the integral operator in the form

1 >
= / e temVidt,
rry 0

we conclude that the solution 1. of (4.5) satisfies

(4.6) Ve(z) = /0 Oo( ot Aap e .

€

This shows that 1. € L*(0,1) has the unique extension, also denoted . € H, which has
a representation (3.1), with 0 = e 2(e™®! — Ay, € LQ(O o0). Therefore, in view of (3.2),
we have

1 —x
(4.7) 19ell = 5 1Ade = 7l 2(0.00)-

Setting x = x¢ in (4.6), we obtain

1 o0
Yeloo) = /0 (-0 — Adp.)e— .

Multiplying (4.6) by 1. and integrating over [0, 1], we get

L[> .
ol = [ (e~ Av)Avde
0
Subtracting the two equations and taking (4.7) into account yields

(4.8) 190615 + ][40 * = e (o).
This relation implies that Q,,(¢) = %¢.(x¢), while the upper bound (4.4) becomes

(4.9) A (€)* < g(e)e™te(wo) = €*p(e) e (wo).
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The lower bound for AZ°(¢) is obtained by using a test function

(4.10) o=V e

142

which obviously satisfies ||¢.||2 = €, and where p(e) is chosen so that ||¢c|| = 1. Specifically,
using (4.8), we have

o2 el ato (¢s($0> ) 1) et
‘ =03 ple) \ [l¥:3 ple) —1
Setting ||¢c||* = 1, we obtain
(4.11) plo) = L0y el

= =1+
113 10|13
due to (4.8). The choice (4.11) of p(e) implies that ¢. € A, yielding the lower bound for
A (e)
2 2
(A ()" 2 (6uan))? = <250 = p(ev. (o),
ell2

provided p(e) is given by (4.11). Hence, the lower bound for A%°(¢) agrees with the upper
bound (4.4), and therefore,

e (20)
(4.12) A(e) = =
[
where 1), solves (4.5) and ¢ and € are related by
4] 2
(4.13) €= ,
19|

which is easy to obtain combining (4.11) and the formula for e from (4.4). Substituting
this into (4.12), we also obtain

_ ¢e($o)
[l

We can use formulas (4.13) and (4.14) to establish the explicit leading order asymptotics of
A%0(e), if we can compute the explicit leading order asymptotics of the right-hand sides in
(4.13) and (4.14). Specifically, if Fy(¢) and Ei(e) are continuous and monotone increasing
functions on [0, 1), such that Ey(0) = F1(0) =0, and

() NN | P
lim ———— =1, lim ———=— =1,
e—0t E()(Z:‘)H’QDEH e—0* E1(€)||¢8||

then we want to conclude that

(4.14) AT (e)

*

A
(4.15) Jim Eo(E; ' (e))

Since €(e) ~ Fi(g), then the assumed properties of Ey(¢) imply that ¢ — 0% if and only if
e — 07. Then,

@ _Ye(xo)
Al(e) Eo(¢) mieitoa .
0t Eo(Ey () =0t (El—l (El(e) e 12 >)

Er(e)l[ell
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Thus, (4.15) follows, if functions Ey and F; have the additional property

: Ey(e) _
) B BE B

whenever r(¢) — 1, as ¢ — 0%. It is not difficult to give an example of continuous and
monotone increasing functions Fy and Ej, with Ey(0) = E1(0) = 0 that fail to satisfy
(4.16).

4.2. Solution of the integral equation. To solve the integral equation (4.5), we diago-
nalize the bounded self-adjoint operator K. The problem of computing the eigenfunctions
of K can be related to a problem about the truncated Hilbert transform

" u(y)dy
o §-y’
regarded as a map H; : L?(0,1) — L?(—1,0), that has been solved in [26]. The relation
between the operators K and H; is expressed by the formula K? = H; H;, which shows
that if u is an eigenfunction of K with eigenvalue v > 0, then u is also a singular function
of Hy, with singular value v. Conversely, if u is a singular function of H; with singular
value v, then K?u = v?u, which implies that (K + v)(K — v)u = 0. Since K is a bounded
nonnegative operator, the operator K + v is invertible and we conclude that Ku = vu. In
[26] it was shown that the spectrum of HyH; is continuous and its eigenfunctions can be
found explicitly by observing that the differential operator

(Lu)(z) = —(2*(1 — 2*)u/ (z)) + 22%u(z)

(Hyu)(§) = P.V.

commutes with H{ Hy. We can easily verify that L also commutes with K. That means that
if u is an eigenfunction of L corresponding to the eigenvalue A\, then A\Ku = K Lu = LKu.
Hence, Ku is also an eigenfunction of L with the eigenvalue A. As computed in [26], the
eigenspaces of L are all one-dimensional, spanned by

= +ip 1 3 ip 1
4.1 ) =x 2 Fll=Z+2Z2 242220 11]:1 = 22 — 2 s
(417)  u(wp) =2 ([4+2,4+2},H7 x) A=t n20,
where F([a,b],[c]; z) is the Gauss hypergeometric function. We conclude that functions
u(x; pu) are eigenfunctions of K. The corresponding eigenvalues, are the singular values of

Hy, which, according to [26], are given by

(4.18) v(p) = cosh ()’

™

We note that the function z — F([a,b], [c]; z) is analytic in C\ [1,4+00). Therefore, u(zx; ),
given by (4.17), is analytic in the complex right half-plane. The orthogonality of the
eigenfunctions is conveniently expressed in terms of the “u-transform” and its inverse (see

26]):

(4.19) Flu) = / f@ulapde,  f(z) = / " F(wules pp tanh () dp
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Multiplying the second equation by f(z) and integrating gives the generalized Plancherel
formula

(4.20) 1918 = [ 170 P tan(mp) e
0
The knowledge of the eigenfunctions of K permits us to solve the integral equation (4.5):
> u(wo; wu(w; p)p tanh(rpu) ._ €
4.21 () = - du, = —.
(4.21) vel@) /0 2¢2 cosh(mp) + 1 oo & NG
Moreover,
> u(wo; p)*p tanh(mp)
4.22 <5 = d
( ) ||w ||2 / (252 COSh(?T,LL) + 1)2 122
while
> u(wo; p)*p tanh(mp)
4.2 a = d
(4.23) (o) /0 2¢2 cosh(mp) + 1 a

Substituting (4.22) and (4.23) into (4.8) gives

1 [ u(wo; p)*psinh(mp)
4.24 P ==
(4.24) ol s / (2€2 cosh(mu) + 1)2du

When z = zy > 1 the coefficient —2?(1—2?) in the differential operator L becomes positive,
and we expect the eigenfunctions u(xg; 1) to grow exponentially as y — o0o. Thus, if we set
e = 01in (4.22) and (4.23), we obtain exponentially divergent integrals, while they remain
convergent for each € > 0. Thus, ||[¢]|s — 0o and ¥.(xy) — 0o, as € — 0, and the precise
asymptotics of these quantities, as ¢ — 0, would depend on the rate of exponential growth
of u(xo; 1), as p — oo.

4.3. Asymptotics of A% (€). In this section the notation A(e) ~ B(e) means A(e)/B(e) —
1, as € — 0%, Similarly, A(u) ~ B(p) means A(u)/B(u) — 1, as u — +o00. The goal of
this section is to compute the following explicit asymptotics® of AZ0(e).

THEOREM 4.1.

2 arcsin(
(4.25 poo(e) ] CotoneF )y >
\/7§6| Ine, xo =1,
where

21 arcsin ( L )

1 To z_o
(4.26) C.(wo) = =
2 2(x% — 1) arcsin <x—10> arccos (%)

Formula (4.15) expresses the asymptotics of A% (e€) in terms of the asymptotics of ||¢c||2,
e(x0), and ||[¢c||, given by (4.22), (4.23), and (4.24), respectively. In turn, these depend
on the asymptotics of u(xg; i), as p — oo. The following lemma gives the asymptotics of
u(z; ), as p — oo for all z in the complex right half-plane, excluding the interval [0, 1].

2For our purposes, we only need the exponent. We derive the explicit formula for C, (zo) because we
can, and because the technique we use may be of broader interest.
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While in this section we will only need the asymptotics of u(z;pu) for real z > 1, the
asymptotics for other values of z will also be required later on.

LEMMA 4.2. Let u(x;pu) be the eigenfunctions of the integral operator K. Then formula
(4.17) gives the analytic extension of u(x;u) from [0,1] to the complex right half-plane.
Moreover,

R eta(2)
u(z; p) ~ (Z)\/?—M,
for every z€ Q={2€C:Rz>0, 2 &[0,1]}, where

(428)  R(z)=22(22— 1) a(z) = arccos (1> il (

(4.27) as ft — 0o,

z z

1—@'m>.

and where the principal branches of the natural logarithm and all fractional powers are used.

The proof is a straightforward application of the asymptotic formulas for the Gauss hy-
pergeometric function from [13]. The required calculations needed to apply these formulas
to our specific case are detailed in Appendix B. We also remark that u(1; ) = 1 and that
the asymptotics of u(x; ) for x € [0,1) is given in [26, formula (4.34)].

The exponential growth of u(z;pu) as p — oo, described by Lemma 4.2 permits us to
compute the explicit asymptotics of ¥.(z), ||¢c||2 and |[¢c||, given by (4.21), (4.22), and
(4.24), respectively. This is made possible by the following lemma.

LEMMA 4.3. Suppose that v € C([0,00)) is such that v(p) — 1, as p — +oo, k € {1,2},
and RB € (0,k). Then

/oo e”ﬁﬂv(u)d,u N (1 _ B)k—lé—zﬂ
o (2€2cosh(mp) + 1)k sin(m3)
Proof. Changing the variable of integration ' = 7w + 21Iné, we obtain
> e™Pru () du 228 oo €My (“;/ —2In é) /
= - du’.
/0 (22 cosh(mp) + 1)k T /2 (ev' 4 e~ +4lE L 1)k H

Since RG € (0,k) and v(-) is a bounded function, the Lebesgue dominated convergence
theorem applies, and we obtain®

o Py (H? - %lné) dy = / > dyy — m(1 - 6
g (e¥ + 1)k sin(mf)

(4.29) as € — 07,

Iné

lim "
50t Jorp (e# + e HAIne 4 1)k

U
As a corollary, we obtain the explicit asymptotics of ¥.(z), ||1¢]|2 and ||:]|.

THEOREM 4.4. Let xy > 1 and 1. be the solution of the integral equation (4.5). Formula

(4.21) defines an analytic extension of ¥.(x) from [0,1] to the complex right half-plane.
Suppose z € @ ={2€ C: Rz >0, 2 ¢ [0,1]}. Then,

() 0e(e) ~ 5, wnere () = LA gz 2

o
3The formula is correct only for k = 1 or 2. For general k € N, the correct right-hand side is more
complicated: (k_ﬂ)B(kﬁ_}C) e RV where B(z,y) is the Euler beta function.
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.. 1 [xoarcsin(1l/zo) . s,
(i) |[eoe|l2 ~ ;\/ . g=Bo) .

2(z5— 1)
1 [z arccos(1/T0) . pay)
(iii) ellre|| 7T\/ 20— 1) é .

Proof. We begin by “substituting” our large p asymptotics (4.27) from Lemma 4.2 into
formulas (4.21), (4.22), and (4.24). We obtain

R(zo)R(z) [® e™@nuy(z:
1/15(,2):%/ - (2 1) dy,
Q o 2&2cosh(mp) +1
ol = 200 /OO ey (wo; p)
2 or (2€2 cosh(mp) 4 1)2 s
and
ol = 2 / = P o )
A (2€2 cosh(mp) 4 1)2 s
where
u(zoyp)  ul2;p) B )
vz ) = . tanh(mp), 0(z;p) = 20(z; u)e ™ cosh(mp),
=500 uo(zo; b)) uo(2; 1) (), (25 p) = 20(z; p) (7p)
and
eua(z)
(4.30) wo(z; ) = R(2)

V27
In order to apply Lemma 4.3, we must verify that the function p +— v(z; ) and the exponent
B(z) satisfy the assumptions in Lemma 4.3. The continuity of p — v(z; u) follows from the
Euler integral representation of the hypergeometric function combined with formula (4.17),
which gives

: 3 T 1 . ) )
(4.31)  w(zp) = z—éﬂﬂw/ AT (1) (1= (1= 2 it

0

The integrand is continuous in x and bounded by ¢=/4(1 — #)=3/4|(1 — (1 — 22)t|~4e™ €
L'(0,1). An application of the Lebesgue dominated convergence theorem implies that
p — u(z; ) is continuous on [0,00) for any z € §2. Formula (4.30) shows that ug(z; )
is nonvanishing and continuous in g > 0 proving the continuity of u — wv(z;u), while
Lemma 4.2 implies that v(z;u) — 1, as p — oo, for every z € €. Finally, the required
constraint RG(z) € (0,1) for any z € €2, is guaranteed by the following lemma.

LEMMA 4.5. Ra(z) € (0,7F) for any z € Q, where a(z) is defined in (4.28).

Proof. We observe that a : Q — C is injective since cosa(z) = 1/z. Thus, J,a(Q2) =
a(082), where 0,.§2 refers to the boundary of 2 in the Riemann sphere CU{occ}. It is easy
to see that a(z) maps the ray i(0,4+00) to the line 7/2 4 iR; the ray i(—oo, 0) to the same
line 7/2 +¢R. It maps the interval [0, 1] + 07 to the ray ¢[0, +00] and the interval [0, 1] — 0i
to the ray i[—00,0]. While, v/22 —1 = 2zv/1 — 272, when z — oo, z € . Therefore,
a(z) = iln(—i) = 7/2, as z — co. We conclude that 0,,a(Q) =iRU7/2+iRU {0}, and
a(Q) ={w e C:0 < Rw < 7/2} since a()) must be a connected subset of C. O
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Lemma 4.3 can now be applied, and we obtain
R(z0)R(2)é~20)
2rsinmfB(z)

(30)(1 — Blan)e )
27 sin (o)

Pe(2) ~

R
e[l ~

Y

and
(xo)zﬁ(xo)é‘w(%)‘2
A2 sinf(xg)

Substituting the values of R(zg), a(zg), and [(zg), we obtain the claimed asymptotic
formulas (i)—(iii). O

R
lefe|* ~

Now, we can compute the explicit asymptotics of AZ°(¢), given in (4.15). We compute

Ye (o) N élﬁ(mo)\/2< o =: Ey(e),

Il 73— 1)B(ao)
and
Ve ]2 arcsin(1/zg) B
|19 || - arccos(1/xg) =: By (e).

It is now evident that functions Ey(e) and E)(¢) are continuous and monotone increasing on
[0,1), such that Ey(0) = E1(0) = 0. Since Ej(¢) is linear and Ey(e) is a constant multiple
of a power, property (4.16) reads

Ey(e) _ Ey(e)
Eo (B (Ea(e)r(e)))  Eoler(e))

for any function r(g) such that r(¢) — 1 as ¢ — 07. Thus, formula (4.15) applies, and

- B(zo)-1
A2 ~ BB O) =[50y <\/2”“38m<1/”’“0)) )

= (r())P@)=1 51 ase — 0T,

2(x2 — 1)B(z0) arccos(1/xg)

Substituting the values of a(zy) = arccos(1l/xy) and f(x¢) = 2a(zo)/7 into the above
formula, we obtain Theorem 4.1 for all o > 1. In particular, we see that for any xq > 1

(4.32) Ye(20) = lim In A(e) _z arcsin (i) :

e—0 Ine T To

The singular behavior at xq = 1 of coefficients in all of our asymptotic formulas indicates
that the asymptotic analysis for o = 1 needs to be done separately.

THEOREM 4.6. Let 1. be the solution of the integral equation (4.5) with xo = 1. Then

Ine)?
() el ~ (1) ~ 20

(i) [l]? ~ —212E

m2e?
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Proof. Whenever zy = 1, our formulas (4.22), (4.23), and (4.24) simplify because u(1; ) =
1:

(433) ()= / )

tanh (7w & tanh(mw
planh(my) ||¢g||%=/( ptonhin) zdu,

2¢2 cosh(mp) + 1 2¢2 cosh(mp) + 1)

5, 1 [ psinh(mp)

(4:34) L 7r / (262 cosh(mu) + 1)2d”'

The situation here is similar to the one for zy > 1 in that setting € = 0 still results in
divergent integrals. This indicates that it is the behavior of the integrands at u = oo
that determines the asymptotics of the integrals when € — 0*. When p is large tanh(mu)
will be replaced by 1, and both 2 cosh(mu) and 2sinh(wpu), by e™. To make this heuristic
argument rigorous, we make a simple observation that we formulate as a lemma for easy
reference.

LEMMA 4.7. Let (G,0) be an arbitrary measure space. Suppose that for any ¢ € (0,&0)
{W.,W.} C L}(G;do) and
(i) lim

/ We(p)do(u
e—0t

(i) gli,%lJr |We — WsHLl(G;dcr) < 0.

7

Then [, W.(u)do(u) ~ [, We(u)do(p), as e — 0%,

hm HW W HLl Gda)
Proof. hrn+ fG (n)do(p) =0. 0J
=0 fG (p)d M) lim / W (p)do(u
e—0t

As we have already pointed out, the integrals in (4.33) and (4.34) satisfy condition (i) of
the lemma. Then estimates

| tanh(mp) — 1] < 27, |2sinh(mp) — ™| =e ™

ensure that condition (ii) of the lemma is satisfied, and we conclude that

> pdp > / = pdp
(1) ~ A ) ell2 ™ N )
ve(l) /0 2¢2 cosh(mp) + 1 -2 o (2é2cosh(mp) +1)2

o L [
) 2r Jo (282 cosh(mpu) +1)2

and

Similarly, the estimate

K H A2 -
_ <9 z
262 cosh(mp) +1  &2e™ + 1 ‘ = e e
implies that
< pdp
1) ~ _—.
ve(1) /0 E2em + 1
To handle the remaining two integrals, we define
W.(pn) = () =

(2€2 cosh(mp) + 1)2’
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We first compute
22(0922 7 22 ,—T
« pEZ(28%€™ + 2 + E%e7TH)
|/|/ —_ |/|/ =
[We(p) ()] (22 cosh(mp) + 1)2(2e™ + 1)%’

and estimate
262%™ 4 2 + E2eTH < 3(%™ + 1),

so that
. 3’

[We () = We(p)] < (22 cosh(mp) + 1)2(e%2em + 1)

Next, we estimate
e 1> 2™ (28% cosh(mp) +1)* > 1,
and obtain )
(We(p) = We(p)| < 3pe™™ € L0, 00).
Thus, Lemma 4.7 is applicable and

be(1) ~ / L YT T / G = B,

B2emh 41 B2emh 4 1)2

16217 ~ To(2) = 1 /°° pe™dy - In (1+é%) _ In¢
: O o (82emn 4+ 1)2 ~ 2m3&2 m3E2’
establishing part (ii) of the theorem. Part (i) is proved by means of the L'Hopital rule:
I 4G ome2o(2) 2
lim Lﬁj): lim 51_(5):_ lim 71'8—0():_.
e»0+ (Iné)?2  zm0+ 2Iné e—0t  Iné 2

To apply the L’Hopital rule to I3(€), we compute

(@) = —4¢ /°° Aue”“du _ _2(é2 +1) lAn(Al +e?) -1 41n:§.
o (E%em™ +1)3 m2E(E2 + 1) 2E
Thus,
L&) . ehE) 2
e—0t (Ing)2 esot 2Iné w2
The theorem is now proved. O

According to Theorem 4.6,

ve(1) V2 3/2 el
~ —¢|Ine|

[l eIl
This shows that both Ey(¢) and Ej(g) are continuous, monotone increasing functions on
[0,e73/2), satisfying Ey(0) = E1(0) = 0. In order to use formula (4.15) for the exact
asymptotics of Al(e), we need to verify property (4.16). This is somewhat tedious. Let
r(e) — 1, as ¢ — 0" be arbitrary. To make calculations more compact, we define § =
d(e) =r(e)E1(e). Then,

FEy(e) - g|lnel3/? _ ellnep? |Inel

Eo(Ey (Br(e)r(e))) By (@) B @)P2  oln B (0)]  r(e)| By (8)]

= E0(8>, |1 8

ple) =
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where we have used the relation E;'(8)|In E; ()2 = E1(E;1(5)) = 6 together with the
formula for §(¢). Next, we write

IIne| = [Inr(e)Ey(e) — In(r(e)y/Ine])| = |nd(e)|7(e),

where
1 VAR
Fle) = |1 — n(r(e)v|Inel) — 1, ase — 0%,
In(r(e)ey/| Inel)
Thus,

()| In |
p(g) = -1 :
OB, 1(0)]
It remained to observe that §(¢) — 0%, as ¢ — 0% and therefore, n(c) = E;(6(c)) — 0F.

Hence,

F Iné In E
lim p(e) = lim ).y 0Ly (B
e—0+ e=0t r(e) s=0t [In ETH(8)|  wo0t [Ing

1/2

Formula (4.15) is now applicable, and we compute, using E; " (¢)|In E; ! (€)|Y/2 = ¢,

2 2 In B} * 2
Ai(e) ~ %Ell(e)]lnEll(e)P/Q = %dlnd% ~ %e[ In €|
since .
lim M - 1 M -1
=0t |Ine] n—0+ | In E (n)]

In particular, we can conclude that

1
(1) = lim InA. (e =1= lim (o).

e—0T Ine ro—1t

This completes the proof of Theorem 4.1 for zy = 1.

5. A CONTINUOUS FAMILY OF HILBERT SPACE NORMS

Our task now is to connect the explicit exponent 7, (xg), given by (4.32) to the desired
exponent 7y(zg) coming from the (f, g)-problem (2.4). This is done by introducing a family
of norms that help us to bridge the gap between the the L?(0,1) norm and the H?*(R) norm
on the convex cone €. In reference to f € €, we will use the notation

fP)
(5.1) (FlfD(2) = 55—,
z 2 (Z1/P 1)
where the principal branch of z* is always chosen. For all p > 1 and f € &, the functions
F,|f] are analytic on the complex right half-plane R. We then define the family of spaces

(5.2) 9y ={f€HR): Flfle H}, p=>1,
equipped with norms || f||s, = || F,[f]]l-

p =1,

THEOREM 5.1. & C §),, for every p > 1, and there exists a constant C, > 0, such that

(5.3) 1flls, < Cpllfll2,
for every f € &,.
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Proof. The fact that the functions fs5, = e™*" belong to $, follows from the observations
that for each fixed y > 0 and ¢ € [0, 1] the functions

vi(e) =Re[(z+iy)?], wm() =z +iy)], w@)=I=+iy)+1° q€[0,1]

are monotone increasing in = € (0,4o00). This is evident from the polar representation
of x + iy = r(x)e”® and the observation that 7(x) is an increasing function of x, while
O(x) € (0,7/2) is a decreasing one. Then

vi(z) = r(z)%cos(qd(z)), wo(x)=r(x)!, wvs(x)=r(x)*+1+ 2r(z)?cos(qd(z))
are obviously increasing functions since ¢f(x) € [0,7/2] for all x > 0 and ¢ € [0,1]. Thus,

= |(FlfsD(iy)]*.

—2tvy (x) —2tv1(0)

€ €

vo()v3(x) = v5(0)r5(0)

(ol fs]) (@ +iy)* =

It is also easy to see that
o9 ) o] e—2tapy1/p o] €—2tapu
(ElD Py = [ [ <o
/0 me 0 y%(yﬂp + 1+ y'/7a,) o u+1+2a,u
where a, = cos(m/(2p)). We conclude that

N

(5.4) f(z) = Z cie ™ e f,

j=1
for all p > 1.
Now, let o be a positive measure, such that f, € £, N €,. Let us show that (5.3) holds
for all such functions f,. Indeed, for any f, € £, N &,, we have (see (2.7))
1 .
1folls, = ﬁH(J-“p[fa])(zy)HLa(o,oo).

Then, in order to establish (5.3), we need to prove the inequality
(5.5) 1(Folfo)) @)l L2 (0,00) < VTCy || fol2-

To prove (5.5), we estimate
(5.6) | £ ((i)'7)| < / e~ "o (t) = f, (ayV'?) .
0
We conclude that

|f0 (apyl/p) ’2
YT |iV/eylle 4 12

LD < | N dy.

Making a change of variables u = apyl/ P we obtain

ELLD )220y < 2 /0”( " [fo(w)] .

a 2 2 2
P + u? tan <%>

Writing

n=0

> |fo(w)]? o~ M | fo(u)|?
/0 (u+ 1)% + u? tan? <2lp) = Z/n (u+1)2 4+ u? tan? (21]3) e
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and estimating

1 1
<

(u+1)2 + u? tan? (%) B (n +1)2 + n? tan? <§p>

when u € [n,n + 1], we obtain the bound

Y

P o lolw 4 n)Pde

p =0 (n + 1)% + n? tan? (21;;)

I(F LoD (i) 120,00y <

Finally, using the fact that 0 < f,(x 4+ n) < f,(x) for any CMF f,, we conclude that

2 o0
. - 1
VF o) i9) oy < P2 |

p 20 (n+1)2 + n? tan? (21p>

If we replace n+ 1 by n in the bound above for n > 0, we obtain a simpler formula for the

constant Cy:
P Tpa s
c?= -4 L2 a,=cos | —|.
P ra, 6 b 2p

To finish the proof of the theorem, we need the following density lemma.

LEMMA 5.2. Suppose f € €. Then there exists a sequence of functions f, € &5 of the
form (5.4), such that f, — f in L*(0,1).

Proof. Let K be the closure in L?(0,1) of the set of positive finite linear combinations of
functions fs5, () = e ®. Then, K is a closed, convex subset of L?(0,1). Suppose, there
exists fo € €\ K. Then, by the Hahn-Banach separation theorem there exists gy € L*(0, 1),
such that for all t > 0

/01 e " go(x)dr >0 > /01 fo(z)go(x)dx.

If oy is the spectral measure of f; € €,, then integrating the left inequality above with
respect to oy, we obtain

1
| hwm(is =0
0

which contradicts the right inequality. We conclude that K = &,. U

Now, if f € € and f, = f,, is as in the lemma, then by Lemma 3.3 [|o,]« < [|fn]|2-
Thus, we can extract a weak-* convergent subsequence in X*, not relabeled, so that o,— o,
where X is defined in (3.6). It follows that along this subsequence f,, (z) — f,(z) for all
z € R since e** € X. Thus, since f,, — f in L*(0,1), then f, = f, and consequently
(Fplfa])(z) = (Fplf])(2) pointwise on R. In addition, by the already proved inequality
(5.3) for functions (5.4), we have ||Fp[fulll = [|fulls, < Cpllfull2- Hence, there exists a
further subsequence, not relabeled, along which F,[f,] — F in H*(R). But, since H*(R)
is a reproducing kernel Hilbert space, weak convergence implies pointwise convergence,
showing that F,[f] = F' € H. We conclude that f € §,, and the theorem is now proved. [

We emphasize that inequality (5.3) is valid only for all f € €. It does not hold for
f € X =€, — &. In fact, our next theorem establishes the reverse inequality.
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THEOREM 5.3. For everyp > 1

(5.7) 1]l < 2 %Hme

for every f € X (every f € XNHy, if p=1).

Proof. To prove this theorem, we use the analyticity of (F,[f])(2) in the right half-plane.
Let I'y, be the boundary of the rectangle [0,1] x [0, L] traversed in the positive direction.
We first observe that similarly to (5.6), we can estimate

|f0((x + Z'L)l/p)| < f\a\ (Ll/pap) < f\ol(ap)'
We conclude that

lim / (F L)) (@ +iL)Pdz =,

L—o0
and using the Cauchy theorem fr [ f5])(2)%dz = 0, we obtain the formula

o0

1F £z = /0 (Fplfo))(@)*dw = / Oo(fp[fa])(iy)%dy— / (Fpl o)) (1 + iy)*idy.

0 0

By the symmetry of CMFs, we have (F,[f,])(2) = (F,[fs])(Z). Therefore, we obtain the
inequality

115 < 5 [ D@ Py + 5 [ (D0 + i)y
< [ IFLD ) Py = 275215,

where we used the property of Hardy functions that [, [F(z 4 iy)|*dy is a non-increasing
function of z. Finally, changing variable v = z'/?, we estimate

1FAE = [ lrDards=p [ S0 Bisg

u+1)
[
Now, in reference to the [ - ||, norm, we can define the ¢,-problem by analogy with the
¢-problem (2.6):
(5.3) AZ() = sup Blz), AP = {6 € 5y [Bll, < LII6l < €.

peA?

6. THE RELATIONS BETWEEN (f,g), ¢ AND ¢,-PROBLEMS

In this section, we are going to examine the relations between the (f,g), ¢ and ¢,
problems, given by (2.4), (2.6), and (5.8), respectively, with the goal of establishing (2.8),
thereby proving Theorem 2.1.

Let p > 1, and let @D € 9, be a maximizing sequence in the ¢,-problem (5.8). Define

8 = [0 € H. Then 6] = 447 s, < 1, while

1 (n) 1/p 2 (n
()2 _ e (2 /7)) W (n) 1|2 2
1601 = | e = p du < pll 2 < pe
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Thus, qu”)/ /D is a valid test function for the ¢-problem, for every n > 1, where z, was
replaced by zf. Therefore,

At s 0at) _ v () A7)
STV ey P ae) ey (4 a)

Now, let (fe, ge) be the solution of the (f, g)-problem. Define ¢.(z) = A[f., g](z) (see (2.3)
for notation). Then, ||¢.||2 < €, and by Theorem 5.1

||¢ Hf] < ||f6||f)p + ||g€||~6p
P ellz A llgell2

Thus, ¢./(C, + 1) is a valid test function in the ¢,-problem for any p > 1. Therefore,

Oc(x0) _ Alfe,gel(wo) _ A™(e)
Cob+1  Co+1 Cp+1

An essential benefit of using the Hardy norm || - || is that it permits a controlled split of
functions ¢ € H into the difference of two CMFs. Here is the construction. By Lemma 3.1,
if » € H, then there is a unique o € L?(0,00), such that

_ [ e dt, Rz >0.
6(2) /0 e Ho(t)dt, Rz >
Let o, (t) = max{0,0(t)}, 0_(t) = max{0, —o(t)}. Then, we define

b+(2) = /OOO e FoL(t)dt, Rz>0.

(6.1)

, as n — o0.

<C,

(6.2) Ap(e) =

In this construction -
/ o (t)o_(t)dt = 0.
0

Therefore, by Plancherel’s identity

/R b (i) (i) dy — 0.
But then

6] = / 164 (i) — 6 (i) Py = 6P + lo_ |2 >

which shows that

(o1l + llo-11)?,

»l>|>—*

1ol < Nl + [l < 2l ol

In order to complete the circle of inequalities, we take ¢. to be the solution of the ¢-
problem and define f = ¢}, g = ¢-. We then have, using Lemma 3.2,

6u(20) 6.(a0) Bulao)l  [odan) _ A9
A = > > = )
A9 = 3 6m e = VAl 1+ 160D = 2vallod = 2v/m 2y
We also estimate
6.1 Oy O

A = = '
1AL 016N = om0 = ToeTo, + 1Ty = Tellsy

To complete the circle of inequalities, we need the following theorem.
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THEOREM 6.1. For any xo > 1 and p > 1, there exists c,(x¢) > 0, such that

(6.3) 19ells, = cplzo)e’ ™7
for all sufficiently small .

The proof is in Appendix C. It is based on the fact that the solution ¢, of the ¢-problem,
given by (4.10) and (4.21), is expressed in terms of the explicitly known eigenfunctions
u(zx; ), given by (4.17), of the integral operator K.

We can now complete the circle of inequalities and prove (2.8). According to Theorem 6.1,

. . : . . 1
(¢, ¢-) is an admissible pair for the (f, g)-problem, where € is replaced with (C,/c,(z0))e?,

€ )

permitting us to conclude that F(zo)/p < v.(z0), where

. InA™(e)  _ — In A®(¢)
1(930) = 1133 Tne ¥(xo) = ll_f}é e

Combining this inequality with inequalities (6.1) and (6.2), we get

(6.4) Y (25) < (o) < Aplx0) < F(w0) < pra(o),
where I A%0(0) I A% ()
n A% (e _ InA%o(¢
1 2 — _T P
Dplwo) =l —= "=, Tp(wo) = lm —2

The explicit form of v, (zo), given by (4.32) implies that v.(zo) is a continuous function of
xo. Then, passing to the limit as p — 17 in (6.4), we obtain the existence of the limits

Jim (7o) = lim 7(wo) = 74(o).

Inequality (6.2) then implies that
Yp(20) < y(20) < V(0) < pysl0)-
Passing to the limit in this inequality as p — 17 proves the existence of the limit

e—0 lne ’

as well as the desired equality (2.8).

7. THE LOCAL PROBLEM

Suppose fy € €, is given, as well as ¢ > 1. Let

Kclfol ={f € & ||f — folla < €}

We note that IC[fy] is a convex set. The goal is to compute

(7.1) Mc(z0; fo) = (D f(@o),  me(xo; fo) = fem;cif}o] f (o).

While the Kuhn-Tucker theorem is applicable to the local problem (7.1) and leads to
optimality conditions that are easy to check numerically, they are not very useful as a
guide for finding the extremals in (7.1).

For this reason, we forgo the details of the Kuhn-Tucker-based analysis and opt instead
for the direct variational approach due to Caprini [3, 4, 5], which is narrower in scope than
Kuhn-Tucker, but leads directly to a natural algorithm for computing the extremals in (7.1)
approximately. The method is applicable for the minimization of general positive definite
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quadratic functionals, and necessitates the dual reformulation of the variational problems
(7.1). Given fy € € and § € (—d_,0,), for some small §1 > 0, we seek to solve

(7.2) min ||f = foll3.

fecy
f(@0)—fo(wg)=d
Suppose that f,, satisfies the constraint f,, (o) — fo(xo) = 0 and minimizes the functional
Jlo] = ||fs — foll3- The Caprini method is based on the following representation of the
variation AJ = Jlo| — J[o.] > 0:

(7.3) AT =fy = ol = fo. — FolE =2 / T CdAa () + | fa
where Ao = 0 — 0,, and
(7.4) () = (Af ) (1) — (Afo)(t) = / e (fy () — folx))da

is the Caprini function.

THEOREM 7.1. The minimizer o, in (7.2) exists and is unique and has either a finite
support or a countable support {t, :n > 1} with
|
7.5 — < 00.
5 >

n=1

In either case
7:E0t

. t o o d ) t Z )

(7.6) O(t) > x0+5/f* (fo.(®) = fo(x))dx 0

with equality at allt = t,, in the support of o.. Conversely, if o, is a positive measure, whose
support {t, : n > 1} satisfies (7.5), and is such that (7.6) holds, then it is a minimizer in
(7.2), provided o, # 0o, where fsy = fo.

Proof. To prove existence, we let g, be a minimizing sequence. Then the boundedness of
| fon |2 implies the boundedness of ||, ||, according to Lemma 3.3. Hence, we can extract
a subsequence, not relabeled, such that f, — f, in L?(0,1) and ,— o, in X*, where X
is given by (3.6). Then f, () — f,.(z) for all z > 0 since e™*" € X for all z > 0. We
conclude that f, = f,,, and that f,, (z¢) — fo(zo) = 0. The weak lower semicontinuity of
the L?(0,1) norm implies that
I fe = folla < lm || fo, = follo= min  |If = foll5-
nreo f(zo){efo(gzo):ts

The uniqueness of the minimizer follows from the convexity of the constraint and the strict
uniform convexity of the L?(0,1) norm.

Now, let o, be the minimizer in (7.2). Assume first that o, has a point mass at ¢,. Then,
we remove €0y, (t) from o, while placing the mass ee® 0= at ¢y, preserving the constraint.
In that case

AJ = 2e(eW=)C(tg) — C(t,)) + O(*) > 0
and therefore, e®(C(ty) > e™™(C(t,). Hence, any point mass ¢, in the support of o, must
be a point of global minimum of e**C(¢) on [0,400). If ¢, is in the support of o, but is
not a point mass, then m(e) = o, ((tx — €)™, t. +€)) — 0, as € — 0, while m(e) > 0 for any
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e > 0. In that case, we remove o.|((t. — €)™, t, + €) from o, and place the appropriate mass
m(e)e®0~t) at ¢y, so as to maintain the constraint. This time, we obtain

AJ = m(e)(eC(ty) — C(t,)) + o(m(e)).

Once again, we conclude that ¢, must be a point of global minimum of e*'C(t). Since
e™'C(t) is an entire function of ¢, as is evident from (7.4), the support of o, must be
discrete. If the support of o, is infinite

(7.7) 0. =) b, (t), an >0,
n=1

and does not satisfy (7.5), then, by the Miintz-Szasz theorem [15], the set of functions u'
are dense in Cy([0,1]). But then the functions e *» are dense in Cy(0,00). In that case
the equation

(7.8) e C(t,) = m® min e™'C(t)

t>0

would imply that

Agwmm—ﬁwm:mmm Vg € Co(0, 00),

where f, is a shorthand for f, . This easily leads to a contradiction if, for example, we take
a delta-like sequence g, (x) converging to d,(x) for an arbitrary a € (0, 1).
Now, equation (7.8) written as C(t,) = e *'»m implies

LAﬂ@KM@—ﬁ@WMIﬂ@Wm

giving a formula for m,

(7.9) e / F(@)(fula) = folw))da

The constraint f.(z¢) — fo(xg) = 5 , can then be incorporated into the optimality conditions
by replacing f.(xo) by fo(xo) + 0 in (7.9), obtaining (7.6).

To see that (7.6) with equality provision is sufficient for optimality, we integrate (7.6)
with respect to o, and obtain fo(z¢) + 0 = fi(zo), taking (7.4) into account, unless

(7.10) / fo(2)(fo (@) = fo(x))dz = 0.

However, if (7.10) holds, then (7.6) reads C(t) > 0. Integrating this inequality with respect
to 0y, such that fy = f,,, we obtain

(7.11) /‘ﬁ — fo(x))dz > 0.

Subtracting (7.11) from (7.10), we obtain || fy — f«|| < 0, which implies that f. = fy and
hence, o, = 0¢. This shows that (7.6) implies f.(zo) — fo(xo) = ¢, provided o, # 0y.

NOW, if o is any competitor measure, satisfying the constraint, then equation (7.3) be-
comes

AJ—Q(AWCQMda—ﬁ@mm)+wmw;
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where
1 1
m= m/o fo. (@) (fo.(x) = folz))dz.

Discarding || far||3 and using inequality (7.6), we obtain

a7z 2 (m [ ot - . am) = 2 falaw) — £a) =0

since, due to the constraint, we must have f,(z¢) = f.(z¢) for any competitor measure.
U

To illustrate the optimality conditions, let us consider an example with fy(z) =e™*. In

this case, the solutions of (7.2) can be computed explicitly. The forms of these solutions
were, in fact, suggested by first solving these problems numerically with an algorithm
based on formula (7.3). If 6 > 0, then f.(z) = ff(x) = a + be™*" for appropriately
chosen @ > 0, b > 0 and 7 > 1. If § € (—e™,0), then f.(z) = f (z) = ae ™" for
appropriately chosen @ > 0 and 7 > 1. If § > 0, the optimality condition (7.6) gives
equations 6(0) = C(r) =0, and 6’(7‘) = 0, where a(t) = C(t) — me*'. Together with
the constraint, f.(xq) = fo(xg) + J, this results in 4 equations for the 4 unknowns a, b, 7
and m. Similarly, if § < 0, the optimality condition (7.6) gives equations C’(T) = 0, and
C (1) = 0, which together with the constraint, results in 3 equations for the 3 unknowns
a, ™ and m. The resulting system of equations is linear in (a,b,m) for § > 0 and in (a,m)
for 6 < 0, so that these parameters can be easily eliminated, leading to a single algebraic
equation for 7. This equation is very complicated to be displayed here, but it can be easily
investigated either numerically or by means of a computer algebra system and shown to
have a unique solution 7(zo,d), for all zyp > 1 and 6 € (—e~*,0), if 6 < 0, and d € (0, +00),
if 0 > 0. When ¢ is small, we find

M(zo;e™") = Ey(o)e + O(%),  me(zose™™) = E_(w)e + O(e?),
where E (z¢) is an increasing function of xy from

et — 83 + 14¢% + 8¢ — 19
Bl == ~ 2. 2
+( ) \/ (e2 — 2e — 1)(362 —10e + 5) 67788263

to

e2 42 —1
E [ SO T 97488747597,
+(0) \/ 362 — 10e + 5

The function E_(x¢) behaves in a more complicated manner. It increases from

B =2/—""L <15
I et —6e2+1

to its maximal value E_((e +2)/(e + 1)) ~ 1.566 and then decreases to 0 as x( increases

A

from (e + 2)/(e + 1) to +oo, In fact, E_(zy) = z;'e* E_(xy) is a monotone increasing
function from eF_(1) = 4.1 to

E_(c0) = 26\/< 208 -1)  ss.

ez —1)2 — 4e?




26 HENRY J. BROWN AND YURY GRABOVSKY

g - - . ft
p Certificate of optimality: fg*(x0)>fo(x0) X =2 ¢=0.01
x10 Y
1.1
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FIGURE 1. Solutions of the local worst case extrapolation problems (7.2)
with fo(z) = e, 2o = 2, € = 0.01, and their respective certificates of
optimality.

The plots of f(z) and fy(x) together with their respective certificates of optimality C'(t) =
C(t) — me~™" are shown in Fig. 1.
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APPENDIX A. KUHN-TUCKER IN TOPOLOGICAL VECTOR SPACES
Let X be a locally convex topological vector space. Let F C X* @ R be any subset.
Define
(A.1) K={zeX: f(x)<aV(fa)eF}

Then K C X is both closed and convex. Let h € X* be a given functional. The maximiza-
tion problem

(A.2) m = sup h(x)

zeK

is called the linear programming problem. If the set K is empty the value of m is set to
—o0 by convention.
Let F denote the smallest closed (in weak-* topology of X* @ R) convex cone containing

F. We remark that

K={zeX:f(x)<aV(fa)eF}
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We also define
K'={(f,a) e X*®R: f(z) <aVze K}
Obviously, F C K* Itis casy to give an example where K* + F. Let X = R and
F={(1,0)},so that K = {x e R: 2 <0} and F = {(f,0) € R?: f > 0}. But
K*={(f,a) eR*: fr<aVr<0}={(f,a) eR*: f >0, a>0}.

Our goal is to obtain a dual formulation of (A.2). We observe that if m < +o0, then
(h,m) € K*, while (h,m — ¢) ¢ K* for any € > 0. Thus, m is the smallest of the numbers
a, such that (h,«) € K*. For this reason, we introduce the following notation. For any
subset S C X* x R and any f € X*, we define

S={aeR:(f a) eSS}

Our remark can then be stated that m < +oo if and only if K; # 0, in which case
m = min K. The dual set K* is a maximal set of inequalities defining K, while the

set F C K* describes the weak-* closure of the set of inequalities obtained by positive
linear combinations of finite subsets of inequalities in (A.1). The remarkable fact of the

Kuhn-Tucker theorem is that even though F can be a lot smaller than K*, as our example
showed, it still contains all the bottom extremal points of K*.

THEOREM A.l. Suppose that the set K, given by (A.1), is non-empty. Let F be the
smallest weak-* closed convex cone containing F. Let m be given by (A.2). Then

(A.3) m = min Fy,
where we have indicated that the minimum is achieved, if ]?h # ().

We remark that requiring K # () is essential. For example, we can take X = R? and
F = {(e1,0),(—ey, —1)}, corresponding to constraints x; < 0 and —z; < —1, which are
inconsistent, so that K = (). We compute

ﬁ = {(()\1 — )\2)61, —)\2) : )\1 2 0, )\2 Z 0}
For h = e, the set of pairs (e, a) € F is empty resulting in the minimum in (A.3) to be
+00, while the supremum over the empty set is —oo.
Proof. We have already observed that

sup h(z) < 400 <= Kj #0.
zeK

Therefore, if K; = () then Fy = 0 since F C K*. Thus, if m = +oo, then formula (A.3) is
valid. It only remains to consider the case m < 400, whereby (h,m) € K*. The theorem
below asserts that (h,m) € F , and therefore, that m has to be equal to the right-hand side
of (A.3) since (h,m —¢) & K* for every € > 0. O

THEOREM A.2. Under assumptions of Theorem A.1 assume additionally that m < +o0.
Then (h,m) € F.

Proof. 1t (h,m) ¢ F then, by the Hahn-Banach convex separation theorem there exists
& € X, uo € R, v € R, such that

(A4) h(€o) + pom < v < f(&) + po, V(f, @) € F.
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Here, we used the fact that the set of all linear continuous functionals on X*, equipped
with its weak-* topology is parametrized by X, i.e. for any F' € (X*, weak-*)* there exists
a unique x € X, such that F(f) = f(z) for all f € X*.

We first observe that if there exists (fo, ap) € ﬁ, such that fo(&) + pocvy < 0 then the

second inequality in (A.4) cannot hold since (Afy, Aay) € F for any A > 0. However, if
fo(&o) + poa > 0 then Afo(&o) + poAa can be made as close to 0 as one wishes. It follows
that v = 0. We thus restate (A.4) in a more convenient form:

(A5) h(&) +pom <0, f(&) +ma 20, ¥(fa) € F.
We need to consider 3 possibilities for py.
(1) po > 0. In this case
f <—€—°) <a, Y(f,a)eF.
Ho
which implies that —&, /o € K. But then, according to the first inequality in (A.5),

h <—£—0) >m,
Ho

which contradicts the definition (A.2) of m.
(2) o = 0. Since K # () there exists u € K. But then for any A > 0, we have

flu= X&) <, Y(f,a)€eF.

This implies that u — Ay € K. But h(u— A&) = h(u) — Ah(&y), which can be made
arbitrarily large and positive by a choice of A > 0 since h(&;) < 0. This contradicts
the assumption that m < +oo.

(3) 1o < 0. For convenience of working with positive numbers, we set g = —vp, and

1o > 0. In that case, we have f(&) > vy for every (f,a) € F. Then for every
x € K, we have for any ¢t > 0

flx—t&) < (1 —tyy)a.
Thus, for all z € K and t € (0,1/1p), we conclude that
x — to
11—ty
We will get a contradiction by showing that

e K

y(l’,t) =

sup h(y(x,t)) > m.
zeK

—1
0<t<VO

We compute
h(x) —m —t(h —
hly(z, 1)) = m + D = = M) = vorm),
1— tl/()
By definition of the supremum there exist zy € K, such that
h(§o) — rom
21/0

since h(&) — vom < 0. But then h(y(zo, (2v9)71)) > m.

h(ﬂfo) >m +
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The obtained contradictions imply that (h,m) € F, establishing (A.3). O

APPENDIX B. ASYMPTOTICS OF u(z; 1) FOR LARGE [

To compute the asymptotics of u(z;p), as g — +oo for z € Q ={2€ C: Rz >0, z ¢
[0,1]}, we first apply the Pfapf transformation [13, formula (1.8)], and obtain

1 1 ip 1 dp 1
u(zip) = - ([4+ 501 2}7[], —22)

We note that The map g(z) = 1—2z~2 maps Q into Q = C\{w € R : w(w—1) > 0}, to which
the asymptotic expansion from [13, Theorem 3.2] applies. Substituting our parameters
into the expansion [13, (3.8)—(3.11)] and retaining only the leading term (n = 1 in the
expansion), we obtain

—%ﬂ?[l];l—%)N

where

e~ ipé e i
sl () b ()
Iflu‘ 2 2 Il 2\ 2

Here the transformation ¢ = 1 — 2272 maps

N={ze€C:Rz>0, 2¢10,1]}

onto

G=C\{CeR:[¢|>1}.

E=n(C—ir/T= ).
We observe that ¢ = cosh &, and therefore, £(C) is injective on G. Thus, 0,.£(G) = £(0..G).
Computing the images of (—oo, —1] & 0i and [1, +00) & 0i and noting that {(oc0) = oo, we
conclude that £(¢) maps G onto the strip —7 < ¢ < 0 bijectively. We also note that
1

coshﬁzg“:l—;,

1
ol — sinh? (%) .

Then

which implies that
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Since z €  lies in the right half-plane, while ¢ € (—m,0), we conclude that

% = ¢ sinh (g) = sin (%) )

T i§\ 1 N
COS<§_§)—Z7 7T<\S‘§<0

Since the map n = 7/2 — i£/2 maps the strip —7 < I < 0 onto the strip Ry € (0,7/2),
we conclude that 7 = «(z), where «(z) was defined in (4.28) and, thus,

(B.1) £ =1i(2a(z) — ).

Using (B.1) and the formulas

We can write this as

Te
| R
2 2 2 \/E’

we obtain the error estimate

% (14¢/m) npia(2)
O(®1(1, ) = O ( ) il

) o)
Vi /1
Since |$¢| < 7, we conclude that the term e<%_%)mK7% (—%’i) is negligible, compared to
li=%)mife 1 (157“) Therefore, we obtain the asymptotics
eiﬁ/4 BLQH( —%) \/g |€7r,ua(z)|
u(z;p) ~ 5 T = +0(—— .
VIR (2 -z vie O\

Since —7 < ¢ < 0, we conclude that

Thus, for all z € 2

N 1 emha(2) O e (®)]
(B.2) wesn) = i 0 NG )

APPENDIX C. ESTIMATE OF |[[¢c||s,

The goal of this section is to prove the lower bound (6.3) on [|¢¢||s,. When x¢ > 1, Part
(i) of Theorem 4.4 can be used to estimate ||, ||q, from below. If 2o =1

e = [,

Its asymptotics as e — 07 is given by the following theorem.

THEOREM C.1. Let 2z € Q ={z€ C: Rz >0, z € [0,1]}, and . be the solution of the
integral equation (4.5) with xo = 1. Then

R(2)\/|Iné| —200 , €
(02) ¢6(Z) ~ mg T, g = \/%
where R(z) and o(z) are defined in (4.28).
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Proof. As we have argued before, the asymptotics of 9. (z) is determined by the asymptotics
of the integrand in (C.1), as p — oo. Thus, we would want to replace u(z;p) by its
asymptotics (4.27), tanh(7u) by 1, and 2 cosh(mp) by e™. We therefore, rewrite (C.1) as

R(z) [* D oz )
V2r Jo 252008h(7w)+1d'u’

gy e
v(z; ) e .#)t h(mp),

(C.3) be(z) =

where

and where ug(z; ) is given by (4.30). Then, v(z;-) € C([0,00)), due to the representation
(4.31), as argued in the proof of Theorem 4.4, and v(z;p) — 1, as p — 0o, by Lemma 4.2.
Thus, there exists M(z) > 0, such that |v(z; p)| < M(z), for any 2 € Q.

Let I(¢) denote the integral in (C.3). Changing variables p/ = wu + 21n(€), we obtain

a()p /
I(A) 1 —21néA_2a(z)/oo M,_ané e ﬂu 21116
g)=— o=
T T 2Iné —2Iné et +e M+4lng_|_1

The estimate
~ D‘(Z)M/ / 9Iné
p—2Iné [ e = w(z L — 2R
\/Thlé eH' + e—p/+4lné +1 X(?lné,oo)(,u/) S q)(//>

where (') is given by

(y') =

M(z)e(w;(ZLl)“/ <0,
M)V T 1500 s o,

shows that the Lebesgue dominated convergence theorem is applicable since Ra(z) €
(0,7/2), by Lemma 4.5. Therefore,

g e 5" d — R(z)/| lné|é—2a<z)
ret +1"7  wsin(a(z)) '
The theorem is proved. U

In order to estimate ||[¢)||s, (for any @y > 1), we need a tighter bound on Ra((iy)'/?),
when y > 0 and p > 1, which becomes optimal as p — 1*. Formula (4.28) show that
Ra(iy + 0) = w/2, for any y > 0. In fact, we have the following estimate.

LEMMA C.2. Lety >0 and p > 1. Then Ra((iy)'/?) € (1 1).

2 2
Proof. We first observe that for any z € 2
alz) = —ilnz+iln(l —ivz2 —1).

Indeed, it is easy to see that the right-hand side of the above formula is analytic in €2 and
agrees with arccos(1/z) for z > 1. The same is true for the left-hand side. Therefore, they
must agree everywhere in Q. If z = (iy)'/?, then 2% = re?® where 6, = 7/p € (0,7), and
r > 0. It is now easy to see that arg(z? — 1), as a function of r, decreases from 7 at r = 0 to
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6, at r = +00. Hence, arg(—iv/2? — 1) decreases from 0 at r =0 to 6,/2 — /2 at r = +o0.
Therefore, arg(l —iv/22 — 1) will also be between 0 and 6,/2 — /2. Thus,

Ra(z) = %p —arg(l—ivz2—-1) € (%, g) :

THEOREM C.3. For zg > 1 and p > 1, there is a constant s,(zo) > 0 such that

_ 2a(zq) 1

€ T p To>1
[%ells, = sp(z0) {8_ 0T

%\/|ln5|, xo = 1.

for all sufficiently small € > 0.

Proof. Let
R(zo)R(2) ~—28(z
0 27rs(in0()7r[3((z)))€ PE x> 1, a(zg) + a(z)
V0(z) = R(2)4/|Iné| ,=2a() 1 pz) = L
msin(a(z)) T, To= 4

Then, Theorems 4.4(i) and C.1 say that 1.(z) ~ ¥?°(z) for any z € Q and any zo > 1. We
then write

l/p 2
I, = 3 [ Sy e e (@) )P

where N,(y) =7 ]1 + (iy)/?|?. By Lemma C.2, we estimate
(C.4) [0 (i) 7)] = Ap(o, y) K" (e),

where

a(zq)
R(zo)|R((iy) /7)) (2m) 7 * %

2a(zg) 1
: . , o> 1, T
Ap(gjmy) = 27T|Sm(7"5(gly)l/p))| 0 K:(;O(E) _ {5 P, To > 1,
£

|R((iy)'/?)|(2m) 2P

w| sin(ra((iy)1/P))]? Lo = 1’

Thus, we obtain the lower bound

xo l/p 2
2 = ((iy)'P)] 2
- L y) dy.
||¢ ||f]p - / N |1/) Zy)l/p)|2 (xo y) y
Now, by Fatou’s lemma, we have7 taking into account ¥.(z) ~ ¥ (z), as € — 07,
lell3, 1 /°° Ap(z0,9)?
lim > P I dy =: 2s,(20)? > 0.
BIrer S xly N T
It follows that for all sufficiently small e > 0, we have ||{. ||, > s,(70) K;°(¢). O

We now have everything we need to prove Theorem 6.1.
Proof of Theorem 6.1. We have, using (4.13)

eliells, el
Ch . = P = Ly
(C5) Ioclls, = Ty = el

It only remained to observe that Theorems 4.4(iii), 4.6(ii) can be written as

[l ~ Co(zo) Ko (e)ev ™,
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where

ﬁ Iozl.

T )

(27)P(0)/2 [y arccos(1/xo)
, o> 1,
Co(xg) = { " 2(e5-1) °

Combining this with Theorem C.3 and applying to (C.5), we obtain that

sp(To) -1
> P P
||¢E||55p el 20(1,0)5

for all sufficiently small € > 0. Theorem 6.1 is now proved.
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