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C H E M I C A L  P H Y S I C S

Understanding the density maximum of water with 
machine-learned potentials
Yizhi Song1*, Renxi Liu1, Chunyi Zhang1,2, Yifan Li3, Biswajit Santra1†, Mohan Chen4,5,  
Michael L. Klein6,7, Xifan Wu1,6*

After melting, at ambient pressure, the density of water continues to increase with temperature until it reaches a 
maximum around 4°C. For nearly a century, this phenomenon has been qualitatively attributed to a mixture of 
ordered and disordered structures. Here, we use a deep neural network to train a machine-learned (ML) inter-
atomic potential for water using electronic structure data from advanced density functional theory. Notably, mo-
lecular dynamics simulations with the ML potential reproduce both the experimental water density anomaly and 
the thermal expansion coefficient. Detailed structural analysis of the computed hydrogen-bond network reveals 
that the density anomaly arises from an emergent liquid structure that retains nearly ideal tetrahedral coordina-
tion at short range but collapses at intermediate range. Our findings point to a more delicate mechanism causing 
the density maximum than the conventional picture, emphasizing the collective roles of structural orderings at 
different length scales.

INTRODUCTION
Among water’s many unique properties, its density anomaly is argu-
ably the most substantial and consequential (1). Unlike typical liq-
uids, water becomes denser upon heating from its melting point, 
reaching a maximum near 4°C before decreasing in density with fur-
ther warming. This nonmonotonic behavior has profound ecological 
implications. On a more fundamental level, the anomaly challenges 
conventional liquid-state theories and has inspired previously un-
identified theoretical models for network-forming liquids, pushing 
the boundaries of classical physics.

The density anomaly remained poorly understood until the sem-
inal work of Bernal and Fowler in 1933 (2), which provided the first 
microscopic structure model. They proposed that water’s anoma-
lous behavior stems from its hydrogen-bond (H-bond) network, 
which at low temperatures forms an ordered, icelike structure char-
acterized by large open volumes and low density. As temperature 
rises, thermal fluctuations disrupt the H-bonds, transforming the 
network into a more disordered configuration, thereby enabling 
denser molecular packing. The Bernal-Fowler model laid the con-
ceptual foundation for later developments based on computer simu-
lations and experiments (3–11), which describes liquid water as a 
dynamic mixture of low-density, tetrahedral-like and high-density, 
disordered local structures, associating the anomalies with a liquid-
liquid critical point (3, 10–15).

Despite these advances, the microscopic origin of density anomaly 
remains unresolved and actively debated (9, 16–19). The hypothe-
sized liquid-liquid critical point is not directly accessible through ex-
periment (20), necessitating reliance on computational investigations. 

In statistical theory (7–9, 12), free energies are typically modeled us-
ing order parameters (21–23) that characterize local structures within 
the H-bond network responsible for density fluctuations, classifying 
local structures into low-density and high-density states. However, 
the microscopic features identified and the population fraction as-
signed to each structural type are highly sensitive to the choice of 
structural descriptor (23, 24). This sensitivity highlights the need for a 
precise understanding of how water molecules are locally packed 
within the H-bond network to unambiguously link microscopic 
structure to density fluctuations.

Ab initio molecular dynamics (AIMD) (25) based on density 
functional theory (DFT) (26, 27) provides a rigorous quantum me-
chanical framework for probing water’s behavior (8, 28–32), but its 
high computational cost has traditionally limited its application. Re-
cent advances in machine learning (33–36) now enable large-scale 
simulations with DFT-level accuracy (37, 38). While promising, 
these models have often predicted temperatures of maximum density 
(TMD) below the melting point (18, 39), contradicting experiment. 
This discrepancy underscores the highly delicate nature of H-bond 
network and the continuing need for advanced theories.

Here, we address the microscopic origin of water’s density anom-
aly using large-scale molecular simulations based on the deep po-
tential framework (34–36). A deep neural network potential, trained 
on data from a van der Waals (vdW)–inclusive hybrid PBE0 func-
tional (40–44), is used to simulate water.

RESULTS
As shown in Fig. 1A, we present the predicted water density as a func-
tion of temperature relative to its melting point, with experimental 
data (45, 46) included. A clear nonmonotonic behavior is observed, 
and the curvature of the simulated density-temperature curve closely 
follows experimental results across both the supercooled region and 
temperatures above the melting point. This accurately captured non-
linearity is further supported by the isobaric thermal expansion co-
efficient αv shown in the inset of Fig. 1A, which exhibits excellent 
agreement with experiments (45, 46). In both the simulated density 
and thermal expansion curves, the density anomaly is identified at 
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TMD of 1.5 K above the melting point = 314.0 K, with a corre-
sponding maximum density ρmax = 1.02 g/cm3. The corresponding 
experimental reference values of the TMD and maximum density are 
3.98°C and 1.00 g/cm3, respectively (45). By contrast, other exchange-
correlation functionals, such as revPBE0-D3, tend to overestimate the 
difference between TMD and melting point ( ≈10 K ) (47), while 
BLYP-vdW incorrectly predicts their relative order (18).

Decomposition of local density changes
Macroscopically, the observed density is an ensemble average over lo-
cal fluctuations driven by thermal motion. To resolve these, we use the 
Voronoi method (48, 49), which partitions the water into space-filling 
polyhedra centered on the oxygen atoms. The boundaries of each cell 
are defined by perpendicular bisecting planes between a given central 
oxygen and its Voronoi neighbors. This geometric construction as-
signs to each water molecule i a unique local volume Vi, from which 
the local density is calculated as ρ

i
= m∕V

i
 , where m is the molecular 

mass of a water molecule. The macroscopic density is then given by 
ρ = m∕⟨V⟩ , where ⟨V⟩ is the ensemble-averaged local volume (50). 
Accordingly, variations in the macroscopic density are related to the 
mean local volume as δρ = −

m

⟨V⟩2
δ⟨V⟩. Figure 1B shows a repre-

sentative Voronoi tessellation and the corresponding distribution 

of ρi from an equilibrated snapshot at 330 K. As expected, pronounced 
spatial inhomogeneity is observed, with broad fluctuations in ρi.

Furthermore, the local density ρi of a given water molecule de-
pends crucially on the spatial distribution of its Voronoi neighbors. 
In Fig. 1C, we present the pair distribution function (PDF) between 
a central oxygen atom and the oxygen atoms of its Voronoi neigh-
bors, alongside the overall oxygen-oxygen PDF for comparison. The 
Voronoi neighbors consist of all molecules from the first coordina-
tion shell and the interstitial region, with only partial contributions 
from the second coordination shell in Fig. 1C. As the distance from 
the central molecule increases, the number of Voronoi neighbors 
decays rapidly and vanishes near ∼6 Å consistent with the theoreti-
cal density-density correlation length (51).

The Voronoi-based analysis above indicates that the local density 
is determined by the packing of water molecules in the H-bond net-
work at both short range (SR) and intermediate range (IR). Com-
pared to the tetrahedral structure formed by intact H-bonds in ice, 
the H-bond network in water is highly dynamic. Under thermal 
fluctuations, H-bonds continuously break and reform on the pico-
second timescale (52, 53), yielding a partially collapsed H-bond net-
work. At SR, the structure of the H-bond network can be described 
by either a near-tetrahedral structure with four H-bonds (see inset 
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Fig. 1. Structural decomposition of water’s density anomaly. (A) Temperature-dependent water density and thermal expansion coefficient (inset) from theory and 
experiment (45, 46). Red circles indicate the TMD. All curves are horizontally shifted by the melting temperature (314.0 K). (B) Snapshot of liquid water at 330 K (∼16 K 
above the melting point), with Voronoi cells color coded by local density. The color scale ranges from low local density (orange) to high local density (blue). A representa-
tive Voronoi cell is highlighted with a black outline. (C) Oxygen-oxygen pair distribution functions (PDFs), gOO(r) (dashed lines), and the corresponding partial contribu-
tions from Voronoi neighbors, gOOVN

(r) (solid lines). Colors indicate different simulation temperatures. Inset shows a representative Voronoi cell (gray polyhedron) of a 
central water molecule (red); neighbors forming H-bonds with the center molecule are marked in blue, and others in gray. The two gray circles indicate the first and second 
coordination shells, respectively. (D) Decomposition of the total density change Δρ

total
 into short-range (SR) ( Δρ

SR
 ) and intermediate-range (IR) ( Δρ

IR
 ) contributions. The 

IR component is further divided into contributions from tetrahedral ( Δρt
IR

 ) and disrupted tetrahedral ( Δρd
IR

 ) structures, as defined in Eq. 3. Exp., experiment.
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of Fig. 1C) or a disrupted tetrahedron with one or more broken H-
bonds, centered on a water molecule. Because of these clear struc-
tural characteristics at SR, each water molecule in the equilibrated 
trajectory can be unambiguously assigned to either a tetrahedral or 
a disrupted tetrahedral structure, with corresponding Voronoi cell 
volumes ⟨Vt⟩ and ⟨Vd⟩ and local densities ⟨ρt⟩ and ⟨ρd⟩ , respectively. 
Accordingly, the ensemble-averaged local volume ⟨V⟩ can be rigor-
ously decomposed as

where nt and 1 – nt denote the fractions of water molecules adopting 
tetrahedral and disrupted tetrahedral structures, respectively. To sepa-
rate the contributions from SR and IR ordering in the H-bond network 
to the overall density variation, we apply a constrained variational de-
composition method to the macroscopic density ρ as follows

Here, δρSR quantifies the contribution from changes in the popu-
lation fraction of tetrahedral structures, δnt , which is governed sole-
ly by SR H-bond ordering. The terms δρt

IR
 and δρd

IR
 denote the IR 

contributions to the density change in tetrahedral and disrupted 
tetrahedral structures, respectively. By holding the SR ordering fixed 
within each structural type, the remaining variations in local densi-
ty, δ⟨ρt⟩ and δ⟨ρd⟩ , can be attributed entirely to changes in IR order-
ing, giving rise to δρt

IR
 and δρd

IR
 . The prefactors are defined as 

A = ρ2∕⟨ρt⟩⟨ρd⟩ and k = ⟨ρd⟩∕⟨ρt⟩ , both of which vary weakly with 
temperature and can be treated as constants over the studied tem-
perature range (see Supplementary Text and fig. S2). The total cumu-
lative change in density with respect to temperature can be obtained 
by integrating Eq. 2

The calculated contributions are shown in Fig. 1D.

Density variation from SR ordering in the H-bond network
The intrinsic density fluctuations in the H-bond network is driven by 
the dynamic and directional nature of hydrogen bonding, which con-
tinuously interconverts water molecules between tetrahedral struc-
tures with local density ⟨ρt⟩ and disrupted tetrahedral structures with 
local density ⟨ρd⟩ , through the breaking and reformation of H-bonds. 
At temperatures below TMD, SR ordering in water is dominated by 
near-tetrahedral arrangements. The Voronoi cell associated with this 
locally ordered structure forms a compact polyhedron of volume ⟨Vt⟩ 
surrounding the central molecule, as schematically illustrated in the 
inset of Fig. 2A. At elevated temperatures, thermal fluctuation weak-
ens and breaks H-bonds, disrupting the SR H-bond network. As the 
number of broken H-bonds grows, molecules that were previously 
H-bonded to the central molecule are displaced from the first coordi-
nation shell into interstitial regions as nonbonded neighbors, turning 
into disrupted tetrahedral arrangements. The associated Voronoi cell 

expands to a larger volume ⟨Vd⟩ with increased open space, leading 
to a lower local density ⟨ρd⟩ , as shown in Fig. 2A. The local density 
⟨ρt⟩ is consistently higher than ⟨ρd⟩ , resulting in a positive gap be-
tween ⟨ρt⟩ and ⟨ρd⟩ across the entire temperature range studied. This 
is expected, as local density is primarily influenced by the packing of 
nearest neighbors, governed by the SR ordering.

With increasing temperature, the fraction nt of water molecules 
exhibiting near-tetrahedral local ordering (and higher local density 
⟨ρt⟩ ) decreases, while the fraction 1 – nt corresponding to disrupted 
tetrahedral structures (and lower local density ⟨ρd⟩ ) increases, as 
shown in Fig. 2B. This structural shift thus results in a monotonic 
decrease in the density variations from changes in SR ordering ΔρSR , 
as shown in Fig. 1D. The sharp decline reflects substantial changes 
in molecular packing within the H-bond network at SR, underscor-
ing the important role of SR ordering in governing water’s density 
anomaly. Furthermore, the approximately linearly decreasing trend 
of ΔρSR with temperature is also anticipated, given that the charac-
teristic energy of hydrogen bonding is roughly two orders of magni-
tude greater than the thermal energy over the temperature range 
considered, placing the system firmly within the linear response re-
gime. Nevertheless, despite its significant magnitude, the density 
change arising from SR H-bond ordering alone cannot account for 
the emergence of TMD, which requires a nonmonotonic density 
variation with respect to temperature.

Density variation from IR ordering in the H-bond network
With the SR ordering constrained as tetrahedron in Δρt

IR
 and dis-

rupted tetrahedron in Δρd
IR

 , respectively, ΔρIR = Δρt
IR
+ Δρd

IR
 can be 

⟨V⟩ = nt⟨Vt⟩ +
�
1−nt

�
⟨Vd⟩ (1)

δρ=A

⎡
⎢
⎢
⎢
⎢
⎣

�
⟨ρt⟩−⟨ρd⟩

�
δnt

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

SR

+ ntk δ⟨ρt⟩+
�
1−nt

�1

k
δ⟨ρd⟩

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

IR

⎤
⎥
⎥
⎥
⎥
⎦

=δρSR+δρt
IR
+δρd

IR

(2)

Δρtotal =

T

∫
Tmelt

δρ
(
T �
)
dT � = ΔρSR + Δρt

IR
+ Δρd

IR (3)

Fig. 2. SR ordering in the H-bond network. (A) Temperature-dependent local den-
sities of tetrahedral ( ⟨ρ

t
⟩ ) and disrupted tetrahedral ( ⟨ρ

d
⟩ ) structures. Insets show the 

representative molecular structures for each structural type. The disrupted tetrahe-
dral structure exhibits a larger Voronoi cell volume. (B) Temperature-dependent 
population fractions of tetrahedral (nt) and disrupted tetrahedral structures (1 – nt).
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unambiguously attributed to density variations arising from the IR 
ordering in the H-bond network. In contrast to the nearly linear 
decrease in ΔρSR , the IR contribution ΔρIR exhibits a pronounced 
turnover as a function of temperature, as shown in Fig. 1D. This 
nonmonotonic behavior is crucial for the emergence of TMD in water.

A closer examination in Fig. 1D further reveals that the turnover 
effect in ΔρIR is mainly driven by the component of Δρt

IR
 with strong 

nonmonotonic curvature. It indicates that the density maximum 
mainly originates from H-bond structural change at IR, however, 
with near-ideal tetrahedron at SR. The density variation in Δρt

IR
 is 

contributed by two effects, Δρt
IR
= Δρt

(−)

IR
+ Δρt

(+)

IR
 , which influence 

density in opposite directions, as illustrated in Fig. 3B (see the Struc-
tural analysis section in Materials and Methods for computational 
details). As temperature increases, the density decrement associated 
with Δρt(−)

IR
 is attributed to the softening of H-bonds. This geomet-

ric softening leads to an increased H-bond length dHO⋯H between 
neighboring water molecules, as evidenced by a shift in the center-
of-mass distribution of H-bonded neighbors to larger separations 
(see Fig. 3A). Notably, H-bond softening perturbs the geometry of 
the network without breaking its connectivity, thus preserving the 
SR H-bond ordering. However, it affects the IR structure, causing a 
nearly homogeneous expansion of the Voronoi cells of each water 

molecule, thereby has a negative effect on the local density ⟨ρt⟩ 
and contributes decreasing Δρt(−)

IR
 , as schematically shown in Fig. 3B.

Conversely, the term Δρt(+)
IR

 contributes to an increase in density with 
rising temperature, as shown in Fig. 3B. This density increase origi-
nates from the collapse of the H-bond network at IR. Upon heating 
water above its melting point, the H-bond network undergoes a fun-
damental transformation at the IR, due to the highly dynamic na-
ture of hydrogen bonding. In contrast to the near-ideal tetrahedral 
network in crystalline ice, the second coordination shell in water 
begins to partially collapse, as evidenced by the diminishing second 
peak in the oxygen-oxygen PDF gOO(r) (see Fig. 3A). As this col-
lapse progresses, water molecules at IR become nonbonded and 
leave the second shell, filling the interstitial region. As a result, the 
mass centers of IR neighbors shift inward toward the central mole-
cule as seen in Fig. 3A, leading to a decrease in Voronoi cell vol-
umes, as schematically plotted in the inset of Fig. 3A. As shown 
in Fig. 3B, Δρt(+)

IR
 rises rapidly at low temperatures, which is attribut-

ed to the initially relatively empty interstitial region. This increment 
slows at higher temperatures, as the population of interstitial water 
molecules approaches saturation (6). This structural transformation 
is also effectively characterized by the local structure index (LSI) 
(54), as shown in Fig. 3B. The LSI here is computed exclusively for 
central water molecules adopting a tetrahedral structure, thus has a 
high correlation with the IR ordering. The temperature dependence 
of the LSI closely follows the trend of Δρt(+)

IR
 , providing strong sup-

port for the proposed mechanism.
During the above process, in the softened and increasingly disor-

dered structure, the role of directional H-bonds as the dominant co-
hesive force diminishes. In turn, vdW interactions, although weaker, 
become relatively more important in stabilizing the liquid phase. 
Because of their nondirectional nature, vdW interactions can attract 
and confine those non–H-bonded water molecules that have moved 
out of the second shell (18, 55). Here, vdW interactions play a critical 
role—without them, the density increment in Δρt(+)

IR
 would be absent, 

and the density anomaly would not occur (see Supplementary Text 
and fig. S4).

Comparatively, the turnover behavior in Δρd
IR

 is much weaker, 
exhibiting a relatively flat profile near the TMD. This indicates that 
the H-bond network associated with locally disrupted tetrahedral 
ordering and a collapsed second coordination shell at IR contributes 
far less to the density maximum of liquid water, making further 
modifications to the conventional Bernal-Fowler picture. Because of 
the disrupted SR ordering, the interstitial region becomes populated 
with nonbonded water molecules originating from the broken tetra-
hedra. As a result, the density increase because the collapse of the IR 
H-bond network is strongly limited by the rapid saturation of inter-
stitial water molecules (see Supplementary Text and fig. S5). When 
Δρd

IR
 is completely neglected, the resulting temperature and density 

at the maximum density point are barely changed (by 0.15 K and 
0.005 g/cm3, respectively).

DISCUSSION
By combining machine-learning molecular dynamics with a range-
separated analysis of the H-bond network, we provide a microscop-
ic explanation for the density anomaly of water. Previous theoretical 
efforts have largely focused on identifying local order parameters 
(21–23) that distinguish high- and low-density local environments. 
While these approaches have provided valuable qualitative insight, 

Fig. 3. IR ordering in the H-bond network. (A) Temperature-dependent PDFs be-
tween a central water molecule forming a tetrahedral structure and its Voronoi 
neighbors. Each PDF is decomposed into contributions from Voronoi neighbors in 
the first coordination shell and those beyond it, with circles and diamonds indicat-
ing the average radial positions of each group, respectively. Average radial posi-
tions and corresponding SD values for each temperature are provided in table S1. 
Insets illustrate how the accumulation of interstitial water molecules (between the 
two gray circles) leads to a reduction in the Voronoi cell volume of the central mol-
ecule at higher temperatures. Arrows indicate the inward movement of water mol-
ecules at IR. (B) Decomposition of IR density change of tetrahedral structures Δρt

IR
 

into Δρt(
−)

IR
 and Δρt(

+)

IR
 . The corresponding local structure index (LSI) is shown on the 

right axis in red.
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they primarily offer structural classification and do not explicitly 
quantify how H-bond ordering at different length scales contributes 
cooperatively to density variations. In contrast, our analysis intro-
duces an explicit decomposition of density changes into SR and IR 
structural contributions. Our results reveal that changes in SR order-
ing within the H-bond network alone are insufficient to account for 
the observed density anomaly; rearrangements in IR ordering are 
indispensable. In particular, we find that the nonmonotonic density 
behavior near the TMD arises primarily from a specific structural 
configuration in the H-bond network—characterized by a collapsed 
second coordination shell but a nearly ideal tetrahedral arrangement 
at SR. This configuration yields the most compact molecular packing 
and thus the greatest density increase near the TMD. This explains 
why the TMD of water lies just above its melting point, where most 
water molecules remain tetrahedral, but the H-bond network begins 
to partially collapse.

Our analysis also provides insight into the conditions under which 
the density anomaly vanishes. In aqueous electrolyte solutions, increas-
ing ion concentration progressively disrupts the H-bond network and 
reduces the space available for water molecules to form structured co-
ordination shells. We estimate that the density anomaly disappears 
when the average ion-ion distance becomes too small to form two com-
plete coordination shells around each water molecule, which is an es-
sential condition for the density anomaly to occur. Assuming a uniform 
distribution of ions, we estimate the critical concentration at which this 
structural disruption occurs by requiring that the average ion-ion dis-
tance equals the characteristic radius encompassing two coordination 
shells (∼4.5 Å). This yields an estimated threshold concentration of 
2.3 mol/kg for NaCl, consistent with experimental observations, where 
the TMD vanishes at 2.33 mol/kg (56). This agreement supports the 
proposed mechanism linking IR H-bond structuring to the presence of 
the density anomaly. To our knowledge, such a quantitative prediction 
of the critical concentration at which the density anomaly disappears 
has not been provided by previous theoretical frameworks. Overall, this 
work offers a quantitative and transferable framework for connecting 
local structure to macroscopic thermodynamic anomalies, with poten-
tial applications for other anomalous liquids.

MATERIALS AND METHODS
AIMD simulation
To generate the training dataset for deep potential molecular dy-
namics (DPMD) models, a series of Car-Parrinello (CP) (25) AIMD 
simulations of liquid water was conducted at atmospheric pressure 
and different temperatures within the isobaric-isothermal (NpT) 
ensemble in Quantum ESPRESSO (57). A hierarchy of different 
exchange-correlation functionals with increasing accuracy was ad-
opted, including the semilocal Perdew–Burke–Ernzerhof (PBE)-
generalized gradient approximation (GGA) (40) functional, the 
PBE functional with Tkatchenko-Scheffler (TS) (44) vdW correc-
tions (PBE + vdW), and the hybrid version of the PBE functional 
(41, 42) with TS-vdW corrections (PBE0 + vdW) that includes 25% 
exact exchange. The simulations were performed with periodically 
replicated cubic simulation cells containing 128 water molecules 
and Parrinello-Rahman barostat (58) constraining the cell fluctua-
tions to be isotropic. The trajectory length of each functional at a 
specific temperature is listed in table S2.

The exact exchange in the PBE0 + vdW simulations is efficiently 
computed with maximally localized Wannier function (MLWF) in 

real space as described in (43). To efficiently compute the exact ex-
change energy at every AIMD step, the required MLWFs were eval-
uated by minimizing the total spread using second-order damped 
CP dynamics (59) and efficient on-the-fly localization of MLWFs 
(60). During this procedure, we used a fictitious mass of 500 atomic 
units (au), a damping coefficient of 0.3, and a time step of 4 au. Details 
on the implementation and convergence of exact exchange energy, 
force, and stress tensor are given here (61, 62). The key parameters 
used here to achieve accurate exact exchange energy [within 0.02% off 
the fully converged energy (61)] are the following: (i) the maxi-
mum distance between a pair of MLWF centers (Rpair) = 8 bohr, (ii) 
the radius for solving Poisson equation (RPE) for self-pair exchange = 
6 bohr and for non–self-pair exchange = 5 bohr, and (iii) the radius 
for multipole expansion (RME) for self-pair exchange = 10 bohr and 
for non–self-pair exchange = 7 bohr.

The CP equations of motion for the nuclear and electronic de-
grees of freedom were integrated using the standard Verlet algorithm 
and a time step of 2.0 au ( ≈0.05 fs ). The ionic temperatures were 
controlled with Nosé-Hoover chain thermostats (63), each with a 
chain length of 4 and a frequency of 60 THz. To achieve rapid equi-
partition of the thermal energy, we used one Nosé-Hoover chain 
thermostat per atom (i.e., the so-called “massive” Nosé-Hoover ther-
mostat) and also rescaled the fictitious thermostat masses by the 
atomic masses, so that the relative rates of the thermostat fluctuations 
were inversely proportional to the masses of the atoms to which they 
were coupled (64).

The core electrons were treated with optimized norm-conserving 
Hamann-Schlüter-Chiang-Vanderbilt pseudopotentials (65, 66), while 
the valence (pseudo–)wave functions were represented explicitly with 
a plane wave basis set. The electronic wave functions were expanded 
using a plane wave basis set with a kinetic energy cutoff of 130 rydberg 
(Ry). To ensure an adiabatic separation between the electronic and 
nuclear degrees of freedom in the CP dynamics, we used a fictitious 
electronic mass of 100 au and the nuclear mass of deuterium for each 
hydrogen atom. Mass preconditioning was applied to all Fourier com-
ponents of the electronic wave functions having a kinetic energy great-
er than 25 Ry (59). To maintain a constant plane wave kinetic energy 
cutoff of 130 Ry during the NpT simulation, we followed the procedure 
of Bernasconi et al. (67) by choosing the following: (i) a cubic reference 
cell (with L = 30.62 bohr) that is large enough to cover the fluctuations 
along each lattice vector of the simulation cell throughout the NpT tra-
jectories and (ii) a corresponding plane wave basis set with a larger 
kinetic energy cutoff of 150 Ry. During the NpT simulation, plane 
waves with a kinetic energy beyond the desired cutoff of 130 Ry were 
smoothly penalized by changing

with a judicious choice of parameters (A = 200 Ry, σ = 15 Ry, E0 = 
130 Ry); this modification to G2 causes the higher-energy (>130 Ry) 
plane waves to become essentially inactive basis functions in the 
description of the valence (pseudo–)wave functions and thereby 
leads to NpT dynamics, which mimic a constant plane wave cutoff  
of ≈130 Ry.

Although a linear-scaling exact-exchange algorithm (43) was ap-
plied to reduce the computational burden of PBE0 + vdW calcula-
tions, the computation cost is still much higher than PBE and PBE + 
vdW calculations. Therefore, 48-ps PBE0 + vdW AIMD simulations 

G2
→ G2 + A

[

1+erf

( 1

2
G2−E0

σ

)]

(4)

D
ow

nloaded from
 https://w

w
w

.science.org at Princeton U
niversity on M

ay 27, 2026



Song et al., Sci. Adv. 12, eaec6748 (2026)     27 May 2026

S c i e n c e  A d v a n c e s  |  R e s e ar  c h  A r t i c l e

6 of 8

are conducted, which are much shorter than the 216.6-ps PBE trajec-
tory and the 372.3-ps PBE + vdW trajectory as shown in table S2. As 
the structure of liquid water predicted by PBE0 + vdW is softer than 
the other two functionals, the 48-ps trajectory can cover most of the 
potential energy surface and produce a relatively converged deep po-
tential model.

DPMD simulation
We used the Deep Potential Molecular Dynamics (DeePMD) frame-
work (34–36) to perform simulations of liquid water. For each func-
tional, the deep potential model is trained independently using the 
corresponding AIMD trajectories. The atomic position, total potential 
energy E, ionic forces Fi , and the stress tensor Ξ at each time step were 
extracted from the AIMD trajectories and adopted as the input train-
ing data for the DPMD model. The training was conducted for 106 
steps using the DeePMD-kit package (36) interfaced with the Tensor-
Flow library (68) following the procedure described in (34, 69). First, 
the input data were transformed to local coordinate frames for every 
atom and its neighbors inside a cutoff distance of 6 Å to preserve the 
translational, rotational, and permutational symmetries of the envi-
ronment. This cutoff is sufficiently large to encompass the dominant 
contributions from H-bond networks and vdW interactions in liquid 
water and is consistent with the density-density correlation length of 
liquid water reported in previous theoretical studies (51). Then, the 
Adam method (70) was applied to optimize the deep neural network 
parameters with the loss function

where Δϵ , ΔFi , and Δξ represent the differences between the train-
ing data and current DPMD prediction for the quantities ϵ ≡ E∕N , 
Fi , and ξ ≡ Ξ∕N , respectively; N is the number of atoms, and pϵ , pf  , 
and pξ are tunable prefactors. In the training process, pϵ progres-
sively increases from 0.02 to 1, while pf  progressively decreases from 
1000 to 1 for all three DPMD models. The prefactor of the stress, pξ , 
progressively increases from 0.02 to 1 for the PBE model, while pξ 
was set to zero in the training progress of PBE + vdW and PBE0 + 
vdW models. The resulting root mean square error between the en-
ergy predicted by the PBE and PBE + vdW (PBE0 + vdW) DPMD 
models and that predicted by AIMD is smaller than 0.4 (0.8) meV  
per atom.

The obtained DPMD models were applied to conduct DPMD 
simulations using the DeePMD-kit package (36). For each exchange-
correlation functional, a series of DPMD simulations was carried 
out in the NPT ensemble at atmospheric pressure and temperatures 
from 290 to 390 K, with 10-K intervals. Considering that PBE does 
not show a density maximum in 290 to 390 K, the simulated tem-
perature range for PBE was extended to 270 to 390 K. The cell size 
was enlarged to 1024 water molecules, and the simulation lasted for 
2 ns at each thermodynamic condition with a timestep of 0.5 fs to 
produce converged densities and structural properties. The first 50-ps 
trajectories are discarded for equilibration.

To determine the melting temperature of ice (Tmelt), we used the 
thermodynamic integration method (71, 72) implemented in the 
Deep Potential Thermodynamic Integration (DPTI) package (73) to 
yield the absolute Gibbs free energies, Gice and Gliq, of ice and liquid 
water, respectively. The melting temperature was then determined as 
the temperature at which these two free energies intersect, i.e., when 

Gice = Gliq, indicating thermodynamic equilibrium between the solid 
and liquid phases. The simulated density-temperature (ρ – T) data 
were fitted to a fourth-order polynomial

The TMD was determined as the temperature at which the fitted 
polynomial reaches its maximum by evaluating the polynomial on a 
refined temperature grid (0.01-K resolution). The fitted coefficients 
are listed in table S3. Sensitivity tests varying the polynomial order 
(fourth to sixth) indicated a numerical uncertainty of less than 0.2 K, 
which is small compared to the systematic differences between func-
tionals and does not affect the qualitative trends or mechanistic con-
clusions presented.

Structural analysis
To characterize local structural fluctuations in liquid water, we 
performed a Voronoi tessellation of the simulation box using the 
voro++ library (49), assigning a unique spatial volume to each wa-
ter molecule. H-bonds were identified using the geometric criterion 
introduced by Luzar and Chandler (74), where a H-bond is con-
sidered to exist between two water molecules if ROO < 3.5 Å and 
∠HD −OD ⋯ OA < 30◦ . Each water molecule is then classified into 
one of two structural categories based on its number of H-bonds. 
Here, water molecules with four or more H-bonds are labeled as 
adopting a tetrahedral structure, while those with fewer than four 
H-bonds categorized as having a disrupted tetrahedral structure.

At the IR, increasing temperature leads to geometric softening of 
H-bonds and an increase in the average H-bond length dHO⋯H be-
tween neighboring water molecules. This H-bond elongation results 
in a nearly homogeneous expansion of the Voronoi cells of each wa-
ter molecule, thereby decreasing the local densities and contributing 
negatively to the IR component of the density change. To model this 
behavior, we consider an idealized tetrahedral configuration in which 
the central water molecule forms H-bonds with four nearest neigh-
bors arranged in a perfect tetrahedral geometry and neglects contri-
butions from more distant neighbors. In this simplified picture, the 
Voronoi cell volume can be estimated as Vest =

√
3 a3 , where a is 

the H-bond length, and the estimated local density ρest = m∕Vest , 
where m is the molecular mass.

To evaluate the validity of this approximation, we compare the 
actual mean local density ⟨ρt⟩ computed from simulations with the 
estimated local density ρest as a function of a. As shown in fig. S1, 
despite the structural complexity of real liquid water, the trend in 
⟨ρt⟩ closely follows the trend predicted by the ideal tetrahedral mod-
el. This observation indicates that the local density fluctuations in 
water are strongly correlated with changes in H-bond length. There-
fore, the negative contribution to the density variation from H-bond 
softening in tetrahedral structures can be approximated as

The remaining part of the local density change, attributed to inter-
stitial accumulation, is then estimated as δ⟨ρt⟩

(+) = δ⟨ρt⟩ − δ⟨ρt⟩
(−) . 

Using Eq. 2 from the main text, the corresponding contributions to 
the IR component of the density change are computed as

(pϵ, pf , pξ)=pϵΔϵ
2+

pf

3N

∑

i

∣ΔFi ∣
2 +

pξ

9
∥Δξ∥2 (5)

ρ(T) = a0 + a1T + a2T
2 + a3T

3 + a4T
4 (6)

δ⟨ρt⟩
(−) = δρest = δ

�
m

Vest

�

=
−
√
3m

a4
δa0 (7)

δρ
t(−)
IR

= Antk δ⟨ρt⟩
(−), δρ

t(+)
IR

= Antk δ⟨ρt⟩
(+) (8)
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A similar procedure is applied to evaluate the IR contributions 
from disrupted tetrahedral structures.

Supplementary Materials
This PDF file includes:
Supplementary Text
Figs. S1 to S8
Tables S1 to S4
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