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&
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&

The&goal&is&to&find&a&hole&in&a&k4dimensional&cloud&of&points.&&&
By&a&hole&we&mean&a&local&anomaly&in&the&data&where&a&
&kCdimensional&ellip.cal&region&within&the&cloud&contains&
fewer&data&points&than&expected,&given&the&data&points&in&
the&surrounding&region.&&&

First&a&famous&example:&&The&Pollen&Data&Set.&&
An&ar.ficial&data&set&created&by&
David&Coleman&for&the&1987&JSM&data&compe..on.&&&&&&&&&
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Two&basic&ideas&

•  Increase&the&data&weight&&in&the&neighborhood&of&
the&hole.&

•  Sca6erplots&that&downCweight&points&by&distance&
from&the&xCy&plane.&

The&Pollen&data&again:&
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Best&TwoCDimensional&Projec.on&

Locally&weighted&points&

DownCweighted&by&distance&
From&xyCplane&&&

Local&weights;&downC&
weighted&by&distance&
From&xy&plane&



Outline&

•  Local&weigh.ng&of&data&points&near&a&hole:&
change&of&measure&and&importance&sampling&

•  An&objec.ve&func.on&
•  Op.miza.on&procedure&
•  Represen.ng&&an&mCdimensional&hole&in&&
two&dimensions&

•  Woods&Hole&.de&data55
5
&



Local&Weigh.ng&
Using&Classical&Mul.variate&Normal&Results&

1.&Mul.variate&normal&density&&&

2.&Weigh.ng&func.on&&

n(x;µ,Σ) = 1

2π( )k /2 Σ
1
2

exp − 1
2
x − µ( )t Σ−1 x − µ( )⎛

⎝⎜
⎞
⎠⎟

g(x;µw ,Σw ) = exp − 1
2
x − µw( )t Σw

−1 x − µw( )⎛
⎝⎜

⎞
⎠⎟



Change&of&Measure&
Importance&Sampling&

Standard&Bayes&calcula.on&for&the&mul.variate&normal&

n(x;µl ,Σl ) = C n(x;µ,Σ)g(x;µw ,Σw )

Σl = Σ−1 + Σw
−1( )−1

Local&normal&density&

Local&Covariance&Matrix&

µl = Σl Σ−1µ + Σw
−1µw( )

Local&Mean&

Normalizing&constant&

C-1= 
Σl

1
2

Σ
1
2

exp + 1
2

µl
tΣ l

−1µl − µ tΣ−1µ − µw
t Σw

−1µw( )⎛
⎝⎜

⎞
⎠⎟
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n(x;µl ,Σl ) = C n(x;µ,Σ)g(x;µw ,Σw )



n(x;µl ,Σl ) = C n(x;µ,Σ)g(x;µw ,Σw )
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General&Hole&Finding&Procedure&
1.    For fixed weight parameters µw  and Σw compute the weights

         wi =
g(xi ,µw ,Σw )

g(xi ,µw ,Σw )
i=1

n

∑

2.     Estimate the local parameters 

        µ̂L = wi
i=1

n

∑ xi and Σ̂l = wi xi − µ̂l( )
i=1

n

∑ xi − µ̂l( )t

3.     Compute the objective function. 

       p µw ,Σw( ) = g(xi; µ̂l ,α Σ̂l )
i=1

n

∑ wi

4.    Minimize  p µw ,Σw( )  with respect to µw  and Σw .



Numerical&Details&

1)&&&&Parameters&&are&constrained&so&that&&

&In&these&examples&&&&&&&is&less&than&10%&of&the&data.&
&
2)&&&The&Cholesky&decomposi.on&is&used&to&
parameterize&the&matrix&&&
&
&
3)  We&use&R,&&nlminb&and&selected&star.ng&values&

to&search&for&the&minimum.&
&&

g xi , µw , Σw( )
i=1

n

∑ = nw << n

nw

Σw
−1 = LLt



Sca6erplot&Displays&for&
&k4dimensional&Holes&

•  2Cdimensional&holes&in&k4dimensional&space&
is&just&a&projec.onCpursuit&problem.&

•  Random&points&on&a&k4dimensional&sphere.&

•  Sca6erplots&for&for&k4dimensional&&holes.&
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Model Hole in X1 X2 Plane: Hole labeled by distance
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Orthogonal Transform of Model Data : Hole labeled by distance
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Classic&Example,&&Random&points&on&the&unit&&Sphere&

Solution:  Distance from the x-y plane

    di = xij
2

j=3

k

∑ .

Down-weight points by
 ηi = exp −cdi( ),
where c denotes a constant dependent on dimension and point density. 
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Down Weighted by Distance
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Sphere&the&Locally&Weighted&Data&

 

Weighted mean and covariance
⌢µl = wi

i=1

n

∑ xi and Σ̂l = wi xi − µ̂l( )
i=1

n

∑ xi − µ̂l( )t

Sphered data, centered at 0 and with unit sample covariance matrix
 xi

* = xi −
⌢µl( )VlΛ−1/2 ,

Vl denotes the matrix of eigen vectors of Σ̂l .

Λ denotes the diagonal matrix of eigen values of Σ̂l .

Final&step:&Standard&Projec.on&Pursuit&&&

Find a k-by-2 orthonormal matrix M  that minimizes 
the weighted projected points in the center of the (y1 , y2 ) plane.
project     yi = xi

*M

minimize    wi
i=1

n

∑ exp(−a yi yi
t )



Woods&Hole&Tide&Gauge&data&&

1.  Woods Hole hourly water level measurements.  
2.  Measurements lagged by 1 through 5 hours. 
3.  The data was thinned by using every third observation. 
 



Tide&gauge&



Hurricane&&Sandy&Data&
NOAA&web&&
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Woods Hole Tide Data: First Three Principal Components
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Hole&Models&are&essen.ally&random&trunca.on&models.&
&&&For&oneCdimensional&holes&see&
&&&Morrell,&C.&H.&and&Johnson&R.&A.(1991),&"Random&trunca.on&
&&&&and&neutrinos”,&&Technometrics:,33,&429C440.&
&
Pollen&Data&
&
Becker,&R.&A.,&L.&Denby,&R.&McGill&and&A.&R.&Wilks(1986&).&
&Datacryptanalysis:&A&Case&Study.&Proceedings5of5the5Sec<on5on5Sta<s<cal5Graphics&
5of5Amer.5Sta<s<cal5Associa<on,&1987,&pp.&92C97.&&(And&a&Bell&Labs&Tech&Report)&
&&&&&&&
&Found&the&three&holes.&&But&only&because&of&a&special&property&of&the&simula.on.&
&&&&&& &In&the&simula.on&all&data&points&were&paired.&&
&&&&&& &Truncated&points&were&then&the&missing&points&in&a&pair.&
&&&&&&& &The&missing&points&formed&three&clusters.&&
&&
&
&&&&
&
&
&&&&&&&&&



Finding&Holes&in&Data&using&twoC&and&threeCdimensional&
&&&&&&&&&&&&non&parametric&density&es.ma.on.&
&
Sco6,&D.W.&(2009).&Mul.variate&Density&Es.ma.on:&
&Theory,&Prac.ce,&and&Visualiza.on,&John&Wiley,&New&York.&
&
&&&&&&&&&&&&Nested&&αClevel&density&contours&indicates&a&hole.&&&

The&general&consensus&seems&to&be&that&finding&holes&in&data&is&
&

Too&Hard&
&&&&and&
Too&Esoteric.&&



LocallyCWeighted&Hole&Finder&&
&
•  &&Is&robust&to&departures&from&mul.variate&normality.&
&

•  &&Is&based&on&classical&mul.variate&analysis.&
&

•  &&Solves&a&rather&hard&problem&
&&&in&a&transparent&and&straighhorward&way.&
&

•  &&Generalizable&to&other&departures&from&“Local&Normality”.&&&&&

These&slides&are&on&my&web&site&at&Temple&University&
&&
astro.temple.edu/wksmith/&
&&


