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Abstract

Proofs of Tsygan’s formality conjectures for chains would unlock important algebraic
tools which might lead to new generalizations of the Atiyah-Patodi-Singer index the-
orem and the Riemann-Roch-Hirzebruch theorem. Despite this pivotal role in the
traditional investigations and the efforts of various people the most general version
of Tsygan’s formality conjecture has not yet been proven. In my thesis I propose
Fedosov resolutions for the Hochschild cohomological and homological complexes of
the algebra of functions on an arbitrary smooth manifold. Using these resolutions
together with Kontsevich’s formality quasi-isomorphism for Hochschild cochains of
R[[y!,...,y%] and Shoikhet’s formality quasi-isomorphism for Hochschild chains of
R[[y, ..., y%] I prove Tsygan’s formality conjecture for Hochschild chains of the al-
gebra of functions on an arbitrary smooth manifold. The construction of the formality
quasi-isomorphism for Hochschild chains is manifestly functorial for isomorphisms of
the pairs (M,V), where M is the manifold and V is an affine connection on the
tangent bundle. In my thesis I apply these results to equivariant quantization, com-
putation of Hochschild homology of quantum algebras and description of traces in
deformation quantization.
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Chapter 1

Introduction

Proofs of Tsygan’s formality conjectures for chains [49, 50, 53] would unlock important
algebraic tools which might lead to new generalizations of the Atiyah-Patodi-Singer
index theorem and the Riemann-Roch-Hirzebruch theorem [1, 6, 23, 25, 35, 42, 43, 49].
Despite this pivotal role in traditional investigations and the efforts of various people
26, 46, 47, 49, 50] the most general version of Tsygan’s formality conjecture [49] has
resisted proof.

In my thesis I prove Tsygan’s conjecture for Hochschild chains of the algebra
of functions on an arbitrary smooth manifold M using the globalization technique
proposed in [13] and [19] and the formality quasi-isomorphism for Hochschild chains
of R[[y%, ... y%] constructed by Shoikhet [46]. This result allows me to prove Tsygan’s
conjecture [53] about Hochschild homology of the quantum algebra of functions on
an arbitrary Poisson manifold and to describe traces on this algebra.

The most general version of Tsygan’s formality conjecture for chains says that a
pair of spaces of Hochschild cochains and Hochschild chains of any associative algebra
is endowed with the so-called Calcy-structure and if the algebra in question is the
algebra of functions on a smooth manifold then the corresponding Calcy-structure
is formal. This statement was announced in [17] and [49] but the proof has not yet
been formulated.

In this context I would like to mention paper [26], in which the authors prove a

statement closely related to the cyclic formality theorem. In particular, this assertion
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allows them to prove a generalization of Connes-Flato-Sternheimer conjecture [16] in

the Poisson framework.

The structure of my thesis is as follows. In the next chapter I recall basic notions
related to L..- or the so-called homotopy Lie algebras. I introduce a notion of partial
homotopy between L..-morphisms and describe a useful technical tool that allows
me to utilize Maurer-Cartan elements of differential graded Lie algebras (DGLA). In
the third chapter I recall algebraic structures on Hochschild complexes of associative
algebra and introduce the respective versions of these complexes for the algebra of
functions on a smooth manifold. In this section I formulate the main result of my
thesis (see theorem 1 on page 54) and recall Kontsevich’s and Shoikhet’s formality
theorems for R?. The main part of this work concerns the construction of Fedosov
resolutions of the algebras of polydifferential operators and polyvector fields, as well
as the modules of Hochschild chains and exterior forms. These resolutions are con-
structed in chapter 4. Using Fedosov’s resolutions in chapter 5, I prove theorem 1. In
this chapter I also show that the Fedosov resolutions provide me with a simple func-
torial construction of Kontsevich’s quasi-isomorphism from the DGLA of polyvector
fields to the DGLA of polydifferential operators (see theorem 6 on page 87). At the
end of chapter 5 I apply theorems 1 and 6 to equivariant quantization, computation
of Hochschild homology of quantum algebras and description of traces in deformation
quantization. In the concluding chapter I discuss recent works related to generaliza-

tions and applications of the formality theorems for Hochschild (co)chains.

My thesis is based on papers [18, 19].

Notation. Throughout this work I assume the summation over repeated indices. M
is a smooth real manifold of dimension d. The definition of antisymmetrization goes

without any auxiliary factors. Thus,

|v1[vz]

'111/\1)2:1)1®’Ug—(—) Vg @ Vy.

I assume the Koszul rule of signs which says that a transposition of any two vectors
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v1 and vy of degrees k1 and ks, respectively, yields the sign
(-1,

“DGLA” always means a differential graded Lie algebra, while “DGA” means a dif-
ferential graded associative algebra. The arrow >=— denotes an L,,-morphism of

L..-algebras, the arrow >>— denotes a morphism of L..-modules, and the notation

L

l mod

M

means that M is an L,-module over the L-algebra L. S, denotes the symmetric
group of permutations of n elements and for natural numbers &, ..., k,, k1 +---+k, =

n Sh(ky, ..., k;) C S, is the subset of (ki, ..., k,)-shuffles. Namely,
Shk, ... k) =

{eeSule(l)<e2)< - <elkr),...,e(n—ky+1)<en—Fk,+2)<---<e(n)}.

I omit the symbol A referring to a local basis of exterior forms, as if one thought of
dr"’s as anti-commuting variables. The symbol o always stands for a composition of

morphisms. I denote by cxp (z) the following function
exp (x) =e* —1.

Finally, I denote by I'(M, G) the vector space of smooth sections of the bundle G and

by Q°(M,G) the vector space of exterior forms with values in G .
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Chapter 2

L~o-structures

In this chapter I recall the notions of L..-algebras, L.,-morphisms, L.,-modules and
morphisms between L.-modules. I introduce a notion of partial homotopy between
L.-morphisms and describe an important technical tool, which allows me to modify
L.-structures with the help of a Maurer-Cartan element. A more detailed discussion
of this theory and its applications can be found in papers [24, 34, 39].

In this chapter all the vector spaces, L.,-algebras, and L.,-modules are considered

over a field of characteristic zero.

2.1 Ly -algebras and L,-morphisms

Let £ be a Z-graded vector space
L=Epck. (2.1)
keZ

[ assume that the direct sum in the right hand side of (2.1) is bounded below. To
the space £ I assign a coassociative cocommutative coalgebra (without counit) C'(£)
cofreely cogenerated by £ with a shifted parity.

The vector space of C'(L) is the exterior algebra of £

ciL)y=N\c, (2.2)
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where the antisymmetrization is graded, that is for any v, € £ and v, € £*2

k1ka

AT =—(=)""2 A,
The comultiplication
A CL)-cLy e (2.3)
is defined by the formulas (n > 1)
A(fyl) = 07
n—1
A AN ANy) = Z V) A A Yer) ®%(k+1) N NYey,  (2.4)
k=1 e€Sh(k,n—k)
where 71, ..., 7, are homogeneous elements of L.

Remark. I would like to mention that although I use the Koszul rule the definition
of the signs in (2.4) is delicate. In fact one has to define C'(£) as the cofree coalgebra
of the suspended cooperad of cocommutative coalgebras in the category of graded
vector spaces. To determine the correct signs in (2.4) it is also helpful to use the fact
that the functor £ — C(L) should give a cotriple. In the setting of commutative
algebras the reader can see the remark of E. Getzler on p. 217 in [30].

I now give the definition of L. -algebra.

Definition 1 A graded vector space L is said to be endowed with a structure of an
Loo-algebra if the cocommutative coassociative coalgebra C (L) cofreely cogenerated by
the vector space L with a shifted parity is equipped with a 2-nilpotent coderivation ()
of degree 1.

To unfold this definition I first mention that the kernel of A coincides with the
subspace L C C(L).
kerA = L. (2.5)

18



Next, I recall that a map @ is a coderivation of C'(£) if and only if for any X € C(L)

AQX = —(Q@T+12Q)AX. (2.6)

Substituting X =3 A--- A7, in (2.6), using (2.5), and performing the induction on
n I get that equation (2.6) has the following general solution

i
L

Z FQk(Ve(r)s - - 5 Vek) A Vetkr) A" A Ve(m) 5 (2.7)
1 ceSh(kn—k)

e
Il

where 7, .. .7, are homogeneous elements of £ and @), for n > 1 are arbitrary poly-

linear antisymmetric graded maps
Qn : N"L— L]2—n], n>1. (2.8)

It is not hard to see that () can be expressed inductively in terms of the structure

maps (2.8) and vice-versa.

Similarly, one can show that the nilpotency condition Q? = 0 is equivalent to a
semi-infinite collection of quadratic relations on (2.8). The lowest of these relations

are

(Q1)27 = 07 v Y € £> (29)
Q1(Q2(11.12)) — Q2(Q1(11),72) — ()M Qa2(71, Q1(12)) = 0, (2.10)

and

(_)k1k3Q2(Q2(71a 72)> 73) + C'p'(la 27 3) =
= Q1Q3(71,72,73) + Q3(Q171,72,73) + (=) Qs (1, Q1v2,73) (2.11)

+(=) 172 Q5 (1, 72, Q173) »

where ~; € LFi .

Thus (2.9) says that @) is a differential in £, (2.10) says that () satisfies Leibniz
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rule with respect to @)y, and (2.11) implies that @), satisfies Jacobi identity up to

()1-cohomologically trivial terms.

Example. Any differential graded Lie algebra (DGLA) (£,9,[,]) is an example of

an L..-algebra with the only two nonvanishing structure maps

Definition 2 An L..-morphism F from the L..-algebra (L,Q) to the L..-algebra

(L°,Q°) is a homomorphism of the cocommutative coassociative coalgebras

F:OL)— C(L),

AF(X)=F®F(AX), X eC(L) (2.12)

compatible with the coderivations (Q and (Q°

Q°F(X) = F(QX), VXeC(L). (2.13)

In what follows the notation

F o (£,Q) == (£5Q°)

means that F' is an L.-morphism from the L. -algebra (£,Q) to the L.,-algebra
(£%,Q°).

The compatibility of the map (2.12) with coproducts in C'(£) and C'(£°) means
that I’ is uniquely determined by the semi-infinite collection of polylinear graded
maps

F, : N"L— L°[]1 —nl, n>1 (2.14)
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via the equations (n > 1)

Fyy N ANyn) = Fu(y1, o5 )+ (2.15)

k1+-+kp=n

Z Z Z j:Fkl (76(1)7 R Ve(kl)) A

p>1 kiyekp>1 c€Sh(k,...kp)
A ka (Va(n—kp-i-lﬁ SR f)/a(n)) ’
where 71, ..., 7, are homogeneous elements of L.

The compatibility of F' with coderivations (2.13) is a rather complicated condition

for general Lo.-algebras. However it is not hard to see that if (2.13) holds then

Fi(Q1y) = QTFi(7), VyeL,

that is the first structure map F} is always a morphism of complexes (£,Q;) and

(L£°,Q7) . This observation motivates the following natural definition:

Definition 3 A quasi-isomorphism F' from the Lo,-algebra (L, Q) to the Loo-algebra
(L°,Q°) is an Loo-morphism from L to L°, the first structure map Fy of which induces

a quasi-isomorphism of complexes
Fy: (L,Q1) — (L£%,03). (2.16)

Let us suppose that our Ly-algebras (£, Q) and (£, Q°) are just DGLAs (£, 0, [,])
and (£°,0°[,]°). Then if F'is an Lo,-morphism from £ to £° the compatibility of F’
with the respective coderivations () and )° is equivalent to the following semi-infinite

collection of equations (n > 1)

DQFn(’Yb Y2, .- a’yn) - Z(_)kl—i_"'—kkiil—i_l_nFn(’yla ey 0727 C 7771) -

=1
k—i—l n
Z Z Fk 7&17"-a’yek)>F’l(7€k+1a"'>7€k+1)]0_ (217)
k,JI>1 ee€Sh(k,l)

21



- Z:l:Fn_l([’}/i,’Yj],’Yh s 7f?i7 s 7r)7j7 - ’Yn)a Vi € Ekl )
i7]

where 4; means that the polyvector v; is missing.

Example. An important example of a quasi-isomorphism from a DGLA L to a

DGLA L°¢ is provided by a DGLA-homomorphism
A L= L%,

which induces an isomorphism on the spaces of cohomology H*(L,0) and H*(L®,0°).

In this case the quasi-isomorphism has the only nonvanishing structure map F}

Fi=\, F=FK= =0,

2.2 L,-modules and their morphisms

Another important object of the “L.,-world” I am going to deal with is an L.-module

over an L.-algebra. Namely,

Definition 4 Let L be an Lo,-algebra. Then a graded vector space M is endowed with
a structure of an Ls,-module over L if the cofreely cogenerated comodule C(L) @ M

over the coalgebra C(L) is endowed with a 2-nilpotent coderivation ¢ of degree 1.

To unfold the definition I first mention that the total space of the comodule C'(£)® M
is

cLyoM=N\L) eM, (2.18)

and the coaction

a: C(L)@ M CL)R)C(L) o M)

is defined on homogeneous elements as follows

a(y A Ay ®@u) =

22



i
L

EYe) AN A Ver) ® Vek+1) N+ A Ye(n) @V (2.19)
1 c€Sh(k,n—Fk)

B
Il

A A,

where 7y, .. .7, are homogeneous elements of £, v € M, S, is the group of permu-
tations of n elements and the signs are determined with the help of the Koszul rule.
For example,

a(v) =0, VveM,
a(v@v):7®v, YVoe M, veL,

and

AN AR @v)=nA%R@v+7 Q)@ v) - (=) (K (1 @ v)

for any v € M and for any pair vy, € L, v, € LF2.

A direct computation shows that the coaction (2.19) satisfies the required axiom
I@a)aX)=(AxaX), VXellL)oM,

where A is the comultiplication (2.3) in the coalgebra C(L£). It is also easy to see
that
kera=MCC(L)@M. (2.20)

By definition ¢ is a coderivation of C'(£) ® M. This means that for any X €
C(L) oM

apX=—-Q®I[(aX)EI®p(aX), (2.21)

where @) is the L-algebra structure on £ (that is a 2-nilpotent coderivation of C'(£) ).

Substituting X = 1A+ - A7, in (2.21), using (2.20), and performing the induction

on n I get that equation (2.21) has the following general solution

(M A A ®V) = @u(11, -5 T, 0)+

23



Z E90) A A Vet AN Pk (Ve 1)s - - -5 Ve(n)> V) (2.22)

+(—)k1+"'+k”71 A A @ po(v)+
Z Z FQr(Ver), - -+ Vek)) @ Vetht1) A AYen) @V,
k=1 e€Sh(k,n—k)

where 7; € LK v € M, Qs represent the L..-algebra structure on £ and {p,} for

n > 0 are arbitrary polylinear antisymmetric graded maps
AL M i— M[1 —n]. (2.23)

Equation (2.22) allows us to express ¢ inductively in terms of its structure maps

(2.23) and vice-versa.

Similarly, one can show that the nilpotency condition ¢? = 0 is equivalent to the

following semi-infinite collection of quadratic relations in ¢y and @ (n > 0)

QOO(QPN(VM < Ty 'U)) - (—)1_n¢n(Q1(71)> < Tno U) -

_ (_)k1+"'+kn71+1—ng0n(,yl’ o Ql('yn), U)—

(_)k1+"'+kn+l_ngpn(’}/1, < T SOO(,U)) -

-1

Z Z isok(%u e Vel Pk (Vo) - V() V) F (2:24)
k=1 h(k,n

1
2

N =
MH

Z 0k ( Q1 (Ve()s - - -5 Velht1))s Ve(k42)s - - - > Ve(n)s V) »
1 eeSh(k+1,n—k—1)

v € Lk veM.
The signs in the above equations are defined with the help of the Koszul rule.
For n = 0 equation (2.24) says that g is a differential on M

(900)2 =0,
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and for n = 1 it says that ¢, is closed with respect to the natural differential acting

on the vector space Hom(L @ M, M)

woe1(7,v) — 1(Q17,v) — (=) 1y, po(v)) =0,

Vyeclk, veEM.

For an L.,-module structure I reserve the following notation

L

%)
mod

(Ma 900)

where £ stands for the L..-algebra and M stands for the respective graded vector

space.

Example. The simplest example of an L.,-module is a DG module (M, b) over a

DGLA (£,0,[,]). In this case the only nonvanishing structure maps of ¢ are

and

QOl(’}/,U):p(”)/)U, fVEEuUEM?

where p is the action of £ on M. The axioms of DGLA module
b* =0,

b(p(y)v) = p(0y)v+ (=) *p(7) b(v),  ~eLF,

)72 p(v2) p(m1) v = p([71,72))v,

p(1)p(v2) v — (=
v € LM Yo € L*

25



are exactly the axioms of L,.-module.

Definition 5 Let £ be an Lo.-algebra and (M, ™), (N, ¢oN) be Loo-modules over
L. Then a morphism k from the comodule C'(L) ® M to the comodule C(L) @ N

compatible with the coderivations o™ and ¢V
k(eMX) = oV (KX), VXelClL)oM (2.25)

is called an morphism between Ls-modules (M, ™) and (N, o).

Unfolding this definition one can easily show that the morphism & is uniquely deter-

mined by its structure maps
Kp @ N"L QM — N[-n], n>0 (2.26)
via the following equations

KA A @) = Kn(V1, -+ Yy 0)+

n—1
S v A AVl @ Fnek(Yek1)s - -5 Vel V) (2.27)
k=1 e€Sh(k,n—k)

+Y1 A A Y, ® Ko(v) .

Relation (2.25) is equivalent to the following semi-infinite collection of equations
(n = 0)
90 (s Yy 0) = (=) K@y 2, s ) = -

- (_)k1+...+kn+n"€n(vla <o T (pg/tv) =

n—1
65 (V1) - - 5 Velw)s Pop(Velp41)s - - -5 Ve(n)> V)
p=0 e€Sh(p,n—p)
- Z Z iSOQ[(%(l), <oy Ve(p)s Kn—p(')/e(p—l—l)a SR 7€(n))a U) (2-28)

p=1 e€Sh(p,n—p)
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+ Z Z :l:’%n—;l?-l-l(Qp(ny(l)v R 75(]3))7 Ve(p+1)s -+ 7&(71)7 U) )

p=2 e€Sh(p,n—p)

v € Lri veM.

It is not hard to check that an ordinary morphism of DG modules over an ordinary
DGLA provides us with the simplest example of the morphism between L..-modules.

For n = 0 equation (2.28) reduces to
M N
ro(@p'v) = wy Ko(v) , veM

and hence the zero-th structure map of x is always a morphism of complexes (M, @)
and (N, @)). This motivates the following

Definition 6 A quasi-isomorphism k of La-modules (M, ™) and (N, V) is a
morphism between these Lo.-modules with the zero-th structure map ko being a quasi-

isomorphism of complexes (M, ) and (N, pd) .

In what follows the notation
M =5 N

means that x is a morphism from the L.-module M to the L..-module N .
To this end I mention that there is another definition of an L..-module over an

L.-algebra which is known [53] to be equivalent to the definition I gave above.

Definition 7 Let L be an Loo-algebra. Then a complex (M,b) is called an Ly -
module over L if there is an Lo,-morphismn from L to Hom(M, M) , where Hom(M, M)
s naturally viewed as a DGLA with the differential induced by b .

The structure maps (,, of the respective coderivation of the comodule C'(£) ® M are
related to b and the structure maps of the L,-morphism 7 in the following simple
way

b=, Do (Y1 -5 Y)(©) = (Y1, -+ Ynyv) (R >1), (2.29)

v €L vEM.
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2.3 Partial homotopies between L.,-morphisms

In this section I introduce a notion of partial homotopy between two L..-morphisms.

I will use this notion in section 5.2.

Let (£,Q) and (L%, Q°) be two Ly.-algebras. As above, I denote by @ and Q°
the corresponding codifferentials of the cocommutative coassociative coalgebras C'(L£)
and C'(L°). Let

F:CL)— C(L?

be an L,,-morphism from L to L°.

One can observe that if a map
H:CL)— C(L?)
is of degree —1 then the map
F=F+Q°H+HQ : C(L)— C(L%
is of degree zero, and moreover it is compatible with the coderivations ) and Q°

Q°F = FQ. (2.30)

A compatibility of F with the coproducts (2.4) in C(£) and C(L£°) is equivalent

to a rather complicated equation for the map H
AHQ - (Q°®TIE£I®Q°)AH=

FoH+HQ)+(QH+HQ)®F+(Q°H+ HQ)® (Q°H+ HQ). (2.31)

However, if H satisfies the following equation

AH = _(F®H+H®F+%(H®Q0H+QOH®H)+%(HQ®H+H®HQ)) (2.32)
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then due to (2.6) and (2.12) H satisfies (2.31) as well.
Using (2.5) it is not hard to get the most general solution of equation (2.32).
Namely, any solution H of (2.32) is uniquely determined by a semi-infinite collection

of polylinear graded maps

H, : \"L— L°][—n], H,=proH B (2.33)
/\'n/
where pr is the canonical projection
pr: /\(EO) — L°. (2.34)

In order to restore the map H from the collection (2.33) one solves (2.32) iteratively

from A<"L to A"L starting with
H(y) = Hi(y), V€Ll (2.35)

[ refer to (2.33) as structure maps of H .

It is immediate from (2.15) and (2.35) that for any v € £

Fi(y) = Fi(7) + Q3 Hi(y) + H Q1 (7), (2.36)

where F; and F} are the first structure maps of ' and F , respectively. This observa-

tion motivates the following definition

Definition 8 A map
H:C(L)w— C(L)][-1]

15 called a partial homotopy between L.o,-morphisms

F, F:(C(£), Q) = (C(L£%),Q°)

if it satisfies (2.32) and
F=F+Q°H+HQ.
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Two Lo,-morphisms are called partially homotopic if they are connected by a finite

chain of partial homotopies.

Remark 1. It is easy to see that equation (2.32) still holds if I replace H by —H
and F' by F+Q°H + HQ. However a composition of two partial homotopies is not in
general a partial homotopy!. That is why I extend the relation of partial homotopy

to an equivalence relation by transitivity.

Remark 2. The correct notion of homotopy between L.,-morphisms is based on
the structure of the closed model category on the category of L..-algebras [33], [44].
Unfortunately, I do not know how to relate the above notion of the partial homotopy
to the correct notion of homotopy based on the closed model category structure. For
my purposes the above ad hoc notion will be sufficient.

Let me prove the following auxiliary statement:

Lemma 1 Let

F:C(L) — O(L°)

be a quasi-isomorphism from an Ls-algebra (£, Q) to an Le-algebra (L°,Q°). For
n > 1 and any map

H: N\"L — L£°]—n]
one can construct a quasi-isomorphism
F:C(L)— C(L%)
such that for any m <n
F,=F, : \"L—L° (2.37)

and

Fn(fylv”’vfyn) :Fn(fylvufyn)—i_

Qiﬁ(vlv cee 77”) - (_)nﬁ(Ql(fVl% Y25 - - 77n) e (238>

T am thankful to G. Felder for this observation.
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(_)n+kl+"'+k"*1ﬁ(’yl, vy Yn—1, Ql(’y")) ’

where v; € L

Proof. It is obvious that if a partial homotopy H has the following structure maps:

H if m= n,
H,, =
0 otherwise

then F' = F + Q°H + H(Q satisfies the desired properties (2.37), (2.38). Since F'is a

quasi-isomorphism so is F. [J

REMARK. From now on all L.-algebras are DGLAs. “Weird” things I still borrow
from the “L.-world” are L..-morphisms, L.-modules, and morphisms between such

modules.

2.4 Maurer-Cartan elements and twisting proce-

dures

Motivated by deformation theory I consider DGLAs L equipped with a complete

descending filtration
L=FLDOFLD..., L=lmL/F"L. (2.39)

In this section I assume that all DGLAs and L.-modules are equipped with complete
descending filtrations and all L..-morphisms as well as morphisms of L.-modules are
compatible with these filtrations. Furthermore, I require that all quasi-isomorphisms

of the corresponding complexes are strongly compatible with the filtrations. Namely,

Condition 1 Let A be a quasi-isomorphism

N L% L°
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of filtered complexes L, Lo 1 say that X is compatible with the filtrations if for any
filtration subcomplex F*L* C L*

A L FRL s FELY
Fkre

1S a quasi-isomorphism.

I will assume this compatibility condition throughout my thesis.

If £ is such a filtered DGLA then F'L£° is a projective limit of nilpotent Lie
algebras. Therefore, F'£% can be “integrated” to a prounipotent group. I denote
this group by &(L).

Let me recall the following definition:

Definition 9 Let (£,0,],]) be a filtered DGLA. Then m € F'L' is called a Maurer-
Cartan element if

1
o + - [m, 7] = 0. (2.40)

The Lie algebra F1 LY acts naturally on the cone (2.40) of Maurer-Cartan elements
pOr =0 +[r¢],  EeFL, (2.41)

and the action (2.41) obviously lifts to the action of the corresponding prounipotent
group &(L). The quotient space of the cone (2.40) with respect to the &(L)-action
is called the moduli space of the DGLA L.

It turns out that a quasi-isomorphism (see definition 3) between DGLAs gives
a bijective correspondence between their moduli spaces. A weaker version of this
statement is proved in proposition 1 (see claim 4). This version says that if F' is an
Lo-morphism from a DGLA (£,0,[,]) to a DGLA (£°,0°,[,]°) and 7 € F'L! is a

Maurer-Cartan element of £ then
1
S = E —Fy(m,...,m) (2.42)

is a Maurer-Cartan element of £°.
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Notice that the infinite sum in (2.42) is well-defined because L£° is assumed to be
complete with the respect to the corresponding filtration. All elements of this sum
are of degree 1 since for any n F,, shifts the degree by 1 —n (see (2.14)).

Using a Maurer-Cartan element 7 € F'£! one can naturally modify the structure
of the DGLA on £ by adding the inner derivation [r,-] to the initial differential
0. Thanks to Maurer-Cartan equation (2.40) this new derivation ? + [m,-] is 2-
nilpotent. This modification can be described in terms of the respective L.-structure
. Namely, the coderivation Q™ on the coassociative cocommutative coalgebra C'(L)
corresponding to the new DGLA structure (£,9 + [r,-],[, ]) is related to the initial

coderivation () by the equation
Q7(X) = exp(—m)N)Q(exp(rA)X), X € C(L), (2.43)
where the sum

1
A +—mTATA +...

exp(Th) =~ N N

is well-defined since 7 € F1L!.

I call this procedure of changing the initial DGLA structure on L twisting of
the DGLA L by the Maurer-Cartan element 7. This terminology is borrowed from
Quillen’s paper [45] (see App. B 5.3). This twisting procedure is also extensively
used in paper [56] by A. Yekutieli on deformation quantization in algebraic geometry
setting.

Similar twisting procedures by a Maurer-Cartan element can be defined for an L.-
morphism, for an L.-module, and for a morphism of L.,-modules. In the following

propositions I describe these procedures.

Proposition 1 (See also theorem 0.1 in [55]) If F' is an Lo,-morphism
F o (£,Q) == (£5,Q°)

of DGLAs, m € F'L' and an element S € FY(L°)! is given by equation (2.42) then
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1. For any homogeneous element X € C(L)
A(exp(mA)X) = exp(mA ®exp (mA)(AX) + cexp (7 ®exp TA)X— (2.44)

(=) ¥ exp(A)X R exp ()

where

— 1
exp (7 Z PEASRAR (2.45)
k=1
2. Equation (2.40) is equivalent to

Q(exp (1)) = 0. (2.46)

F(exp (7)) = cxp (S) . (2.47)
4. If 1 a Maurer-Cartan element then so is S and the map
F™ = exp(=SA)Fexp(mA) : C(L) — C(L®) (2.48)

defines an Log-morphism between the DGLAs L™ and L°°, obtained via twisting

by the Maurer-Cartan elements m and S, respectively.

5. Let m be a Maurer-Cartan element. If F is a quasi-isomorphism satisfying

condition 1 (on page 31 ) then so is F'™ .

In what follows I refer to F'™ in (2.48) as an Le,-morphism (or a quasi-isomorphism)
twisted by the Maurer-Cartan element m. It is not hard to see that the structure

maps of the twisted L,,-morphism F™ are given by

— 1
F,’;(vl,...,%):ZHFHM(W,...,7r,71,...,vn), vi € L. (2.49)
k=0
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Proof. In order to prove claim 1 I introduce an auxiliary variable ¢ and analyze a

slightly stronger statement
A(exp(tmA)X) < exp(tmA) ® exp(twA\)(AX) + cxp (tm) ® exp(trA) X —  (2.50)

(=) Xl exp(tmn) X ® cxp (trr) .

It is clear that (2.50) holds for ¢ = 0. On the other hand a direct computation shows
that both sides of (2.50) satisfies the following differential equation:

d

£W(t) = (7?/\@ 1+1 ®7T/\)W(t)+7r®exp(t7r/\)X— (=) exp(t7r/\)X®7r.

Thus equation (2.50) holds and claim 1 follows.

It is obvious that (2.46) implies (2.40). Let me prove the converse statement.

First, I observe that if (£,9,],]) is a DGLA then the collection

defines a DGLA on L[t]. Second, tr is a Maurer-Cartan element in (L[t], 0, [,]) and

the equation

°

Q' (exp (tm)) =0 (2.51)

obviously holds for t = 0. Using the Maurer-Cartan equation (2.40) it is not hard
to prove that the left hand side Z(t) = Q'(cxp (t7)) of (2.51) satisfies the following

differential equation:

d
Z2(t) = Z(t) A

Since this equation is homogeneous (2.51) holds for any ¢ and claim 2 follows.

To prove that the element

Y = F(exp (7)) — exp (S) € C(L°)
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is vanishing I observe that for any = € £!

A(cxp (7)) = exp (m) ® exp (). (2.52)

Furthermore, due to (2.42) Y lies in the kernel of the natural projection

pre \(£°) — £°. (2.53)

Let us prove by induction that
Y € F(C(L?)) (2.54)

for all m.

By definition of the Maurer-Cartan element m € F'£. Therefore the element S
(2.42) belongs to F'L£° and hence

Y e FYO(L0)).

Let me take it as base of the induction and suppose that (2.54) holds for some m.

Equation (2.52) and the compatibility of the map F’ with the coproducts (2.4) in
C(L£) and C(L°) implies that

AY € F"HHARC(L0)) .
Therefore due to (2.5) the image of Y in F™(C(L®))/F™(C(L®)) belongs to
FmLe)FmHLe.
But the image of Y vanishes under the projection pr (2.53). Hence,

Y € FHY(C(L0)),
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and therefore (2.54) holds for all m. Since £° is complete with respect to the filtration
equation (2.47) is proved.

Let me now turn to claim 4. While the compatibility of F'™ with the coderivations
Q™ and Q°° follows directly from the definitions the compatibility of F™ with the
coproducts in C'(£) and C(L®) requires some work. Using claim 1 and 3 I get that
for any homogeneous X € C(L)

Aexp(—SA)F exp(mA\)X = exp(—SA) ® exp(—SA)(F ® F)Aexp(nA) X+

exp (=) Q) exp(—SA)F exp(rA) X — (=) X exp(—SA)F exp(rA) X (X) exp (=) =
exp (=) QR F™X + F*X (X) exp (—S5)+
(F" Q) F™)(AX)+
exp(—SA) Q) exp(—SA)(F (K) F)(exp () (X) exp(rA) X)—
(=) exp(=SA) ) exp(—SA)(F R) F)(exp(rA) X () exp () .

The first and the second terms in the latter expression cancel with the forth and the
fifth terms, respectively, due to claim 3 and the following obvious identity between

Taylor series

e exp (S) = —cxp (—9). (2.55)

Thus, I get the desired relation
AFT(X) = (F" Q) F™)(AX) .

Claim 5 is proved by the standard argument of the spectral sequence. We have to
prove that the first structure map F7 of the twisted Lo,-morphism (2.48) is a quasi-
isomorphism from the complex (£,9 + [m,-]) to the complex (£°,0° + [S,:]°). These
complexes are filtered and F7 is compatible with the filtration. Since Fj is a quasi-
isomorphism between the complexes (£,9) and (£°,0°) and F) satisfies condition 1

(on page 31) the map FT induces a quasi-isomorphism on the zeroth level of the
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corresponding spectral sequences. Therefore F|' gives a quasi-isomorphism on the
terminal E.-level. Hence, due to the standard snake-lemma argument of homological
algebra FT is also a quasi-isomorphism.

Proposition 1 is proved. [J

Proposition 2 If (£,0,[,]) is a DGLA, (M, ) is an Lo-module over L and w €

FILY is a Maurer-Cartan element then

1. For any* X € C(L) @ M

a(exp(mA)X) = exp(mA) ®exp 7A)(aX) + cxp (7 ®exp (mA) X, (2.56)

where a is the coaction (2.19) and cxp (7) is defined in the previous proposition.

2. The following map
e =exp(—mA)pexp(rA) : C(L)YR@M — C(L) @ M (2.57)

is a 2-nilpotent coderivation of the comodule C(L) @ M.

3. If o @ L =— (Hom(M, M), o) is the Lo-morphism induced by the module
structure o then the twisted Lo,-morphism @7 defines the L.,-module structure

given in (2.57).

4. If 6+ M ==— N is a morphism of Ls-modules (M, @) and (N, over L
then the map

K" =exp(—mA)kexp(mA) : C(L)YQ@ M — C(L)@N (2.58)

is @ morphism between Lo.-modules (M, ¢™) and (N, ¢™) over (L, 0+ [, -],[,])

5. If k is a quasi-isomorphism of Lss-modules M and N and s satisfies condition

1 (on page 31) then k™ (2.58) is also a quasi-isomorphism.

fX=veMlIset “"TAX=7m®X”
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In what follows I refer to ¢™ in (2.57) and k™ in (2.58), respectively, as an L,,-module
structure and a morphism of L.,-modules twisted by the Maurer-Cartan element .
It is not hard to see that the structure maps of the twisted coderivation ¢™ and the

twisted morphism <™ are given by

[e.9]

- 1
90”(’}/1, ceey 'Vna'U) = Z W@OH-HW(W? s TV - Tn U) ) (259)
m=0 ’
™ - 1
Rr (Ve ey Yo, V) = Z ﬁnnm(w, ey T Yy ey Yy V) (2.60)
m=0 ’
where
vieEL, veM.

Proof. Claim 1 is proved with the help of the similar scale trick (7 — t7) I used in the
proof of the previous proposition. Claim 2 follows from claim 1 of this proposition
and claim 2 of the previous proposition. Claim 4 essentially follows from claim 1
of this proposition and claim 3 is proved by comparing the corresponding structure
maps.

Claim 5 is proved by the standard argument of the spectral sequence. We have
to prove that the zeroth structure map xfj of the twisted morphism (2.58) is a quasi-
isomorphism from the complex (M, ¢f) to the complex (N, 97). These complexes
are filtered and xj is compatible with the filtration. Since kg is a quasi-isomorphism
between the complexes (M, ) and (N, 1)) and kg satisfies condition 1 (on page
31) the map J induces a quasi-isomorphism on the zeroth level of the corresponding
spectral sequences. Therefore £ gives a quasi-isomorphism on the terminal E-level.
Hence, due to the standard snake-lemma argument of homological algebra x{ is also
a quasi-isomorphism. [J

From the definitions of the above twisting procedures, it is not hard to see that

these procedures are functorial. Namely,

Proposition 3 If I : L =— L° and F° : L° =— L* are Lo,-morphisms of
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DGLAs, w is a Maurer-Cartan element of L and S is the corresponding Maurer-

Cartan element (2.42) of L° then
(FOOF)F :FOSOFW’

where o stands for the composition of Ls.-morphisms. Furthermore, the twisting
procedure assigns to any Maurer-Cartan element of a DGLA L a functor from the

category of Lo,-modules to itself. [

Let us turn to the moduli functor of Maurer-Cartan elements and prove that this

functor provides us with a homotopy invariant of a DGLA.

Proposition 4 (K. Fukaya, [24], theorem 2.2.2) Let (£,0,],]) and (£°,0°,[,]°)
be two completely filtered DGLAs and let F' be a quasi-isomorphism (see definition 3)
from L to L° compatible with the filtrations in the sense of condition 1. Then (2.42)

gives a bijective correspondence between the moduli spaces of L and L°.

Remark. The case of the ordinary (not L.,) quasi-isomorphism is treated by Gold-
man and Millson [31, 32]. Its generalization to L., setting has been a folklore® and
was quoted by several authors (without proofs). In principle, using the “nonsense”
of the homotopy theory [33], [44] it is possible to reduce the statement of the above
proposition to the result of Goldman and Millson [31, 32]. In [24] K. Fukaya gives
a rigorous proof of this statement both in L., and A, settings. However, since his
proof is based on other results which appear elsewhere, I decided to give my own

proof.

Proof. First I have to prove that (2.42) gives a well defined map from the moduli
space of £ to the moduli space of £°. Due to claim 4 of proposition 1 it suffices to

check that the map (2.42) of cones of Maurer-Cartan elements is compatible with the

action (2.41) of F1L£° and F'(L°)°, respectively.

31 learnt this statement from B. Shoikhet.
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If 7 is a Maurer-Cartan element of £ and ¢ € F'£° then

p(§)(cxp (1)) = exp(7A)Q™(§)

where Q™ the DGLA structure on £ twisted by the Maurer-Cartan element 7. Hence,

due to claim 3 of proposition 1

p(§)(cxp (Sx)) = p(§) Fexp (m) = Fexp(nA)Q™ (),

where

| —

!Fk(ﬂ',...,ﬂ').

3

5.-%
Or equivalently,
p(€)(exp (Sr)) = Q°F(exp(mA)€) = exp(SA)(Q°)*" (F7(€)) ,

where '™ is the twisted quasi-isomorphism. Thus,

p(&)Sx = p(F™(£))Sx

and hence (2.42) gives a well-defined map
FMC : MC(,C) — MC(,CO) (261)

from the moduli space MC(L) of the DGLA L to the moduli space MC(L®) of the
DGLA £°.

Let S € FY(£°)! be a Maurer-Cartan element of £°. T denote by & the prounipo-
tent group corresponding to the Lie algebra F' L% and by &[S] the &-orbit that passes
through S. To prove surjectivity of the map (2.61) I show by induction that there

exists a collection of pairs (Sy,, 7)), m > 1 where S, are Maurer-Cartan elements of
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L° belonging to the orbit &[S], 7, € F'L!,

Sl — Sm € FL? Tmal — Tm € FL (2.62)
1
0y, + 5[7%, Tm] € FL, (2.63)
and
1
Zk_ (T« vy Tm) € FMLE . (2.64)
k=1

For m =11set S; =5, m = 0. Then equations (2.63) and (2.64) obviously hold.
Let me take it as a base of the induction and assume that (2.62), (2.63), and (2.64)
hold up to m but S,,,1 and 7,,,1 are not chosen. It suffices to prove that there exists
a pair (Spy41, Tm1) such that Sy, € B[5,,], (2.62) is satisfied and equations (2.63),
(2.64) hold for m replaced by m + 1.

Due to assumption (2.64) and the Maurer-Cartan equation 9°5,, + = [Sm, Sm]® 1
get that

0°(Sy, — Sr,) + (S, + = [Swm, Se.]0) € Frtice (2.65)

where I denoted by S, the sum

=1
Zk_ (Tmy « s Tm) -
k=1
Hence due to claim 2 of proposition 1
0°(S; — Sr,,) + Q%cxp (Sy,,) € F™H(C(L)).
Therefore using claim 3 of proposition 1 one gets
0°(S; — Sy,,) + FQexp (7)) € F™H(C(LY)) .
Applying assumption (2.63) and claim 2 of proposition 1 once again I get

1
0°(Sym — Sr,) + F1(0m, + 5[7rm,7rm]) e Frtire.
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Since F7 is a quasi-isomorphism of complexes (£, ) and (£°,0°) compatible with the
filtrations in the sense of condition 1 (on page 31) there exist an element 7,99 € F™L*

and an element & € F™(L°)? such that
1
071'audd + D77—m + 5[7Tm7 7Tm] € fm—l—lﬁv

and

Thus, if I set Sy11 = exp(p(€))Sm and Ty41 = Ty + Taaa then Sy, and m,, 1 satisfy
condition (2.62) and, moreover, equations (2.63), (2.64) hold with m replaced by
m+ 1.

Since the DGLAs £ and L° are complete with respect to the filtrations the surjec-
tivity of the map (2.61) follows from the existence of the desired collection (.S, ).

The injectivity is proved by analyzing the differential of the map (2.61).

Indeed, let 7 be a Maurer-Cartan element of £. Then the tangent space to the
cone (2.40) is cut in £ by the equation

or! + [m, 7] =0, e, (2.66)

Therefore by definition of the action (2.41) of F'£? on the cone (2.40) the tangent
space of the moduli space MC(L) of Maurer-Cartan elements to the orbit [r] passing
through 7 is the first cohomology group of the complex (£,0 + [r, -])

Ti(MC(L)) = H' (L, 0+ [, ]).

By the assumption of the proposition F'is a quasi-isomorphism between £ and
L°. Hence, due to claim 5 F™ is a quasi-isomorphism of the twisted DGLAs (£, +
[7,-1,[,]) and (£°,0°+ [Sx,-]%[,]). Therefore the differential of the map (2.61) is an

isomorphism. Thus, it is injective and the proposition follows. [
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Chapter 3

Mosaic

In this chapter I recall the basic algebraic structures on Hochschild (co)chains. 1T
formulate the main result of this thesis, the formality theorem for Hochschild chains of
the algebra of functions on a smooth manifold, and state Kontsevich’s and Shoikhet’s

formality theorems for Hochschild (co)chains of the algebra of functions on R?.

3.1 Algebraic structures on Hochschild (co)chains

For a unital associative algebra A (over a field of characteristic zero) I denote by

C*(A) the vector space of Hochschild cochains with a shifted grading
C™(A) = Hom(A®™V A), (n>0), C'A)=A. (3.1)

The space C*(A) can be endowed with the Gerstenhaber bracket [29], defined between

homogeneous elements P, € C¥1(A) and P, € C*2(A) as follows
[P, P = PeP, — (=) Pre Py, (3.2)

where

(Pl.Pg)(ao, ceey ak1+k2) =
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k1

D (2)*Pilag, o, Palai, -y Gisky),s - Ghygy) - (3.3)

i=0
Direct computation shows that (3.2) is a Lie bracket and therefore C*(A) is a graded

Lie algebra.

For the same unital algebra A, I denote by Ce(A) the vector space of Hochschild
chains

Co(A)=A®A®" (n>1), Co(A) = A. (3.4)

The space Co(A) can be endowed with the structure of a graded module over the
Lie algebra C*(A) of Hochschild cochains. For homogeneous elements the action of

C*(A) on Cy(A) is defined as follows:

RC’k(A)@)Cn(A) — n—k(A)a P®(a0®a1®~-~®an)»—>Rp(a0®a1®-~-®an)

n—k
Rplag®@ a1 @ ®@an) =Y (—)¥ag®@ - @ Plag,...,a144) @ @ ant+  (3.5)
i=0
n—1
Z (_)n(]+1)P(a'j+l7 ceey Gp,y Aoy - ak-i—j—n) b2y Ak+j+1-n D a;, a; € A.
j=n—k

The proof of the required axiom of the Lie algebra module
R[PLPQ}G = Rp Rp, — (_>|P1HP2|RP2RP1 (3'6>

can be found in paper [21], in which it is discussed in a more general A, setting (see

lemma 2.3 in [21]).

The multiplication g in the algebra A can be naturally viewed as an element
of C'(A) and the associativity condition for o can be rewritten in terms of bracket
(3.2) as

(110, f10]e = 0. (3.7)

Thus, on the one hand pg defines a 2-nilpotent interior derivation of the graded
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Lie algebra C*(A)
OP = [uo, Plg : C*(A) — C*1(A),  0*=0, (3.8)
and on the other hand po endows the graded vector space Cy(A) with the differential
b= R, : Cr(A) — Cr_1(A), b2=0. (3.9)
Equation (3.6) implies that
Rop =bRp — (=) Rpb, P e CHA)

and therefore the vector spaces C*(A) and C,(A) become a pair of a DGLA and a
DG module over this DGLA.

Remark 1. Notice that the differentials (3.8) and (3.9) are exactly the Hochschild
coboundary and boundary operators on C*(A) and C,(A), respectively. Thus, the
Hochschild (co)homology groups HH®(A) and HH,(A) form a pair of graded Lie
algebra and a graded module of this Lie algebra.

Remark 2. Notice that the action R (3.5) is not compatible with the grading on
Co(A) and the differential (3.9) have degree —1 (not +1). In order to get the DGLA
module in the sense of the previous chapter one has to use the converted grading
on C,(A). However, I prefer to restrain the conventional grading on the space of

Hochschild chains keeping in mind the above remark.

Let me also recall that the graded vector space C*'(A) is endowed with the

obvious associative product
U:CMHA) @ CR7HA) — CMFReml(A),

Pl U Pg(al, .. .,ak1+k2) = Pl(al, e ,akl) . P2(ak1+1, .. .,ak1+k2) s (310)
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PeCHYA), aj €A,

where - denotes the product in the algebra A .

The product (3.10) is compatible with the Hochschild differential (3.8) in the sense

of the following equation
I(PLUPy) =P UIP) + (—)2o(P)UP, PecCkl(A). (3.11)

Thus Hochschild chains also form a DGA.

[ will refer to the product (3.10) as the cup-product and I will use it in the proof
of proposition 15.

3.2 Formality theorems

[ will be mainly interested in the algebra Ay = C*°(M) where M is a smooth ma-
nifold of dimension d. A natural analogue of the complex of Hochschild cochains
for this algebra is the complex D? , (M) of polydifferential operators with the same

poly
differential as in C*(C*(M))

Dy (M EB oty (M Dy, (M) = C*(M), (3.12)
k=—1
where Dpoly(M ) consists of polydifferential operators of rank k + 1

P C(M)PHD s 0 (M) .

Similarly, instead of the complex Co(C>°(M)) I consider three versions of the vector

space CP% (M) of Hochschild chains for C°°(M)

oroly @ C(M™, (3.13)

functwn
n>0

48



Cﬁ?ﬁ% M) = @gﬂmSA(MnH)COO(M"H), (3.14)
n>0
3.
C;”jjy @jetsA M) C®(M™1), (3.15)
n>0

where A(M™1) is the diagonal in M™*!.
It is not hard to see that the Gerstenhaber bracket (3.2), the action (3.5), the differ-
entials (3.8), (3.9), and the cup-product (3.10) still make sense if I replace C*(C*°(M))

by D3, (M) and Cy(C>(M)) by either of versions (3.13), (3.14), (3.15) of CE¥(M).
Thus, D3, (M) and CE%(M) are DGLA and a DG module over this DGLA, re-

M) is a DGA. I use the same notations for all the
oly(M) and CPW(M).
(M) and of C?°"(M) is described by Hochschild-Kostant-

spectively, and, moreover, Dpoly(
operations [, |g, Rp, 0, b, and U when I speak of D?

The cohomology of D3,
Rosenberg type theorems. The original version of the theorem [36] by Hochschild,
Kostant, and Rosenberg says that the module of Hochschild homology of a smooth
affine algebra is isomorphic to the module of exterior differential forms on the respec-
tive affine algebraic variety. A dual version of this theorem was proved in [55] (see

corollary 4.12). In the C*° setting we have

Proposition 5 (J. Vey, [54]) Let

poly @ poly ) T[foly(M) = P(M> /\k+1TM) (316)
k=-1

be a vector space of the polyvector fields on M with shifted grading. If T, (M) is

regarded as a complex with a vanishing differential then the natural map

V(y)(ao, . .., a) =i (dag A - Aday) : T"

poly

(M) — D¥

poly

(M),  k>-1 (317)

defines a quasi-isomorphism of complexes (Tp’oly

(M),0) and (D

poly

(M),0). Here d

stands for the De Rham differential and i, denotes the contraction of the polyvector
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field ~v with an exterior form.

The most general C'*°-manifold version of the Hochschild-Kostant-Rosenberg the-

orem is due to N. Teleman [52]*
Proposition 6 (Teleman, [52]) Let

A(M) =P A M),  AMM) =T(M,N*T*M) (3.18)

k>0

be a vector space of the exterior forms on M. If A*(M) is regarded as a complex with

a vanishing differential then the natural map
Clap® -+ @ ay) = apday A --- Nday, : C,f"ly(M) — AF(M) , k>0 (3.19)

defines a quasi-isomorphism of complexes (CP% (M), b) and (A*(M),0) for either of
versions (3.13), (3.14), (3.15) of CP"(M).

One can easily check that the Lie algebra structure induced on cohomology

H*(D?

poly

(M), 0) =T

poly

(M)
coincides with the one given by the so-called Schouten-Nijenhuis bracket
[? ]SN : Tz;oly(M) /\ Tp.oly(M) = Tp.oly(M) :

This bracket is defined as an ordinary Lie bracket between vector fields and then

extended by Leibniz rule

1, Y2 Ayslsy = [, Yelsn A+ (= 1)y Ay yelsn, i € 15y, (M) (3.20)

with respect to the A-product to an arbitrary pair of polyvector fields.
Furthermore, the DGLA D2, (M)-module structure on CP°%(M) induces a T°®

poly poly

(M)-

module structure on the vector space A®*(M) which coincides with the one defined by

1See also [15], in which this statement was proven for any compact smooth manifold.
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the action of a polyvector field on exterior forms via the Lie derivative

Ly=diy+ (=), d,  ~v€Th,

(M), (3.21)

where as above d stands for the De Rham differential and 7., denotes the contraction

of the polyvector field v with an exterior form.

Remark. In what follows I will restrict myself to the third version (3.15) of CP°% (M)

M [ ]
and since all Dpoly

the further results will hold for versions (3.13), (3.14) as well.

(M)-modules (3.13), (3.14), (3.15) are naturally quasi-isomorphic

For my purposes it will be very convenient to represent the chains (3.15) as
C*(M)-linear homomorphisms from Dy, (M) to C>°(M). Namely, one can equiva-
lently define (k > 0)

CP(M) = Homeee(ary(DES (M), C=(M)) . (3.22)

poly

To avoid the shift in the above formula let me introduce the auxiliary graded

bundle of polyjets placed in non-negative degrees

Jo=J.  Ji=Homo, (DL, Ou). (3.23)
k>0
where Oy denotes the structure sheaf of (smooth) functions on M and D;,, is the

sheaf of polydifferential operators.
Note that although
Jo(M) = CEH(M), k>0

I would like to reserve special notation for the bundle (3.23) and distinguish Jo (M)
and CP°%(M). Let me, from now on, refer to elements of C?% (M) as Hochschild

chains and to elements of J,(M) as polyjets.
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The bundle .J, is endowed with a canonical flat connection V€ which is called the

Grothendieck connection and defined by the formula
Vi ()(P) == u(j(P)) — j(ueP), (3.24)

where j € J, (M), P € D*

oty (M), and w is a vector field which is viewed, in the right

hand side, as a differential operator. The operation e is defined in (3.3).

For this connection we have the following remarkable proposition:

Proposition 7 Let x be a linear map (k> 0)
X (M) — CPY (M)
defined by the formula

x(a)(P)=a(l®P), PeD-YM), acJ(M). (3.25)

poly

The restriction of the map x to the V¢-flat polyjets gives the (R-linear) isomorphism
(k=0)
X : ker V& N J (M) S CP (M) . (3.26)

Proof. To see that the map (3.26) is surjective one has to notice that for any Hoch-

schild chain b € CP"(M) the equations

a(l® P)=0b(P), PeD'YM)

poly

and

alu- QR P)=ua(Q ® P)—a(Q @ (ueP)), (3.27)

QeD’, (M), ue (M, TM)

poly

define a VE-flat polyjet a of degree k.
On the other hand, if a is a V%flat polyjet of degree k equation (3.27) is auto-
matically satisfied. Thus a is uniquely determined by its image x(a). O
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Let t be the cyclic permutation acting on the sheaf J, of polyjets
ta) (@ - ®h)=aPA® 0P R), (3.28)

ae (M), P eD’, (M).

poly(

Using this operation and the bilinear product (3.3) I define the map

R:D*

poly

R — J_k, P®CLHI:£p(a),

Rp(a)(Qo® Q) = a((Qo® Q) ® P)+

1) (a) ((QooP) ® Q) , (3.29)

IIM?r

P e DF

poly

(M), ac J(M), Q € DF (M Qo € DY

poly poly

(M)
Following the lines of the proof of lemma 2.3 in [21] one can show that

~

R[Pl Pl — RPIRP ( )IPl“PQIEP2RP1 ) (330)

and hence, (3.23) is a sheaf of graded modules over the sheaf of graded Lie algebras

Dy, - Furthermore, using the multiplication py € D}, (M) in C*(M) one can
turn the D2, -module (3.23) into a DGLA D;,, -module by introducing the following
differential

~

b=Ru:Jpr Ju1. (3.31)

It follows from the construction that both the action (3.29) and the differential
(3.31) commute with the Grothendieck connection (3.24). Thus the VY-flat polyjets
ker V¥ N J,(M) form a DG module over the DGLA Dj,, (M).

A direct but slightly tedious computation shows that

Proposition 8 The DG module structure on C?*(M) over the DGLA D3, (M)
induced from (3.29) and (3.31) via the isomorphism (3.26) coincides with standard
one given by (3.5) and (3.9). O
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This proposition allows me to identify V¢-flat polyjets ker V¢N.J,(M) and Hochschild
chains CP%(M) as DGLA modules. This identification will be very handy for the
construction of the Fedosov resolution for C? (M) .

Unfortunately, the maps (3.17) and (3.19) are not compatible with the Lie brack-
(M) and D?

°
ets on 7 oly

oy (M) and with the respective actions (3.5) and (3.21). In

particular, the equation

Co Rygy = L€ (3.32)

does not hold in general. In [53] B. Tsygan suggested that this defect could be cured
by the following statement:

Conjecture 1 (B. Tsygan, [53]) For any smooth manifold M the DGLA modules
(T, (M), A*(M)) and (D2, (M),C?"(M)) are quasi-isomorphic.

poly poly

The following theorem gives a positive answer to the question of B. Tsygan.

Theorem 1 For any smooth manifold M there exists a commutative diagram of

DGLAs and DGLA modules

Tp.oly(M) - El - 'CQ —= D;.)oly(M)
l mod l mod l mod l mod (333)

A(M)  ==— M; << My =< CPrW(M),

in which the horizontal arrows in the upper row are quasi-isomorphisms of DGLASs
and the horizontal arrows in the lower row are quasi-isomorphisms of L..-modules.
The terms (L1, Lo, My, Ms) and the quasi-isomorphisms of diagram (5.33) are
functorial for diffeomorphisms of pairs “manifold M + a torsion free connection on

TM?”.

The construction of the quasi-isomorphisms in diagram (3.33) is explicit and in chap-
ter 5 I show how this result allows us to prove Tsygan’s conjecture (see the first
part of corollary 4.0.3 in [53]) about Hochschild homology of the quantum algebra of
functions on an arbitrary Poisson manifold, and in particular, to describe the space

of traces on this algebra.
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The main part of the proof of theorem 1 concerns the construction of Fedosov

resolutions of the DGLA modules (T, (M), A*(M)) and (D3, (M), CE¥(M)). After
completing this stage it will only remain to use Kontsevich’s [38] and Shoikhet’s [46]
formality theorems for ijlormaz and apply the twisting procedures developed in the
previous chapter.

Let us now recall these formality theorems.

Theorem 2 (M. Kontsevich, [38]) There exists a quasi-isomorphism K

K : Ty, (RY) =— D5 (RY) (3.34)

poly

from the DGLA Tp'oly(]Rd) of polyvector fields to the DGLA D¢, (R%) of polydifferen-

poly

tial operators on the space R? such that

1. One can replace RY in (3.84) by its formal completion RS, . at the origin.

orma

2. The quasi-isomorphism K is equivariant with respect to linear transformations

of the coordinates on RY,,, .., -
3. Ifn>1 then
Ko(ur,ug, ... uy,) =0 (3.35)
for any set of vector fields uy, uy, . .., un € T2 (RS ormar) -

4. Ifn>2andu e T, (R

Gormar) 18 linear in the coordinates on R?’ormal then for

any set of polyvector fields o, ..., v, € Tp.oly(R[Ji”ormal)

Kn(u,vo, ... ;7) =0. (3.36)

Composing the quasi-isomorphism X with the action (3.5) of D?

poly(Rd> on Cz)oly(Rd) I
get an Lo-module structure on C2?%(R?) over the DGLA Ty, (R?). For this module

structure we have the following results:
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Theorem 3 (B. Shoikhet, [46]) There exists a quasi-isomorphism S
S CPW(RY) ==— A*(RY) (3.37)

of Loo-modules over Ty, (R?), the zeroth structure map Sy of which is the map (3.19)

of Connes and such that
1. One can replace R in (3.87) by its formal completion R‘}mmal at the origin.

2. The quasi-isomorphism S is equivariant with respect to linear transformations

d

of the coordinates on R, -

Proposition 9 If S be the quasi-isomorphism (3.37) of B. Shoikhet, n > 1, and
ue T’ (R4

oty (Rormar) 18 linear in the coordinates on ijormal then for any set of polyvec-

R4 ) and any Hochschild chain a € C2(R%,,,..;)

formal

tor fields va, ...,y € Toy,(

Sn(u, Y2y .y nsa) =0. (3.38)

Proof. The proof of (3.38) reduces to calculation of integrals entering the construc-
tion of the structure maps S, (see section 2.2 of [46]). To do this calculation I first
transform the unit disk {|¢| < 1} used in section 2.2 of [46] into the upper half plane

Ht ={z, Im(2) > 0} via the standard fractional linear transformation

(3.39)

The origin of the unit disk goes to z = 4 and the point ( = 1 goes to z = 0.
The angle function corresponding to an edge of the first type [46] (see figure A-1)

connecting p # ¢ and ¢ # ¢ looks as follows

a™(p,q) = Arg(p — q) — Arg(p — q) — Arg(p — i) + Arg(p — ). (3.40)

If I fix the rotation symmetry by placing the first function of the Hochschild chain at

the point z = oo then the angle function corresponding to an edge of the second type

56



(see figure A-2) connecting p =i and ¢ takes the form

3°"(q) = Arg(i — q) — Arg(—i—q) . (3.41)

d

ormal- Then there are

Let us suppose that u is a vector linear in coordinates on R
three types of the diagrams corresponding to S,,(u,...) n > 2. In the diagram of the
first type (see figure A-3) there are no edges ending at the vertex z corresponding
to the vector u. In the diagrams of the second type (see figure A-4) there is exactly
one edge ending at the vertex z and this wedge does not start at the vertex ¢. In the
diagrams of the third type (see figure A-5) there is exactly one edge ending at the
vertex z and this wedge starts at the vertex i.

The coefficient corresponding to a diagram of the first type vanishes because the
angle functions entering the integrand form turn out to be dependent. The coefficients

corresponding to diagrams of the second and the third type vanish since so do the

following integrals

/ da™™(w, z)da™"(z,v) = 0, / A3 (2)daS" (z,0) = 0. (3.42)
ZEH+\{w7v7i} zE'H*\{v,i}

Equations (3.42) follow immediately from lemmas 7.3, 7.4, and 7.5 in [38]. O

Remark. Hopefully, alternative proofs of theorems 2, 3, and proposition 9 may be

obtained along the lines of Tamarkin and Tsygan [48, 49, 50].
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Chapter 4

Fedosov resolutions of the DGLA
modules ( ];Oly(M), A*(M)) and

(D2, (M), C¥Y(M)

In paper [22] B. Fedosov proposed a simple geometric construction for star-products
on an arbitrary symplectic manifold. The key idea of Fedosov’s construction has
various incarnations and it is referred to as the Gelfand-Fuchs trick [27] or formal
geometry [28] in the sense of .M. Gelfand and D.A. Kazhdan , or mixed resolutions
[57]. This idea can be roughly formulated as the following slogan: “In order to
linearize a problem one has to formulate it in terms of jets”.

If M is smooth manifold the bundle of jets Jy (3.23) is non-canonically isomorphic
to the bundle SM of the formally completed symmetric algebra of the cotangent
bundle T*M. For this reason I start with the definition of this bundle.

Definition 10 The bundle SM of the formally completed symmetric algebra of the
cotangent bundle T*M is defined as a bundle over the manifold M whose sections
are infinite collections of symmetric covariant tensors a;, .., (x), where z* are local

coordinates, p runs from 0 to oo, and the indices i1, ...,1, run from 1 to d.

It is convenient to introduce auxiliary variables *, which transform as contravariant

vectors. These variables allow us to rewrite any section a € I'(M,SM) in the form
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of the formal power series
a=a(z,y) Za,l g @)y Ly (4.1)

It is easy to see that the vector space I'(M,SM) is naturally endowed with the
commutative product which is induced by a fiberwise multiplication of formal power

series in y*. This product makes I'(M, SM) into a commutative algebra with a unit.

Now I recall from [19] definitions of formal fiberwise polyvector fields and formal

fiberwise polydifferential operators on SM .

Definition 11 A bundle T*

poly
bundle over M whose sections are C*(M)-linear operators v : ANF¥T(M,SM)

I'(M,SM) of the form

of formal fiberwise polyvector fields of degree k is a

_ Jo--J ip -
b= E oy Zz’j(:c)yl...y o A=A g (4.2)
p=0

Jo---Jk

where I assume that the infinite sum in y’s is formal and v;)";!

(x) are tensors sym-

metric in indices iy, ..., 1, and antisymmetric in indices jo, ..., Ji -

Extending the definition of the formal fiberwise polyvector field by allowing the fields
to be inhomogeneous I define the total bundle 7,, of formal fiberwise polyvector

fields

poly @ poly » ,];;;lly = SM . (43)
k=-1

The fibers of the bundle 7,,, are endowed with the DGLA structure Tpoly(Rfcormal)
of polyvector fields on the formal completion R¢,,,.,, of R? at the origin. This turns

Tpo1y into a sheaf of DGLAs (with the vanishing differential).

Definition 12 A bundle DF

poly

is a bundle over M whose sections are C*°(M)-polylinear maps B : Q" I'(M,SM) —

of formal fiberwise polydifferential operator of degree k
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L(M,S8M) of the form

ag...o ip a a
ESY Z‘B,f Sty e (4.4)

ag...a, p=0
where a’s are multi-indices o = 31 ... 75 and

o 9 0
aya_ayhayﬂ

Y

the infinite sum in y’s is formal, and the sum in the orders of derivatives 0/0y is

finite.

Notice that the tensors 7’ ** () are symmetric in covariant indices iy, . .

iy
As well as for polyvector fields I define the total bundle D, of formal fiberwise

polydifferential operators as the direct sum

poly @ poly » Dpolly =SM. (45)

k=-1

The fibers of the bundle D,,, are endowed with the DGLA structure (and DGA
structure) Dy, (R%

formal

into a sheaf of DGLAs and a sheaf of DGAs.

of polydifferential operators on R% . This turns D,
formal poty

Definition 13 A bundle C,f‘)ly of formal fiberwise Hochschild chains of degree k (k >
0) is a bundle over M whose sections are formal power series in k + 1 collections of

fiber coordinates i, . . .,y. of the tangent bundle

CL(QE‘, Yo, - - - 7yk Z Geay.. ak . yk , (46)

«@Q...0p

where a’s are multi-indices o = 31 ... J; and

(o7

Y™ = yjlyj2 N 'yjz )
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The total bundle CP°% of formal fiberwise Hochschild chains is the direct sum

[e.9]

cpoly — @Cgoly ’ CPM = SM . (4.7)
k=0

The operations R (3.5) and b (3.9) turn each fiber of C?" into a DGLA Diporyy (R, a1)-
module. Thus CP*% is a sheaf of DG modules over the sheaf of DGLAs D,
As above, I denote by A®(M) the space of exterior forms

A(M) =P ANM),  ANM) ={a=a; . (x)da” . da*}. (48)

Furthermore,

Definition 14 The bundle £ of fiberwise exterior forms is a bundle over M whose
sections are exterior forms with values in SM. These sections are given by the fol-

lowing formal power series

_ i i J1 J
a(z,y,dxr) = g Qi iy s jrg (X)Y Ly da? L da?T (4.9)
p,g>0
where iy .y j1.da (x) are components of covariant tensors symmetric in indices iy, . . . il
and antisymmetric in indices ji, ..., Jq -

The fiberwise analogue of the Lie derivative (3.21) allows me to speak of £ as of a
sheaf of modules over the sheaf of DGLAs 7, .

For my purposes I will also need “exterior forms with values in exterior forms”.
This forces me to introduce an additional copy {dy'} of the local basis {dz'} of exterior
forms on M. Having these two copies I reserve the notation 2*(M, B) for the graded
vector space of dy-exterior forms with values in the bundle B. In particular, I would
like to distinguish the graded vector spaces Q°*(M,SM) and I'(M,E). Q*(M,SM)
consists of dy-forms and I'(M, £) consists of dx-forms.

For the relations between dz® and dy’ I accept the following convention

dr'dy’ = —dy’dx’ .
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Homogeneous elements of the graded vector spaces 2*(M, T,1,) and Q° (M, Dyoyy)

are the following formal series in y’s

0 0

b= dy"...dy ol @)yt Y A A e (4.10)
; ly..dqsit...ip Oy Oyx
and
S S oo T
B = yro o dy B (@)Yt Ly oy ®..-®ayak, (4.11)
g...a p>0

where as above a’s are multi-indices o« = 71 ... J; and

o o 0
aya o ayh ayjl )

Similarly, homogeneous elements of Q°(M, E) and Q®(M,CP?%) are the formal series

a(z,dy,y,dr) = Z dy' .. -dquall...lq;il...ipjl...jk (z)y™ .. yrda? .. da'r (4.12)

p=>0

and

b(l‘, dy7 Yo, - - - 7yk) = Z dyll s dqubh...lq 5 Q... (x)y(?o e yl(:k 9 (413>

aQ...0p

where as above a’s are multi-indices v = 77 ... j; and

y* = yjlyj2 . .yjz .
The symmetries of tensor indices in formulas (4.10), (4.11), (4.12), and (4.13) are

obvious.

The space Q°*(M,SM) is naturally endowed with the structure of a Z-graded com-
mutative algebra and it is also filtered with respect to the powers in y’s. The graded
vector spaces Q*(M, T,o,) and Q°(M,D,ey) are, in turn, endowed with fiberwise

DGLA structures induced by those on T}, (R4

formal

) and DPOly(]R;lormal) : Slmllarl}]a
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Q*(M,€) and Q°(M,CP°) become fiberwise DGLA modules over Q*(M,7,,,) and
Q*(M, D,oyy), respectively!. T denote the Lie bracket in Q°(M, D,y) by [, ]¢ and the
Lie bracket in Q*(M, T,01y) by [, |sn . For fiberwise Lie derivative on 2°(M, £) and for
the fiberwise action of Q*(M, Dy, ) on Q°(M,CP°) 1 also use the same notation L and

R, respectively. It is not hard to see that the formulas for the fiberwise differentials

on Q°*(M, Dpo,) and Q°(M,CP°%) can be written similarly to (3.8) and (3.9)
8:[,“7']7 b:R,u7

where p € T'(M, D)

oty) 18 the (commutative) multiplication in T'(M,SM). Notice

that Q°*(M, D,y ) is also endowed with a fiberwise DGA structure induced by that
on Dy (R[}ormal) .

The parity of elements in the algebras Q°*(M, Ty, ), 2°(M, Dyory) and the modules
Q*(M, &) and Q°*(M, CP°) is defined by the sum of the exterior degree and the degree
in the respective fiberwise algebra or the respective fiberwise module.

The following proposition shows that I have a distinguished sheaf of graded Lie
algebras which acts on the sheaves SM, o1, €, Dpory, and CPY

o . 0
Proposition 10 7.,

is a sheaf of graded Lie algebras. SM, £, Tpory, Dypory, and

CPl are sheaves of modules over T,

(DG) algebraic structures on SM, &, Tpoiy, Dpoly, and Crol

and the action of T,),, is compatible with the

Proof. Since the Schouten-Nijenhuis bracket (3.20) has degree zero 7°

poly C 7;70131 -

Dyoiy is a subsheaf of graded Lie algebras. While the action of 7., on the sections of
SM is obvious, the action on £ is given by the Lie derivative, the action on 7, is the
adjoint action corresponding to the Schouten-Nijenhuis bracket, the action on Dy,
is given by the Gerstenhaber bracket and the action on CP°% is induced by the action
of Hochschild cochains on Hochschild chains (3.5). The compatibility of the action
with the cup product (3.10) in D, essentially follows from the fact that 7?

poly ACts

by derivations on the sheaf of algebras SM. The compatibility with the remaining

DG algebraic structures follows from the definitions. [J

T regard Q° (M, Tpory) and Q*(M, €) as a DGLA and a DGLA module with vanishing differentials.
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. 0
This proposition implies that the canonical vector field dylﬁ—yi e O'(M,T),,)

defines the differential

0

0= dyl Yy’

<1 QN (M, B) — QTN (M, B), =0, (4.14)

where B is either of the bundles SM, Ty, Dpoty, €, or CP°¥ and - denotes the corre-

sponding action of 7°

oly- Due to the above proposition the differential 4 is compatible

with the corresponding DG algebraic structures.
The subspaces ker d N I'(M, Ty,) and ker 6 N IT'(M, D,y) will subsequently play
an important role in our construction. They can be described in the following way.

Elements of ker § NI'(M, T,,,) are fiberwise polyvector fields (4.2)

k

whose components do not depend on y’s. Similarly, elements of ker d N I'(M, Dpoiy)

are fiberwise polydifferential operators (4.4)

0 0
B = Z Z P (1) Dy R R oy

k ag...op

whose coefficients do not depend on y’s.
In the following proposition I describe cohomology of the differential ¢ in Q*(M, SM),
Q* (M, Tpory), (M, Dpory), and Q°* (M, E)

Proposition 11 For B be either of the bundles SM, T,o, Dpory, 01 €
H>(Q*(M,B),8) =0.
Furthermore,
H(Q*(M, Tpory),6) = ker 6 N T(M, Tpor,)
H°(Q* (M, Dyory), ) = ker s N T (M, Dyoyy)
H(Q*(M,SM), ) = C>*(M),
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HY(Q*(M,E),6) = A*(M).

Proof. The proposition will follow immediately if I construct an operator
5t Q(M,B) — QY M, B)
such that for any a € Q*(M, B)
a=o(a)+80 " a+o"a, (4.15)

where

(4.16)

ca=al .
yi=dy'=0

First, I define this operator on Q°*(M,SM)
1

dt
/a(x,ty,tdy)7, if a € P°(M,SM),
0

(4.17)

0, otherwise ,

where the arrow over 0 denotes the left derivative with respect to the anti-commuting
variable dy*.

Next, I extend §~! to the vector spaces Q*(M, &), Q*(M, Tpo,), Q°(M, Dpory) in
the componentwise manner. A direct computation shows that equation (4.15) holds
and the proposition follows. []

It is worth noting that the operator 6! is 2-nilpotent for either of complexes
(62 =0. (4.18)

For our purposes I fix an affine torsion free connection V on M. Since the bundles
SM, Tpory, Dpoiy, E, or CPY are obtained from the tangent bundle the connection V
extends to them in the natural way. I use the same notation for all these connections

Vo Q(M,B)— QM B), (4.19)
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where B is either SM, T, Dpoly, £, or croly

The following statement is an easy exercise of differential geometry.

Proposition 12 Let B be either SM, Ty, Dpory, £, or CP° and let - denote the

action of ’Z;?)ly. Then the connection V is given by the following operator

V= dyi% +T-: Q°(M,B) — Q" (M,B), (4.20)
where
D = —dyT" (2)y -0 4.21
= —ay ij(f)ya—y/w (4.21)
and I’ fj(x) are the corresponding Christoffel symbols. Furthermore,
Via=R -a: Q (M B)— Q*M,DB), (4.22)
where
R = —Layiay (R o)y 2
73 y'dy’( ij)z(ff)ya—w>

and (Ri;)§(x) is the standard Riemann curvature tensor of the connection V. [

Notice that, due proposition 10 the operator (4.20) is compatible with the (DG) alge-
braic structures on Q°(M,SM), Q*(M, T, ), (M, E), Q*(M, Dy, and Q° (M, CPO) .
Moreover, since the connection V is torsion free the derivations (4.14) and (4.20)

(anti)commute

SV +V5=0. (4.23)

[ would like to combine the operators (4.14) and (4.20) into a 2-nilpotent derivation
D=V —-0+A-:Q(M,B)— Q" (MB), (4.24)
where B and - are as in proposition 12 and

A= Z dykAiil-..ip (z)yZ1 .. -y“’T c Ql(M, '];%ly) .
p=2

y]
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is a dy- 1-form with values in the fiberwise vector fields 7)), .

Due to the following theorem it is always possible to find the 1-form A such that
the derivation (4.24) is 2-nilpotent .

Theorem 4 [terating the equation
1
A=6"R+6HVA+ 5[A, Alsy) (4.25)

in degrees iny one constructs A € QY(M,T2,) such that ="' A = 0 and the derivation
D (4.24) is 2-nilpotent
D*=0.

In what follows I refer to the differential D (4.24) as the Fedosov differential.

Proof. First, I observe that the recurrent procedure in (4.25) converges to an element

A e QY(M,T),,) since the operator 6~' raises the degree in y. Moreover, due to

equation (4.18)
SrA=0. (4.26)

Second, the equation D? = 0 is equivalent to

R—0A+VA+ %[A,A]SN —0. (4.27)

Denoting by C' € Q?(M, T2, ) the left hand side of (4.27)

» “poly

1
C=-0A+R+VA+ 5[A,A]szv

using (4.15), (4.25), and (4.26) one gets that
§SC=0. (4.28)
On the other hand [D, D?] = 0 and hence

VC —6C+[A,Clsy =0. (4.29)
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Thus, applying (4.15) to C' and using (4.28) one gets the equation
C=0YVC+[ACClsn).

This equation has the unique vanishing solution since the operator §—' raises the

degree in y. The theorem is proved. [

In the next theorem I compute cohomology of the Fedosov differential (4.24) for
Q°(M,SM), Q*(M, Tpoy), Q(M,E), and Q*(M, Dpory)-

Theorem 5 If B is either SM, &, Tpoy, 0o Dyory then

H>(Q*(M,B),D) =0. (4.30)

Furthermore,

HY(Q(M,SM), D) = C>(M),

(4.31)
HY(Q(M,E),D) =2 A*(M)
as graded commutative algebras,
H(Q(M, Tp,), D) = ker 6 N T(M, Tpor) (4.32)
as graded vector spaces, and
H (UM, Dyory), D) = ker § N T (M, Dpoyy) (4.33)

as graded associative algebras.

Proof. Although the first statement follows easily from the spectral sequence argu-

ment I need a more explicit proof.

To prove (4.30) I construct an R-linear map

®:Q(M,B) — Q" Y(M,B) (4.34)
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such that for any a € Q>°(M, B)

D®(a) + ®D(a) =a. (4.35)

I define the map ® with the help of the following recurrent procedure

®(a) = —0ta+ 5 (VO(a) + A- ®(a)), (4.36)

where - denotes the action of 770

oty (See proposition 10) and the procedure (4.36)

converges since 61 (4.17) raises the degree in the fiber coordinates y°.

Due to equation (4.18) §'®(a) = 0 and therefore

P2 =0. (4.37)

Let me prove that for any element a € Q~°(M, B) N ker D
a=D®(a). (4.38)
For this I denote by h the element
h=a— D®(a) € "M, B)
and mention that Dh = 0 or equivalently

Sh=Vh+A-h. (4.39)

Since 7 1®(a) = 0 and o(®(a)) = 0 equation (4.15) for ®(a) boils down to

®(a) =6 16®(a).
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Thus, using (4.36), I conclude that
6'h=0.
Furthermore, since h € Q>°(M, B)
ch=0.
Hence applying (4.15) to h and using (4.39) I get
h=6"(Vh+A-h).

The latter equation has the unique vanishing solution since §~! raises the degree in

the fiber coordinates y*. Thus (4.38) is proved.

Using (4.38) I conclude that

DodoD=0D. (4.40)

Let me now turn to our combination

b=a— D®(a) — PD(a),

where a € Q7°(M, B).

Thanks to (4.40) and D? = 0
Db=0.

Hence, applying (4.38) to b I get
b= Dd(b).

Using (4.37) and (4.40) once again I get that b = 0, and therefore, (4.35) holds.

Thus the first statement (4.30) is proved.
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Let H denote either C*(M), A*(M), kerd N T'(M, Tyoy), or ker § N I(M, Dpoyy)

and - denote the action of 77°

oty (s€€ proposition 10) on SM, &, Ty, and Dpgy. 1

claim that iterating the equation
7(a) =a+ 0 HVr(a) + A-7(a)), acH (4.41)
in degrees in y one gets an isomorphism
T:H—ker DNI(M,B). (4.42)
Indeed, let a € H. Then, due to formula (4.15) 7(a) satisfies the following equation
51 (D(r(a))) =0. (4.43)

Let us denote D7(a) by Y
Y = Dr(a).

The equation D? = 0 implies that DY = 0, or in other words
Y =VY +A.Y. (4.44)
Applying (4.15) to Y and using equations (4.43), (4.44) I get
Y=Y VY+A4.Y).

The latter equation has the unique vanishing solution since the operator 6! (4.17)

raises the degree in the fiber coordinates 3"

The map (4.42) is injective since o (4.16) is a section of (4.42)

cor=1Id. (4.45)
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To prove surjectivity of (4.42) it suffices to show that if b € I'(M, B) Nker D and
ob =0 (4.46)

then b vanishes.

The condition b € ker D is equivalent to the equation
0b=Vb+A-b.
Hence, applying (4.15) to a and using (4.46) I get
b=561(Vb+A-b).

The latter equation has the unique vanishing solution since the operator 6! (4.17)
raises the degree in the fiber coordinates y’. Thus, the map (4.42) is bijective and
the map o (4.16) provides me with the inverse of (4.42)

roo s =1 (4.47)
Since o respects the multiplications in Q*(M,SM), Q*(M, £), Dy, (M), C=(M),
A*(M), and ker 6 NT'(M, Dp,yy) so does the map 7 and the theorem follows. [J
Notice that since the Fedosov differential (4.24) is compatible with the DGLA
structure on Q°(M, Tp,1,) and Q°(M, D,y ), the cohomology groups H*(Q2*(M, Tpory), D)
and H*(Q* (M, Dyory), D) acquire structures of a DGLA, and H*(Q*(M, Dpory), D) also
becomes a DGA. To analyze these structures let me, first, observe that for any func-

tion a € C*°(M) and for any integer p > 0

052'1 . ajipf(a) o Oyir - .. Oyipa(x) + lower order derivatives of a . (4.48)

Due to this observation the following map

v : kerd NI (M, Dyoy) — D,

poly

(M),
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VB0, ) = (Blr(ao). .o r(@)))| (4.49)
P € kerd NT(M,D},,) a; € C=(M)
is an isomorphism of graded associative algebras ker d N I'(M, Dyor,) and D3, (M).
I claim that
Proposition 13 The composition
Ap=Tov t: D3, (M) — ker DNT'(M,D;,,) (4.50)

induces an isomorphism from the DGLA (and DGA) Dy, (M) to the DGLA (and
DGA) H*(Q*(M, Dyur,), D) .

Proof. Since both the map 7 (4.42) and the map v (4.49) respect the cup-product
(3.10) it suffices to prove the compatibility with the DGLA structures. I will prove
that inverse map

A =voo:ker DNT(M,D;,. ) — D,

P poly

(M),

, (4.51)

y=0

A5 (B (a0 ) = (B(r(ao). ... 7(@))

P eckerDNI(M,DE ), a; € C=(M)

poly
respects the Gerstenhaber bracket (3.2) and the Hochschild differential (3.8).

To prove the compatibility with the bracket I observe that applying 7 (4.42) to
both sides of (4.51) and using (4.47) one gets

T()\Bl(ip)(ao, L ak)) = B(r(ao), . .., 7(ar)), (4.52)

V  PeckerDNT(M,DF

poly) ) a; € COO(M) :
Using this equation I conclude that for any B; € ker D N ['(M, D;fély) and Py €
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ker D N T'(M, D

poly)

)‘Bl(ml)(ao? SRR )‘E)l(mQ)(aia cee aa'i+k2)> cee aa'k1+k2) =

f‘]31(7-(a0)> s 7;‘]32(7(%)’ SRR T(ai-i-kz))a s aT(akﬁ-kz)) :

Therefore, for any 9, € ker D N T'(M, DX

poly

) and B, € ker D NT'(M, D*?

poly)
2D (Br)eAs (Ba) = A (BrePBa) (4.53)

where the operation e is defined in (3.3).
Thus A} is compatible with the Gerstenhaber bracket (3.2).

To prove that A\, respects the differentials (3.8) in D3, (M) and H*(2*(M, Dpoy), D)
oy) I T(M, SM) is sent to the
multiplication po € Dll,oly(M ) in C°°(M). This is immediate from the definition of

Ap' (4.51). Thus the proposition is proved. [J

it suffices to show that the multiplication p € I'(M, D,

It is obvious that the restriction of the map v (4.49) to I'(M, Z,u1,) gives a map

v:kerd NT(M, Tyoy) — T

poly

(M). (4.54)

By the abuse of notation I denote this map by the same letter.

It is easy to see that due to equation (4.48) the map (4.54) is also an isomorphism

of graded vector spaces. Furthermore,

Proposition 14 The composition

_ —1 . e
)\T—TOI/ 'Tpoly

(M) — ker DNT(M, T2, (4.55)

» “poly

induces an isomorphism from the graded Lie algebra Ty, (M) to the graded Lie algebra

oly
H(Q*(M, Tpory), D) -

Proof. To show that Ar is compatible with Lie brackets I observe that the following
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diagram

Tp.oly(M) - F(M, ,];):)ly)
1Y P (4.56)
° Ap °
Dpoly(M) - F<M7 Dpoly)’

commutes. Here V is the map of Vey (3.17) and V/® denotes its fiberwise analogue.

Thus for any pair 71,72 € T, (M) I have

VIO, valsn)—[Ar (), Ar(12)]sw) = AoV (v, valsw) =V P Ar (), VP Ar ()]s

modulo d-exact terms in I'(M, Dy, ). Continuing this line of equations and using

proposition 13 I conclude that

VP (Im,v2lsn) = r(n), Ar(12)lsn) € O(D(M, Dy,,)) -

Therefore, since V/* is a quasi-isomorphism of complexes (I'(M, T,%,,),0) and (I'(M, D3,;,), 9)

Ar([vsv2lsn) = [Ar(m), Ar(72)]sw =0

and the proposition follows. []

Since the Fedosov differential (4.24) is compatible with the DGLA module struc-
tures on Q°*(M, &) and Q°*(M,Cr°%) the cohomology groups H*®*(Q*(M,E), D) and
H*(Q*(M,CP%), D) acquire the DGLA module structures over H*(Q*(M, Z,.,), D)
and H*(Q*(M,Dpay), D), respectively. Due to theorem 5 and propositions 13, 14
H*(Q* (M, Tpory), D) = T3, (M) and H*(Q*(M, Dpoy), D) = Dy, (M) as DGLAs.
My next task is to show that H(Q®*(M,E), D) = A*(M) and H(Q*(M,CPW), D) =
CP°W (M) as modules over the corresponding DGLAs.

The desired statement about chains follows from proposition 8 and
Proposition 15 For any ¢ > 0

HI(Q*(M,CPr), D) = 0. (4.57)

76



The map
0:T(M,C™) — Ju(M),  o(a)(P) = (Ap(P))(a)| (4.58)

a e T(M,C), PeDF, (M)

poly

is an isomorphism of the DG modules over the DGLA Dy, (M) = ker DNI'(M, D}, ).
Moreover, this isomorphism sends the Fedosov connection (4.24) on CP°% to the Gro-

thendieck connection (3.24) on J .

Proof. The first statement (4.57) follows easily from the spectral sequence argument.
Indeed, using the zeroth collection of the fiber coordinates yf (4.13) I introduce the
decreasing filtration on the sheaf Q®(M, CP°W)

- C FP(QY (M, CP)) € FP~Y(Q*(M,CPW)) C --- € FO(Q*(M,CP%)) = Q*(M, CPW) |

where the components of the forms (4.13) in FP(Q*(M,CP°%)) have degree in y§ > p.

Since D(FP(Q*(M,Cro%))) C FP~L1(Q*(M,Cr°%)) the corresponding spectral se-
quence starts with

EP8 = FP(QPH9(M, CW)) .

Next, I observe that
0

oys’

d_1 = dyl

and hence, due to the Poincaré lemma for the formal disk I have

Eg,q:E{),q:_,_:E&qzo

whenever p + ¢ > 0. Thus, the first statement (4.57) of the proposition follows.

Thanks to observation (4.48) the map (4.58) is indeed an isomorphism of graded

vector spaces.

The compatibility with the action (3.5) of the sheaf of DGLAs D?,, on the sheaf

poly
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CP°% and with the action (3.29) of the sheaf of DGLAs D?

oy O1 the sheaf Jg

~

Rp(o(a)) = o(Rrpp)(a))

follows from the compatibility of A\p with the operation e (3.3) (see (4.53)), with the
(M) and D2, (M) (see

cyclic permutations, and with the cup products (3.10) in D? Poly

poly
proposition 13).

It remains to prove that the map (4.58) sends the Fedosov connection (4.24) to
the Grothendieck connection (3.24). This statement is proved by the following line

of equations:

e(Dua)(P) = (o(P)(Du)| = (DD (P)a)])|
= uo(P)(@)]| _ ~ (e API@]]|
= uAp(P)(@]| = (o(w) e Ap(P(@)] _
=uo(P@]| | =AvlueP)a)|

= u(o(a))(P) ~ (e(a))(ue P) = (VSo(a))(P).

where u € T(M,TM), a € T(M,C'"), P € D¥, (M), i denotes the contraction of a

poly

vector field with differential forms, e is as in (3.3), and w is viewed both as a vector

field and a differential operator of the first order. [

Let me conclude this chapter with

Proposition 16 The map (4.42)
T A (M) — Q*(M,E) (4.59)

induces an isomorphism of DG modules A*(M) and H*(Q*(M, E), D) over the DGLA
H(Q(M, Tpoly), D) = Ty, (M) .

poly

Proof. I have to prove that for any exterior form a = a;, ;, (x)dz™ ...dz" and any
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polyvector field v = 7% ()00 A -+ A O,

T(Ly(a)) = Lroy-1(1)(7(a)) . (4.60)

Since Fedosov differential D is compatible with the fiberwise Lie derivative L the form

L;oy-1(4)(7(a)) is D-closed. Therefore by (4.47) it suffices to the show that

Loy (7(a)) =L, (a). (4.61)

y=0

To prove (4.61) I need the expressions for 7(v~!(v)) and 7(a) only up to the second

order terms in y. They are

v (y)

T ) = v ) Y e YT, v () sy mod (1), (462)
. Oa . 9
(@) =aty ot =y w(a) mod (y)?, (463)

k .

where T'¥;(x) are Christoffel symbols and
V_l(fy) = fyio"'ik (x)ayio VANRERIVAY 8yik .

Using symmetry of indices for the Christoffel symbols Ffj = Ffi I can rewrite (4.62)
and (4.63) in the form

) =7 )+ 2 (B ) e mod ), (469)
i 0a 2
T(a)=a+vy o Ly (@) mod (y)”, (4.65)

where T' = 1Fk

5 ijy’yja—yk . Using these formulas it is not hard to show that equation

(4.61) is equivalent to

L1 Li(a) + Lip 105 (@) = 0,
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which obviously holds because L,-1(,)(a) =0. O
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Chapter 5

Formality theorems for ( ;OZy(M )

C?Oly(M )) and their applications

5.1 Proof of the formality theorem for C?(M)

The results of the previous chapter can be represented in the form of the following
commutative diagrams of DGLAs, their modules, and quasi-isomorphisms given by

honest (not L,,) morphisms

[ ] >\ [ ]
Tpoly(M) —T> (Q (Ma ,];Joly)aDa [7]SN)
L L
mod mod
A*(M) A4, (Q*(M,€), D),
(5.1)
L] >\ [ ]
(Q (M> Dpoly)7D+av [a]G) 2 Dpoly(M)
R R
mod mod
(Q*(M, €M), D +b) & Cietv (M),
where A\p = 7ov ™! AL =T  Ap=T1ov, A\g =p tox !, the map x
T3, (M) A (M)

poly

is defined in (3.25), the map 7 is defined in (4.41), and the map p is defined in (4.58).
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Next, due to properties 1 and 2 in theorem 2 I have a fiberwise quasi-isomorphism

(which I denote by the same letter )
K: (Q.(Mv ,];Joly)> 0, [7 ]SN) — (Q.(Mv Dpoly)a 9, [7 ]G) : (52)

from the DGLA (2*(M, Tp01y), 0, [, |sn) to the DGLA (Q*(M, Dpoiy), 0, [;]c) -

Due to properties 1 and 2 in theorem 3 I have a fiberwise quasi-isomorphism

(which I denote by the same letter S)
S (Q°(M,CPW), b) ==— (Q°(M,E),0, L) (5.3)

from the Ly-module Q°*(M,CP°%) to the DGLA module Q°*(M, E) over Q' (M, Tpo1y) -

Thus I get the following commutative diagram

(Q°(M, Ty, 0, [ Jsw) == (*(M, Dysy), 0, [, ]c2)

Irln,od };wd (54)
(Q*(M, £),0) < (@M, crmy, b,

where by commutativity [ mean that S is a morphism of the L.,-modules (Q°(M,CP°%), b)
and (Q2°(M, £),0) over the DGLA (Q2°(M, Tpo1y), 0, [, ]sn), and the Lo-module struc-
ture on (Q°(M,CP),b) over (Q°(M, Tp0),0,[,]sn) is obtained by composing the
quasi-isomorphism K with the action R of (Q®*(M, Dpory), 0, [, ]c) on (Q°(M,CPW), b).
Having the complete decreasing filtration on Q* (M, T, ), Q° (M, Dpory), Q° (M, E),
and Q*(M,CP°%) induced by the exterior degree I can now apply the technique devel-

oped in section 2.4. To do this I first restrict myself to an open coordinate subset
VcM.

On V it makes sense to speak about the ordinary De Rham differential! in the DGLA

Let me recall that Q(-) stands for dy-forms.
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modules (Q°*(V, Tpory), Q*(V, €)), and (Q*(V, Dpary ), 2°(V,CPY))
d=dy'd, : Q*(V,B) — QT (V,B), (5.5)

where B is either T, or Dpoy, £, or CPW
Since the quasi-isomorphisms (5.2) and (5.3) are fiberwise I can add to all the
differentials in diagram (5.4) the De Rham differential (5.5), and thus, get the new

commutative diagram

(Q(V, o), d, L Jsn) = (V. Dysy), d + 0, |, 1)

L R (5.6)

mod mod

(Q*(V, A), d) %< (Q(V,Ccrw), d+b) .
I claim that

Proposition 17 The Lo,-morphism IC and the morphism of Le-modules S in (5.6)

are quasi-isomorphisms.

Proof. This statement follows easily from the standard argument of the spectral
sequence. Indeed, the L.,-morphism K (resp. the morphism of L.-modules S) is

compatible the descending filtration induced by the exterior degree

Fr(Q(V,B) = P (V. B), (5.7)
k>p
where B is either 7., or Dy (resp. € or CPOW).

The corresponding versions of Vey’s [54] and Hochschild-Kostant-Rosenberg-Con-
nes-Teleman [15], [36], [52] theorems for RY,,,.,, imply that the first structure map
IC1 (resp. the zeroth structure map Sp) induces a quasi-isomorphism on the level of
Ey. Therefore, Ky (resp. Sp) induces a quasi-isomorphism on the level of E,,. The
standard snake lemma argument of homological algebra implies that &y (resp. Sp) is
a quasi-isomorphism. Hence, so is IC (resp. S). O

On the subset V' I can represent the Fedosov differential (4.24) in the following
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form

D=d+B-,

where

0
oyF

B=>Y dy'Bl, . (o). v € QV,T),), (5.8)
p=0

and - denotes the action of the sheaf 79

oty (See proposition 10.)

The nilpotency condition D? = 0 says that B is a Maurer-Cartan element of the
DGLA (2*(V. Tpo1y). d, [, ]sn) with the filtration (5.7). Thus using the terminology
of section 2.4 one can say that the DGLA (Q*(V, T,y), D, [,]sn) is obtained from
(Q*(V, Tpoiy), d, [, ]sn) by twisting via B.

Due to property 3 in theorem 2 the Maurer-Cartan element in (Q(V, Dy ), d +

87 [7 ]G)
=1
BD::E:;aKmui.”,B)
m=1

corresponding to the Maurer-Cartan element B in (2(V, Ty ), d, [, ]sn) coincides with
B viewed as an element of Q'(V, D,,,). Thus twisting of the quasi-isomorphism K

via the Maurer-Cartan element B I get the L.,-morphism
]th : (Q.(M 7;)oly>7 D7 [7 ]SN) - (Q.(‘/u Dpoly)a D + 87 [7 ]G) ) (59>

which is a quasi-isomorphism due to claim 5 of proposition 1.

Next, using (2.59) it is not hard to see that the graded module structures on
Q*(V,€) and Q*(V,CPW) over (Q°(V,Tpu,),D,[,]sn) and (Q°(V,Dyory),D + 9,[,]c),
respectively, remain unchanged under the twisting procedures, while the differentials
get shifted. Namely, d on Q°*(V, £) gets replaced by D and d + b on Q*(V, CP°W) gets
replaced by D + b.

Hence, by virtue of propositions 2 and 3 twisting procedure turns diagram (5.6)
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into the commutative diagram

(Vi Tpy), D, Llsw) S (V. Dyoy), D+, [ ])

L R (5.10)

mod mod

(Q*(V,€),D) —=<= (Q°(V,CP%), D + b),
where 8" is morphism of L.,-modules obtained from S by twisting via the Maurer-
Cartan element B € QY(V,Z,,,). Due to claim 5 of proposition 2 S™ is a quasi-

isomorphism.

Surprisingly, due to property 4 in theorem 2 and proposition 9 the “morphisms”
K™ and 8™ are defined globally. Indeed, using (2.49) and (2.60) I get the structure
maps of K and S™

Ko (1, ) =

NE
==

]Cn+k(Bu"'7B7717"'77n>7 (511>

e
i
o

1
S:Lw(fylv R f}/nua) = Z ESTL-H@(B’ R BvVIv R f}/nua)u (512>
k=0
vi € AUV, Thory) a € QV, Cpozy)

in terms of the structure maps of K and §. But the only term in B that does not
transform as a tensor is

_ ik

(5.13)
This term contributes neither to K nor to St since it is linear in y’s.

Thus the quasi-isomorphisms K and S are defined globally and I arrive at the

following commutative diagram

(0 (M, Tyy), D, [ ) S (2(M, Dpoty), D + 0., )

Tmod R (5.14)
(Q(M,€),D) << (Q(M,CP),D +b).
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Assembling (5.14) with (5.1) I get the desired commutative diagram

)\T )\D

’th
Tp.oly(M) — QM Tpoy) =— (M, Dpoyy) «— D;;oly(M)
ﬁwd ﬁwd }n%wd }n%wd (5 1 5)
AM) 24 QME) == QF(M,Crl)y AS Cpelu(),

where the DGLAs Q°*(M, 7,0,) and Q°*(M, D,,,,) are taken with the differentials D
and D + 9, respectively, where as the DGLA modules Q°(M, &) and Q°*(M,CP°%) are
taken with the differentials D and D + b, respectively.

Let f be a diffeomorphism of the pairs (M, V), (M, V)
f:(MV) = (M,V),

where M and M are d-dimensional manifolds and V, V are torsion free connections

on M and M , respectively.

It is obvious that the corresponding isomorphisms between the DGLA modules

Jo o (T (M), A*(M)) = (T, (M), A*(M)) ,

poly poly

fo 1 (D (M), (M) > (D5, (M), C2W(M)),

poly poly

Fot (M, Tyoy), (M, E)) = (Q (M, Tyory), (M, E))

and

fe: (2°(M, Dyt ), (M, CP')) = (2° (M, Dy, 2°(M, CP*))

commute with the maps in the diagrams (5.1) for M and M.

Furthermore, since the term (5.13) of the Fedosov connection form (5.8) does not
enter the definition of the L.-morphism K™ (5.11) (resp. the morphism of Le-
modules ™ (5.12)) the isomorphism f, commutes with ™, and S™ as well. Thus
the terms and the morphisms of diagram (5.15) are functorial for diffeomorphisms of

pairs (M, V), where V is a torsion free connection on M.
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Theorem 1 is proved. [

5.2 Kontsevich’s formality theorem revisited

(M) to D2

poly

In this section I prove the existence of a quasi-isomorphism from 77 (M)

poly
which is functorial for diffeomorphisms of pairs (M, V), where V is a torsion free
connection on M . Although a proof of this statement is outlined in Appendix 3 of
[37] some people [8] think that my proof is more thorough and refer to my paper [19]
instead of [37].

First, I observe that composing the quasi-isomorphisms Ar and K™ one can
shorten the upper row in diagram (5.15) to

(M) 5 (Q*(M,Dpy,), D+0,[,]c) <2 D2, (M), (5.16)

poly

Tz:oly
in which U is a quasi-isomorphism of DGLAs.
On the other hand due to proposition 13 the DGLA D¢ (M) is isomorphic to

poly
the DG Lie subalgebra
ker D N I'(M, Dpoiy) C Q*(M, Dpory) - (5.17)

This observation raises the question of whether one can contract the quasi-isomorphism
U in (5.16) to a quasi-isomorphism

ue:T°

poly

(M) =— ker DNIT'(M,D,,,)

(5.18)

in a functorial way with respect to diffeomorphisms of the pair (M, V). The following

theorem gives a positive answer to this question:

Theorem 6 (M. Konstevich, [37], construction 4) For smooth real manifolds M
there exists a construction of DGLA quasi-isomorphisms

uxs . e

poly

(M) =— D*.. (M) (5.19)

poly
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which is functorial for diffeomorphisms of pairs (M, V), where V is a (torsion free)

connection on M .

Proof. First, I construct a collection of quasi-isomorphisms (n > 0)

U™ e

poly

(M) == (Q*(M, Dyory), D + 9. [,]c) (5.20)

satisfying the following properties:

U (AT, (M) Cker DAT(M,DSy) . Ym<on, (5.21)
U =y™  Ym<n, (5.22)
where I/{r(,? ) denote the structure maps of U™ .
I start with 2®) = U/ and observe that due to (2.17)
(D+)UP (1) =0, Ve, (M). (5.23)

Since the map & (4.34), (4.36) satisfies equation (4.35) I conclude that for any

vyeT?

iy (M) the combination

UL (v) — (D +9) o (7))

does not have the top exterior degree component. Thus, applying lemma 1 from
section 2.3 for n = 1 I get a quasi-isomorphism

u:Te

poly

(M) — (Q.(Mv DpOly)>D + 8> [’]G) )

such that for any v € T, (M)
N d-1
ul (’7) € @ Qk(Mv D;oly) )
k=1

where d = dim M .

88



Proceeding in this way I construct a quasi-isomorphism of DGLAs

u(l T°

poly

(M) — (Q.(M> DPOly)> D +0, [>]G) )

such that for any v € T,

(M)
U (7) €T(M, D).
On the other hand due to equation (2.17)

(D+ U’ (7) =0

and hence, Z/{l(l)(v) belongs to the kernel of the Fedosov differential D. Thus U
satisfies (5.21).

Suppose that I have already constructed U*) up to k = n — 1 satisfying (5.21)
and (5.22). Due to (2.17)

(D+8)Z/l(” 1) (’71,’72,...,”)%) =

p—l—q n
=35 Z Z u(n b /7617 tee 77€p)7uq(n_1)(fy€p+l7 tee 776,1)]_ (524>
p,9>1 e€Sh(p,q)
_Zi 7277]]5’N>71a"'7’?ia"'a’?ja""yn)a ViETI;oly(M)
]

By the assumption (5.21) of induction the right hand side of equation (5.24) is of
exterior degree zero. Hence, using the map ® (4.34), (4.35), (4.36) once again I

conclude that for any collection v; € T°3

iy(M) the combination

U (1, 90) = (D +0) U (s )

does not have the top exterior degree component.
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Thus applying lemma 1 enough times I get a quasi-isomorphism of DGLAs

um . T

poly

(M) — (Q.(M> DPOly)’ D +0, [>]G) )

such that for any v € T, (M)

poly

and for any m < n

Due to the corresponding version of (5.24) U,S")(v) is also annihilated by the Fedosov
differential D.

Thus, I have constructed the desired collection (5.20). The projective limit of this
inverse system gives me a quasi-isomorphism ¢ (5.18). Composing it with A" T get
the desired quasi-isomorphism U* (5.19).

The construction of K™ (5.9) is functorial for diffeomorphisms of pairs (M, V)
since the term (5.13) of the Fedosov connection form (5.8) does not contribute to
(5.11). Thus, the construction of (5.19) is functorial for diffeomorphisms of pairs
(M, V) since so are the constructions of 7 (4.42), ® (4.34), Ap (4.50), and Ar (4.55).
U

5.3 Applications

The first obvious applications of the formality theorem for CF°(M) are related to
computation of Hochschild homology for the quantum algebra of functions on a Pois-
son manifold and to description of traces on this algebra. These applications were
suggested in Tsygan’s paper [53] (see the first part of corollary 4.0.3 and corollary
4.0.5) as immediate corollaries of the conjectural formality theorem (conjecture 3.3.1
in [53]).

Let M be, as above, a smooth manifold. Recall that
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Definition 15 ([3, 4]) A deformation quantization of M is a Maurer-Cartan ele-
ment (2.40) 1 € hD, . (M)[[R]] of the DGLA D3, (M)[[h]], where h is an auxiliary
variable which plays the role of the deformation parameter. Furthermore, two defor-
mation quantizations I1 and II are called equivalent if they are connected by the action

(2.41) of an element U in the prounipotent group
&p = {1+ hDyy,(M)[[h] }

corresponding to the Lie algebra hD), (M)[[h]]

Notice that, since the DGLA D5, (M)[[A]] is endowed with the complete filtration

given by degrees in A the above definition makes sense.

In plain English, the Maurer-Cartan element II in the above definition gives rise

to an associative product * (the so-called star-product) in the algebra C°°(M)[[A]]
axb=a-b+1l(a,b), a,b e C*(M)[[n]], (5.25)

which deforms the ordinary commutative multiplication in C*°(M)[[h]]. Moreover,
two deformation quantizations II and Il corresponding to star-products * and * are
equivalent if there exists a formal series of differential operators (the element U in
&p)

U=1+hUy+h’Us+--- € {I+hDy,, (M)[h]},

poly

which establishes an isomorphism between the algebras (C°(M)[[R]], *) and (C>°(M)][[A]],
*)

U(axb)=U(@)FU®D),  abe CM)[H]. (5.26)

Remark. Sometimes it is required that the Maurer-Cartan element II belongs to the
subalgebra of normalized polydifferential operator. This requirement corresponds to

the compatibility condition with the unit function:

ax1l=1*%xa=0.
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However, since the subcomplex of normalized Hochschild chains is quasi-isomorphic
to the total complex it is very easy to switch from one definition to another using the
action of the group {I + hD), (M)[[A]]}.

Thanks to quasi-isomorphisms of the upper row in the diagram (5.15) and proposi-

tion 4 I have a bijective correspondence between the moduli space of Maurer-Cartan

elements of the DGLA T

oty (M)[[R]] of polyvector fields and the moduli space of

Maurer-Cartan elements of the DGLA D?,_, (M)[[}]] of polydifferential operators (ten-

poly

sored with R[[A]]). In other words, if we consider the cone

a = hO&l + h2042 + h3043 +--- € thloly(M)[[h]] s
(5.27)
[, alsy =0
acted upon by the Lie algebra hT'(M,TM)|[h]]
a — [u,alsy, ue hl(M, TM)[[R]] (5.28)

then

Corollary 1 (M. Kontsevich, [38], theorem 1.1) The deformation quantizations
(5.25) of M modulo the equivalence relation (5.26) are in a bijective correspondence
with the points of the cone (5.27) modulo the action (5.28) of the prounipotent group
corresponding to the Lie algebra hT'(M,TM)[[A]]. O

An orbit [ on the cone (5.27) corresponding to a deformation I1 is called Kontsevich’s
class of the deformation II and any point « of this orbit is called a representative of
this class.

Theorem 1 allows me to describe Hochschild homology of the algebra (C>°(M)][[A]], )
for any deformation quantization II (5.25) of M . Namely?

Corollary 2 IfIT is a deformation quantization and o € h'T),, (M)[[h]] represents

Zsee the first part of corollary 4.0.3 in [53]
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Kontsevich’s class [a] of I then the complex of Hochschild homology
(2 (M)[[R]], b + Ru) (5.29)
18 quasi-isomorphic to the complex of exterior forms
(A*(M)[[A]], La) (5.30)

with the differential L,,.

Here, as above, R denotes the action (3.5) of Hochschild cochains on Hochschild
chains and L stands for the Lie derivative (3.21).

Remark. In the symplectic case the above corollary reduces to the well-known
theorem of R. Nest and B. Tsygan (theorem A2.1 in [42]) which is proved for the
quantum algebra of compactly supported functions of a smooth symplectic manifold.
An equivariant version of this result in the symplectic case is discussed in paper [20]

(see proposition 4) and paper [41] (see theorem 5.2).

Proof. Since o represents Kontsevich’s class of the deformation quantization II the

Maurer-Cartan elements Ap(IT) and
=1
B= D o Oe(@) - e(e) (5.31)

are connected by the action (2.41) of an element $ of the prounipotent group $

corresponding to the Lie algebra

h=(Q"(M, D,

poly

)@ QY M, D)) @ hR[[R]] .

poly

Therefore 4l provides me with a quasi-isomorphism (actually isomorphism)

Ry (Q°(M,CP")[[R)], D + b+ Rapmy) — (Q°(M,CP")[[R]], D+ b+ Ry) (5.32)
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from the complex (Q°*(M, CP°%)[[h]], D+b+ Ry, ) to the complex (Q°(M, CP°)[[R]], D+
b+ Ry).

Twisting the terms in the second diagram in (5.1) by the Maurer-Cartan element

IT I get the new commutative diagram

AD

(€* (M, Dpoiy )[[1]], D + 0+ [Ap(D), - Ja) == (Dp, (M)[[R]], 0 +[IT, - ])
Ijnod Ijnod (533>

(Q(M.CW)[R). D+ b+ Raymy) 2 (CEWOM)[[R]). b+ Ru)
in which the DGLAs Q*(M, Dpay)[[7]] and Dy, (M)[[A]] carry the initial Lie bracket
[l (3.2).

Due to claim 5 of proposition 2 the map Ao in the above diagram is a quasi-

isomorphism of complexes.

On the other hand twisting the terms in the left part of diagram (5.15) by the

Maurer-Cartan element o € Tp.oly

(M)[[A]] T get the new commutative diagram

AT

(Tpory MDA [, Jsw) == (Q*(M, Tpor) [, D + [Mr(@), Jsw)

%nod [r/n,od (534>
(AR, L) 24 (M, E)[[A], Lar(@)

in which the DGLAs Q°*(M, T,01,)[[}]] and T,

oty (M)[[R]] carry the initial Lie bracket
[ ]sn (3.20).

Due to claim 5 of proposition 2 the map A 4 in diagram (5.34) is a quasi-isomorphism
of complexes.

Similarly, twisting the terms in the middle part of diagram (5.15) by the Maurer-
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Cartan element Ap(a) € Q°(M, T, )[[R]] I get

(Q (T[], D + (@), o) 2 (8 (Dyo)[[H]], D + 0 + [, o)

Lr/nod }jnod (535)
(Q*(E)A]], Lar (@) “Zx (@ (CP )R], D + b+ Ry),

where K¢ and 8 are obtained from K" and 8™, respectively, by twisting via Ar(«a) €
Q* (M, Tpory)[[1]], P is defined in (5.31), Q* (M, T,y ) [[]] goes with the initial bracket
[, 1sw, and Q°(M, Do) [[1]] goes with the initial bracket [, ] .

Again, due to claim 5 of proposition 2 the morphism of L,.-modules S* in diagram
(5.35) is a quasi-isomorphism.

The desired statement is proved since the complexes (5.29) and (5.30) are con-

nected by a chain of quasi-isomorphisms. [J

Another application of theorem 1 is related to description of traces on the algebra
(C(M)[[A]], %), where by C2°(M) I denote the vector space of smooth functions with

a compact support.

By definition a trace is a continuous R[[A]]-linear R[[A]]-valued functional ¢r on

C°(M)[[h]] vanishing on commutators
tr(Bn(a)) =0,

where a = a(xg, x1) is a function in C*°(M x M) with a compact support in its first

argument, and R is as in (3.5).

One can easily verify that my constructions still make sense if I replace the first

version (3.13) of CP% (M) by

crtv=eon (a1) = @ €5, (),
n>0
and the vector space of exterior forms A®*(M) by the vector space A%(M) of exterior

forms with a compact support. Here by C (M"*!) T denote the vector space of
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smooth functions on M™*! with a compact support in the first argument.

Then the corresponding version of the above corollary implies that

Corollary 3 ([53], Corollary 4.0.5) If Il is deformation quantization (5.25) and
a represents Kontsevich’s class of 11 then the vector space of traces on the algebra
(C(M)][R]], %) is isomorphic to the vector space of continuous R[[h]]-linear R[[A]]-
valued functionals on C°(M)[[h]] vanishing on all Poisson brackets a(a,b) for a,b €
(M) ). O

For a symplectic manifold this statement has been proved in [16, 23, 42].

Remark. Corollary 3 still holds if one replaces real valued functions (resp. traces)
by smooth complex valued functions (resp. complex valued traces), as well as the
ring R[[A]] by the field C[[h, i™1].

I would like to mention that the functoriality of the chain of quasi-isomorphisms

(3.33) in theorem 1 implies the following interesting results

Corollary 4 Let M be a smooth manifold equipped with a smooth action of a group
G. If one can construct a G-invariant connection ¥V on M then there exists a chain

(M), A*(M))

of G-equivariant quasi-isomorphisms between the DGLA modules (T3

and (D2, (M),Cr%(M)). O

poly

In particular,

Corollary 5 If M is equipped with a smooth action of a finite or compact group G
then the DGLA modules ((T- (M))C, (A'(M))G> and ((D’ (M))C, (C{’Oly(M))G>

poly poly

of G-invariants are quasi-isomorphic. U]

Due to the functoriality of the quasi-isomorphism (5.19) in theorem 6 I have the

following result:

Corollary 6 If M is equipped with a smooth action of a finite or compact group G
then there exists a quasi-isomorphism from the DGLA (T, (M)) of G-invariant
polyvector fields to the DGLA (D3, (M))¢ G-invariant polydifferential operators on
M. O
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Using this corollary and proposition 4 I get a solution of a deformation quantiza-

tion problem for an arbitrary Poisson orbifold. Namely,

Corollary 7 Given a smooth action of a finite group G on a manifold M and a G-
invariant Poisson structure o € (A*TM)C one can always construct a G-invariant
star-product * , corresponding to «. Furthermore, G-invariant star-products on M

corresponding to the Poisson bracket a are classified up to equivalence by non-trivial

G-invariant deformations of o. [
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Chapter 6

Conclusion

[ am glad that the results of my thesis have been already applied to two interesting
problems. In his PhD thesis [51] X. Tang used theorem 1 to compute Hochschild
homology of formal symplectic deformations of proper étale Lie groupoids! and in [8]
D. Calaque used theorem 6 in order to quantize a class of formal classical dynamical
r-matrices in the reductive case.

I would like to mention paper [7] in which D. Calaque generalized theorem 6
to the case when the tangent bundle of M is replaced by an arbitrary smooth Lie
algebroid. In our joint paper [9] we generalized the result of [7] to Hochschild chains
and extended our constructions to the holomorphic setting. In this way we proved
a version of Tsygan’s formality conjecture for Hochschild chains for any complex
manifold.

I would like to mention parallel results of the MIT alumnus A. Yekutieli. In his
papers [56, 55, 57| he proved that for any smooth algebraic variety X over a field K
(R C K) the sheaf of polyvector fields and the sheaf of polydifferential operators are
quasi-isomorphic as sheaves of DGLAs.

In [40] S.L. Lyakhovich and A.A. Sharapov suggested that a generalization of the-
orem 6 for super-manifolds can be applied to quantum reduction. In this paper they

proposed the most general setting of a reduction which leads to a Poisson manifold

1See paper [41] in which cyclic and Hochschild (co)homology groups of formal symplectic defor-
mations of proper étale Lie groupoids were computed without making use of formality theorems.
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and showed that under certain cohomological conditions the “super”-version of Kont-
sevich’s formality theorem would lead to deformation quantization of the reduced
manifold. In [40] the authors also discussed a possible path integral approach [2, 11]
to the “super”-version of Kontsevich’s formality theorem.

Two relative versions of Kontsevich’s formality theorem were suggested simulta-
neously in papers [5] and [12]. In both of these papers the authors considered a
smooth submanifold C' of a smooth manifold M. In paper [5] it is conjectured that
the DGLA (and more generally G-algebra) of polydifferential operators compatible
with the ideal I C C°°(M) of functions vanishing on C' is formal. In [5] the authors
proved this conjecture for the case M = R? and C' = R%* if k > 2, and applied this
result to the construction of representations of the star-product algebras. In paper
[12] the authors proved the formality theorem for the DGLA of polydifferential opera-
tors acting on the exterior algebra of the conormal bundle of C'in M and applied this
result to the quantum reduction. I would like to mention that the question of global-
ization is not properly addressed in [12]. However, I do not think that this question
is very difficult since the authors reduced their problem to a formal neighborhood of
Cin M.

There are still many interesting open questions in this subject. For example, it
would be very interesting to develop the applications [12], [40] of the “super”-version
of Kontsevich’s formality theorem to the quantum reduction and find out how the
characteristic classes of deformations fit into the reduction procedure [14]. It is also
interesting to further investigate the relative versions [5, 12| of Kontsevich’s formality
theorem and apply them to the conjectural correspondence [10] between the category
of Poisson manifolds with dual pairs as morphisms and the category of deformation
quantization algebras with bimodules as morphisms. Finally, the cyclic formality
conjecture [53] as well as the most general version of the algebraic index theorem [49]

still remain open questions.
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Appendix A

Figures
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Figure A-1: Edge of the first type Figure A-2: Edge of the second type

Figure A-3: Diagrams of the first type
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Figure A-5: Diagrams of the third type
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