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I'maBa 1

BBenenmue

KBanToBas Teopus KaauOPOBOYHBIX MOJEH HA CETOMHANIHUN JTeHb SIBISeTCI HAU-
JIy9ITAM TPETEeHIeHTOM Ha OTMCaHue B3auMOIeiicTBII reMenTapHbix qacruir [1], [2].
[To sroit mpuumHe U3ydeHme KaJTUOPOBOUHBIX TEOPHUil, TMOCTPOEHWE COTIACOBAHHBIX
B3aMMO/ICHCTBUI KaTHOPOBOUHLIX MOJIEH, a TaKzKe pa3pabOTKa MeTOI0B UX KBAHTOBA-
HHIsI OKA3bIBAIOTCA OJHUMH M3 IEHTPAJTbHBIX BOIPOCOB COBPEMEHHON TeopeTHUYecKOoit
puzuky.

OpxHOlt U3 mepBoil paboT, MOJOKUBINEH HAYATO TMOCTPOEHWIO KBAHTOBOW TEOpPUH
KaJIMOPOBOYHBIX TIOJIEl, sBasgeTcsa u3BectHas padbota JI.JI. Pamggeesa u B.H. ITonosa
[3], B KOTOPOIi GBLIT MPEIJIOZKEH MPOCTON METO/T OTIUCAHNS KBAHTOBOIT TEOPUH KATHODO-
BOYHBIX TI0JT€if, OCHOBAHHBIIT HA MCIOJIH30BAHUN (DETHMAHOBCKOTO (DYHKITMOHATIHHOTO
waTerpana. /lanbreiinee paspurtue [4] Kak QYHKIMOHAIBHBIX TaK M OMEPATOPHBIX
MEeTOJ0B KBAHTOBAHUA KAJHOPOBOUHBIX TEOPHUH TO3BOJIMIO CYIIECTBEHHO PACIIHPUTH
KJIACC UCXOJHBIX ITOJIEBBIX MOJeseil, 1 B HACTOSIIee BpeMs MeTOJIbl KBAHTOBAHUS IO-
3BOJIIOT Pab0OTATh MOUTH C JTI000H KATHOPOBOYHOMN IOIEBOI TEOPHH, UCKIIOYUA JTUIID
HEKOTOPBIi CIEIUAIbHBI KJIACC TEOPHil C OTPeIeIEHHBIM THIIOM 3aBHCUMOCTH MEK/Ty
reHepaTopaMu KaJuOPOBOYHOIN aJIreOpHI.

C ToukmM 3peHHd MpobJIeM KBAHTOBaHUsS Hambosee aaeKBaTHON (hOpMyTHpPOBKOI
KaJTMOPOBOYHOM CHMMETPUN B KJTACCHIECKON TEOPHUHU ABIIETCS €€ ONMHCAHUE B TEPMHU-
HaX TaMUJIBTOHOBO# (M1 cuMIIIeK THYecKoit) peaykuust [5], [6]. B arom noxxome dusn-
Jeckoe (ha3oBoe MPOCTPAHCTBO TEOPUU OTOYKJIECTBJISAETCS ¢ (PaKTOPOM TTOBEPXHOCTU
cBg3eil MepBOro Poja B pacIImpeHHOM (ha30BOM IIPOCTPAHCTBE MO KAJIHOPOBOUHBIM
npeodpa30BaHUAM, CTeHEPUPOBAHHBIM STUMH CBA3IMH, a (pusndeckue HaOTIOTaeMble

OTOXKJIECTBJIAIOTCS € KAJUOPOBOYHO MHBAPUAHTHBIMHU (DYHKIIUSIMU HA PACIHTUPEHHOM



¢da30BOM MPOCTPAHCTBE, TPUHUMAIOIINMI HEHYJIeBble 3HAYEHNsT HA TOBEPXHOCTHU CBS-
3eil.

Omo 13 BaxKHBIX (PU3UIECKUX MPUIOKEHUH raMIIBTOHOBOM PeIYKIINN CBSI3aHO C
IOCTPOEHNeM HHTerpupyeMbix cucreM [7], [8]. [lepBoHAYATIBHO, HHTErPUPYEMbBIE CHC-
TEMbI paCCMaTPpUBaJIUCh KaK KaHAWAATHI Ha POJIb MOﬂeﬂeﬁ, a/ICKBATHO OIINCBhIBaIO-
X CBOOOTHBIE TPUOINZKEHUST KOHKPETHRIX (pu3mdecknx cucrem. OIHAKO B HeTaBHEE
BpeMs ObLTO 0OOHAPYZKEHO, UTO JUHAMHUKA MHTErPUPYEMBIX CHCTEM, BOSHHKAIOIIAS Ha
IPOCTPAHCTBE MOJIY/IE MOJEBBIX TEOPHH C PACIIMPEHHO CylmepCHMMeTpHeii, MO3Bo-
JISIeT TIOJIy4aTh TOYHbIe (HermepTypOaTHBHbBIE) Pe3yIbTaThl B COOTBETCTBYIOIIEH KBaH-
ToBOiT Teopun [9] (cM. Takzke 0630p [10]), 1 OXHEM U3 PE3YIBTATOB TAKOTO XapaKTepa
SIBJISETCS BBIYUCTeHNe 3aiibeproM n BUTTeHOM TOYHON HH3KOSHEPreTHYeCKOl dacTh
sdpdexrusroro norennuata N = 2 cynep-cummverpuanoii reopuu dura-Mummaca [11],
[12].

PasBurne nerepTypbaTUBHBIX METOJIOB KBAHTOBOI TEOPHUH TMOJIsI HU B KaKOil Mepe
He OTMeHsIeT TEOPHIO BO3MYIIEeHMIi, TOCKOJBKY Teopus 3aiibepra-Burrena mo3Bossger
IpeICcKa3aTh JIUIIb ONPEIeIEHHY0 JacTh TOUHBIX BKIAI0B B 3(h(EeKTUBHOE IeiicTBHe,
a TOJIXO/I, CBSI3AHHBI ¢ Hcmorb3oBanneM ayanabrocreii [13], [14], [15], [16] ocHoBbIBaA-
eTCsl Ha WJIee CBEJEHUs OTPeIeTEHHBIX BOMPOCOB OHOI TeOpuu K mepTypOATHBHBIM
BBIUUCICHUSAM B APyroii. B ¢Bs3m ¢ 3TuM, mpoOIeMbl, CBI3aHHLIE C PA3BUTHEM II€p-
TYpOATUBHBIX METOJIOB, MIPHOOPETAIOT eI OOTBIIYI0 AKTYaTbHOCTD.

OcobbIit HHTEPEC TO-TIPEYKHEMY MPEICTaBISIOT TTPOOIEMbBI 00IEKOOPIMHATHONW WH-
BapUaHTHOCTHU HepTyp6aTI/IBHbIX METOJOB KBAHTOBaHUA, a TaKXKe HpO6.HeMbI aJIeKBaT-
HOIT pabOTHI ¢ KBAHTOBOI KaTHOPOBOUHON cuMMeTpHeil. OTbIT paboThI ¢ KaTHOPOBOU-
HBIMH TOJIEBBIME MOJEISIMHI MOKA3BIBAET, UTO ITH IIPOOJIEMBI TECHO CBSI3aHBI MEKIY
co0oit. A WMeHHO, WIed KBAHTOBOW DPEIyKINU, TaKWe HAIPUMED, KaK HIeH MEeTOI0B
BPCT-kBanrosauust [4] (cm. Takzke 0630p [5]), MO3BOJISIOT PENIATH HEKOTOPHIE MPO-
OJIeMBI OOIIEKOOPINHATHON MHBAPUAHTHOCTH KBAHTOBOM Teopuu. [Ipuumna sToro co-
CTOUT B TOM, YTO BOIPOC OOIIEKOOPIMHATHON MHBAPUAHTHOCTH WJIH, MO-IIPOCTY, KO-
BapUAHTHOCTH MOYKET OBITh CBEJEH K BOIPOCY OMHUCAHUS HEJTUHEHHBIX MHOT00Opa3umit
B TePMUHAX PEJIYKIIMOHHBIX ITPOIEAYP 1O AHAJOTUU C TeM, KaK HEJIUHEHHOCTH 0OJIb-
IIIIHCTBA MHTEPECHBIX (DU3UYECKUX MOJeNTell COCTONT B HETPUBHAJILHON peaTn3aiun
X KaK CHCTeM CO CBSI3SIMH WJIH 110 AHAJOTHH C TeM KaK HEeJTHHEHHOCTH OOBITHHCTBA
UHTErpupyeMhbIxX cucTreM OCHOBaHa Ha HeTpI/IBI/IaﬂbHOﬁ (I)OpMy.HI/IpOBKe 9TUX CUCTEM B

TePMHUHAX MPONEIYPHl TAMAJIBTOHOBOW PELyKINH.



Muoro4uncennbie mpuMepbl MOKa3bIBAIOT, YTO WAEH KBAHTOBOW PEyKIUU MOTYT
TaK2Ke TPpUMEHATHCA K IMOCTPOCHUIO BBaHMOﬂeﬁCTBI/IH TEOPETUKO-TTOJIEBBIX MOﬂeﬂeﬁ,
W OJIHUM U3 IVIABHBIX PE3YJIbTATOB B 3TOM HAMPABICHUU SBJISETCS MOCTPOCHUE B3a-
MMOJIEHCTBYIONIEl TeOPHH KIACCHICCKHUX MOJell Bhicimux cnuuoB [17], [18]. ®usuuec-
KUe MOJIsI 9TOI TEOPUU OTOXKJIECTBISIOTCS ¢ KO3 DUIUEeHTaMN pa3/aoxKenus: (PyHKINii
Ha BCIIOMOTATETHHOM BEKTOPHOM PACCIOEHUU HAJ ITPOCTPAHCTBOM-BPEMEHEM, a yPaB-
HeHWs JUHAMHUKH JTUX TOJEil ONpelensioTcsd U3 ypPaBHEHWS KBAHTOBON DeTyKITHH,
HAJIO2KEHHOTO Ha 3TH (DYHKIIUN.

OHuM U3 pe3yIbTaTOB, MO3BOJISIONIAX PEMIATh TPODIEeMbl KOBAPHAHTHOCTH KBaH-
TOBOI TeOpHH, sIBJIsIETCS TpeaoKeHHbIH PeocoBbM [19] IBHO KOBAPHAHTHBIN METOI
nehbOpMAITMOHHOTO KBAHTOBAHUS MPOU3BOJIHHON HEBBIPOXKIeHHON cKoOKu Ilyaccona.
Unea meroma PegocoBa COCTOUT B PACIIUPEHUN MPOCTPAHCTBA (DYHKITUU HUCXOTHOTO
CUMILIEKTHIECKOTO MHOT000Opa3us (DyHKIUSIME Ha KacaTeTHbHOM PACCJIOEHUU K ITOMY
MuOroobpasuio. [Ipu srom, ckobka [lyaccona ncxomHoro MHOr00Opas3ust 3a/1a€T €CTECT-
BEHHYIO CTPYKTYPY anareOpnl Beitng Ha 9TOM pacimmpeHHOM TPOCTPAHCTBE, a PElIeHus
yPaBHEHUS KBAHTOBOI PEYKIINH, KOTOPBIE CTPOATCS MyTEM SBHO KOBAPDUAHTHOM TIep-
TypOATUBHON TPOIEAYPHI, 00Pa3yI0T MOJAJITEOPY B ITOH aaredpe. ITH PENIeHUsT ec-
TECTBEHHBIM 00PA30M OTOYXKJIECTBIISIOTCH ¢ (DYHKIIMSIMU HA MCXOJHOM MHOTOOOPa3WH,
U 3TO TO3BOJISET TMOJYIUTH UCKOMOE 3BE3/T0UKa-pon3Beerne. PopMyTupoBKa Mpo-
neaypsl kBauTtoBoit peaykiun @enocosa B tepmuaax bPCT-reopun, npemnokentas
B pabore [20], memaer merox PemocoBa Gosiee ATEKBATHBIM K HCIOJb30BAHUIO MPH-
BBIYHOT'O SI3bIKa (DUBUUECKUX TEOPHUil, U OTKPHIBAET BO3MOYKHOCTDH JIJIsl TTPUIOKEHUST
9TOTO MeTOJa B KBAHTOBAHUHM KOHKDPETHBIX TEOPETHKO-TIOJEBBIX MOJIEIei.

Kak u3Bectno, koucrpykiust Pemocosa [19], [21] u pasmuuanbie eé 0600menns [22],
[23], [24], [25], [26], [27], [28], [29] He mMO3BOJISIOT KBAHTOBATH HEPErYJISIPHLIC CKOOKH
[Tyaccona, T0 ecTh CKOOKHM C TIyaCCOHOBBIM TEH30POM HEMOCTOSTHHOTO paHra, W OC-
HOBHBIM MPENSITCTBUEM K KBAHTOBAHUIO TAKUX CKOOOK sSBJIseTCS OTCYyTCTBUE addun-
HOIl CBSA3HOCTH, COTJIACOBAHHOW C HEPEryJISIpHOl MyacCOHOBOM CTPYKTypoii. B To xe
BpeMsi, BOIIPOC O KBAHTOBAHWM HEPETYJISIPHBIX ITYaCCOHOBBIX CTPYKTYD, KarKyIIuiics
Ha HepBbIﬁ B3IVIAJ 9K30TUYECKUM, B ﬂeﬁCTBHTeJIbHOCTH BO3HUKACT B TEOPUU TOJIA
IIpU U3YUYeHUH CAMMeTpuii KBauToBoro ypasuenuns Kopresera jge @pusa (Kad) [30].
lemo B TOM, 9TO TpyIIa CAMMETPHil Kaaccumdeckoro ypapHennsa Ka® oxas3biBaeTcs
HAJIEJIEHHON Hepery IsipHOil MyacCOHOBOH CTPYKTYPOil, U, CIe0BaTEILHO, CHMMETPHUH

kBaHTOBOrO ypasHenus Kjad no/mKHBI 00pa30BbIBATH OECKOHEYHO-MEPHYIO KBAaHTO-



BYIO TPYIITY, KOTOPAsi MOTy9IaeTCs KBAHTOBAHUEM JTAHHOI MyaCCOHOBOW CTPYKTYPHI.

Cnenyer ormeruth, uto Meron {DemocoBa MOXKeET PacCMATPUBATHCS KaK HeEo-
CpeacTBeHHOe 0000IIeHne BeilIeBCKOI0 KBAHTOBAHHS JTUHEHHOTO CHMILIEKTHIECKOTO
IPOCTPAHCTBA, B TO BpeMsI KaK 15 (PU3NIECKUX MPIIOKEHNNH HEOOXOIUMO UCIOTH30-
BaTh 00OOIEHNE JAHHOTO METO/Ia Ha CIydail BHKOBCKOTO CUMBOJIA, KOTOPHIH OKa3hIBa-
eTcst OoJlee aeKBATHBIM JIJIST TTOC/IE0BATEIHHOTO KBAHTOBAHUS TEOPETHKO-TMOJIEBHIX
MOJeTel.

[Henpio JaHHON AUCCEpPTAME ABJSETCS Pa3BUTHE MPIIOKEHUNR METOIOB KJIACCH-
9YeCKOI W KBAHTOBON PEIYKINA K WHTErPUPYEMBIM CHCTEMaM W KBAHTOBBIM aJired-
pam. uccepramust coctout n3 aAByx dacteil. [lepBas 9acTh MOCBSIIEHA TPUIOKEHITO
IpOIEeAYPhl TAMUIBTOHOBON PEAYKIINN K HHTErpUPYeMbIM cucTeMaM. B 3Toit gactn
MBI IIpeJjTaraeM METOJI BBIUHUCIEHHSA KJIACCHUUYECKHX 7'-MATPHUIl HHTEIPUPYEMBIX CHC-
TeM, OCHOBAHHBIN HA WCIOJIH30BAHUNA TAMUJIHLTOHOBON PEIYKINH, U WIIIOCTPUDPYEM
NPEJIJIOKEHHBII MEeTO/I Ha IIpUMepe JLIuNTHYecKoit cucrembl Kastoazkepo-Mo3zepa co
cuuHOoM. B mepBoit 4acTum MBI Tak:Ke MPHUBOJAMM MpPUMEP HHTETPUPYEMOl CHCTEMBI,
MOJTYYeHHOH B paMKaX TaMUJIBTOHOBOH PEAYKIHMH IO JEHCTBUIO HEJTUEBBIX CHUMMET-
puii. Mbl mokaswsiBaeM, 910, HECMOTPsT HA O0JIee CIOKHYIO MPUPOILY KAJTHOPOBOUIHBIX
npeodpa30BaHNil, HCIOJIB3YEMBIX B JAHHON KOHCTPYKIINH, YPABHEHUS IBUKEHUST ITOI
CUCTEMBI PENIAIOTCS METOIOM ITPOEKTHPOBAHUS.

Bo BTOpOit YacTu mpeaioXKeHbl 1B KOHCTPYKIU, obobImatomue Meton Pemgocona.
[TepBasi KOHCTPYKIHS TTO3BOJISIET JATh KOBAPUAHTHOE OIMpEIeIeHe BHKOBCKOTO CHM-
BOJIA JI/IsT HAWOO/Iee ODIIEro CUMILIEKTHIECKOT0 MHOT000pa3usi. Mbl OmHUCHIBaeM reo-
METPHIO0 MHOT00Opa3uil, JOMYCKAOIUX KOHCTPYKIINIO BUKOBCKOTO CHMBOJIA, 8 TaKzKe
HPUBOINM KPUTEPHUil SIKBUBAJEHTHOCTH BUKOBCKOTO U BEHJIEBCKOTO 3BE3I0UKA-ITPOU3-
Bejennii. Bropoe obobienne merona Pegocona, MpeaToyKeHHOE B ITOH YacTH, I1MO-
3BOJISIET TIOCTPOUTH YHUBEpCcaIbHOE j1e(DOPMAIMOHHOE KBAHTOBAHNE JIJIsT HEKOTOPOTO
KJacca HeperyasapHbIX CKOOOK IlyaccoHa, accommupoBaHHBIX C IMMOCTOSHHBIMHU pelle-
HASMHI KJIaCCUIeCKOTO ypaBHeHus fura-baxcrepa. Mbl moka3biBaeMm, 4YTO TpPeJTIO0-
JKeHHasl HAMU TPOIEaypa IMO3BOJISIET MTPOKBAHTOBATH MPOW3BOJIBHYIO TPEYTOJTHHYIO
ouasiredbpy JIu B cMbIcIe TEOPUU KBAHTOBBIX I'PYIII.

Ba:kHBIM HHCTPYMEHTOM 1715 U3y UeHUsT HHTETPUPYEMBIX CUCTEM SIBJISIETCS KIaCCH-
deckas r-marpuna [31], [32], [33]. Ona koaupyeT raMuIbTOHOBY CTPYKTYPY YPABHEHUS
Jlakca, obecrieanBaeT WHBOJIIOMWIO WHTETPAJIOB JIBUKEHUST U SBJISIETCST HEOOXOTIMMBIM

WHTDEIMEHTOM JIJIsi KBAHTOBAHUST MHTEIPUPYEMbIX cucTeM [34].



B panuoii auccepranyum mpeaiorKeH MeTO BHIYHMCICHUS KJIACCHYECKUX I'~-MaTPUIL
JIUIST MHTETPUPYEMbBIX CHCTEM, MOJYyIeHHBIX METOAO0M IaMHUJIBTOHOBON pemyKuuu. Mpr
IPUMEHSEM 3TOT METOJ K BBIYHCICHUIO KIACCHYECKOH T-MaTPHIBI JIIAITHICCKONR
cucrembl Kamomkepo-Mosepa co crmuom [35], [36], [37], ucmonb3ys eé omncamme B
TEPMHUHAX KOHCTPYKIMK cucTeM XurdnHa [38].

Paspaborka 3Toro merona MoruBuposana crarbsamu [39], [40], B KOTOPBIX aBTOPBI
BBIUHCIAIOT KJIACCHIECKHE T-MATPHIBI JIJTsT TeHOYKH TOIBI, JI/IsT TPUTOHOMETPHIECKOi
u IMNTHYecKoit cucrembl Kamomkepo-Mosepa, HCIOMb3Ys KAJIUOPOBOYHO WHBAPHU-
AHTHOE MPOJOJIKeHne MaTpuI Jlakca.

B neproii pabore [39] paccMaTpuBaeTcst TaMIJIBTOHOBA PEAYKINS HA KOKACATEb-
HOM PaCCJIOCHHH HaJ KOHeUYHOMEpHOil rpymmoit JIu, a Bo BTopoit paboTe 1aHHAas KOH-
CTPYKIMS 0600MIAeTC Ha CIydail MeHTpaIbHO-PACIIHPEHHBIX TeTIeBBIX TPYIIIL.

B 9TOM KOHTEKCTE CJIelyeT TakzKe YIOMSIHYTh cTaThio [41], B KOTOPO#i paceMarpu-
BaeTCY CIENMAJIBHBIN C/Iydail myacCOHOBOM peayKmun Ha rpynmnongax [lyaccona-/Iu ¢
EJTbI0 TOJYYeHHsT HOBBIX TPUMEPOB JUHAMHYECKUX 7T-MaTpull Bapuernko-Dtunroda
[42].

B mannO#t amccepTamun MbI ONMKUCHIBaeM HanOoJiee ODIILYI0 CXeMY raMMJIBTOHOBOM
PeLyKIUK, TTO3BOIAIONLYIO TTOIy9aTh KAACCHIECKYIO F~-MATPUILY JJI PeLyipPOBAHHOM
cucrembl. OrpaHUYEHNs, CBA3AHHbBIE C TIPEJTOKEHHON HAMU BBIYHCIUTE/NBHOMN pOoTIe-
JIypOii, COCTOAT B TOM, UTO KAJTHOPOBOYHBIE CUMMETPHUH JOJKHBI PEATN30BbIBATHCSA B
BUJIE TPUCOEIMHEHHOTO JAeHCTBUAST HEKOTOPOit aiarebpnl JIn, Ha KOMIOHEHTe paciupeH-
HOro (ba30BOrO MPOCTPAHCTBA, KOTOPAs B pe3y/abTare peayKunu gaét marpumy Jlakca
UHTErPUPYEMOil CHCTEMBI, W YACTh MYACCOHOBON CTPYKTYPhI PACIIHPEHHOr0 (ha30BOTO
IPOCTPAHCTBA, CBA3AHHAS C JTJAHHONW KOMIOHEHTOM JIOJIZKHA UMETh I'~-MATPUIHBIH BUJL.

Mpbr oKmaaemM, 9To NpeaIoKeHHBI HAMU MeTOJ BBIYUCJICHUS KJIACCHIECKUX I-
MATPUIL TO3BOIUT HANTH 7~-MATPUIHYIO CTPYKTYPY /IS APYTUX HHTETPUPYEMBIX CHC-
TeM Tuma cucreM Xutdnaa [38].

Kak u3BeCTHO, TaMITBTOHOBA PEIYKIMS HAXOIUT IMHPOKOE TPUMEHEHNE B MOCTPO-
ennn naTerpupyeMerx cucrem [7], [8], [35], [43], oanako B GOIBIIHHCTBE CJIYYIACB HH-
TerpupyeMbie CHCTEeMBI CTPOSITCS MPH TTOMOIIN IaMHUJIBTOHOBON PepyKINu, OCYyIIeCT-
BJISIEMOIi O JIEHCTBHUIO KaKOi-u60 aare6pel win rpymms! JIu. B 1o ke Bpems, neBbl
CUMMETPHH HU B KaKOii Mepe He MCUepNbIBAIOT BCEX CHUMMETDHil, U, B JeHCTBUTEb-
HOCTH, CYIIECTBYET OOJIBNIOE KOJMYECTBO AMHAMHUYECKHX CHCTEM, MPEICTABJISIIONAX

0CODOBIIT MHTEPEC B COBPEMEHHOW TeOpeTudeckoil (hpusmke, bW KaJHOPOBOUHBIE CHM-



MeTpun He sBJsIOTCs JueBbivu [5] . [To sToit mpuanue onpe e I8HHbBI WHTEPEC Mpe/I-
CTaBJISIIOT MIPUMEPHI HHTEIPUPYEMBIX CHCTEM, MOJIYYeHHBIX B PaAMKaX TaMU/IBTOHOBOM
PeAYKIINU, OCYIIECTBIIEMONl MO AEHCTBUI0 CHUMMETPH, Ub€ MPOUCXOXKIEHUE He CBsI-
3aHO ¢ KaKoi-1ubo anredbpoii Jln.

B nanmnoit quccepranum Mbl TPUBOIUM HPUMEDP UHTETPUPYEMO CUCTEMBbI, IOy Y€H-
HOW TyTéM TaMUJIHLTOHOBON PEIyKINU 10 JAeHCTBUIO0 KBaApaTuaHOil anredpbr Ckiis-
uuna [44], Koropas sBigerca Heauenoil jedopmarmeii anre6pbt Jlu uy. OcHOBHAs
ujess KOHCTPYKIIUH COCTOUT MCIIOJb30BAHUKM €CTECTBEHHOIO 0DOOIIEHUs MOHITHSA KO-
MPUCOETMHEHHOTO JICHCTBUS HA JyaJIbHOM MPOCTPAHCTBE ajreOpwl JIu Ha ciydail npo-
U3BOJILHOTO MyaCCOHOBA MHOTOOOPA3Us.

Kak m3BecTHO, KOIpHCOeINHEHHOE JleiicTBHe aareOphl JIu Ha €€ ayaabHOM HMpPOCT-
pPaHCTBe MOXKeT OBITh 3alMCAaHO B TepMUHAX JuHeitHo# ckoOku [Iyaccona, ecrecTBeH-
HBIM 00Pa30M acCOIMMUPOBAHHON ¢ TamHoit anarebpoit JIm. A mmenwo, ecam p, — Ko-
OP/IMHATHI B JIyaJbHOM MPOCTPAHCTBE, & COOTBETCTBYIONIUI MyacCOHOB TEH30P MMeEeT

BU

aNV(p) = f:\up)\ﬂ

A . .
e f,, — CTPYKTYypPHBIE KOHCTAHTEI asreopwr JIn. Torma kormpucoenuénHoe aeiicTBre

3AIUCBIBACTCS CJIEIYIOMUM 00pPa3oM

5epu = al“,(p)GU(p), (1'1)

rjie € — uHdpuaITe3NMaIbHBIE TapAMETPhl 3TOTO JICHCTBUS.

Ecu npeanoioKuTh Tenepb, uro ckooka Ilyaccona B dopmyre (1.1) yxke He siB-
JIfeTcs TUHeHO M0 KOOpANHATAM Py, TO MBI HOJTYYHM ecTeCTBeHHOe 0000IIeHne KO-
PUCOEIMHEHHOTO JIEHCTBUS HA, CJIyUail MPON3BOIHLHOTO IyaCCOHOBA MHOTO0OPA3HS. 3a-
MeTHM, YTO BIIepBbIe Takoe 000bIIeHne OBIIO TpeiokeHo KapacéBbiM B ero pabore
[45].

Op6uts gefictBust (1.1) COBIAJAIOT ¢ CUMILTEKTHUECKUME JIICTAMUH COOTBETCTBY-
forieii ckobku [Tyaccona, n B obiem ciaydae nmpeobpaszosanust (1.1) He MOTyT GBITH CBe-
JIEHBI K JIeCTBUIO KaKOi OO anredpsb! JIu, MOCKOIBbKY CUMILIEKTHYECKUE JIMCTHI MO-
I'YT UMeTh CKOJIb YTOHO CJ0KHYIO TOIIOIOTHIO, U B OOIIEM CJIydae He MOTYT SIBJISThCS
opbuTamMu KaKoi-1160 KOHeuHO-MepHOii aire6psl JIu. Tem we menee, cummerpuio (1.1)
MOZKHO BCErJ[a aCCOIMUPOBATH C JIEHCTBUEM HEKOTOPO DECKOHEYHO-MEPHOI aarebpb

JIn, u B 1anHOM ciiydae, 3ta aaredopa JIn coBnamaer ¢ ajgredpoit nHGUHNTE3UMATIBHBIX



nudeomMopdu3MoB, BEKTOPHBIE MOJIsI KOTOPHIX KACAIOTCA CUMILIEKTUYECKUX JINCTOB
nannoit ckooku [lyaccona.
KoMMyTaIlMOHHBIE COOTHOIIEHUs TpeodbpazoBanuit cummerpun (1.1) ecrecrBeH-

HBIM 00pa3oM 0600MAI0T KOMMYTAIIMOHHBIE COOTHOIIEeHNS aarebpsl JIu, a nMeHHO

[65’ 577] = O¢,

rae

e = [§,n] = da(&,n) + aldé, n) + o, dn),

(1.2)
et = ot (Oéuxfyﬁk) + all/\(avé‘lt - 8”61/)77/\ + au}f”(a/\n” - 3“77/\)a
o 0
opu

Taknum 06pa3oM, MBI IOJTYHYaeM IebIi KIace IPEMePOB MHOT000PA3Mil, OCHAIIEHHBIX
HeJTHeBBIMH CUMMETDHAMI.

Crporuit MaTeMaTHIeCKni MOAXO0I K TAKMM CHMMETPHSIM BKJIIOUAET B ce0sT MOHSI-
THe Tak Ha3biBaemoro aiarebpouza Jlu [46], [47]. OH onpemessiercst Kak paccioeHne
B nanx muoroodopasuem M co ckoOkoii JIu, 3amaHHoil HA CeUeHUSIX STOr0 PaCCIOeHUT
['(B) u ¢ orobpaxenuem sikops 0 : ['(B) — T'(T M), apasgiommmcsa roMoMopdhu3MoM
COOTBETCTBYIONUX ajreop .JIu.

Ucronb3yst 3Ty TepMUHOJIOTHIO, MBI BHIUM, YTO BBIIEIIPUBEIEHHAS KOHCTPYKIIHST
ABJIAETCS MPUMepoM ajrebponia JIn. A MMeHHO, paccjoeHHe 3TOTo ajarebpouaa sB-
JISleTCs KOKACATeTbHBIM PACcCIOeHIHeM HAJI IIyacCOHOBBIM MHOrooGpasmueM, cKobka JIn
Ha cedennsx £ u 1 3amaéres ypabHennem (1.2), a orobpazkeHus SIKOPsT OTPe/IEJIEHO
dbopmyioit (1.1)".

3ameTum, ITO TOXKAECTBO ZAK0o0m, Mist ckoOku JIn (1.2) BBIIONHSETCS B CUITY CO-
OTBETCTBYIOIIETO TOXK/IECTBA SIKOGH [T ITyacCOHOBA TeH30pa vy (p)

B nocTpoenun natirero mpumepa MHTEIPUPYEMON CHUCTEMbI MbI CTAPTYeM C MHOTO-
obpasns R*, ocnam@rmoro xmacemdeckoit ckobkoit Cxnsanna [44] u, caegopaTe nho,
OCHAIIEHHOTO JeHCTBHEM COOTBETCTBYIOMIEro ajarebponia JIu, KoTopoe MoxkeT pac-
CMAaTpUBATLCA KaK JeiicTBre anredpsl Ckiagnunaa. Mbl onpesensgem pacmupenHoe da-

30BO€ TPOCTPAHCTBO KaK KOKacaTeJbHOe pacciaoenme Haa RY co crammapTHoit cum-

! npumep Takoro anre6pomna, aCCOMUUPOBAHHOLO C IYACCOHOBBIM MHOTOOOpA3HeM ObLT BIEpPBBIE

IpUBENIEH B cTaThe [48].



IJIEKTHYECKON CTPYKTYPOii, W MOJHUMAaeM JeiicTBre ajaredpouga ¢ MCXOJHOTO MHO-
roobpasusa R* 1o xamonmdaeckoro JeiflcTBHA Ha KOKACATEIHLHOM PACCIOCHHI. 3aTeM,
MBI HAXOJIMM TaMUJIHTOHOBBI T€HEPATOPHI STOTO JeUCTBUSI U CTPOUM HHTEIPUPYEMYIO
CUCTEMY, OCYIIECTBIsAS CHMILTEKTUIECKYIO PEIYKIMI0 Ha [MOBEPXHOCTb HEHYJIEBOIO
YPOBHSI 3THX TE€HEPATOPOB U OMPEe/Isist TaMUJIBTOHUAHBI 9TON CUCTEMBI KaK Pey-
mmposanubie pyaknmnii Kasuvupa ckobkn CKassHUHA.

3ameTnM, 9TO B CHIy TOro, uro cKoOka CkiustHuna [44] asisercsa nedopmanueit
nuHeitHOI cKOOKu Ilyaccona, acconmmmpoBaHHOI ¢ aarebpoit JIu u, mpemtokeHHas
KOHCTPYKIUST aHAJOTHIHA TAMUJIBTOHOBON PEeAYKINN, MPUBOISINEH K PAINOHAILHOI
cucreme Kanomkepo-Mozepa [7], [49]. B wacTHOCTH, TaMUJIBTOHOBA PELyKIHsI, CBsI-
3aHHAZA C OJHUM M3 dKCIOHEHIHATBHBIX BBIPOXKIEHNN CKOOKM CKISHUHA, TPUBOIUT
HAC K CHCTeMe, Ubs IUHAMHUKA SKBHBAJEHTHA JHHAMHUKE JIBYX-UaCTHIHOW CHCTEMbI
Kautoxkepo-Moszepa.

Crenyer orMeTuTh, 9TO TpeacTaBaeHue Jlakca s MOydeHHOW HAMHU CHCTEMBI
HEU3BECTHO, MOCKOIBKY 9Ta CHCTEMAa, CTPOMIACH IIPHU IMMOMOIIN FAMUIBTOHOBON peayK-
[IU IO JIeHCTBHUIO HEJINEBBIX cuMMeTpuit. HecMoTpst Ha 3TO, ypaBHEHHS JIBUZKEHUS
JIAHHOMN CHCTEMBI MOTYT OBITH SIBHO PENTeHbl METO0M MPOEKTHPOBAHMUS.

B kadgecTBe 0HOTO W3 MPUIOKEHNIT METOOB KBAHTOBOH PEIyKITHH, PACCMATPUBa-
eMOTO B JAHHOI paboTe, MBI TIpeJiiaraeM KOBapHaHTHYIO IIPOIEIYPY MOCTPOSHHS 3BE3-
JIOYKH-TIPOU3BEIEHNS BHKOBCKOI'O THIIA B paMKax (heJ0COBCKOTO AehopMaIrimoHHOTO
kBaHTOBaHWA. (JCHOBHBIM 3JIEMEHTOM MPEJJIOKEHHONH KOHCTPYKIIUU SIBJISIETCS KOMII-
JIEKCHO-3HAYHBIN CHMMETPUYHBIN T€H30pD BTOPOTO PaHTa, yIOBJIETBOPSIONINIT OMpeie-
JIEHHBIM aJITeOPanIecKUM U TeOMEeTPUIeCKUM YCIOBHAM. MBI MOKaXKeM, ITO CUMILTeK-
THYECKHEe MHOTOOOPa3us, JOMYCKAIOINe BUKOBCKOE AedhOopMalliOHHOe KBAHTOBAHIE,
OKa3bIBAIOTCST ¢ HEOOXOIMMOCTHIO HAIEJEHHBIME MapOil TPAHCBEPCAIBHBIX TIO/ISIPU3a-
Ui, a UCIOJb3yeMbll B JAHHOW KOHCTPYKIHAU CAMMETPUYHBI TEH30D COACPXKUT B
cebe BCcO mHAGOpPMAIIIO 00 3TUX HOJAIpU3anugax. B guccepranum T0Ka3aH KPUTEPHit
UIeHTH(DUKAIIIN CAMILTEKTHIECKAX MHOT00Opa3uil, JOMYCKAIMNUX KOHCTPYKITHIO BH-
KOBCKOTO CHMBOJIa, a TakyKe COPMYJIUPOBAHO KOTOMOJOTHYIECKOE YCJIOBHE SKBUBA-
JIEHTHOCTH BUKOBCKOTO W BEWJIEBCKOTO 3BE3/109YKA-TIPONU3BEICHUII.

[Ipobaembl aepopMaImoOHHOTO KBAHTOBAHU, OCHOBBI KOTOPOTO OBLINA CHOPMY.IHU-
poBanbl B paborax ®@.A. Bepesuna [50], a Takke B paboTax (HbpaHIy3CKUX aBTOPOB
[51] (cm. Takxke HegaBHUE 0030p [52]), B HACTOsIIEe BPEMsT DEIICHBI B CAMbBIX Da3-

HBIX acnekTax. Borpoc cymecrBoBanust (hopMaJibHON accOmMuaTuBHON gedopmainm
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KOMMYTATUBHON ajreOpbl TIaJkuX (YHKIUH HA CHUMILIEKTHYECKOM MHOTro0Opa3un
NJIN BOIIPOC CyHIeCTBOBaHHUA TaK HA3bIBaAE€MOT'O 3Bé3ﬂOqKa—HpOI/I3BeﬂeHI/IH 6bIJI peH_[eH
He Vaitnmom u Jlekomrom [53]. B paborax [54], [55], [56] ObL10 mokaszaHo, 4To BCe
TaKHe 3BE3M0YKA-IPOU3BEICHUS ¢ TOYHOCTHIO 10 IKBUBAJEHTHOCTH KIACCHDUIEPY-
HOTCA d)OpMaJIbeIMH pdaagaMu, TPUHUMAIOIUMU 3HaAYEeHUA BO BTOPBIX KOT'OMOJIOTUAX
e Pama. B paBore ®@emnocosa [19] Gblia npeioykeHa siBHasi TeOMeTPHYECKasT KOH-
CTPYKIUS TSI 3BE3MOYKU-IIPON3BEICHISA HA MPOU3BOJLHOM CHMILTEKTHIECKOM MHO-
roobpa3uu, Mporeaypa KBAaHTOBAHUSA CHUMILIEKTOMOPGMU3IMOB 9TOM0 MHOTOOOpA3Hs, a
TaKYKe MPEJJIOYKEH CIIOCOD MOCTPOEHUST CJIEOBON Mepbl. Y TOMSTHYTasT BBITIE KJIACCH-
dukamus 3BE30UKA-TTPOU3BEIEHNIT Ha CHUMILIEKTUIECKOM MHOTI000pa3uu MOJIyvaeT
HaunboIee IpocToe 00bICHeHHe B paMKax Meroja PegocoBa. A nMeHHO, (bOpMATLHBIE
PAIBI CO 3HAYEHUSIMI BO BTOPBIX KOromosorusx /le Pama MoryT OBITH €cTeCTBEHHBIM
00pa30M OTOYKIECTBJIEHBI C MOJIY/ISIMHU TJI0CKHX cBsi3HocTeil DemocoBa wWm ¢ Kjac-
CcaM¥ IKBUBAJTEHTHOCTH (heTOCOBCKUX 3BE3M0UKa-pon3BeeHuii. HemocpeacrBennoe
JTIOKA3aTeIbCTBO TOrO (haKTa, ITo JTI000e 3BE3I0UKA-TIPOU3BEICHNE HA CHMILIEKTHIEC-
KOM MHOT00Opa3uu dKBUBAJTEHTHO KAKOMY-THO0 (DeTOCOBCKOMY 3BE310UKA-IPOU3BE-
JeHnIo, 06110 mpeabsasieno B pabore Hly [57].

Bosee Toukwuit Bompoc medopmainonHoro KBanToBaHusi ckoOok [lyaccona ¢ Hero-
CTOSHHBIM paHroM ObLT perén Kornesuuem [58]. B nanuoii pabore GbLIa MpeoKena
siBHasI (DOPMYJIa I JTOKAJILHOIO 3BE3I0UKA-IPOM3BEICHNS, a TaK:Ke IMPUBEILHO 10-
Ka3aTeIbCTBO BO3MOYKHOCTH TJI00a/M30BaTh 1e(hOPMAIMOHHOEe KBAHTOBAHIE HA, TPO-
M3BOJILHOM MTyaCCOHOBOM MHOTOOOPa3UMN.

Hapsay c obmeit Teopueit medopMannoHHOTO KBAHTOBAHUS ONPEIETEHHBIN HHTe-
pec TakzKe MpeACTaB/IAI0 H3yUeHHe CIENUATbHBIX THIIOB 3BE3I0YKA-IIPON3BEICHMIl,
YAOBJIETBOPAIOIIUX JOIMOJIHUTE/JIbHBIM aﬂFe6paI/IquKI/IM nJin reOMeTpuIeCKumM CBOJCT-
BaM. Tak, Hanpumep, KOHCTPYKIHUSIMHU TEOMETPUYECKOTO0 KBAHTOBAHUS W HMCUHCIE-
HHEM CHMBOJIOB HA K3JEPOBBIX MHOr00OpasHgX OBLIO MOTHBHDPOBAHO H3YUEHHE IIe-
bopMaAIIMOHHOr0 KBAHTOBAHUS MHOr0OOOpa3mii ¢ Mapoil TpaHCBEPCATbHBIX MOJISPHU-
3aluii, KOTOPOe MOZXKET PACCMATPUBATHLCS KaK €CTECTBEHHOE O0DODIeHe BUKOBCKOTO
win gp-cuMBosa. Haawnast ¢ mnorepckoit paborel Bepesuna [59] mo kBaHTOBaHMIO HA
KOMILTEKCHBIX CHMMETPHUYECKUX IIPOCTPAHCTBAX, K HACTOAIIEMY BPEMEHH HAKOILTEHO
DOJIBIIOE KOJUYIECTBO JTUTEPATYPHI 10 Ae(MOPMAIMOHHOMY KBAHTOBAHHUIO HA, MOJISIPHU-
30BaHHBIX MHOrOOOpasusx [22], [23], [60], [61], [62], [63], [64], [65]. [Tpu sTOM caexyer

MO/IYEPKHYTh, 9TO BO BCEX 3THX paboTaX KOHCTPYKIIMU BUKOBCKHUX 3BE3/10YKA-MTPOU3-

11



BeJIEHUIT OCHOBAHBI HA, SIBHOM WCIOJIb30BAHUH CIHEIHATIbHBIX JIOKAJIHHBIX KOOPINHAT
(pa3eIéHHBIX MePEeMEHHBIX B TePMUHOJIOrHN paboTs [61]), 9To He sSIB/SETCS BIOJTHE
AJIeKBATHBIM 71 (DU3MUECKUX MPUIOKEHUH, TTOCKOIbKY OOJTBITHHCTBO (hU3MIECKUX
Teopuii chopMyIUPOBAHO OOIIEKOOPAMHATHBIM 0Opa3oM. [lo 3Toit mpudynHe MbI CUH-
TaeM HeOOXOJIMMBIM CBA3aTh Mapy MOJIAPU3AIUiA ¢ JOMOJTHATETHHON TeOMeTPUIecKOii
CTPYKTYPO#i (TEH30PHBIM MOJIEM) Ha CHMIUIEKTHIECKOM MHOrOOGpasnu TakuM obpa-
30M, YTOOBI MOJyUYeHHAs KOHCTPYKIMS 3BE3T0UYKA-TIPOU3BE/ICHUS HE MOIPa3yMeBaJIa
ACIIOIb30BAHNE KAKUX-THOO CHEIUATILHBIX KOOD/IUHAT.

N3zmoxumM BKpaTIe KIIOYEBYIO W0 HAMIErO MOIX0/1a K MOCTPOEHUI0 OECKOOPIH-
HATHON (DOPMYJIMPOBKHA BUKOBCKOTO CHMBOJIA HA WCKPUBJIEHHOM CHMILIEKTHIECKOM
MHOTOOOpa3uu. B jganpHeiineM, Mol TEDMUHOM BHUKOBCKHII CUMBOJI MBI OyIeM MO/I-
pa3zyMeBaTh MUPOKWil KJIACC CUMBOJIOB, BKIIOYAIOMUX B cebOsd, HAPSILY C OOBITHBIM
(COBCTBEHHO) BHKOBCKMM CHMBOJIOM, TaK Ha3bIBAEMBIH ¢P-CHMBOJI, & TaKkKe BCEBO3-
MOKHBIE WX KOMOWHAIINN.

[IpowtiocTpupyeM 3TO Ha TpUMepe JIMHEHHOTO CUMILTIEKTHIECKOTO MHOTOOOPA3HS
R?", ocnamgénnoro KanoHmueckoit ckobkoit Ilyaccona {4’ 4/} = w¥. Kak ussectHo,
MPOCTPAHCTBO TIAAKUX (DYHKIWI HA 3TOM MHOTOOOPA3WHU, OCHAIIEHHOE BEHJIEBCKUM
3BE3/I0YKa-TPON3REIEHUEM

ih ;0 0

s bly) = exp (G5 ) al)be) (1.3)

SIBJISIETCS HEKOMMYTATHBHOM acCOMMATHBHON anreOpoit ¢ enuHuUIeil. DTa anarebpa Ha-

3BIBAETCS AJreOpoil BeiLIeBCKUX CHMBOJIOB.

3ameTnM, 9T0 KOOPAMHATHI Y BXOAAT B dopmyy (1.3) cummerpudaabiM 06pazoM,
WM, IPYTUMHI CJOBaMU, 3BE3109Ka-mponsseaenne (1.3) nveer WHBADHAHTHBIA BHI
10 OTHOIIEHUIO K MPOU3BOIbHBIM JTHHEHHBIM 3aMeHaM KoopAuHAT. KoHCTpyKIus BH-
KOBCKOTO CHMBOJIA, HAIIPOTUB, BCETJIa OCHOBAHA Ha KAKOH-TH00 (BEIEeCTBEHHOI, KOM-
TJIEKCHOI MW CMeITanHoi) mossipu3anun [66], KoTopasi pas/easieT KOOPANHATHI Y Ha
JBa Habopa (KAHOHWIECKHN) COMPSKEHHBIX MepeMeHHbIX. Tak, Hanpumep, KOHCTPYK-
IUs ¢P-CAMBOJIa OCHOBAaHA Ha pa3eeHuu MepeMeHHBIX (pa30BOro mMpoCTPaHCTBA HA
“koopauHATE” ¢ U “UMITYIBCH” P (3TO OTBEYAET CIIyYaio JBYX TPAHCBEPCATBHBIX Be-
MIECTBEHHBIX TOJSIPU3AIMA) U CTAHAAPTHOTO TIpEINNUCcaHns “BHadase ¢, a 3areMm p”
JUTST BCEX MOJTMHOMUAIBHBIX (DYHKIWiT. B ciiydae KOMILIEKCHON MOJISPU3AINE B Ka-

YecTBe TaKUX “‘pa3aeeHHBIX’ MepeMeHHBIX BBICTYIIAIOT OCIIISITOPHbIE KOOPINHATHI

q £ ip.
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[Tepexon OT BeHIEBCKOTO CHMMBOJIA K BHKOBCKOMY (DOPMAILHO OCYIIECTBJISCTCH
myTém npubapienust K Tensopy Ilyaccona w B dopmyie (1.3) onpeaeaéHHONO KOMII-

JIEKCHO-3HAYHOTO CUMMETPUIHOTO TeH3opa ¢g"

il .. 0 0
a 4 b(y) = exp <§A J % %> a(y)b(2) =y, (1.4)

AN =W 4 g 5=1,2,..,2n.

HecmoTpst Ha TO, 9TO acconmmaTuBHOCTH MOAUMUIIMPOBAHHOTO 3BE3I0UKA-TPON3BE/Ie-
HUSI IMeeT MEeCTO JIsI JTI0OOT0 MMOCTOSHHOTO TeH30pa, ¢ , ONIpe/ie/IeHIe BUKOBCKOTO CHM-

BOJIA, JIOTIOJTHSETCS eIé OJHUM YCJIOBUEM
rankA = corankA = n. (1.5)

B wactHOCTH, COOCTBEHHO BUKOBCKHiII CHMBOJI OTBEYAET CJIYYAID YUCTO MHUMOTO
TEH30pa ¢, B TO BpPeMsi KaK BEIIECTBEHHBIH TEH30p ¢ 3aJaéT ¢p-cuMBoj. B obomx

caydasax (BKIOUas Caydail CMeIaHHON MOJISPU3AINH) KBaApaT MaTPHII
i ik
[j =W Gkj (16)

pasen 1. Kommaekcudgumuposannoe dazosoe npoctpanctso C?" pazmaraercs B mps-
MYIO CyMMY MOANPOCTPAHCTE MOJAPU3ANUIL, W MPH 3TOM 00a 3TH TMOANPOCTPAHCTBA,
OKa3bIBAIOTCSA COOCTBEHHBIME JJIs omeparopa I ¢ coOCTBEHHBIME 3HaYeHuaAMHA +1 .
®opmyna (1.4) MOXKET CIYKUTH OTHPABHON TOUKOM JJIsi KOBAPHAHTHOTO 0000-
IEHUST TOHATHST BUKOBCKOTO CUMBOJIA HA CJIyYail MPOM3BOJIBHOTO CHMILIEKTHIECKOTO
Muoroobpasus. [lepexoast kK uckpupiénnomy muoroodbpasuto M, dim M = 2n ¢ cum-
IIEKTHIECKOfl CTPYKTYPOil w = w;;(x)dz’ A dr!, MBI 3aMeHseM MOCTOAHHYIO MaT-
puiy A Ha KOMILIEKCHO-3HA4HbIH KOHTpaBapUAHTHBII TeH30p BTOporo panra A (z) =
w¥(z) + ¢ (), anTHCUMMETPHYHAST YACTh KOTOPOTO COBMAIAET C COOTBETCTBYIOTTM
myacconoBbiM TensopoM w (z), w*(z)wyi(z) = 6%, a marpuna ||AY(z)|| sroro Ten-
30pa B KaxKIOH TOUYKE MHOrOOOpasms yIOBIETBOPSET BHIMEYIOMAHYTOMY YCJIOBHIO
nostopunHOro panra (1.5). Ucnoabsya tensop AY(z) = wi(x) + g (x), MbI HAETsEM
Joboe KacaresbHOe mpoctpancTBo T, M, x € M, cTpyKTypoOil CHMILIEKTHYECKOTIO
JMHERHOro mpocTpancTBa ¢ Gopmoil w(z) m omnpeesnsieM Ha HEM BHKOBCKOE 3BE3-
Jnouka-pousseerue o dbopmysie (1.4). Paccmarpuast o6beIMHEHTE BCEX KACATE b
HBIX MPOCTPAHCTB C 3aJAHHLIMH HA HUX 3BE310YKA-IPOM3BEICHUSIMH, MBI IOJYUYAEM
PaCC/I0eHNe BUKOBCKUX aireOp, sBJIAIONICECS MPUMEPOM TaK HA3BIBAEMOTO KBAHTO-

BOTO KacareJbHOro paccioenns [57]. Sarem, ciemyst meroay PenocoBa, Mbl BBOIUM
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IJIOCKYIO CBSI3HOCTH B JIAHHOM PACCIOEHUH, T00AB/IsIsi KBAHTOBBIE MOMPABKH K UCXO/I-
Hoit adbunnOi cBa3HOCTH, cormacoBanmoit ¢ A(x), To ecth Taxoi, uto V;AF = 0.
Mpl mokasbiBaeM, UTO TJIOCKHE CeYeHUS MAHHOU CBI3HOCTH €CTECTBEHHBIM 00Pa30M
uaeHTHUIUPYIOTCs ¢ KBaHTOBBIME HabmomaembiMu C'™°(M)[[R]]. Taknm obpaszom,
wa npocrpancree C'(M)[[h]] naaymupyercst cTpyKTypa acconuaTuBHON aareOphl, a
COOTBETCTBYIOINEE MTPOU3BEIeHNE KBAHTOBBIX HAD/IIOJAEMBIX YIOBIETBOPSIET BCEM Tpe-
OyeMBIM CBOIICTBAM 3BE3I0UKA-MPON3BEIeHNA. EIMHCTBEHHBIM KIIOY€BBIM MOMEHTOM
BCeil 3TOi MpOrpaMMBbl gBJIIETCA CYIeCTBOBAHNE CUMMETPUYHON JUHENHON CBA3HOCTH
V, cormacoBannoit ¢ A. Huzke MbI mokarkem, 910 HEOOXOIUMBIM W JIOCTATOYHBIM YCJIO-
BUEM CYIIECTBOBAHUS TAKON CBSI3HOCTH SIBJISIETCSI MHBOJIIOTHBHOCTH MTPABOTO U JIEBOTO
sI7IepHBIX pacupegenenunit A. B Tom ciaydae, Korja JaHHOE YCJIOBHE BBITOJTHEHO V
OKAa3bIBAETCH CBA3HOCTHIO JleBu-UuBHUTA, COOTBETCTBYIONIEH HEBBIPOXKIEHHOMY CHM-
MeTpUUHOMY TeH3opy ¢ (), a IpaBoe u JieBoe sijlepHble pacipe/ie/IeHus 3a/1a10T napy
TPAHCBEPCAJTLHBIX MOJISIPU3ANAIT HA CHMIJIEKTHYeCKOM MHOTrooOpasun (M, w). Tlapy
(M, A), yIOBIETBOPSIONIYIO ITUM YCIOBHSIM, MBI OYJIeM HA3BIBATH MHOTOOOPa3MeM
®democoBa BUKOBCKOIO THIA WK IpocTo PB-MHOTOOOpa3neM mo aHAIOTHH C TeM KaK
CUMILJIEKTHIECKOe MHOT000pa3we, OCHAIMEHHOE CHMMETPUIHON CBSI3HOCTHIO, COTJIACO-
BaHHOI C CUMIJIEKTHYECKOI CTPYKTYPOIi, TPUHATO Ha3bIBATH MHOTOOOpaszuem Pejo-
cosa [67].

Mpl oxxumaeMm, 9TO TmpeIoKeHHas HAMH KOHCTPYKIIUS BUKOBCKOTO CHMBOJIA HA
UCKPUBIEHHBIX MHOTO00PA3UsIX MOYKET HATH CBOE TPUMEHEHNe B TOCTPOEHUN U KBAH-
TOBAHUU HEJIMHEHHBIX MOJIEBBIX TEOPUH.

BropbiM nmpuiiozkeHneM KBAHTOBOU DPeIYKIINH, MPE/ITOKEHHBIM B JAHHON THccep-
TAIWM, SBJIFeTCsS ClenuaabHoe 0000Mmenne KOHCTPYKIun PemocoBa, MO3BOISIONIEE
MPOKBAHTOBATH ONPEIEIEHHBI KJIaCC HeperyasipHbix cKoOoK [lyaccona, accommmpo-
BaHHBIX C MOCTOSIHHBIME PEINIeHUusIMU KJjaccudeckoro ypasuenus fnra-Bakcrepa. U
XOTs PACCMOTPEHHBI K1ace cKoOok Ilyaccona BKTo9aeT B cebst HeperyasspHble CKOOKH
U yIKe TMMO3TOMY TPeICTABIIeT coDO0i OTIETbHBIN HHTepec, Hallla KOHCTPYKIIUS JTOMYC-
KAeT elle W YUCTO AJIredpanvIecKoe MPUI0KEeHNe B TEOPUH KBAHTOBBIX TPYTII, a IMEHHO
MO3BOJISIET TTPOKBAHTOBATH TPOU3BOJILHYIO TPEYrobHYI0 Onajareopy JIu.

g Toro 4To0B OMHCATh KJIACC PACCMATPUBAEMBIX HAMHU HEPETYJISPHBIX CKODOK
MBI IpuBeIEM TpocToit mpumep [68], [69] ckobku [Tyaccona Takoro Tuma.

Paccvorpum HAbOp MOMApHO KOMMYTHPYIOIINX BEKTOPHBIX mojeit X;, i = 1,...,n,

3aJJaHHBIX Ha IIaJKOM MHOTrooOpasmn M. 3amanne 3TUX MOJeil MOKHO TOHWUMATH
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KaK 3aJjaHne JIeHCTBUS KOMMYTATUBHO aJireOphl HA MPOCTPAHCTRE IJIAJIKUX (DYHKIN
C*(M).
[TocTosTHHAST AHTUCUMMETPUYHAS MATPUIIA T €CTECTBEHHBIM 00PA30M OIIPEIe/IsIeT

Ha M crenyiomnyio ckoOoky [lyaccona

{f,g} =r7(Xif)(X;9), Vf,geC®M). (1.7)
B obmem ciyuae, manHas ckoOka [Iyaccona meperyisgpHa, MOCKOIBLKY PAHT CHCTEMBI

BEKTOPOB X; MOYKET MEHSIThCsI OT TOYKH K Touke. Tem ne meHee, ckoOKa (1.7) moxer

OBITH MPOKBAHTOBAHA ITPU TOMOIIU MPOCTOTO anajora dopmysisl Beitns-Moiisia

ST AN T
f*g:fg+z <E> E’I“ZUI’I“ZHIC(X“X%]C)(X] X]kg)’ (18)
k=1 '

rie h kKak u pamee obo3HavYaeT (pOpMATLHBIN TapamMerp AedOpMAIUT.
AcconmaTuBHOCTD 3BE31049Ka-TIpoN3Beenns (1.8) TPUBHAILHO CIIEyeT U3 KOMMY-
TATUBHOCTU BEKTOPHBIX MOJeil X;.
EcrecTBenHOE 0000IIEHNE TPUBEIEHHOTO IIPHUMeEpPa COCTOUT B TOM, UTO OBI JOIYC-
THTb HEKOMMYTHPYIOIIHE BEKTOPHBIE MO X;, a KMEHHO PACCMOTPETh CAydail, KOraa

BEKTOPHBIE TT0JIT 00Pa3yIT HEKOMMYTATUBHYIO ajaredpy .JIn

(X5, X;] = fi Xk, (1.9)

riue ZIE — CTPYKTYPHBIE KOHCTAHTHI.

Toxgecrso fkobu pist ckobku Ilyaccomna (1.7) Breuér, aro

{f,{g,h}} + maxmmaeckue nepecranosku 1o (f, g, h) = A*(X; £)(X;9)(Xph) =0,

(1.10)

rie
Nk = fipmipth 4k amdeckne mepectanoBKu 1o (i, k) . (1.11)
JI1s KOMMyTHDPYIONUX BeKTOPHBIX mojeit X; mbel umenn A = 0, u TOXKIECTBO

$lkobu TpuUBHMAIBLHO BBIMOIHSAIOCHL. B o0mem ke ciaydae ypasuenne A = 0 werpu-
BUAJTBHO W U3BECTHO B MAaTEeMATHYECKO JIMTepaType KaK KJIACCHIECKOe YpaBHEHUE
dura-Baxkcrepa

i

o r™ip™ 4k mraeckue mepecranosku 1o (7, 5, k) = 0. (1.12)
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AHTHCHMMETPHYHAST MATpHIa r, yIOBIeTBOpsitonias ypasuennto (1.12) nasbiBa-
ercst KJIaCCHIecKoil TpeyrobHoit r-marpueii [70].

Eciu BekTopHbBIe m0Jist X; JTUHEHHO He3aBUCUMBI (10 KpaifHeil Mepe B OJ[HOl TOUKe
Ha M), ypasaenue dura-Bakcrepa (1.12) sBisiercst OMHOBPEMEHHO HEOOXOIUMBIM 1
JIOCTATOYHBIM YCJOBUEM JIJIsl BBITIOJTHEHUs TOXKiecTBa slkobu. B mporuBHOM cityuae
ypapaerne A = ( maér JWMIb JOCTATOYHOE YCJIOBHE JJIST BHITIOJHEHUS] STOTO TOXK-
JIeCTBA.

BazxkHoe Hab/MIOIeHIE COCTOUT B TOM, YTO TPEYTOJIbHYIO 7-MaTPHILY MOXKHO BCETaa
0e3 orpaHWYeHusi OOIIHOCTU CUYNTATH HEBBIPOXKIeHHOi. [leficTBuTeIbHO, KakK W st
JIFOO0I aHTUCHUMMETPUIHOW MATPHILI ' MBI BCErja MOKeM HaiiTh Takoit Oa3uc re-
repatopoB X; = (X4, X,) B KoTopom 7' = 0, a det(r4?) # 0. CregosaTemsno, B
JeHCTBUTEILHOCTH, B Olpejesienne ckooku Ilyaccona (1.7) BXOAAT JIUIIL BEKTOPHbBIE

nosist X 4. VI3 kimaccnaeckoro ypasuennst Slura-Bakcrepa (1.12) ciemyer, aro

AaAB MAT,NB =0

= farnT = fun =0,

1 3HAYUT BEKTOpHBIE oI X 4 00pa3yior mogaaredpy Jlu, mis kotopoit rAB gpngerca
HEBBIPOXKJICHHON TPEyroJbLHON r-MaTpuiei.
Jlerko BUJETH, 9TO JIJIsi HEBBIPOKIECHHOI 7-MaTPHUIbI KJIACCUYECKOe ypaBHEHUE

dura-Bakcrepa (1.12) ¢cBOAUTCS K TPOCTOMY YCJIOBHIO KOIUK.IA

fiiTnk + IMKIMTIeCKHE TepecTanoBK 10 (i, j,k) = 0. (1.13)

e 7t = 67

Kaxk usBectHo pemenust ypapuenus (1.13), oOpasyromnue JTuHERHOE TPOCTPAHCTBO
2-komuka0B anreOpol JIu G, HAXOAATCA BO B3aUMHOOTHO3ZHAYHOM COOTBETCTBHUH C
IEHTPATBHBIMI pacimperusivu aarebpor G. JIpyruvn caoBamu, ypasrenne (1.13)
SIBJISIETCST HEOOXOJMMBIM YCJIOBHEM JIJIsi BBIIOJIHEHUsT TOXKAecTBa flkobu cireryromeit

cKoOKu JIu

[yiayj] = fi];'yk + ric, [c,yi] = 0. (1.14)

Ormerum, ato aarebpa JIu G, qomyckaroimast meHTpaIbHOe PaCITupenne, 33 1aHH0e
HEeBBIPOZKICHHOIT MaTpuIeii ¢ = ||r;;|| HasbBaeTCs KBa3n-HpPOOEHIYCOBO, I, B CBOIO

ouepeib, KBa3u-ppobeHnycosa aareopa JIu G HazpiBaeTcsa (ppodbEHNYCOBOM, €CTH XOTS
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OBI OJIHO TAKOE NMEeHTPATBHOE PACITHPEHNe TPUBHAILHO. 2. MHOTOUYNC/IEHHBIC TTPAMEpPHI
(kBasu-)dpobennycoBbix aaredp Jlu npusegensl B paborax [72].

B nammoit auccepTanuu mpejTaraeTcs IpocTas MpoIeaypa KBAHTOBAHHS CKOOKHI
[Tyaccona (1.7), acconnupoBaHHOil ¢ JeiicTBueM KBasn-ppobenuycoBoii anreGpst Jlu
(1.9). OcHOBHOE OTIMYMEe MPEITIOKEHHOI0 HAMU MeToxa OT KoHcTpykiun Pemocosa
COCTOWT B WCMOJb30BAHUH BCIOMOTATEILHOTO KBAHTOBOTO PACCIOEHWsI, ACCOIHIPO-
BAHHOT'O C YHHBEPCAJTBHON OOEPTHIBAOIIE HEKOTOPOi anredbps! JIu BMecTo oOBITHOM
anreOpol Beiisisg, KoTopas HCIOIb3YeTcs B UCXOAHON KoHCTpyKIuu Pemocosa.

OTMeTI/IM, YTO HECMOTPA Ha TO, YTO KOBaPpHAaHTHOE€ KBaHTOBAaHUE ITPOU3BOJIHLHOT'O
yacCOHOBAa MHOrooOpa3usi ObIJIO HEJABHO MpEIokKeHO B pabore [73], sra obuias
cXeMa OKa3bIBAETCS CJUIIKOM TI'POMO3IKON /I paccMaTPUBAEMOrO HAMHU IIPOCTOIO
npuMepa, u MOTOMY, B CUJTy CBO€H MPOCTOTHI, IPEIT0KEeHHBIH HAMI METOJI, IPe/ICTaB-
JIsieT TOpa3/I0 OOJIBIIH MPaAKTHIECKU WHTEepeC, YeM KOHCTPYKIIHS, ITPeJII0KeHHAs B
pabore [73].

[Ipomeaypa KBaHTOBasg r-CKOOOK, MpeTOKeHHAas B JAHHON JTUCCepTAINN, JOIYC-
KaeT WHTEPECHOe MPHIIOKEHNe B TEOPUU KBAHTOBBIX IPYII [74], a UMEHHO MO3BOJIsIeT
MPOKBAHTOBATH ITPOU3BOJILHYIO TpPeyroyibHyio Ouajreopy JIu. Takas BO3MOXKHOCTH
HOABJIAETCA B CBA3U CO CHIEIINAJIBHBIM CBOMCTBOM TexX 3Bé3ﬂOqKa—HpOH3BeﬂeHHﬁ, KO-
TOpBbIE MOJTYYAIOTCS B paMKaxX HaIlleil MPOIeaypbl. 9TO CBOICTBO COCTOUT B TOM YTO
dopmya a1 3BE310UKA-TTPON3BEICHAS ABISIETCS YHHBEPCATBHOM, TO €CTh JOMYyCKaeT
MOJICTAHOBKY JIIOOBIX BEKTOPHBIX 1MOJIeit X;, YIOBIETBOPSIONINX KOMMYTAIIMOHHBIM CO-
orromenusim (1.9). [TocrenHee o3nadaet, 9T0 TaKoe 3BE3I0YKA-TIPON3BEIEHNE OIPejIe-
nster HeKoTopbIit smement F € U(G)QU(G)[[R]], tae U(G) obo3HauaeT yHEBEPCATHHY O
OOEPTHIBAIONIYIO I aareOpwl JIu G. YcmoBue accOUMATUBHOCTH U YCJIOBHE KBa3H-
KJIACCUIECKOTO MPeIesa sl MOJIYyIeHHOTO 3BE3I0IKA-PONU3BEICHIST 0O3HATAIOT, UTO
,Z[aHHbeI SJIEMEHT F OKa3bIBae€TCAd TaK Ha3bIBa€MbIM YHUBEPCAJIbHBIM TBHCTYIOIIUM
97eMEHTOM, COOTBETCTBYIOIINM KJIACCHUECKONW T-MATPHUIE 7', U ONpeIe/geT TBUCTYIO-
mee mpeobpa3oBaHue, MEePEBOJISIee HCXOAHYI0 YHUBEPCATbHYIO 068pThIBaoNy o U (G)
B KBAHTOBYIO YHHUBEpPCAJIbHYIO 00€pThiBaoILy0 Uy (G) st TpeyroibHoii GrnaareGpsi
JIu, coOOTBEeTCTBYIOIIEH JAHHON T-MaTpHIIE 7.

Bnepsrlie mporeypa yHEBEPCATLHOTO KBAHTOBAHUS TPEYTOJBHBIX I'~-MaTPHIL ObLIA

npenioxkena B pabore Ipundenbna [70]. OnHako, B JelCTBUTENILHOCTH, BBITHCIIE-

Monsitre bpobernycosoit anredpsb JIu Briepsble BeTpedaercs B paborax [71], rae aBrop moka-
3as1, aro anrebpa Jlu saBiasercs dbpobeHnycoBOl TOrIA W TOIHKO TOTIA, KOTIa €€ yHWBepCaabHas

06EpThIBaOIIAs aaredbpa MPUMUTHBHA, TO €CTh 00JIa1aeT MPOCTHIM TOYHBIM MOJIYJIEM
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HUST, KOTOPbIe HEOOXOMMBI JIJIsT TIOCTPOEHHST TBUCTYIOIIETO 3JIEMEHTA C MTOMOIIHIO Me-
tofa /pundennia, OKa3bIBAIOTCS CJIUIITKOM I'POMO3JIKUMHU, U UMEHHO MOITOMY 0OJIb-
IITTHCTBO MPUMepOB jiebopMaIiii TpeyroJbHBIX OHAJITedp CTPOUTCI IMYTEM TEXHUKU
OCIeIOBATETHHBIX TBUCTYIOMIUX MPEOOPA30BAHUA, & HE ¢ TIOMOIIHIO HEIOCPeICTBEH-
HOIt Iporeaypsl KBanToBanus [72], [75].

B nexasueit pabore [76], merox PegocoBa HCMOTB30BAJICS st KBAHTOBAHUST CIIe-
MUIAJTBHOTO KJIACCA TPEYTOIBHBIX JUHAMUYECKUX r-MaTpuil. [lomMmumo sToro, mpuroxe-
Hug kBaHToBaHuA PenocoBa K HEKOTOPOMY KJIACCYy HeperyaspHbIX ckobok [lyaccona,
BKJIFOUatOInx B cebst r-ckobku (1.7), (1.9) wa dbopmasbHOM anreGpandeckoM si3biKe
obcyxaanch B padore [77]. VI xorsi, B puHIMIE, METO/, TPE/IOKEHHBI B paboTe
[76] kak u B mpemecTByomieii pabore [70], MO3BOJISET HAMITH YHUBEPCATbHOE KBAaH-
ToBanue Jist r-ckooku (1.7), u maxke njs Gosee OOIIUX YACCOHOBBIX CTPYKTYP, Ha
TEXHUYECKOM YPOBHE OH OKa3bIBAETCS HEOMPABIAHO TPOMO3JIKHM B PHUJIOKEHUH B
TAKOMy MpOCTOMYy Kjaccy ckobok Ilyaccona. B cBa3m ¢ srum, nmpeajioKeHHbii HaMu
IPOCTOI MOIXO MOYKET OKA3aThC MOJE3HBIM KAK C TEOPETUIECKOl, TaK U C MPAKTHU-
9eCKOU TOYKHW 3PEHUI.

Jluccepramysi cCOCTOUT W3 MATH TVIaB W 3akaouenus. [leppas riasa — Bregenne.
Bropast u Tperhsi, a TakyKe 4eTBEPTAS W IMsITasi TJIABHI COOPAHBI B OT/IEIbHBIE YACTH.
B nmepBoit wacTu paccMaTpuBaOTCS TPUIOKEHUS METOIa TAMUIBTOHOBON DETYKITHH K
KJIACCUIECKUM WHTETPUPYEMBIM CUCTEMAaM, a BO BTOPOit obobmenns metoaa PemocoBa
W WX NMPUJIOKEHUsI K MOCTPOEHUIO BUKOBCKOI'O CHMBOJIA HA MCKPHUBJIEHHOM CHMILIEK-
THYECKOM MHOT00ODa3ny M yHUBEPCAJIHHOMY KBAHTOBAHUIO HEKOTOPOTO KJacca Hepe-
TYISPHBIX cKOOOK [lyaccona, acCOMUMPOBAHHBIX C TIOCTOSTHHBIMU PEIEHUSIMU KJIACCH-
Jeckoro ypaBHeHus flura-bBakcrepa.

Bropast riiaBa mocBsiineHa MeTOy BBIYUCICHUST KJIACCHYECKUX T-MATPHUIL JJIsd WH-
TErPUPYEMBIX CHCTEM, TMOJIYIeHHBIX B PAMKAX TaMUJIBTOHOBON PEJIyKINN U TPUMeHe-
HUIO 3TOT0 METO/Ia K BBIYUCICHUIO KJIACCHIECKON 7-MATPHUIILI SJLTHITUIECKON CHCTeMBI
Kanomxepo-Mo3zepa co cuuHOM.

B Tperbeii riiaBe paccMaTpuBaeTcst IpuMep HHTErPUPYEeMOil CUCTEMBI, MOy YeHHO
METOJIOM TaMUJIBTOHOBOW DEIYKIIMU 110 JAeHCTBHIO HeJneBbIX cuMMerpuit. Mbr moka-
3BIBAEM, UTO, HECMOTPSA Ha 0OJee CI0XKHYIO MPUPOIY KATUOPOBOUHBIX CHUMMETDHIi,
UCIIOIb3YeMbIX B KOHCTPYKIIUU, YPABHEHUS JIBUKEHUS JAHHONW CUCTEMBI PEITaioTCs
METO/IOM TTPOEKTHPOBAHMS.

B gerBéproii riiaBe Mmbl 000011aeM MeTo, KBAaHTOBOM peaykinun PegocoBa ¢ MEIbI0
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MOCTPOEHUST OOIMIEKOOPANHATHON (DOPMYJIMPOBKI BUKOBCKOTO CHMBOJIA HA NCKPUBIEHHOM
CUMIIIEKTHIEeCKOM MHOT00Opas3nu. MbI ommichIiBaeM TeOMeTPU0 MHOTOOOPa3nii, JOmyc-
KAIOIMIX KOHCTPYKIIMIO BHKOBCKOT'O CHMBOJIA M PACCMATPHBAEM BOIPOC SKBHBAIEHT-
HOCTH BUKOBCKOT'O M BEHJIEBCKOTO 3BE3I0YKA-IIPON3BEICHMIA.

[Tsaras rimaBa auccepraluy MOCBAIIIEHA eIé oJHOMY 00001eHn0 MeToxa Pemocona,
MO3BOJISIONIEMY TTPOKBAHTOBATH HEKOTOPBINH KJIAaCC HEPEryIsipHbIX cKOOOK Ilyaccona,
ACCOMMUPOBAHHBIX C KJIACCHIECKUME TPEYTOJbHBIME r-MaTpUIiaMu. B 3Toil rmaBe Mbl
MOKA3bIBAEM, UTO JAHHOE KBAHTOBAHUE SIBJISETCS YHUBEPCAIBHBIM, U, CJIeI0BATEILHO,
NpeIIOKEeHHAs MPOIEAypa MO3BOISIeT TPOKBAHTOBATH MTPOU3BOJILHYIO TPEYTOJIBHYIO
oua/iredbpy JIu B cMbIcIe TEOPUU KBAHTOBBIX I'PYIII.

B sakTi0ueHnn mepedncieHbl OCHOBHBIE Pe3YIbTATHI JUCCEPTAIME, BHIHOCUMbBIE Ha

3aIMATY.
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YHacte 1

I'amMunbTOHOBA peayKIud B
IIPUJIO2KEHNN K MHTErPpUpPyeMbIM

cucremMaM.
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I'maBa 2

Ilonyuenne kJjaccu4deckoii
r-MaTpuilbl MeTOJI0M

raMMJIbTOHOBOUN peayKIINN.

B 3T0it rmaBe MBI mpemaraeM MeTOJ, BBIUYHUCTCHUS KJIACCHYECKUX 7'-MATPHUIL JIJIS
UHTErPUPYEMBIX CUCTEM, TIOJYIEHHBIX B PAMKAX TAMIJIBTOHOBON peaykiun. OrpaHu-
YeHUsI, HAKJIAIbIBAEMbI€ BBIYUC/IUTEILHON MPOIEyPOil, TTO-CYIIECTBY COCTOSAT B JIH-
€BOCTU COOTBETCTBYIOIINX KAaJUOPOBOYHBIX TpeoOpaszoBanuii. Mbl npumeHsieM Hali
METO/T K BBIUYUCTIECHUIO KJIACCHIECKON T-MAaTPUIIBl JLTHITHIECKOI cucTeMbl Kasmomxke-
po-Mozepa co COUHOM, UCHOJIb3YS €€ OMUCAHWE B TepMHUHAX KOHCTPYKIIUU CHCTEM
Xurauna [38].

Bcroy B manmnoii riaBe MbI HCHOJIB3YyeM CTaHIapTHBbIe 0003HAYEHUs JJIsi CKOOOK

[Iyaccona Mexkay smemenTamMu MaTpuilsl Jlakca. Hampumep, ecom

r= E Tijki€ij & €k, (2.1)
1,75k,!
rie

(6ij)mn - 5zm5]n

cTaHJIApPTHRIN 6a3uc B gly, To dpopmya

{L1, Lo} = [r12, Ln] = [ra1, L] (2.2)

obosHauaeT, uTo ckoOku Ilyaccona Mexk 1y MaTpuaHbIMu 3j1eMenTaMu L;; u Ly uveror
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BUT

{Lij, Ly} = Z(Tz'mlemj — LimTmjkt — TkmijLmi + LimTmiij) - (2.3)

2.1 Metoa monxydeHnns (popMaIbHOI r-MaTPHUIIbI.

B JaHHOM pa3/JeJjie Mbl ITOKazKeM, IYTO KJaCChuYeCKad NHTerpupyeMasd cucremMa, I1mo-
JIY9eHHasd MeTOJO0M raMuJIbTOHOBOI peayKouun, JOMyCKaeT KaHOHUYECKYIO I'-MaTpPUILY.
CnoBo “dopmanbHas’, cTosInee B 3aro/0BKe, O3HAYUAET, UTO I OOJBITHHCTBA MPHU-
MEpPOB HHTEIPUPYEMBIX CHCTEM COOTBETCTBYIOIIAA TAMUIBTOHOBA PELYKIIUS OCYIIECT-
BJISIETCST B KOHTEKCTE TEOPHUH IOJIsI, CIeI0BATEILHO, (DOPMYJIa, [Tt I'-MaTPHUIIBI COIEP-
ZKUT 6eCKOHe‘{HbIe CYMMBI U JOJIZKHa JOONpedeJdAThCAd OTACJIbHO IJId Ka)KILOfI KOH-
KPETHOII CHCTEMBI.

W3moxkeHnst HAIIEro MeTOAa Mbl HAUHEM C ONMUCAHHUS OIPaHUYeHHil, HAKJ/IaIbIBa-
€MbIX BBIYUCJIUTEIBHONI Hpoueﬂypoﬁ. STI/I OTrpaHUYEHUA COCTOAT B HaAJUYIUU CJACIAY-
IOIAX TPEX MPEANOJTOKEeHN, W3 KOTOPHIX MBI HCXOINM TMPH BBIBOJE KJIACCUIECKO

r-MaTpUIbIL:

1. Dnement @, KOTOPHIl TOCTe peAyKINN TaéT MAaTpuiy Jlakca, aBigercs s1eMeH-

TOM HEKOTOPOil (BO3MOXKHO GECKOHETHO-MEPHOIt) anrebpst Jlu g.

2. Cko0Oku Ilyaccona paciupeHHOTO (hpa30BOr0 MpPOCTPAHCTBA MEXKIY “MaTphd-

HBIMH 37eMeHTaMu’ P UMeT r-MaTpUIHbBIH BUI.

3. Kanmubposounsie npeobpazoBanus @ mpegacTaBiasgiOTCsS B BHIE

® s h'Oh, (2.4)

ryie h gaBiasgercsd dmeMeHToM rpynmnsl JIu G, cooTBeTcTBYyIOMEH aaredope Jlu g.

YenoBusg 1 n 3 MpOANKTOBAHBI HAIITIM HaMepeHHeM PacCMaTPUBATh FaMHUIBTOHOBY
PEeYKINIO, TMPUBOJMIIILYI0 K UHTErPUPYEMOil cucTeMe BMeCTe C €€ IMpeJ/iCTaBJIeHUueM
Jlakca. C 3T0it TOYKHN 3peHust YCIOBUE 2 SBJSIETCS MOMOTHUTETbHBIM. OHO O3HAYAeT,
4TO CYIEeCTBYeT HeKOTOpas KIaCCHUecKas r-MaTpHUIa r°, ompeensdiomas JacTh myac-
COHOBOI CTPYKTYPBI PACITUPEHHOTO (pa30BOTO MPOCTPAHCTBA, CBI3AHHYIO C JIEMEH-
toM @, a umenno, ckobku [lyaccona mexay “marpudanbivu sj1ementamu’ P 3amaiorcs

caemytornieit popmytoit
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{®1, By} = [y, B1] — [y, Pa- (2.5)

Hwuzke MBI yBUIIM, KaK MMOCPEICTBOM TaMIJIBTOHOBO# peIyKITNH UCXOIHAS -MaTPHUTIA

r¥ mepexoquT B MCKOMYIO 7-MaTPHILy HHTETPUPYEMOil CHCTeMBI.
NudunnresnmMaabublii BAPUAHT YCJIOBHS 3 COCTOUT B TOM, uTo ckoOKu [lyaccona
MEXK/Iy CB3sIMU 11epBoro poja 1, u sjpemenToM P repenuchbiBalOTCS B BUIE KOMMYTa-

TOpa

{To, @} = [ea, @], (2.6)

re {e,} — 6asnc anre6pel JIn KaInGPOBOYHBIX TPEOOPA3OBAHMIA.

Bwmecte ¢ HEKOTOPBIMU KATUOPOBOYHBIMU YCJIOBUSAMEU X* CBA3U MEPBOTO PO 00-
pa3yIoT cucTeMy cBsi3eii BToporo poja o, = 0 [5]. cnoab3yst 5Tu CBI3U, MBI MOYKEM
orpeJIe/TUTh CKOOKY JIupaka, MO3BOJISIONLYIO BBIYUCISITH PEAYIUPOBAHHYIO CKOOKY
[Tyaccona B TepMuHaX pacimperHoro $ha30BOTo MPOCTPAHCTBA MO CJEAYIONEMY Tpa-
BuTy. /I1g Toro 4Tto6nl BRIUMCIHTL CKOOKY Ilyaccona mexkmay HabaogaeMbIME a U b
pPeayIUPOBAHHOTO (PA30BOTO MPOCTPAHCTBA, MBI JOTKHBI BRIYHCJIATEH CKOOKY Jlnpaka
MeK Ty JIIOOBIMU TpookerusvMu A u B dyHknmii a, b ¢ mOBEPXHOCTH CBsI3eil BTOPOTO

po/ia B pacmimpennoe (a30Boe MPOCTPAHCTBO

{A, B}ypp = {4, B} — {A,0,}C*"{05, B}. (2.7)

[Tocsie gero, ckobka [lyaccona mex iy dyHKIusIMU ¢ 1 b OKa3bIBAETCS PaBHA BbIPa-
KeHnio (2.7), BBIYUCIEHHOMY Ha MOBEPXHOCTH CBsi3eil o, = 0.

B ypasuennu (2.7) ||C*F|| asngerca matpuneii, obpatnoit k matpure ||Cugl|| =
{oa,08}, tme {, } obosmauator ckobky Ilyaccoma pacumpenzoro ¢a3oBoro mpocr-
paHcTBa.

[TockoJIbKY MOC/I€ TAMUJIBTOHOBOM PEYKIIUK 3jieMeHT $ € g mepexo uT B MaTpHILy
Jlakca, IyaccoHOBa CTPYKTYpa JIAKCOBBIX yPaBHEHHH onpeensercs ckobkoii npaka,
BBIUHC/IEHHONH HA MOBEPXHOCTH CBsA3el 0, = 0, MeXKAy “MAaTPUUHBIMHU dJIeMEeHTaMH’
d.

BaMeaneﬂbeIM O6CTOHT€HBCTBOM ABJIAETCA TO, YTO IIPU BBITTOJIHEHUN BBITIIEYIIO-
MSAHYTHIX YCIOBHIA BHIpazKeHUe JIJist 3TOi cKOOKHM JIupaka aBTOMATHYECKH IPHHAMAET
r-MaTpuaHbIi Bu. JleificTBuTeibHO, Garogaps yCIOBUIO 2, MepBblii wien ckoOku Jlu-

paka (2.7) yxke umeer Tpebyembiii Bu (2.5), B TO BpeMsi KaK OCTaBIIHECs YJIEeHBI B
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(2.7), BBIYNCIEHHBIE HA MOBEPXHOCTH CBsi3ell 0, = 0, MPUHUMAIOT I~MaTPHYHbBII BU]L
B cuty yejaosus 3. [losicnum mocseanee 601ee moapooHo.
EiMHCTBeHHbBIe HeHy/eBble 31eMeHTs MaTpuinsl ||C? ||, Beraucientoil Ha moBepx-

HOCTH CBI3€i 0,, UMEIOT BH]I,

CX' T = T X" = (P71)), (2-8)
%1
CTeTo = (PHa{x, xH(P7hY, (2.9)
rue
P! ={T,,x"}.

Takum 06pa3oM, B KayKJI0M U3 JIOMOJTHATETHHBIX WIeHOB B BhipazkeHun {1, P2} pply.—o
o Kpaiiaeit Mmepe ogna u3 ckobok [lyaccona ® co cBa3simMu mepenuchBaeTCss B BUJIE
KOMMYyTaTopa, 6aarogapst ypasuenuio (2.6), u, cJeJ0BaTebHO, KaKIbIil YJIeH TPHHNA-
MAaeT r-MaTPUIHBINA BHI.

B pesynbrate, MbI OIydaeM HCKOMYIO KJIACCHUIECKYIO I'-MaTPHUILY

r= 0~ (P jea ® (X2 ®) + 5Q0 @ {T1, )]0, (2.10)
e
Q™ = (PHe{x" xHP™")g
B crenyromiem paszese Mol npuMenuM Gopmyay (2.10) K BBITHCIEHUIO KITACCHIeC-

KO r-MaTpHIbl S IHITHYecKoi cucrembl Kastomkepo-Mosepa co crimHOM.

2.2 Kuaaccuueckasa R-maTpuriia 3J1JIUNITIYECKON CIC-

teMbl Kajiomkepo-Mo3epa co cimHOM.

B sTom pazzesne Mbl TOKaXKeM, 9TO KJIaCCUIeCKas r-MaTPHILA SJLIUITHYECKOH Chc-
tembl Kasomkepo-Mo3sepa co CIMHOM MOKET OBITH BBIUHCJIEHA B paMKaX TaMUIIbTO-
HOBOI peaykmuu. [[pmvedaTenbHBIM ABISIETCS TO, UTO TPHU BBIYUCJICHUU JTAHHOWU 7-
MaTPUYIHONW CTPYKTYPHI Mbl HE HCIIOJIb3YeM TOYKJIECTBa Ha, SJLIATTHIYecCKrne (PyHKIINH,

N3 KOTOPBIX CjeayeT MHTEerpupyeMOoOCTh CUCTEM HO,ZLO6HOFO THUIIA.
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B nporecce Beraunciiennst Mbl pa3duBaeM MPOIEAYPY raMUJIbBTOHOBON PEAYKIINU HA
JBa drana. Ha mepBoMm 3Tarie Mbl OMycKaeM KaJUOPOBOYHBIE MPeodpa30BaHUs, CBs-
3aHHBIE C MapabOINIecKoi MOAPYIIOi U moaydaeM (POPMYIy g KIACCHICKOR 7-
MaTpuipl cucreMbl Kamomkepo-Mo3epa ¢ MaKCUMATbHBIM CITHHOBBIM CEKTOPOM.

Bropoit sran raMuibTOHOBO# PEYKITNH OCYIIECTBIISIETCS TI0 OCTATOIHOMY JIeiiCT-
BUIO MapaboIMIecKoi TMOATrPYIILI yKe Ha KOHeYHOMepHOM mpocTpaHcTie. [To aToit
NpUYAHE TpeIoKeHHbIl Hamu penent (2.10) roaurces nys m000# mapaboInuecKoi
noarpymnbt SLy(C) u m060ro yeaoBust (pUKCAIUNT OCTATOUHO KATUOPOBOTHON CUM-
METPHM.

lamubTOHOBA peayKIns JJId SJAIANTHYecKoit cuctembl Kagomxepo-Mo3zepa co
CIIMHOM OBLIA BIIEPBBIE MpeIoKeHa B pabore [35], B Koropoii hazoBoe mpocTpaHCTBO
JIAHHOI CHCTeMBbI peaqn30BaHO KaK KOKacaTelbHOe pacCJoeHne HaJl MPOCTPAHCTBOM
MOJIyJIeil TOMOJIOTUYEeCKH TPUBUAJIBHBIX TOJIOMOP(MHBIX PACCJIOCHUNH HaJl TOPOM C OT-
Me4YeHHON TOYKOi. MBI HCHOIb3yeM 3Ty KOHCTPYKIMIO TTPU BBIBOJE KJIACCUYIECKOI
r-MaTPHIIBI.

JLnst HammxX 1esteit okasbpiBaeTca 6oJee YI0OHBIM HCIOIb30BATh APYTYIO (DOPMY/TH-
pOBKY [36] 9T0i KOHCTPYKI[MH, OCHOBAHHYIO HA Y€XOBCKOM OMWCAHUH TMPOCTPAHCTBA
MozLyJIeit TosioMopdHBIX paccaoenuit. Mbr peanansyem Top Y, Kak GakTOp MHOTO0Opa-
sue C/qZ ¢ ¢ = €™, Im7 > 0 u B KauecTBe (DyHIaMEHTATLHON 00JACTH BEIGHPaeM
kKomemo Ann, = {|¢"/?| < |z| < |¢7'/?|}.

Mur onpeienisiem rosiomopdHOe BeKTOpHOE paccioenne Ey panra N maa X, mat-
puunoit dbyrkumei epexona ¢(z) € GLy(C), xoropas rojoMopdHa B OKPECTHOCTH

12|}, TIpocTpamcerso momeit g(z) Ml 6yaem 06o3HAATE GYKBOIL

koutypa v = {|z| = |¢
L.

[Tycre nanee G — rpynmna GLy(C)-3nagnbix romomopdubix dyekimit f(z) Ha

KoJIbIle Ann, Takux 4rto

[ =1, (2.11)

z=1

rne I — equanyHasg Marpuna. I'pynna G meiicTByer Ha mpocTpaHcTBe L CITeLyFOIIIM
obpazoMm

9(2) = f(2)g(2)fH(a"2). (2.12)
Bamernm, uro aarebpa Jlu Lie(G) cocTouT u3 MATPUUHO-3HAYHBIX TOJOMOPMHBIX

byukmit (z) @ Ann, — gly(C) obpamaomuxcst B HyJIb B TOUKe 2 = 1



DakTOP-MPOCTPAHCTBO OTHOCHTEIHHO JeficTBus (2.12) rpynmsr G
M=_LJG (2.13)

SIBJISIETCS TIPOCTPAHCTBOM MOJY/Ieil TOTOMOPGHBIX pacCJIOeHUn Ha TOpe Y, C OTMe-
deHHON Toukoit z = 1. JlambHeifmag peaykums mpocTpaHcTBa Mojayiaei (2.13) mo
neiictuio mapabondeckoit moarpymmsl P C S Ly (C) npuBoauT HAC K TPOCTPAHCTBY
MoJIyJIeit TOJTIOMOP(HBIX PAaCCIOeHUT Ha Y., C KBa3u-MapabOJMIecKOil CTPYKTYpoil B
TOoUke z = 1.

KokacarenbHoe paccioenne 1L aBiasgeTcs paciimpeHHBIM (ha30BBIM ITPOCTPAHCT-
BOM Halleil mHTerpupyemoit cucrembl. Posib JBOWCTBEHHON KOOPAWHATHI K ¢(z) Wr-

paer Tak Ha3bIBaeMoe ToJsie XUrrca, Koropoe npenacrasisier coboii gly(C)-3nadnyro
1-bopmy

dz

n=n(z)-—.

e 7)(z) — romoMopdHOe moe B OKPECTHOCTH KOHTYPA 7.

Kanonnueckass cumiiektTudeckass ¢popma Ha 1%L uMeeT caeayroOMuil BT

Q= i trd(g 1 (2)n) A dg(2). (2.14)

27 "

Heitcreue (2.12) noganMaeTcst 10 raMIIBTOHOBA JAeificTBHs Ha mpocTpancrse 1L
n(z) = f(2m(2)f 7 (2). (2.15)
CooTBeTcTBYyIOIIEe OTOOPazKeHNe MOMEHTOB HMEET BH]L
p o T*L— Lie*(G), (2.16)
rae

ul 9)(e) = 74 e () ng(2)e(q'2) —ne(z). e e Lie(@).  (217)

PaBencTBO HY110 0TOOpaKeHnst MOMEHTOB (2.17) 9KBHBAJIEHTHO YCJIOBUIO, 9TO (DyHK-

st 17(z) MoKeT GbITh MeEPOMOPMOHO MPOJOIZKEeHAa BHYTPh KOJIbIIA TaK, 4TO s |z| =
g"/?|

n(g 'z) = g ' (2)n(2)g(2), (2.18)
M BO BCeM Kouiblle (byHKIHs 7)(2) MMeeT eMHCTBEHHBINH MPOCTOil MOJIOC MePBOro Mo-

paaka B Touke z = 1.
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Kaxk m3BecTHO, TOMO/IOTHYECKN TPUBHATHLHOE PACCIOCHUE ODINEro MOJIOYKEHUs Ha
TOpe SBJISETCS MPSMOil CyMMOli JimHeiiHbIx paccioennii [78]. CiemoBareabHO T0J0-
MopdHOE paccJIoeHne ODIIEero MOJ0XKEeHHSI ¢ OTMeYeHHONH TOYKON MOXKEeT OBITh COMP-
JKEHO K TPAMON CyMMe JIMHEHHBIX PaCCJA0€HU MpPU MOMOIIU MOCTOAHHON MaTpPHUILbI
a € SL N(C)

Jpyrumu cioBamMu, WCToab3yst aeficteue rpynnsl G (2.12), nose g(z) obmero mo-

JIOZKEHHUS MOXKeT OBITh MPUBEIEHO K MOCTOSHHON MATpHIle CIEIYIONIero BHIA

N | AU
0 e o
h=a ¢ a L. (2.19)
0 0 e—27riuN

B wactHOCTH, 5TO O3HAUYAET, UTO

MOZKeT OBITh BHIOPAHO B KaUecTBe YCIOBUS (PUKCAIUN KAaJHOPOBKH.
JIerko BHIETH, UTO 3€MEHTHI MATPHUIIBI (v ONPEJEISIIOTCI h ¢ TOYHOCTBIO JI0 CJie-

JIYIOIIEro MacurabHoro npeodpa3oBaHust

Qg —> Oéi]‘)\j, )‘j 7£ 0, (221)

au; MU, = u; +ny+ngT, ny,Ne € Z 3a5a10T OTHO U TOXKE TOJOMOPMHOE PACCTOCHTE
HA Yy,
Takum 06pa3oM, OTKPHITOE BCIOAY IJIOTHOE MOIMHOYKECTBO IIPOCTPAHCTBA MOy Iei

M (2.13) MokKeT OBITH TapAMEeTPU30BAHO TOYKAMH MHOYKECTBA
(J x CPN"HN, (2.22)

e J — fkobuan Kpusoii X, .

Jlannas mapaMeTpu3anns ABIAeTCa YaCTHBIM CJIydaeM apaMeTpu3anun TIopnHa
[79] rosloMopdHBIX pacc/ioennii Ha TPOU3BOIBHBIX PUMAHOBBIX TIOBEPXHOCTSX.
Paznoxkum dbyukuun g(z) u n(z) B paasl JlopaHa B OKPECTHOCTH KOHTYPa 7y

mi(2) =Y mgat, gi(z) =) gha" (2.23)

a€Z a€Z

B sroit ceasu craegyer ynomsamyTh paborsr [80], [81], B koTophix mapamerpusanus Tropuna mc-
HOJB3YeTCs I OMUCAHUA CUCTEM XHTYMHA ACCONUMPOBAHHBIX ¢ PUMAHOBBIME HOBEPXHOCTAMHE IPO-

MN3BOJIBHOTO POJa.
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CootBercrBytornire ckoOkn [lyaccona Mexk Iy JJOpaHOBCKUME KO(DDUIIMEHTAMIA HAX0-

JAATCA B BUIE
{0ty = =000k + gt ol i} = 950, {gf o} = 0. (2.24)

B srux repmunaax Ko3hOUIUEHTH pa3iokenns cesazeit p[n, g] = 0 (2.17) npuanmaror

BUT

M= (g e magl et = Y (0 ) gyt — . a#0,  (2.25)
b,c,k,l b,c,k,l

a KanmnbpoBouHbIe YeaoBusa (2.20) MEPenuchBAIOTCI CAELYIONUM 00pa3oM
95, =0, a # 0. (2.26)
B pesyabrare MBI Morydaem cucTeMy CBsi3eil BTOPOro poja
M5 =0(a#0), gi5=0(a#0). (2.27)

Orpannvenne mosist g(z) Ha TOBEPXHOCTH CBsi3eil (2.27) 0Ka3bIBAETCsT MOCTOSTHHOM MaT-
pureit g(z) = h (2.19), B To BpeMs Kak MOJie OFpAHUYEHUe TOJIst 1) Ja8T MATPHILY
Jlakca smnuntudeckoit cucrembl Kamomkepo-Moszepa ¢ MakKCHMAJIbHBIM CIHHHOBBIM

CEKTOPOM
n(z) =1(z) = al(z)a, (2.28)

rie

27’

N
li(2) = — lij(2) = — Zﬁz‘k@kj ¢(2,uij), 1 # 7, Ujj = Ui — Uy .
k=1

[Tepementbie u;, g, Uj | Bij nmapaMeTpu3yoT peaynnpoBaHHoe (pa30Boe MPOCTPAHCTBO
T*M ~T*(J x CPN"H)N,

[TockonbKy a1t KazxKaoro ¢pukcuposanunoro j = 1, ..., N Qijj SBJISIOTCA OJHO-
POAHBIMU KOOPJUHATAMH Ha COOTBETCTBYIOIIEM HNPOEKTUBHOM IPOCTPAHCTBE cpV *1,
peayImpoBaHHOe MpocTpancTBO 1T M moHMMaeTcs Kak pe3yabraT KOHETHO-MepPHOM

CUMIIJIEKTHYECKOIT pPeAYKIOUHN TI0 CBA3AM MEPBOT'O POda

N
Z Bikou = 0. (2.29)
k=1

B KOKACATEJTHLHOM PACCIOCHIN
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T*(J x CM)N (2.30)

C KAHOHMYECKOI CUMILIEKTUYECKON (hopmoii

N N
=1

=1

Haxkowuern, dyukius ¢(z, u) B ypaBuennu (2.28) MOKeT ObITH MPEJICTABICHA B BUJIE

a

<
W) =2 g e <l < br, a,b € Z. 2.32
¢(Z U) aezz qa627rzu -1 |q| |Z| u 7£ a-+ 07, a ( )

Marpuna Jlakca cucrembl XUTYHHA C KBAa3H-MapabOIHIeCKOl CTPYKTYpPOil B OT-
MeYeHHO# TouKe 2z = 1 mosrydaercst peyKuneil MaTpuibl (2.28) Mo mprcoenHEHHOMY
JeificTBIIO cooTBeTCTRYIOMIEl mapabonmaeckoit noarpymnmst P C SLy(C).

JIns BHIYUCTEHUs T-MATPUIBl Jist (2.28) HaM HEOOX0IuMO HaiiTu cKoOKy Inpaka,
OCYTIECTBIISIIONLY IO PEIYKITHIO HA MOBEPXHOCTD CBst3eli (2.27). [l 9Toro 10¢TaTovaHo
3HATH BhIparKeHWs: Jist ckKoOOK [lyaccona cmsizeil (2.27), BbIYNC/JIEHHBIE HA MOBEPX-
HOCTH 3TUX e cBsi3eil. HecioyKHbIe BBIYHUC/ICHUS JTAIOT CJICIYIONINE BhIPAXKEHUs JIJTst

HEHYJIeBBIX CKOOOK, BHIUNCIEHHBIX HA MOBepXHOCTH (2.27).

b —
{95 M} = atv0 (¢ “hitdrj — hijdin)- (2.33)
JI1st 3/IeMEHTOB COOTBETCTBYIONIel 06paTHON MATPHUIILI MbI UCHOJIb3YeM CJIejyloIine

ij kl
Y b ABJIAETCA MAaTPUYIHBIM 3JIEMEHTOM C IEPBBIM WH-

Mg
obosnauenus. Hampuwmep, (C9)"
fexcoM M u BropeiM nngekcom gil. Tora HeHyIeBbie 31eMeHTH 0OPATHONH MaTPHIIHT

3allUCBhIBalOTCAd B BHUIE

N _ _
(CMg)ij Kl _(CgM)kl ij Z 5a+b,0 alm(a 1)miajn(a 1)nk (2 34)
ab — ba q° e 2mitn _ o—2mium ’ ’
m,n=1

B mporecce BeIrIucaeHus r-MaTPUIIBI MBI Oy/IeM HCIIOIb30BAaTh CJIeIYIOIIee CBONCTBO

(M, 0"} = [eji ™) = lejir '), (2.35)
KOTOPOE SIBJISIETCS HEMOCPEICTBEHHBIM aHAJIOTOM 0011ero ycaosus (2.6).

Banumem BbIpazkeHue jijis cKoOku Jlupaka (2.7) mexiay koddbdunuentaMu pas-

JozKeHust moJist 7(z) B BUje
{n?,m5}pp = {n{,m5} + D
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[TepBast yacTh 3TOTO BHIPAXKEHUS, TO €CTh UCXO/IHAs CKOOKA pacIIMpeHHoro ha3oBoro

MPOCTPAHCTBA, MOYKET OBITh MEpPenucana B r-MaTpudHoil (popme

1 1
{nf,n3} = 2 > lei; @ eji it — 3 > lew @ eji 5™, (2.36)

] ]

Bropast qacth D%, BeIunC/IeHHAsT HA TTOBEPXHOCTH CBsI3eil MMeeT BUJIL

Db — i O‘im(ail)mlakn(ail)m’

P T T— ([ei; ® er, i) = [es; @ e, )

m,n=1

N _ _
Z aim(a l)mlakn(a 1)nj

qa = 2Milmn — | ([ekl ® €ij, 773+a] - [6kl ® €ijs 773]) ) (237)

m,n=1
TIE Uy = Uy, — U,
Jlnst Toro uTobbl HaiiTu cKOOKY Inpaka Mexkay mossvu 1)(z) u n(z'), MBI JOJTKHBI

BBIYUC/IATL CYMMY CJIEAYIOIIEro OECKOHEUHOTO pdaa

{m(2),m(zNop = Y {ni 15 pp2" ()" (2.38)

a,beZ

Jannag mporenypa TpedyeT OIpeaeaéHHol 0CTOPOKHOCTH, MOCKOJILKY GeCKOHe -
Hble CYyMMBI OT/IeJbHBIX YJIEHOB B BhipakeHnsx (2.36), (2.37) pacxomsitcs, u Jjisi MO-
JIy9eHUsT KOHEYHOTO OTBeTa Mbl JOJKHBI TIPABUILHBIM 00pa30M CKOMOMHUPOBATE T10-
JOOHBIE YIEHBl B 9TUX BBIPAKEHUSX IEPeJ] TeM, KaK IIPOU3BOIUTL CYyMMUPOBAHHE.

Hampuwmep, ecin Mbl monaraem |g| < |2'| < |z| < 1, To pan B Beipazkennu (2.38),
COOTBETCTBYOIINiT BTOpOMY [ieHy B (2.37) oka3biBaercst pacxomsmmmucst. OnHaKo,
ecim MpUOABHUTH K STOMY HJIeHy MOoj00HOe Bhipakenne u3 (2.36), To B pesy/brare
psiyi GyJeT CXOAUTHCsI, W WUCKOMasi r-MaTpura s marpuisl Jlakca (2.28) mpumer

CJIEJIY IO BUT
r(z,7) = ma[(B(2/2) — BE() ) e @ et

+ 3 (82 [z u50) — B2 uzi))ei; ® ejiloy oy (2.39)
i%j
rie

011:@@[, OtQZI®Ot,

a dyuknug F(z) Moxer OBITH MpeJCTABICHA B BUJE PSJIA
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a

z
E(z)= > — -1 <<t (2.40)
aEZa;éOq

3ameuanne 1. Kiaccmueckas r-mMaTpuia LIHOTHYECKO cucTeMbl Kammomkepo-Mo-
3epa co CIIMHOM Obljia BIepBbie BbhuncaeHa B padore [82]. B ormmanu ot wammx dbop-
myJI (2.28) u (2.39), KOTOpbhIe HCXOIHO ONPEIETeHbI HA SJLUTUTIITHIECKOH KPUBOii, KOHed-
Hble BBIDAYKEHUs JIJIsi MATPHIB! JlaKca U JIs r-MaTpuibl B pabore [82] ompeseneHbl

Ha 3JUIANTUYECKOU KPUBOK TOJBKO MOCJEe BCIOMOTATEJIbHON pealyKIIuu.

Sameuanue 2. Dnnrudeckas cucrema Kasromkepo-Mosepa ¢ MaKCHMAJIBHBIM CITH-
HOBBIM CEKTOPOM MOKeT OBITh TaK:Ke OIHCaHa B TepMHUHAX Marpuisl Jlakca m r-
MAaTpHIIBI, KOTOPBIE ONpeIe/IeHbl KaK (DYHKIHUKE Ha SJTANTHIECKON KPHUBOii, a He KaK
ceveHns HEKOTOPOro paccioenns. A mmenno, marpuia Jlakca (2.28) u r-marpuna

(2.39) conpsizKeHbI K CJIELYIONNM MATPUIHO-3HAYHBIM (DYHKINAM Ha 3,

N
(w) =3 aaBu(w)(@™)y,  Bi=-—g5.
) = (2.41)
011 (w — uj)en(w + u; — u;)011(u;)07, (0) : ;
B’i' w) = — ik Olkj ’ ! ’
j(w) ;Bk ki 611 (w)b11 (w — ;)01 (w; — uj)0i1(u ) 7
N
Fw,w) = 37 (B(w —w') + B(w))ey © eji-
ij=1
N
3 aula Yu(Bw —w) + B(w))ey; ® eju, (2.42)
ik =1
rie 1 1
w=-—Inz, w' = -—1Inz',
2 2m1
a

b1 (w) =Y _ exp (mir(m + 1/2)” + 2mi(m + 1/2) (w + 1/2)).

Matpuna Jlakca smmuntudeckoit cuctembl Kamomxkepo-Mozepa co cIIHOM B Ta-

KOM Bujie Oblyia BIepBbIe ToJydeHa B pabore Kpuuesepa [81].

Bameuanne 3. [IpumeuaresbHO, UTO TpH BBIBOAE (opMysibl (2.39), OCHOBAHHOM HA

raMIJIBTOHOBOM peaAyKIUM, Mbl HE HCIIOJIb30Ba.JIN CBOMCTBA AJLIUOTHICCKAX d)YHKHHﬁ
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d(z,u) u E(z), ya6T KOTOPHIX Hen3besKeH MPH HEMOCPEICTBEHHON POBePKe MPaBUIIb-
HOCTH Haii JeHHOH r-MaTpuIpl. B onpeaeéHHOM CMBICIE MBI TIOJLY YUJIM 3TH TOYKIECTBA
METOJOM TaMUJIBTOHOBOI PEAYKINU B KJIACCHUECKOM Caydae. THTepecHO OTMEeTHTD,
4TO AHAJOTHYHBIA BBIBOJ TOXKIECTB Ha /UTMOTHYECKAE (DYHKIUU OBLT BIEPBHIE I10-

JIy9eH B paMKax KBAHTOBOM, a He KJIACCHYECKOi pemykiun [83].

[Tosyuennast r-marpuna (2.39) siBjsieTcsi YHHBEPCAJBHO B TOM CMBICIE, 9TO C
MOMOTITHIO HEE MOYKHO BBIBECTH KJIACCUICCKYIO T-MATPHUILY /I CUCTEMbl XHUTUYWHA Ha
LTUNTHYECKON KPUBOIl ¢ TPOU3BOIbHON KBAa3H-MapabOTHIECKOil CTPYKTYPOii B OTMe-
qeHHHOI TOouKe. [TosicHum mocseatnee yrBep:KaeHne 0oJjee moapooHO.

[Tycrs P napabonndeckas noarpymmna SLy(C). Torga cucrema Xuranna Ha 971-
JIANITAYECKONR KPHUBOH ¢ JAHHOW KBA3H-MapabOTUIECKON CTPYKTYpPOH B OTMeUeHHON
TOYKe MOJYYaeTCd W3 BBIIMIEONUCAHHONW CUCTEMbl ¢ MAKCUMAJbHBIM CIUHOBBIM CeK-
TOPOM TIYTEM JlaIbHeIell raMiuJIbTOHOBON PeyKIUU 1O JIeHCTBUIO MapaboInaecKoit

noarpymmsr P
N N
Qjj = Z%’kakj ;o Qi Zﬁz’k(q_l)kj U U, VU (2.43)
k=1 k=1

rae ¢ = [|g;|| € P.
Orobpazkenne MOMEHTOB JeiicTBust (2.43) HAXOAUTCS B BUJIE
WP T M Lie(P), e B)(X) = tr{afX).

(2.44)
X € Lie(P) C gly(C).

Ormerum, uro Marpuna Jlakca (2.28) mpeobpa3yercst mpu JeHCTBUE TEMEHTA

q € P caenyomum odpasom
1(2) = 19(2) = ql(2)q ", (2.45)

9TO COMJIACYETCsI ¢ HAIMNM OOIMUM TIpe/noioxKennem (2.4).

TakuM 0Opa3oM, MBI BHINM, UTO BCE YCJIOBHS, ODECHEYHBAIOIINE BO3MOXKHOCTD
IpUMEHEeHHS HAIIEero MeTOIa ISt BLIBOIA, KJIACCHIECKOl r-MaTPUIIBI, BHITOTHEHBI. Bo-
Jiee TOTO, MOCKOJIBKY TaMUJIBTOHOBA, PEAYKIMS Ha ITOM JTAle SIBISIeTCS KOHETHOMED-
HOIA, J11060i BHIOOP KaJINGPOBOYHOrO ycsoBust Y*, dukcupyromero mpoussos (2.43),
IPUBOINUT HAC K XOPOIIO ONPEIETEHHON hOpMyIe AT HCKOMOIl r-MaTPUIIBI CHCTeMBI

Xurunna
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rP(z,2) = (r(z,2')—

1
—(P™Mgea ® (X", 1(z)} + §Q“ﬁea ® {ug, 1)) K (2.46)
ph=xo=
rJie TpedecKkne WHIEKCH HyMepyloT Hekoropbiii 6asuc {e,} B momamarebpe Lie(P),

obparumast MmaTpuna P nmeer ciemyromime 3JieMeHThI

Pl = {ul X},

U, HAKOHeII,
QY = (P75 {IX" xTHP T

uTepecHo OTMETUTD BBIJIETEHHYIO POJIb TUEBOCTU KAJIUOPOBOYHBIX TTPeobpa3oBa-

HUl B TPEJJI0KEHHOM MEeTO/Ie BhIYUCJICHUS KJIACCHYeCKO r-mMarpuilbl. Kak Mbl yBU-

JAM B CJIeAYIOUel riaBe, HHTerPUPYEMOCTh PeAYIUPOBAHHON TaMWJILTOHOBON CHC-

TeMBI He TpeOYeT JTUEeBOCTH CUMMETPU, MO KOTOPBIM OCYIIECTBIISIETCS PeAYKIUI. JTO

HAOJTI0IeHNEe TI03BOJIAET MPEINOM0KITh, UTO CYIIeCTBYeT OoJjiee ciaadboe yCaoBUe HH-

BOJTIOTHBHOCTH WHTErPAJIOB JBHUKEHNUsI, YeM ycaosue (2.2) .
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I'maBa 3

Agaredopa CkiagHuHa u gedopMarius

cucreMmbl Kajomaxkepo-Mo3epa.

B sr10it rtaBe MBI IPUBOIMM TIPUMED JABYMEPHONH HHTEIPUPYEMON CHCTEMBI, TTOJTY-
YEeHHOIl MyTEéM TaMIIBTOHOBOM PEIYKINNU 110 JeiicTBUIO aareOpbl CKISHIHA U SBJISIO-
meiics nedpopmanmeii IByX-4acTUIHON panuonaabHoit cucrembl Kagoazkepo-Mo3zepa.
Ucnosnb3yst MeTo MPOEKTHPOBAHNS [7], MBI SIBHO DeIlllaeM ypaBHEHHsT JIBUKEHUsT JTaH-
HOIl CUCTEMBI.

Bcrony B 3T0it m1aBe rpeveckne WHIEKCH TPUHUMAIOT 3HadYeHus oT 0 10 3, JaTHH-
CK¥e WHIEKCHl — oT 1 /10 3, W KaKblil pa3, KOraa BCTPEIAETCS KOMOWHAIWS WHIEKCOB
t, 7, k, moagpasymeBaercs, YTO OHW MPUHUMAIOT 3Ha4YeHus 1,2, 3 BMecTe CO BCEMU CBO-

HMU ITUKINYECKUMU IIepeCTaHOBKaMH. Tak:xke BCIOAY B 9TOU IIaBe

0

o = —,
opu

a 0, obo3HauaeT ——

oxr?

3.1 IlocTpoeHue MHTErPUPYyEMOI CUCTEMBI.

OTrnpaBHBIM TYHKTOM HaIeil KOHCTPYKINH sIBJISIETCS pacIiupenHoe (ha30Boe MpOCT-
paHCTBO, SIBJIAIOIIeECH KoKacaTeIbHbiM paccioenneM T*R*, ¢ samannoit na ném xa-

HOHUYECKOU CUMILIEKTUYECKON CTPYKTYPOi

w = dp, N dx", (3.1)
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rJ1e p,, 0603HAYAIOT KOOPAMHATH Ha MHOrooOpasnn Gaser R*, a 2/ obosnauaor koop-
JNHATHI B CJIOE.

OmpenennM Ha MHEOroo6pasnn R* kBagparmunyio ckooky CKITHIHA

{pOapi} = Oéo¢(p) = ijpjpka {piapj} = Oy (p) = DPoDPk- (3.2)

Kosdbdbunnenrsr Jio, Jo3 u J3; YAOBIETBOPSIOT CAEAYIOIMIEMY TOXKJIECTBY

J12 + J23 + J31 = 0, (3.3)

KOTOPOE 9KBHBAJEHTHO TOXKecTBY SIKoOM Jyist ckobku (3.2).
Yeaosue (3.3) Breuér, 9To JaHHBIe KOIMDOUIHEHTH MOIYT OBIThH MPEJICTABIEHbB B

CJIeTYIONIEeM BUJIE

Jij = Jz — Jj, (34)

rjle 3HAYeHUs] KOHCTAHT .J; ONMPeaeasifoTCs ¢ TOYHOCTHIO 10 I IUTHBHOW MOCTOSTHHO
C, J; — Ji+c.
Cnenys mporneaype, OIUCAHHON BO BBEIEHHH, MBI OIMpEIesIsIeM aHAJIOr KOIMPHCOe-

JMHEHHOTO JleficTBIA Ha MHOroobpasun R*, mcrnoss3ys myaccoHoBy CTPYKTYpY (3.2).

65pu = Otlw(p)ey(p), (35)

rie €/ — MHOUHNTe3NMATBHBIE TTAPAMETPHI.
[Tpeo6pazoBanusi cuvmverpun (3.5) MOTYT OBITH MOJHSATHI 10 KAHOHWYIECKUX MPe-

O6p&30B&HI/II'71 Ha KOKaCaTeJIbHOM PaCCJIOCHUU

dePp = e’ (p), St = 8“(ay,\e”(p)x)‘). (3.6)

[aMIILTOHOBBI TeHepaTophl ITHX MPeobpa30BaHdil UMEIOT CIeAyIonuil B!

M. = a(e,x) = o (p)eia”. (3.7)

JLnst Toro, 9ToOBI MOCTPOUTH HETPUBHATBHYIO JTHHAMUYIECKYIO CHCTEMY, PACCMOT-

PUM TIOBEPXHOCTH HEHYJIEBOTO YPOBHS MAMUJIBTOHOBBIX TeHEpaTopoB (3.7) B pacrin-

Irakum 06pa3oM, MBI CTPOMM TakK Ha3bIBaeMblii raMHILTOHOB asirebpous [84] ma T*R?. B pa-
6ore [84] 6bLIO MOKA3aHO, YTO € JHOOLIM ajarebponsoM JIu MOXKHO €CTECTBEHHBIM 00PA30M CBSA3AThH

HEKOTOPBIN raMUJIBTOHOB AJITreOPOu/T

35



perroM daszosom npocrpanctse T*R*. TTo anasornu co ciayaaem cucremsr Kamomkepo-

Mosepa mbI TIoJ1aTAEM

My = Jaspapsz’ + Jaipsp1z® + Jiopipex® = 0,

M, = p0(~’62p3 - 953]72) - J23p2p3:c0 =V,
(3.8)
My = po(2®py — 2'p3) — Jaipsprz® = 0,

M = po(x'ps — 2%p1) — Jioprp2a® = 0.
Penyxiust cummiektinaeckoii hopmbr (3.1) Ha moBepxHOCTH CBsizeii (3.8) qaér BbI-
POXKIEHHYIO 2-hopMy, Ubé g1epHoe paclpeneIeHie HaTATNBACTC Ha CIAYIONee BeK-

TOpHOE TOJIe
dpo = Jazpaps, 0% = (2%pg — 2°pa),
5p; =0, oz' =0,
Opy = —pops, 0z = —(p0$3 + Ja3ps, 1’0)61

0p3 = Pop2; 0z = (pox® — Jogpa®).
dazoBoe MPOCTPAHCTBO HAIIEH CHCTEMBI Ompejensdercsd Kak (haKTop MOBEPXHOCTH
cBsi3eii (3.8) MO OTHOIIEHUIO K TPEOOPA30BAHUSIM, CTEHEPUPOBAHHBIM BEKTOPHBIM MO-
aeM (3.9). Dtu mpeobpa3oBaHUs Mbl, B JaIbHEHIIEM, YCIOBHO Ha3bIBaeM KaJInOpOBOU-
HBIMU.
MBI OCyIecTBASeM pepyKINi0, HCHOIb3yd KaauOoposodHoe yeaosue 22 = 0, KoTo-

poe KaK JIETKO BHAETh UMeeT IMOBEPXHOCTb 'OPU30HTa, 3aJaHHYIO YpaBHEHUEM

pgl’?) — J32p3:c0 =0. (310)

JIpyrumu cjioBaMu, [jist TOUeK, JieyKallux Ha nosepxnoctu (3.10), koopaunara r2 He
MOZKeT OBITh W3MeHeHa MPH MOMOIIH mpeobpasoBanus (3.9), u, cie10BaTeIbHO, YaCTh
KAJTHOPOBOYHBIX OPOUT HE MOXKET OBITH OMHCAHA C IMOMOIILI0 BEIOPAHHOI'O KAJTHOPO-
BOYHOTO YCJIOBHA. B mociemyomeM, Mbl YBUIAM, YTO CJIEJICTBHEM HATUYIUS TOTO
ropu30HTa OYJIET SIBJASATHCS CUHTYJISPHOCTH OHOTO U3 FaMHUJIBTOHUAHOB MOJIYYeHHON

CHUCTEMDBI.
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Paccmarpubast mepecedenue nosepxHocTH ceszeil (3.8) ¢ mosepxuocthio 2 = 0,
MBI MOJIy9aeM BJIOYKEHUE PeLyIIMPOBAHHOTO (ha30BOTO MPOCTPAHCTBA B PACITHPEHHOE

dbazoBoe mpocrpancrso T*R*

2 =u', 2! =0, 22 =0, x® = u?,

) (3.11)
P3 = Uz,

po=vi, p1=0, pp=-—
’ ’ U1U2 — J32U2U1 ’

rae ul, vy, u?, vy — KaHOHHYEeCKHe KOOPIMHATHI, HapaMeTPU3YIOIIie peplylIpoBaHHoe
¢da30B0€ TPOCTPAHCTBO.

[Tapa dyukmmit Kasnvmupa ckobkn CkasitHuHa,

C=3 WP Co= )+ Y D) (3.12)

2
! !

obecrednBaeT HAC HEOOXOTUMBIM HAOOPOM HE3aBHCHUMBIX KOMMYTHPYIOIIUX TAMUIb-
TOHHUAHOB, dBHBIE€ BbIpaKeHUA IJIdd KOTOPHIX B TEpDMHUHAX KaHOHUYECKUX HMEPEMEHHbIX
u', vy, u?, vy MMEIOT BII?
2 2 2 2
(va) v (v1) (v2)
H, = + 5 —> Hy, = + J3o : (3.13)
2 2(7)1U - JgQU 7)2) 2 2

r71e Mbl TOTOXKUIN Jo = (), MCIIOB3Ys MPOU3BOT B ONpE/IeIeHUN KOHCTAHT .J; .

BaMernmM, 9TO MOIyYeHHAs CHCTEMa SBJIsgeTCs aedopMalneil panrnoHAILHON Cuc-

Tembl Kamomzkepo-Mozepa, MOCKOJBKY B CiIydae 3IKCIOHEHIMAJbHO BBIPOXKIEHHOI

ckoOkn CragauHa Jo3 = 0 MBI HPUXOIUM K CHCTEME CO CJeAYIOIMHUMHI TaMUIIbTO-
HUaHaMN
2 2 2
(v2) v (v1)
H, = + H, = 3.14

KOTOPBIE OMUCHIBAIOT TUHAMUKY JBYX-YaCTUIHON cucTeMbl Kamomkepo-Mosepa ¢ Ko-
OPAMHATON IEHTPA MACC %] W KOHCTAHTOW B3aWMMOJICHCTBUA, 3aBUCAIICH OT 3HAYCHU A

UMITyJIbCa IIEHTPpa MacCcC.

3.2 Mertoa npoeKTUpoBaHUA

B mannom pasjesie Mbl MOKazkKeM, 9TO HECMOTPs Ha DoJiee CJ0KHYIO MTPUPOJLY Ka-

JUOPOBOYHON CHMMETPUH, YDABHEHWsI JBUKEHWs JJIs MOJIy9IeHHOH cucrembr (3.13)

2J'[el"KO BUIETH, 9TO HepBbeI U3 TaMHJIbTOHHAHOB UMEET CHHTYIAPHOCTDb B TOYKaX IIepecedeHud C

TTOBEPXHOCTHIO TOpU30HTA 3.10
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MOIYT OBITH SIBHO DeIIEHbI C MOMOIIBIO MeToJa HpoektupoBanust [7]. Omniem Ko-
POTKO OCHOBHYIO HJEI0 3TOTO MEeTOA.

Kaknasa Touka Ha peaynupoBaHHOM (a30BOM HPOCTPAHCTBE 3aJaT HEKOTOPYIO
KaJTHOPOBOYHYIO OPOUTY Ha MOBEPXHOCTH CBdA3eil, Ie JUHAMUKA OIpeeseTcsa Ka-
AuGPOBOYHO MHBapUAHTHBIMI raMuibTonnanamu ((3.12) B mamewm ciayvae). Kaxoit
TOYKE KPHBO IBOJIONNH, 33JaHHON JTIOOBIM U3 raMHILTOHHAHOB (3.12), MBI cTaBHM
B COOTBETCTBHUE €€ KATUOPOBOUHYIO OPOUTY U, TAKHM 00pa30M, MOJTYyIaeM IBOJIOIUIO
B IIPOCTPAHCTBe OpOUT. B pesynbrare, mepecedeHus 3TUX OPOUT € MOBEPXHOCTLIO Ka-
JNOPOBKH 1 OTPEIEIAI0T IBOIIONNIO NHTETPIPYEMOl CHCTeMBI.

Taxkum o6pa3om, METOJI MPOEKTHUPOBAHUS MOYKET ObITH IIPUMEHEH K PEITEHUIO YPaB-
HeHHl IBUKeHHd, ecIi SBHO PellleHbl YpaBHeHUS JBUZKEHUS 1A KaTHOPOBOYHO HH-
BapHAHTHBIX FAMH/JIBTOHHAHOB, & TaksKe SBHO ONUCAHBI KaJIUOPOBOUHBIE OPOUTEL.

B mamewm ciydae nepsad u3 3a7a4 PelIaeTcsd TPUBHAIBHO, TMOCKOJIBKY KaJnbpo-
BOYHO MHBAPWAHTHBIE TAMWJILTOHMAHBI 3aBUCAT TOJBKO OT MOJIOBHHBI KOMMYTHDY-
IoIuX (ba30BBIX HepeMeHHBIX, B TO BpeMs KaK BTopad 3aJada OKasblBaeTcs Ooiee
HHTePeCHOU U CBOIUTHCS K PellleHUI0 yPaBHeHUN JBUZKeHUS STUITHIECKOTO BOTUKA.

ITo onpenenennio, KaTMOPOBOYHBIE OPOUTEI ABIAIOTCS WHTETPATBLHBIMI KPUBBIMI

BEKTOPHOTO 1oJist (3.9)

d d
£p0 = Jozpaps, £~’UO = (x2p3 - 953]72),
d d ,
= 0, PP 0,
(3.15)
d d
%Ih = —PopPs3, %502 = —(p0x3 + J23p3500);
d d
%m = PoP2, £$3 = (p0x2 - J23p2500);

r7e S — mapaMeTp Ha KPHWBOI.

3ameTnM, 4TO IpaBasd JacTb ypaBHEHHN Ha HMIYIbCHL P, COAEPKHUT TOTBKO M-
MyJIBCHI, U, CJEJ0BATE/NIHHO, 3TH YPABHEHUS MOXKHO pernaTh Hezapucumo. [lasee, mo-
CKOJIbKY TpeobpasoBanust (3.9) sBISIOTCS KAHOHMYECKHMH, OCTABIINECS YDaBHEHUST

JIETKO PENTUTh B CAEAYIONEM BHUIE

vy (3.16)



0

p
rie zh, pd obo3HavAIOT HAYATBbHBIE JaHHbIe I cucTembl (3.15), a B BRIpaKeHnn a—”

Dy
moJpa3yMeBaeTCsA, 9TO HavdaJIbHbIE JaHHbIE pg BbIPpazKEHbI Yepe3 MPOMeKYTOYHbIE 3Ha-

YCHUA P,

L p1 He MeHAIOTCA TIPH KATHOPOBOYHLIX

SameruM, uTo da30BbIE TepeMeHHbIe T
npeodPa30OBAHUIX, U TOITOMY B TMOCTEAYIONNX (HOpMyIax Ml OYIeM OMyCKATh UX.

Jlerko BujeTh, urTo cucrema JuddepennuaibHLIX yPaBHEHHI Ha MMITYJIbCHL Py,
AHAJIONMYHA CHCTEeMe YDaBHEHWIT JIBUKEHNUST JIJIst OOBITHOTO S0g-BoTuKa [6]. Vcmonn3ys

9Ty aHaJIOTHIO, MBI Cpa3y K€ HaXOJHUM JABa HE3aBUCHMDBIX HMHTErpaJia OjJd CHCTEMbI

(3.15)

A=(p2)*+(ps)*,  B=+(po)*+J(ps) (3.17)

rie J = J3p (MBI OyzeM jiis onpeaeaéHHocTH nosarath J > 0).

Pacemorpny naTerpastsr (3.17) Kak HOBbIe HE3ABHCHMBIE KOODIMHATHL B NIMILY/IbC-
HOM TpocTpaHcTBe. T'PeThio KOOPJAWMHATY MbI Oy/IeM BBIOUPATH JIBYMsI PAa3JTHIHBIMU
criocobamu. ITepssriii cioco6 cocrout B gobasrennn k (3.17) ciemyromeit yriosoit me-

pPEeMEeHHOM

¢ = arctg(ps/p2). (3.18)

B sTom ciiyuae obparHast 3aMeHa KOOPIWHAT 3aa€TCsI B BUIE

po = VB2 — JA2sin2¢p, p2 = Acosp, p3 = Asin. (3.19)

Bo BTOpOM crmmocobe TpeTbst KoOpanHATA BHIOMPAETCSI B BUIE

2 = arctg(V'Jps /o), (3.20)
U B 9TOM CJIy4a€ Mbl UMeeM
B? . B .
po = Bcosps, P2 = \/A2 - 78m2902, p3 = ﬁsmw- (3.21)

[TepBriit BEIOOP TpeTheil KOOPAWHATHI IIPUEMJIEM, €CJIN

_\/7A<
B

IOCKOJILKY B 3TOM CIydae Bhipaxkenne B? — JAZsin?¢ me menger 3nak. Ecim e

k 1, (3.22)

HepaBeHCTBO (3.22) He BBIMOJIHEHO, TO Mbl JOJZKHBI HCIOJIb30BATH BTOPOl BHIOOD KO-

OopJHaT Ha MPOCTPAaHCTBE UMITYJIHCOB.
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Meto/1 npoekTupoBanusi paboraer B 00OUX ciydasx, ¥ B 0DOUX CJydassX OH OC-
HOBaH Ha OJHOI W TOW »Ke mocjea0BaTeIbHOCTH THaroB. [1o 3Toit mpuyunHe MbI pac-
CMATPHUBAEM 3JIECh TOJBKO TEPBbIi U3 9TUX CAYYAeB, CIUTASA UTO HEPABEHCTBO (3.22)
BBITIOTHEHO.

B nocsiegytomniem, okaspiBaercs 6ojiee yaI00HBIM HCIIOJIH30BATh BMECTO KOOPIMHAT
20, 22, 2° 1pyrue KOOpAMHATEI, KOTOPHIe KAHOHMIECKN COMPSZKeHbl epeMenabiM A, B

1 . DTU KOOPAUHATHI UMEIOT CJIeIYIOIIHil BHT

J Asin?
T4 = 2cosp + 2’ sing — o 80_ z°,
\/B2 — JA?sin?yp
B’ (3.23)
rp = ) .
V/B? — JA2sin2p
JA%si
x, = —Ax’sing + Az’cosp — SINPEOSP 40,

V/B? — JA2sin2¢p

B tepmunax A, B, p, x4, 2p n ¥, penrenns cucrembr (3.15) HaxoauTes B Buze

©o(s) = am(Bs + F(po; k); k), A(s) = Ag B(s) = By,

(s) 1 — k2sin%py
T,(8) = | ———————x
v 1 — k2sin2p =¥ (3.24)

7 :
za(s) = + V1 = Ksin®py (Fi(p; k) — Fi(i0o; k),

. AV
wp(s) = oy — V1 = k?sin®po (s + —5=[Fi( k) — Fi(oo; k)],

rae u = am(t; k) — dynkuns Fxobu, obpaTHast K SJIITHITHIECKOMY HHTErPAJIy MePBOTO

polia

v dt
F(u; k) = —_—
(u; k) /0 1 — k%2sin?t

Fi(u; k) obo3HavwaeT COOTBETCTBYIONLYIO MPOM3BOIHY O

u ksintdt
Fy(u; k) =
k(1 ) /0 (1 — k2sin2t)3/2’

a Ag, By, @o, 1%, 251, — HaUaTbHbIE JAHHBIE 1715 COOTBETCTBYIONX (ha3OBLIX mMepe-

MEHHBIX.
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[IpemosoKuM Tereph, 9TO HAM 33JaHbl HadadbHBIC JaHAbIe &', 7, U2, Uy I

yDaBHEHW BUZKeHWsI PeyIMPOBAaHHON cucTeMbl (3.13)

2,2
r-u
8t Ulz— at‘ulzvl
' (vyu? — Jugul)3’ ? ’
Jv2ut
2 __ 2
atlu = Uy + (v1u2 — J7)2u1)3, 8t2u = JUQ,
iy (3.25)
12800
at V1 = — at V1 = 0
' (v1u? — Jugu')3’ ? ’
2
[
Btva = 8t2v2 =0.

(viu? — Jogul)3’
[Ipu momoru BiokKenus (3.11) HavanbHas Touka KpuBoii (3.25) orobpazxkaercs B
TOYKY PACIIHPEHHOr0 (Pa30BOr0 MPOCTPAHCTBA ¢ KOOPAUHATAMHU TH, P, , TAKUMHE, 9TO
z! = p; = 0 m kasmbpoBoUHOe yeaoBHe T2 = () BBITIOJHEHO.
B repmunax koopaunar (3.17), (3.18), (3.23), kaaubpoBOIHOE YCJIOBHE W HHBAPHU-

AHTHBIE TAMUJIBTOHUAHB! (3.12) IPUHUMAIOT CJIEYIONIHH BH/T

Az acosp = 2,810, (3.26)
(p)? A2 (m)? B2
— = — 2
Ch 5t Co =1 5 T3 (3.27)

Perast ypaBHeHusl [BUKEHUs, 38/ IaHHbIe TAMIJIBTOHUAHAMH (3.27) MBI BUIUM, 4TO

1
uMiyabehl (3.17) u (3.18), a Tak:Ke mepeMeHHbIe ' U P COXPAHAIOTCS, & KOODAUHATHI
(3.23) okasbIBarOTCsI JHHEHHBIME (DYHKIUSIME BPEMEH ¢1 U ty, COOTBETCTBYIONMM Ta-

vubrornanam Cp n Cy (3.27), a nmeHHO

(3.28)
LL‘?L‘ = Li‘A-FAtl, Ag = A,

ZIZ'OB =2Ip +Bt2, BU = B.
3/1ech MBI TpUMHACATN BCeM (pa30BBIM mepeMeHHBIM HHIeKC (), YKa3bIBaIOmni Ha
TO, YTO OHU PACCMATPUBAIOTCS KAK HAYATIbHBIE JAHHBIE st cucTeMbl (3.15).

[Toxcrasustst Teneps (ha30BbIe MepeMeHHbie KPUBOit (3.24) ¢ HAYATbHBIMA JAHHBIMA

(3.28) B ycaosme kambpoBKu (3.26), MBI TIOJyYaeM CJIeyoliee ypaBHeHNe
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_ _ B 1 — k2sin’@
A(Tg+ Aty) =7, (\/1 i )tggo(s)—

T—Rsin’ (Fi(p(s): k) = FL(p: b)) ) (3.20)

VA
rome k= ———.
B

[TockosbKy mpaBasi 9acTh ypasHenus (3.29) sIBHO He 3aBHCUT OT TTapaMerpa S, Mbl
MO’KeM TpakToBaTh (3.29) Kak ypaBHEHHe, ONpeJeisiioliee HesiBHY0 (DYHKIHIO @ OT

ty. [leficTBUTETHHO, €CJTM MBI BBIJIETNM 3aBHCUMOCTD OT (0 B IIPABOil 9aCTH YpaBHEHUST

(3.29), Mbl moayauM bYHKIHIO

fl9) = 92 kB(pik)

1 — k2sin?p

C TOJIOKATETbHON ITPOU3BOIHON

1
f'(p) = > 0.
(?) cos?py/1 — k2sin?p

Takum obpasoM, mepecedenne OpOUT, TPOXOAAIINX Uepe3 TOUKH (a30BO KPUBOIt

(3.28), ¢ MOBEPXHOCTHIO KAJNOPOBKH (3.26) 3a1a8TCs CJEIYIONMMI yPABHEHHSIMI

1 — k2sin2g tge(ty) 1 — k2sin?g
tts) = T bite) = =71
xtp( 1 2) xtp\/l _ kZSin2<,0(t1)’ xA( b 2) A To 1— k2$in2§0(t1),

wp(ty,ty) = Tp + Bty — %p\/ 1= k?sin®@ (F(p(t); k) — F(@; k))+

+Aﬁ(Fk(¢(t1); k) — Fi(g; k),

A:Aa B:Ba @:@(tl),
(3.30)
rae p(t;) — mesHast GyHKINS 3aManHas ypasHennem (3.29).

Ucnonb3yst ypasrenns (3.30), Mbl OJydaeM siBHbIe DeIieHust JIJIst CHCTeMbl (3.25)

B2 — J/?sm%p(tl)

Ul(tl,tg) = \/ B

zp(ty,ta),

1,1 JA _
' (t, 1) = za(ty, ta)sing(t) + w cos (1) + f«TB(tl,?b)SmSO(tl), (3.31)

Ul(tl,tQ) = \/B2 — JA2Sin2()0(t1), UQ(tl, tg) = Aszmp(tl),
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rjie HadaJIbHbIE JIAHHBIE B PACITHPEHHOM (ha30BOM MPOCTPAHCTBE MOTYT OBITH MOJIY-

YEHBI C MMOMOIIIBLIO CJACIYIONUX (hopMy.I

_ - V2 - — —
A = (U2)2 + (171212 — J?jQﬂl)Q, B = (01)2 + J(UQ)Q,

vo(01u? — Juout)

P = —arctg ,
v
- . JAsin®p .
Ty =U°Sing — —— ~ u
V/B? — JA25in23
Bu!

o =

VB2 — JA%sin?p
JA%sinpcosp
— — a .

V/B? — JA25in23

A2 o=
T, = Al“cosp —

(3.32)

Broi1o 661 WHTEPECHO MPOBECTH aHAJOTUYHYIO FAMUJIFTOHOBY PEAYKIIMIO 10 jJeficT-

B0 aarebper Ozpecckoro-Peiirnna [85], obobuaromnyto anre6py CkiasHuna (3.2) Ha

BBICITIHE Pa3MepPHOCTH, W TMOJYYUTH MHOTOYACTHYHBIN aHAIOT PAaCCMOTPEHHON cHc-

TeMbl. MOKHO Ipeanoga0KuThL, 9TO COOTBeTCTByIOH_II/Iﬁ METOJ IMPOCKTUPOBaHUA 14

TaKOI CHCTEMBI 6y,Z[eT OCHOBaH Ha pelreHnuun yp&BHeHI/Iﬁ ABU?KEHUA SJIJITMIITUYICCKUX

BOTYKOB [86], chopMyTMPOBAHHBIX B TIPOM3BOJILHON PAa3MEPHOCTH.
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Yacte 11

IlocTpoenne KBaHTOBBLIX aJreodop

MeTto1oM Pemocosa.
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I'maBa 4

HedopmaliimonHoe KBaHTOBaHUE
MHoTrooopasuit PegocoBa

BN KOBCKOI'O THUIIA

B nammowm paszmene Mbl paccMOTpuM 0H00IEHe MeToIa KBAHTOBOU peayKinn Pe-
JIOCOBa, KOTOPOE MO3BOJISIET JATh KOODAMHATHO WHBAPHAHTHOE OTpPee/IeHue BUKOB-
CKOTO 3BE3/I09KA-TIPON3BEEHNS [IJIsT Hanbosee MIPOKOT0 KJIAacCa CUMIIEKTHIECKIX
MHOroobpasuit. Mbl omuiieM reoMeTpuio TaKuX MHOTOOOpaswii, a TakKe JTOKayKeM

TeopeMYy 3KBUBaJIECHTHOCTH BUKOBCKOI'O U BEILJIEBCKOTO 313é3;10q1<a—np01/133e;1eﬂ1/1171.

4.1 Mmuoroobpa3usa PegocoBa BUKOBCKOI'O TUTIA.

OtnpaBHOil TOUKOI HAIIHX OOCYKIEHU OyIeT aBIIThCA 2n-MepHOe BelleCTBeH-
HOoe MHOrooGpasne M , OCHAIIEHHOE KOMILJIEKCHO-3HATHON OnsmHeitnoi dopwmoii (He
0065132 TeTHHO CHMMETPUIHON HMJIM AHTHCHMMETPHYIHOI) B JIOKaIbHBIX KOOpIWHATAX
{z'} ma M dbopma A ommoznatHo onpenensgerca ceonmu Kommonentamu A;; = A(9;, 9;),
rae 0; = 0/0x". 3amanne dbopmbl A onpesenser aBa 0ToOpasKeHus U3 KOMILTeKCHpH-
[UPOBAHHOTO KACATEIHLHOTO B KOMILIEKCU(MDUIIMPOBAHHOE KOKACATEJIHHOE PACCI0eHNe,
a MMEHHO, IPOU3BOJBHOMY BEKTOPHOMY HOJIO X CTaBATCA B COOTBETCTBUE CJIELYIO-
e 1-popMbl

AL X)), AL X) = A(X, ), (4.1)

rae A! onpesengerca kak Tpancnonuposannas marpuna K A. O6oszHaunm 3a ker A u

ker A’ cooTBercTBenHO IMpaBoe 1 JleBoe AepHbIe paclpegeaensa A.
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B nannreiimem HaM moTpedyeTcs pas3ioykeHne A Ha CHMMETPUYHYIO W aHTHCHM-

MeTpI/I‘{HYIO qaCThu
1 1
A=w+g, w=s(A-A), g= (A+A). (4.2)

Omnpenenenne 4.1.1 Haszosém napy (M, ) noumu dedocosckum mmnozoobpasuem
sukosckozo muna (noumu @B-muozo06pazuem), ecau 6 kancdoti mouke p € M

i) w=5(A = A") - sewecmeennan nesuposcennan 2-gopma,

it) dimgker A = 1 dim M.

[TepBoe m3 yca0BHii MOMPOCTY O3HAYAET, YTO AHTUCUMMETPHIHAS YacTh A orpe-
nessier Ha M 1MOYTH CHMIIEKTHYECKYIO CTPYKTYPY w . VI3 Broporo ycjioBus ciemyer,
9YTO TOAMPOCTPAHCTBA JIEBOTO W MPABOTO STEPHLIX PACIpEIeTeHN B KaXKI0H TOUKe
x € M TpaHcBepcaIbHBI, U UX MPSIMas CYMMa COBIAIAET ¢ KOMILIEKCU(MDUITTPOBAHHBIM
KacaTebHBIM TrpocTpancTeom T.C M.

[eiicTBUTeIbHO, yCIOBHE TOTO, 9TO BekTopHOe moste X (V') mpuHaiexRuT JeBoMy
(mpasomy) pacmpegerernio A(X,:) = 0 (A(-,Y) = 0), MoxKer ObITH MEPEMUCAHO B

CJIeTYIONIEM BHUJIE

IX=X, IY=-Y, (4.3)

e raaKoe mnose aBroMopdusmos I(x) : TEM — TEM B JTIIOOBIX JIOKAJTBHBIX KOOP-

JUHATAX OINpeledeTcsd MaTpulei

i ik,

Ij = w" gk, (4.4)

ij ik, , . _ Si

w* — obpaTHast MaTpula K Wij, W wy; = 0;.
BekToper X u Y nuHeitHO He3aBHCHMBI, MOCKOJIBKY OTBEYAIOT pa3HBIM COOCTBEH-
HpIM 3HavenusM (+£1) orobpaxkenus I . Crenoarensuo, ker ANker A* = 0. C yuerom
i A ker A'(z) =
YCJIOBUS HA PA3MEPHOCTD pachpeeeHuii Mbl 3akaouaeM, 9to ker A(x) @ ker Af(x) =

TCM,Vx € M.

[Tomumo 3TOTO MBI J0Ka3a/am, 9To (opmMa ¢ HEBBIPOXKIeHa, n aBToMopdusm [

NHBOJIIOTUBEH, TO €CTb

I? = Id. (4.5)

B nanbreitmem Mb1 6y1eM Ha3bIBaTh I MOYTH WHBOJIOTHBHON CTPYKTYPOIi.
NmeroT MecTo /Ba BayKHBIX YACTHBIX CIyYas MOYTH WHBOJTIOTHBHON CTPYKTYPBHI
I (4.5). B neprom ciydae Ten3op I wMeeT 4HCTO MHUMbIE KOMIOHEHTHI B JIOKAJTb-

HBIX BEMIeCTBEHHBIX KOODJIMHATAX, W TOTJIA OH ONpejesieT (M Ompeeasercs) oIt

46



KOMILIEKCHOiT cTpykTypoit J, I = \/—1.J, a Bo BTOpPOM cJydae, KOTJIa ero KOMIIO-
HEHTHI BEIECTBEHHBI, | HA3BIBAIOT TEH30POM MOYTH MAPAKOMILIEKCHON CTPYKTYPbI
[87]. Jlerko 3aMeTUTh, YTO MEPBBIH CJIyYail COOTBETCTBYET AHTH-3PMHUTOBON MATPHILE
temsopa A, A’ = —A , a BO BTOPOM cJlydae KOMIIOHEHTBI TeH30pa A OKa3bIBAIOTCH
BEIIIECTBEHHBIMMN.

Kak u3BecTHO, MOYTH KOMILJIEKCHAsSI CTPYKTYPa SIBJISETCS KOMILJIEKCHOM, eCJIu OHa
oIpeieisieT CTPYKTYPY KOMILTeKCHOTO MHOTrooOpasus. Cormacuo teopeme Hbronmen-
nepa-Hupenbepra [88] mocsieiHee S5KBUBATEHTHO YCJIOBHIO PABEHCTBA HYJTIO TEH30PA
Heéitenxeéiica, acconumpoBannoro ¢ .J , a paBeHCTBO HYyJII0 TeH30pa Héitenxéiica, B cBOIO
o4depeldb, IKBUBAJIEHTHO WHBOJIOTUBHOCTH BEKTOPHBIX p&CHpeﬂeﬂeHHﬁ, OTBEYAIOIINX
COBCTBEHHBIM 3HaUeHHAM ++/—1 aBTroMopdu3ma J. Kak MBI YBHINM HHKe, TEOPeMa,
anajorndHas teopeme Horomenmepa-Hupenbepra mozker OBITH J0Ka3aHa s JTH000I

MOYTU WHBOJIIOTUBHOW CTPYKTYPHI [.

Onpenenenne 4.1.2 Tenzopom Hétienxética nowmu unsostomuenot cmpykmypo, 1
HA3VLBAECMCA 2400K0E MEHIOPHOE NOAE GHMUCUMMEMPUYHOLE OUAUHETHBLT 0MOOPa-
oicenuti N« TCM ANTEM — TEM, xomopoe mosicem 6vims onpedeaero 06yma
IKBUBAAECHMHBLMU CNOCOOAMU:

i) daa npouszsosvnol napu 2aadkur eexmophux noseld X u'Y
NX,Y)=[X,Y]|-I[IX,)Y]-I[X,IY]+ [IX,IY], (4.6)

ede cxobka [-,-] 0b03Hauaem KoMMYMamop 6eKMopHvLE nosel;
ii) nyemv ¥V — npoussosvHas CUMMEMPUYHAA CEAZHOCTY, MO0204 6 AOKAAbHOLT

KoopouHaMAX {:1:‘} Komnonernmovl mendopa N 3adaromes caedyrousum o6pasom
NE =TV IF — IV IF — IF (VI = V). (4.7)

JIerko mpoBepuTh, 4o coorHomenns (4.6), (4.7) meiicTBUTELHO OnpenensioT (o1nH
¥ TOT Ke) TeH30D, MOCKOJbKY TpaBasi 4acTh ypaBHeHus (4.6) He 3aBUCAT OT MPOW3-
BOXHBIX KOMIOHEHT Tmoieil X, Y | a npasas vacth ypasaenns (4.7) He 3aBUCHT OT
BBIOOPA CUMMETPUIHON cBA3HOCTH V.

[Tepen Tem kak anHamu3mpoBaTh ycaoBue N = 0, MBI IPUBEIEM eIIE OTHO BayKHOE

orrpejiesIeHue.

Ounpepenenune 4.1.3 IToumu @B-mnozoobpasue (M, ) nasvieaemes @B-mrno2000-
Pa3uem, ecAl Ha HEM CYULLCMBYEM CUMMEMPUIHAA CBAZHOCMD V , CO2AACOBAHHAA C

mensopom A, mo ecmv maxaa, wmo V;\j, = 0.
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OueBnHO, uTO (bopMa A KOBapHMAHTHO MOCTOSTHHA TOTJA W TOJBKO TOTA, KOTIA

U CUMMETPpUYHAA, U aHTUCUMMETPpUYIHAA TaCTU KOBapUaHTHO NTOCTOAHHBI, TO €CTh
ViAjk =0 Viw]'k = Vigjk =0.

HOCKOﬂbe CyImeCcTByeT €eJUHCTBEHHad CUMMETPpUYHadA CBA3HOCTH, COTVIaCOBaHHAA
C JJAHHON HEBBIPOKIECHHON CHMMeTPUUIHON (OpPMOiL ¢, TO CYNIECTBOBAHHE 3TOH CBS3-
HOCTH ABTOMATHYECKH O3HAYAET €€ eJIMHCTBeHHOCTh. C JPYroil cTOpOHBI, YCIOBHE
Viwjr = 0 ¢ cummeTpuyHoil ¢BA3HOCTBIO V. BJIEYET ycjobue 3aMKHyTOCTH dw = 0,
dopwmbr w. Takum obpasom, Mbl 3aK/109aeM, 910 J00oe PB-mHOrO0Opa3ne siBiIsieTcst
TaKKe CUMILTEKTHIECKIM.

[ToguepkuéM, 9TO B OOIIEM CJIydae MBI HMeeM 0 ¢ KOMILIEKCHO-3HAUHOI ¢hop-
MOii ¢, M 3HAYUT CBSI3HOCTD, B TOM CJIy9ae KOT/Ia OHA CYIIECTBYET, IeHCTBYET B KOMJIEK-
CI/I(bI/H_[I/IpOBaHHOM KaCaTe/JIbHOM IMTPOCTPAaHCTBE U OlipedesdeTCd B JIOKAJIbHBIX KOOPAU-
HATaX KOMILTEKCHO-3HAUHbIME cuMBo1aMu Kpucroddens. Caeayromasa Teopema 1aéT
KPUTEPHil CYyNeCTBOBAHUS CUMMETPHIHON CBSI3HOCTH V, COTJIACOBAHHON CO CTPYKTY-

poit A mouru @B-muOTOOOpA3MS.

Teopema 4.1.1 ITycmo (M, A) — noumu @B-mno2000pasue ¢ 3aMKEHYMOT GHMUCUM-

MEMPUUHOT, HACMBIO W = %(A — A", mozda caedyrousue YeaosuA IKGUSANCHMIHDL:
1. A onpedeasem cmpyxmypy @B-mnoz006pasus,

2. umsoatomusHas cmpyxmypa I, accoyuuposannas ¢ A, umeem nyaesoti menaop

Heétenzeética,
3. adeprvie pacnpedenenus ker A u ker A! unsoaromuerio.

Hecmorpst Ha npocToTy 9TOi TEOpeMbl, MbI MPUBEJIEM COOTBETCTBYIOIIEE JOKa3a-
TeJIbCTBO, MOCKOJBKY MCHOJb3YeMble 37eCh KOHCTPYKIIUA UMEIOT MPSIMOe OTHOIIEHU

K JedhopManoHHOMY KBAHTOBAHUIO.

HokazareancTBo. MbI Oyaem ciaegoBarh cxeme: 1. < 2., 2. & 3.
Nmrmmmkatus 1. = 2. HEMOCPEICTBEHHO CJIeyeT U3 BTOPOTO OIpe/Ie/IeH s TEH30Da,
Héitenxéiica (4.7), eciin B ocJeTHEM B3Th B KadecTBe V, CBI3HOCTD, COMIACOBAHHY O

¢ A (u, cnienosarensuo, ¢ I ).
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ObpatHo, mycTh V SIBISIETCS CUMMETPHUYHON CBSI3HOCTHIO, coxpansitomieit g. Vc-
HOJIB3Yst 3aMKHYTOCTH (POPMBI W, MBI MOYKEM JIETKO MPUBECTU BBIPAYKEHWE JIJIsl TEH-
3opa Héitenxéiica (4.7) K creayiomeMy BULy

N = Qw”Vlek.

[Tocneanee yTBep:KIeHHE TOKA3bIBAET TPEOYEMYIO UMILTHKAINAIO 2. = 1.
[Iyctb Teneps X u Y — 1Ba cOOCTBEHHBIX BEKTOPHBIX IO/ IS TEH30pa HHBOJIO-
MW, OTBEYAIOIINE OTHOMY COOCTBEHHOMY 3HAUeHMIO o, «° = 1. Beramciss 3madenie

N (4.6) Ha 5THX BEKTOPHBIX TOJISIX, MBI MOJIYIaeM
N(X,Y)=2([X,Y] — ol[X,Y]). (4.8)

Taxkum ob6pazom, eciu N = 0, o I[X,Y] = o[X, Y] u, cregoarenbuo, cOGCTBEHHbIE
pacupeneaenns I SBISIOTCA HHBOJTIOTUBHBIMUA. DTO JOKA3BIBAET UMILTHKALKIO 2. = 3.
3 coornomennst (4.8) Takke Buano, 4o N obOpalmaercss B HOJIb Ha JIIOOOH mape
BEKTOPHBIX TOJIeH, TPUHAIIEKAIINX OTHOMY W TOMY YK€ SAePHOMY pacCipeae/IeHIIO
ker A unm ker A! B Tom caydae, korna ker A u ker A nHBOMIOTHBHEL.

Ecmun mona X u Y nmpunagme:kar pasHbIM pacIpe/IeeHUsIM, OTBEYAIONIAM COOCT-
BEHHBIM 3HAYEHUSIM (v © —( COOTBETCTBEHHO, TO TeH30p Heéitenxéiica Ha 3TUX MOJISAX

oOpalraercst B HYJIb TOXKJ/IECTBEHHO:

N(X,Y) = [X,Y]-1I[IX,Y]-I[X,IV]+[IX,IY] =

= [X,Y] - ol[X,Y] +al[X,Y] - [X,Y] =0.

[Tocko/IbKY BEKTOPBI JIEBOTO M IIPABOTO SAEPHBIX pacipeaeaeHnii oopa3yoT 6a3uc B
T,M, V¥ x € M, To nocneanee yTBepKIeHHUE I0KA3bIBAET WUMILIUKAINIO 3. = 2. 1
3aBepInaeT A0Ka3aTeJIhCTBO TEOPEMBI.

JIerko BHAETH, UTO MpaBOe U JEBOE sAepHbIE PACIPEIETCHHUS SBISIOTCI JarpaH-
xkepbimu Ha DOB-muOroobpasuu (M, A) u, cremoBaresbHO, 33a10T APy TPAHCBEP-
caJbHbIX Tospusanuii Pr, Pr. CylnecTBoBaHWe TakKWX MOJISPHU3ANNil nMeeT 0O0JIb-
1moe 3HaveHne Jst (PU3NIECKUX MPUJIOKEHNH KaK B paMKax AedOopMaInOHHOIO TaK 1
reoMeTpPUIecKOro KBAaHTOBAHMS, TIOCKOIBKY JaHHAS KOHCTPYKIIHS MO3BOJISET BBECTH
[MOHATHE COCTOSHUS IJII KBAHTOBO-MEXaHNYECKON CHCTEMEIL.

KpanToBanme Ha CHUMILIEKTHYECKHX MHOTO0ODPaA3WsX OCHAIIEHHBIX MMapoOil TpaH-

CBepPCaJbHbIX HOJIHpI/ISaI_[I/Iﬁ WHTEHCUBHO H3Yy4YaJIOCh B JABYX IMPeEACJIbHBIX CJAYyYadX:
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Pr = P, Ppn P; = 0. IlepBoiii cayvaii IpHBOANT HAC K KIJIEPOBOMY MHOTO00-
pasuio ¢ roJIOMOPGHONH W aHTU-TOJOMOPMHON MOIIpU3AIUIMEA, 8 BO BTOPOM CJIydae
MBI, TIOJIB3Y4ACh TeopeMoit Ppobennyca, MoIyIaeM CHMILTEKTHIECKOe MHOT00Opa3ue ¢
Mapoit TpaHCBEPCAJIBHBIX JarpaHzKEeBBIX CJIOCHUNA.

Bamernm, 9To st BemecTBeHHONW (opmbl A = ¢ + w smctsr ciaoennit Pgr, Pr,
SIBJISISICH JIATPAHZKEBBIMU TIOJMHOT000PA3UsIMH TI0 OTHOIIEHUIO K CUMILIEKTUYECKO
CTPYKTYPE W, OKA3BIBAIOTCS BIIOJIHE Ie0JIe3UTECKIMHI 110 OTHOIIEHHUO K (ICeBJIO0-)pH-
MaHOBOI MeTpuKe ¢. [locieqnee MOXKHO T0Ka3aTh HEMTOCPEICTBEHHON MPOBEPKOIi.

Yacrusivu ciaydasvu OB-MHOroob6pa3nii siBISIOTCS KIJIEPOBBI U TAK HA3bIBAEMbIE
nmapaka/epoBsl MHOrOOGpasus [87]. Ilpexkme wem garTh omnpejeseHue MapakJaepoBa
MHOT000pa3ust Mbl HAIIOMHHM, YTO NAPAKOMNAECKCHOLM MH02000pa3UueM HAZHIBACTCA
YETHOMEpPHOe MHOrooOpasne ¢ 3aJaHHBIM Ha HEM BeIlleCTBEHHBIM TeH30poM [, yaoB-
JIETBOPSIIONIAM YCJIOBHIO WHBOJIOTHBHOCTH (4.5), M TaKUM, 9TO ero coOCTBeHHBIE pac-
npeJie/ieHnsi UMeIOT OJIMHAKOBYIO Pa3MepHOCTh U SIBJISTIOTCS nHTerpupyembimu. [Tapa-
K3JIEPOBBIM MHOTOOOPA3NeM HA3BIBAETCS MAPAKOMILIEKCHOE MHOrOOOpasue ¢ (mceBIo-

)PUMAHOBO# MeTpHKOii ¢, Takoit uto dhopma
W(X,Y) = g(X,IY) (4.9)

SIBJISIETCST CUMILIEKTHYecKoil. B cmity onpenesnsiomero ypaHenusi (4.4) u ycioBust
MHBOJIOTUBHOCTH (4.5) MBI 3aK/II0YaEM, UTO JTI060e MapaKk3JIepOBO MHOrOOOpa3ue Ha-
neneno @B-cTpyKTypoii.

B tom ciyuae xkorma dopma A siBiisteTcst aHTH-3PMHUTOBOM, OHA, €CTECTBEHHBIM 00-
pasoM ompesessier S3pMuToBY K371epony (1, 1)—dopmy h = hd2° @ dz°, A = /—1h.
WNuaTerpupyemMas WHBOJTIOTHBHAS CTPYKTypa I B 3TOM cjaydae CBA3aHA C COOTBETCT-
BYIOMIeHl KOMILTeKCHO cTpyKTypoit J, I = v/—1.J, a mapa WHBOJIOTUBHLIX f1ePHBIX
pactpeenennii GpopMbl A B TOYHOCTH COBIAIAET C MAPOiil COMPSIKEHHBIX APYT APYTY
roJIOMOPGHONH 1 aHTUTOJTOMOP(HOI TTOJIsIpU3AIHAIA.

3aMeTuM, UTO BCE JBYMEpPHBIE OPHEHTHPYEMbIe MHOT00OPA3Us JOMYCKAT CTPYK-
Typy ®PB-MHOrO0Opa3us, MOCKOIBKY BCe OHH MOTYT ObITh OCHAIIEHBI K3JEPOBOil MeT-
pukoii. Bepno u 60/1ee cuyibHOe yTBEPKIEHUE, COCTOSIIEEe B TOM, 4TO JII0O0OE JBYMep-
HOe OpHMEeHTHpyeMoe MHOroobpasmue, gomnyckaer crpykrypy PB-muoroobpasus, st
KOTOPOii cuMMeTpuIHast 9acTh (HOPMBI A COBmAIAET ¢ HANEPE] 3aJaHHOl (mCeBIo-
)PUMAHOBON METPHKOI.

HeiicrBurenbHo, nmycts M — nBymMepHOe MHOroOOpasue, OCHAIIEHHOe (MCeBI0-)pH-

MaHOBOi MeTpukoit ¢ u nycth w = +/|det g|dz' A dz? — coorsercrrytomas dbopma
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obwéma. Torma dpopma

A=g+aw

corjlacoBaHa C METPUYECKOI CBSI3HOCTHIO i Jiroboro a € C.
Jlerko Bumern, uro A onpenensier ctpykrypy @B-MmHOTOOOpa3mMs, ecim u TOJBKO
ecu

det A = det g + o”| det g| = 0.

Sto yenorue dbukcupyer sHadenns o = ++/—1 jaa pumanosoit merpuxu (det g > 0)
u = +1 gia (nceso-)pUMAHOBON METPUKH.

[lepBoIit caydail cOOTBETCTBYET K3I€POBOMY MHOTOOOpA3HIO, a MOCTIEeTHUI OTBe-
qaeT CJAyvarn napaksnaepoBa MHoroobpasus [87]. TIpmmepom st mocsenneii curya-
MM MOYKET TOCIY’KUTh OJHOMOJOCTHBIA THIMepOOJIOn, BJIOKECHHBI B TPEX-MepHoe

MIPOCTPAHCTBO, KaK MOBEPXHOCTD, 3a/[aAHHAS YpaBHEHUEM
Py =1

B JIeKapTOBBIX KoopjauHatax (z,7,2) R3.

NuaynupoBanHag MeTpHKa Ha THIEPOOTIONIE ABISIETCS ICeBI0-PUMAHOBOM U OTIpe-
JleJigeT Mapakd1epoBy CTPYKTYpy. VHTerpaabHble JTUCTHI COOCTBEHHBIX pacipesese-
HUW COOTBETCTBYIOIIEH TMAapPaKOMILIEKCHON CTPYKTYphl [ cOBMAIalT ¢ AByMs HaDO-
paMu TPaHCBEPCAJIBHBIX JIMHEHHBIX 3JIEMEHTOB THIEPO0JIOn1a, KOTOPhIe, B CBOIO OYe-

pelb, OKAa3bIBAOTCA U30TPOIIHBIMHA I'€OJEe3UICCKUMU IJ/1d METPUKHU (.

4.2 JledopmalmmoHHOEe KBAaHTOBaHUE

Ha PB-MmHOrOo0b6pazmax.

[Tycte (M, A) ssasercs ®B-mHOrOoOOpasmem pasmeproctu 2n. Bocmosb3yemcest
teM hpakToM, uT0o hopMa A pasiaraercss B CyMMY HEBBIPOKJIEHHBIX CHMMETPUIHOl 1
AHTUCUMMETPUYHONH (HOPM, W ONPEIETUM CJIeIYIONee KOHTpaBapHAHTHOE TeH30PHOe
oJIe BTOPOTO PaHTa

Aij — wimAmnwnj — gm + wij,
rae MaTpunsl w® n ¢Y aBigroTCsS OOPATHBIME K wij 1 g5, coorsercTenno. Ilo mo-

CTPOEHHUIO,

rank(A7) = rank(A;;) = n,

1 w" OKa3bIBAETCS MyaCCOHOBBIM TEH30POM.
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[Tox nedopmarmonupiv kKBanToBannem ®B-muoroo6pasust (M, A) mbr Gymem mo-
HUMATh MOCTPOEHNE ACCOMUATUBHONW OMepalnn 3BE3M0UKA-MPOU3BeAeHNsT (DyHKIHIT,
SIBJISTIONIEica OTHO-TTapaMeTpuyueckoii repopmarimeii 0ObIIHOTO YMHOXKEHHS B aaredpe
rnagkux yuxiui C°°(M) u ynoBIeTBOPAIONIEH CIeIYIONEMYy YCIOBUIO KBA3U-KIAC-

CY€eCKOro mnpeaeJsia:

a*xb=ab+ %A”@iaﬁjb +..., (4.10)

rie i — dopmanbublii mapamerp gedopmarun (“nocroguuas [Lnanka”), a Tpoeroune
0003HATAET WIEHBI H0OJIee BBICOKOTO mopsiika 1o fi. Yeaosue (4.10) sBisercst coBMecT-

HBIM C TaK Ha3bIBaA€MbIM NPUHUUTLOM COOTMEBEMCIMEBUA KBAHTOBOW MEXaHUKH:

1
lim %(a*b—b*a) = {a,b}, (4.11)

h—0 7
rie {-,+} — ckobka Ilyaccona, accomuupopanuas ¢ w™.
[Tomumo yemopus (4.10) u TpeGoBaHHA ACCONMATHBHOCTH MBI TaKzKe OyaeM MOJ-

pa3yMeBaTh yCJIOBUE JIOKAJIbHOCTHU IJId 3Bé3ﬂOqKa—HpOH3BeﬂeHHH

supp(f * g) = supp(f) N supp(g). (4.12)

DTO yCa0BHE B TOYHOCTH O3HAYAET, YTO Bee wieHbl popmanbHoro psiia (4.10) mo fi siB-
nsoTed auddepeHnuaTbHBIME OMePATOPAMI KOHEYHOTO MOPSIKA TT0 apTYMEHTaM «
u b. 3ameTuM, 9TO HCXOAHAS anrebpa riaakux dbyukuuit C° (M) He3aMKHyTa O OT-
HOIIEHNIO K BBeAEHHOMY Tpon3Benennio (4.10), mockoabKy fi siBisteTcst (hopMaThbHBIM
(a He uncaoBeiM) mapamerpom. [To 9Toil puYnHe BMECTO MCXOAHOI anreGphl (DyHK-
it Mel OyJIeM paccMaTpuBaTh Gosiee mupokyio anare6py C(M)[[A]], cocrogmryio u3
dbopmanbubIX psnos: a(x, h) = ag(z)+hay (x)+h2ax(z)+. .., a;(x) € C®(M). Ipoct-
pancrBo C'*(M)[[A]] okasbiBaeTcst y:Ke 3aMKHYTBIM [0 OTHOIIEHUIO K MPOW3BEIEHIIO
(4.10) m MOZKeT TPAKTOBATHCS KAk ajrebpa KBAHTOBBIX HABJIIOAAEMBIX, [0 AHAJIOTHH C
TeM KakK MyaccoHOBa anrebpa riaagkux dbyuknuii C*°(M) HA CHMILIEKTHIECKOM MHO-
roobpasun (M, w) OTOXKIECTBISIETCS ¢ AMTeOPO KIACCHIECKUX HAOIIOIAEMBIX.

B mannom pasmesie Mbl mokaykem, 9To KBaHTOoBaHne PB-mHOrooOpasus B BhIlIe-
YKa3aHHOM CMBIC/I€ MOYKET ObIThH MOCTPOEHO IMYTEM MUHUMAJBHONW MOIAU(MDUKAIINN HC-

xojHoit Koucrpykiun Pegocosa [19].

Onpenenenne 4.2.1 @Popmarvholi arzebpoti cumeoros A Hasveaemes accouuamus-

HaA YHUMAAILHAA anrzebpa Had C, wou ssemenmov, umerom ciedyrouutl 6ud

a(x,y,dz,h) = Z Reag i ipjroga @Y™ oy da? A LA dae (4.13)

2k+p,q>0
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Koapuruenmol pasodcernua ay, i, . iy j,..j, (T) ABAAIOMCA KOMNOHEHMAMYU KOSAPUAHIT-
HOLT MEH30OPHBLT NoAeT Ha M, CUMMEMPUUHOLMU O UHOEKCAM U1, . . . , Ty U AHIMUCUM-
MEMPUUHBLMU TI0 UNOEKCAM J1, . - -, Jq, {Y'} — nepemennvie, npeobpasyrousueca Kax
KOMNOHEHMYL KACaMevhoz0 eexkmopa. Beem waenam pazaoscenus (4.13) mon npu-
NUCLIBAEM NAPY HEOMPUUAMEALHBT YeanT wucen (2k + p,q) u onpedeasem Asggipq
KaK NOOMHOHCECMBO BCET INEMEHMOE ¢ dannoll bu-cmenenvro. Ilpoussederue deyx

anemenmos a,b € A onpedessemea caedyrowets Gopmyrot

00
Dy 02

aob=-exp <%A” (x) ) a(z,y,dx, k) Nb(x, z,dz, h)| =y , (4.14)

2de \ obosnauaem eHewHee npoussedenue updepenuuarvivls Gopm.

Jlerko Buzerh, uro npousBespenne (4.14) acconmaTwBHO W GH-TPALYHPOBAHO, TO
ecTb Apmpn 0 Ak C Aptknti-

EcrecrBennas ¢gunbrpamnus B A M0 OTHOIIEHUIO K IEPBO U3 IPAJLyHPOBOK

ADADAID ..., AT=ED Ain (4.15)
k>m
ONpEJIEISCT TOMOJOTHIO U CXOAMMOCTH B MPOCTPAHCTBE GECKOHEYHBIX (DOPMATBLHBIX
psaos (4.13).
Onpeie/isisg KOMMYTATOD JIBYX OJHOPOIHBIX 3JIEMEHTOB a € A, 4,b € Ay BBIpazkKe-
nueMm [a, b] = aob—(—1)%"boa, u nunbnorentuniit guddepennnan & : Ay, — Am 1n11

KaK

oa
oyk’
MBI IIpeBpalaeM accomuaTuBHyio aareopy A B muddepeHnuaibayo rpajlyuapoBaH-

da = dx* A d(6a) =0, Vae A, (4.16)

HyI0 ajreOpy JIu o orHONIEHUIO K BHEINTHEH cTenenu. JIerko 3amMeTuTn, 4To ornepaTrop

0 MOZKeT OBITh TaKyKe MePeNnucaH CJIeAYIIIM 00pa3oM

I
da = _E[wijy dz’, al, (4.17)

U, CIeJOBATENBHO, 0 ABIIETCI TaKyKe BHYTPEHHUM cyrnep-auddepeHnunpoBaHIeM HC-

XOJIHO acconuaTuBHON anreopnl A:
d(aob) = (da)ob+ (—1)"ao (db), VYa € A.,, Vbe A (4.18)

HerpupnaibHbie KOTOMOJOTHE OMEPATOPa ¢ 00Pa3yIOT TPOCTPAHCTBO KBAHTOBBIX

nabmonaembix C®(M)[[A]] C A, abu smements “He comepxar’ y-B u dr-. s
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JAOMMOJIHUTEJIBHOT'O MMOAMPOCTPaHCTBAa MOXKHO IMOCTPOUTH OlepaTop CTHFI/IB&IOH_[eﬁ Tro-

vorormu 671 s A — Amiin1

1
6 ta=qy"i (%) /a(x,ty,tdx, h)%, (4.19)
T
0

e i(0/0x%) obosmamaer sayTpennee auddepennuposanue BHENTHIX GOPM BEKTOD-
HBIM TIosieM 0/0z*.
Joonpenensas oneparop § ' ma C(M)[[A]] mymém, MbI moTydaeM “pasmoxenne

Xomxka-/le Pama”, umeroree mecro jjist jiroboro a € A,
a=o(a)+65 ta+6 toa, (4.20)

rae o(a) = a(z,0,0, k) — npoeknus a na C*°(M)[[A]].
CumMerpudHast CBI3HOCTE V, coxpansiomnas ctpykrypy A @B-muoroobpaswus, mo-
3BOJISIET MOCTPOUTH KOBAPHAHTHYIO MPOM3BOIHYIO 31eMeHTOB aaredbpol A. Mbl Oyaem

0003HAYATD 9Ty IMPOU3BOAHYIO TEM 2K€ CHUMBOJIOM \Y%
. i 0 JTk 0

rjae l"i?j — cumBoJibl Kpucroddens craznoctu V.
N3 cornmacoBanrocTH CBsI3HOCTH V €O cTpyKkTypoit @B-muOroobpasust A cienyer,

YTO KOBapHAHTHAS MPOM3BOAHAS AuddepeHnupyer o—yMHOXKenne B A
V(aob) =Vaob+ (—1)"ao Vb, Vaec A,,,Vbe A (4.22)
Creyrommast ileMMa SIBISIETCS HEMOCPEJICTBEHHBIM aHAJIOTOM JeMMbl 2.4 B [19]

Jlemma 4.2.1 ITycms V — kosapuarmuas npoudsoduas 6 A, mozda

Véa + 6Va =0, (4.23)

1 1 o
Va = V(Va) = g (R, al, R = ZRijklylyjd:ck A da?l, (4.24)

"kl — PUMANHOGG KPUGUSHA CEA3HOCTAU V .

20e Rijkl = wimR j

okazareabcTBo. [lepBoe TOXKIECTBO ABIIETCS CJIEACTBAEM TOrO (aKTa, 9TO CBA3-

HOCTh V CHMMeTpUYIHA.
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Hasee u3 onpe/iesieHusi KOBAPHAHTHON MPpou3BoaHOI (4.21) MBI mosTydaem

da
39

Taxum obpasom, V2 feitcTeyer Ha smeMenTs A airebpamdecKu, TO ecTh He aud-

Via = ——dx Ada' Ry —— (4.25)

depennupyer mo x . C Apyroit CTOPOHHI,

1 1 da da
R = Rijry A" — Rijry' A" ——)dz" A da!
it = =Ry N5 5= Riguy ANV 5 D) det A do +
vh o 0%a 82
+— (Rij N A" ——— — Ry A™ A" ——— d A dat
1.4 ; ni Oa
= —le‘ A dx Rjiklyzw’” oy = V?
B nocennem u3 paBeHCTB Mbl HCIOJIB30BAI TOKAECTBO Puaan, ¢, Ry = —gjn Ry,

W er0 CHMITTeKTHIeCKHT aHAToOT Wim Ry = wjm Ry, (M. mampuvep [67]).

N3 nokazanHOil JJeMMBbI CjIeyeT, 9TO KBa/IpaT KOBAPUAHTHOW MTPOU3BOIHON V sIB-
Jasiercss BHyTpeHHuM auddepennupoBanuem aareopol A. D1or dakT oKasbIBaeTCs
OYeHb BayKHBIM I MMOCTPOEHUs 3BE3M0UKA-NIPOU3BEIeHNs B paMKax Meroga Pesmo-
COBA.

Cnenys ®emocoBy, MBI onpeessieM caeayiomiee anddepeHnupoBane B aaredpe
A 1 1

D=V —-6+—=[r]=V+—=]
1h 1h

rae r = r;(x, y, h)da® npunagaexur A} u yroBaeTsopsgeT HOpMAIU3aIIOHHOMY YCI0-

wijyid‘rj +r, ']7 (426)

suto r;(z, 0, h)dz" = 0. TIpocToe Bhrancienne gaér

D?a m[g al, Va € A, (4.27)

rae
1
Q:R—5T+Vr+_—hror. (4.28)
i
Ceaszuocth (4.26) Ha3BIBAETCS MIIOCKOH ecyin jBa-popMa ) He COMEPXKUT Y-B, TO

ecThb TOTJa M TOJILKO Torjaa, Koraa ) npuHaaiexkur nearpy aaredbpo A. Crenosa-

TEJBHO, CBA3HOCTD (4.26) aBTOMATHYIECKH OKAXKEeTCsI IIOCKO, ecin
1
R—0or+Vr+—ror=0. (4.29)
i

O4eBUIHO, UYTO SAJepHOE MOAMPOCTPAHCTBO ILIOCKOI CBI3HOCTH D) BCernaa ABISETCS
nogasredbpoit B A. Ionanrebpoit takske siisiercst mozamnpoctpancTso ker D N A, o,

KOTOpOe MbI Oyjaem oboznadars Ap.
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Crenytonye Be TEOPEMbI SIBJASIIOTCS KJIOUEBBIMU TIPH MOCTPOEHUH 3BE3109Ka-
npousseenns. VX 10Ka3aTebCTBa COBEPIIEHHO AHAJOTHYHBI JOKA3ATEIHLCTBAM TEO-
pem 3.2 u 3.3 B [19].

Teopema 4.2.1 Cywecmeyem eduncmeennviti aaremenm r € A}, ydosaemeoparouyut

yeaosuro 6~'r = 0 u ypasnenuro (4.29).

Teopema 4.2.2 J[aa aobot nabmodaemots a € C(M)[[A]] cywecmsyem eduncm-

sennoill aoaemenm a € Ap, makot wmo o(a) = a.

B kauecTne CJIeACTBUA MMOCJAeAHETO YTBEP2KACHUA MbI TOJIyYaeM, 9TO TPpOeKIud o

yCTaHABIUBaET n30MOopdu3M JuHeiHbX mpoctpancts Ap u C°(M)[[A]], a rakxe

Caencreue 4.2.1 ITyanr-63% o-npoussedenua npu omobpasicenuy, o~

uHdyyupyem
accoyuamueHoe 366300uKa-npoussedenue Ha npocmparcmee duauneckur Habadae-

moie C°(M)[[A]], a umenno
a*xb=oc(c *a)oo (b)) (4.30)

[Tomumo mpocToro hakTa cyrecTBOBaHU, B JOKA3ATETHCTBAX MPUBEICHHBIX 3/1€CH
TeopeM couep:KuTcs dpdeKTUBHAS TPONEIypa MOCTPOCHU OTOOPAKEHUS TOTHITUSI
o~!l. Jlanmas mporeaypa OCYIIECTB/ISETCA MyTEM HTEPUPOBAHUA CJICAYIONeil Taphl
CBA3aHHBIX YPaBHEHUN

1
r= 5’1(R+V7’+Eror),

(4.31)
1

-1 -1 -1 -1
o (a)=a+0" (Vo (a)+ _—h[r,a (a)]).
i

[TockonbKy omepaTop V coxpanseT buIbTpaImio, a d | HOBBIIAET eé Ha 1, UTe-
panmonnas uponeaypa (4.31) cxomurest B cmbicae Tomosoruu (4.15) u ompenenser
eJMHCTBeHHOE pentenue jijist 0~ ' (a). Takum 06pa3oM, 3B83/109Ka-IPOU3BEIEHUE JIBYX
dyHKIMI MOXKeT OBITH BHIYUCICHO C JII000# HAEpPE 3a/[aHHOil TOYHOCTHIO 110 .

OrmeruM, 9T0 it aHTH-IpMUTOBON PB-cTpykTyphl A (cayvaii K3/1epoBa MHOTO-
06pasnst) BBEJIGHHOE MPOU3BEICHUE YIOBIETBOPSET CIEAYIONEMY CBOHCTBY BeIecT-

BEHHOCTH:

a*b=0bx*a, Va,b € C(M)[[h]]. (4.32)

B wacrnocTu, dopmasibubie psijibl 10 i ¢ Ko3ddunmentamu B BelecTBEHHO-3HAY-

HBIX [VIQJIKUX (PYHKIESAX 00pas3yloT 3aMKHYTYIO Mojaaredpy JIu mo oTHomeHuo K
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*-KOMMYTATOPY, YMHOMKeHHOMY Ha \/—1. B cTamzapTHOil KBaHTOBO-MEXaHHIECKOi
WHTEpIPeTanuy JaHHas TMojaaredpa MoHUMaeTcs Kak aJjredpa (pusmdeckux HabJIIo-
JTAeMBIX, COOTBETCTBYIOIIAS aIrebpe caMOCOMPSIKEHHBIX OMEepaTOPOB.

Dopmya (4.32) TPUBHAIBLHO CIEyeT U3 AHAJIOTHIHOTO COOTHOIIEHUS JIJIST O—IPO-

U3BeJeHn s

aob= (_1)mn5 oa, Va € Ao, b€ Aap, (4.33)

1 U3 CTPYKTYphl ypasuenuii (4.30) u (4.31).

Bameuanue. Kak Jlerko Bu1eTh, paHrOBOE YCJIOBHE, HATOKEHHOE HAa A B Olpe/ieieHnn
4.1.1, aBasieTcsd HeCyMeCTBEHHBIM /IS TOCTPOEHUS aCCOTMATHBHOTO 3BE30YKA-TTPO-
u3senenns (4.10). EquncrBeHHOe yCa0BHe, KOTOPOE HCIOIH30BAHO TPH MOCTPOEHNH,
— 9TO CyMIECTBOBAHNE CHUMMETPUIHON CBA3HOCTH, COTJIACOBAHHON ¢ A.

Takum 006pa3oM, BBHINIENPUBEIEHHAS KOHCTPYKIMSA MOYKeT ObITh MPUMEHEHA W B
bostee obmIel CHTyaIun, BKJIIOUAIONMEH B cebsa ciaydail BRIPOMKIEHHOTO TeHzopa ¢% .
Ucxonnoit koucrpykimn Penocosa, HATPUMED, OTBEYALT CJIyUail HYJIEBOTO CHMMET-
pudHOro TeH3opa ¢¥ = 0. Bemo 6B mHTepecHO cHOPMYIHPOBATH HEOOXOTMMEIE 1
JIOCTATOYHBIE YCJIOBUS JJI CYIIECTBOBAHUS CUMMETPUIHON CBSI3HOCTH, COTTIACOBAH-
HO#t ¢ maHABIM Ter3opoM AY = w¥ 4 ¢, u ommcaTh Bce TaKMe CBS3HOCTH.

B zaksfouenun 3Toro pasjesia MBI BBeJEM CaeA0BON (hyHKIMOHAT Ha ajredpe
KBAHTOBBIX HAOTIOTAEMBIX.

[Iycts C§°(M)[[R]] — umean B C(M)[[A]], cocTostmuii u3 KBAHTOBBIX HAOIIOIAE-
MBIX ¢ KOMIAKTHBIM HocuTesieM. Hamomunwm, uro snneiinbiit bynkunonan na C§°(M)[[A]]
co 3uadennsiMu B dhopmanbubix dncaax C[[fi]] maseiBaercs ciaemom, ecan oH 0OHYIIsI-

eTca Ha JTI000M KOMMyTaTope!, To ecTh

tr(a) = Z hr ey, ci € C, (4.34)
k=0
u
tr(axb) =tr(b*a). (4.35)

[Iyctb dp = dpg+hdp+. . . — dbopmaabras rmagkas mepa Ha M, Tor1a HHTEIPUPO-
BaHMe 110 d 1 ONpeiesisieT HelpephiBHBIH dbyHKImoHa ciaeayomiero suga C3° (M)[[A]] 2
a — [y, 0 du. DopmanbHast Mepa HA3bIBAETCs CIIEJ0BOI Mepoil 1715 3BE31049Ka-1Po-

nU3Be/IeHNA, ecTi (DYHKITHOHAT f o @ dp asngerca cienom. B pabore Hecra n Ipirana

1Hame omnpenesieHne OTINYaeTCA OT CTAaHIZAPTHOI'O OTCYTCTBHEM HECYHIECTBEHHOI'O HOpMAaJIHU3a-

OHHOTO MHOXKHUTENS 1/(2mh)™.
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[54] mokazaHO, 4TO JIFOOOI HENPEPHIBHBIN CJIeHBI (DYHKIMOHAT OTPeIe/IsIeTCsT Cie-

nooit mepoit. [Ias @B-mrOroobpasnii BepHO TakKe CJAeAyIONiee yTBePIKIeHNe.

Teopema 4.2.3 Ha @B-mroz000pa3un cywecmsyem caedosas Mepa, acCouuuposaH-
nas ¢ anzebpoti keanmosvir nabarodaemoir C(M)[[A]]. dannas mepa umeem caedy-
owutl 6ud

du = (1+ hty(z) + WPta(z) +...) - Q, (4.36)

2de Q= w"/n! = /| det g|dx' A ... Adz®™ — cumniexmuueckudi (pumanos) 06sém, a
Koaiunyuenmo to(T) ABAAOMECA NOAUHOMAMU MEH3OPA KPUBU3HDL Rijl U €20 kosa-

puarHmmvlr npoussodnux.

okazarenbcTBo. [laHHOe yTBepK/IEHNE SBJISETCS aHAJOrOM TeopeMbl 5.6.6 B [21]
1 MOXKeT OBITh JOKa3aHO C MCIOJb30BAHHEM TOTO Ke CaMOTO HPUHIIMIIA JTOKAIN3a-
muu. Kpome Toro, B ciaeayioneM paszese Mbl NPHBEIEM sIBHYIO (bOpMY omepaTopa,
YCTaHABJIMBAIONIETO JIOKAJIBHBIN U30Mopdu3m jedopmaimonnoro ksanropanus O B-
MHOr000Opa3nii n (he0COBCKOr0 KBAHTOBAHUSI COOTBETCTBYIOIIEH CHMILIEKTHYECKO
crpykTypbl (M, w). Ucnomab3ys 3TOT JOKATBHbIA H30MOPMU3M MBI MOYKET BBIBECTH

craenoByio Mepy (4.36) u3 crenooit Mmepbt PemocoBa Ha (M, w).

4.3 Kpurepuii 3KkBUBaJIEHTHOCTH

3BE€3J0YKA-IIPON3BEAECHNIA.

[eomerpus ®B-muoroodbpasuii mo3BoJIsIeT NPUMEHSIThL 10 KpaiiHeil Mepe aBe pas-
JIMYHBIE CXeMbl KBAHTOBAHMI, a UMeHHO, KBaHToBaHne Pe10coBa, KOTOPOE UCITOJIH3YeT
TOJIBKO aHTUCUMMETPUIHYIO 9acTh GopMbl A, 1 medopMannoHHOe KBAHTOBAHUE, BO-
BJIEKAIOIIEe B BhIpasKeHUe s 3BE30UKa-pousBeenus Bcio dopmy A (4.10). Tlo
TeM MPUINHAM, KOTOpbIe ObLIN YIOMAHYTHI BO BBeaenum, Mbl OyIeM CCHLIATHCA Ha
9T KBAHTOBaHMWS KaK Ha BEJIEBCKOE U BUKOBCKO€, COOTBETCTBEHHO. ECTeCTBeHHbIﬁ
BOIIPOC COCTOUT B TOM, ABJIAIOTCA JIM 9TU KBaAaHTOBAHUA SKBUBAJICHTHBIMHA.

Kak m3BecTHo, B 00IeM ciaydae JiroOble JIBa 3BE3I0UYKA-IMPOU3BEICHNST HA CHM-
ILTEKTHIECKOM MHOT00OpAa3UN ABISIIOTCA JTOKAIBHO SKBUBAJTEHTHBIMU, & IMPEIITCTBHE
K 1100abHOI KBUBAJIEHTHOCTH 3BE3/I0YKA-TIPOU3BEIEHNI MOYKeT ObITh MIeHTHdON-

IMUPOBAHO C 3JIEMEHTOM BTOPBIX KOT'OMOJIOTHA N ﬂe Pama JAaHHOI'O CUMIIJICKTHYIECKOI'O
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MHOTO0Opa3ust. B aToM pazsesie Mbl SIBHO TIOCTPOWM OTIEPATOP, OCYIIECTBISIOIINAN JIO-
KaJIbHYIO 9KBUBaJIEHTHOCTH BelfJIEBCKOTO U BUKOBCKOTO YMHO2KEHHU A, a TaK2Ke Ipedb-
SIBUM 2-OpMY, KOTOpask IpeACTaBIsgeT KOTOMOTOTHYECKUI KTacc, SBISIONIIACT Ipe-
HSITCTBHEM IIPH MOCTPOEHUHN TT0OATHHON SKBUBAJTCHTHOCTH.

JLnst TOro, 9TOOBI pa3/indaTh BUKOBCKOE 3BE3/I0UKA-IPOU3BEICHIE OT BEilJIEBCKOTO,
MBI OyJIeM HCII0JIB30BaTh UHJIEKC § BCEX KOHCTPYKIIHil, CBA3AHHBIX C TIEPBBIM M3 MPO-
u3Be/IeHnii (TAHHBI UHIEKC OyIeT yKa3bIBATH HA HEHYJIEeBYI0 CHMMETPUIHYIO YaCTh
g dopmbr A). B wactHoCcTH, BO BCEM 3TOM pasjelie mociaoitnoe npoussejenue (4.14)
OyzeT 0003HaYATLCA CUMBOJIOM Oy, B TO BpeMsl Kak o OyjieT 0003HauaTh (e 10CoBCKoe
nocsoiiHoe ymuoKenne [19], koropoe mosydaercst u3 (4.14) noxarannem g = 0.

IIpexk e BCero 3aMeTHM, UTO IOCTOHHBIE TPOU3BEIECHHS O U O, OKA3BIBAIOTCS K-

BUBAJIEHTHBIME B CJIEIYIOIIEM CMBICTE:
Jlemma 4.3.1 Jlasa mobwz a,b € A mor umeem

G(aoyb) =(GaoGb), (4.37)
2de opmanvro obpamumuti onepamop G onpedessemca 6uipaHceHuem

ih . 9 0
T

Jpyeumu caosamu omobpascenue G : A — A, pacemampusaemoe Kak a8momopphudm

). (4.38)
AUNETH020 Mpocmpancmea, yemanasausaem usomoppusm arzebp (A, o) u (A,o,).

OueBnHOE OKA3ATENBLCTBO OCYIIECTBISIETCS TPSIMOi MoAcTaHOBKOM (4.38) B ypas-
nenne (4.37).

Omneparop G yIOBIETBOPSIET CAEAYIONIAM ITPOCTHIM CBOWCTBAM:
VG =GV, 0G = Go. (4.39)

Asromopdusm G onpeeasier HOBYIO WIOCKYIO cBsaznocth D = GD,G™!, kotopas

B cuty cBoitctB (4.37) u (4.39) MoxKeT OBITH Tepenucana Kak

D:V—5+%[’r}], 7= Gr,, (4.40)

rue [, ] 0003HAYAIOT 0O—KOMMYTATOP. DJIEMEHTHI T U 7' YIOBIETBOPSIIOT YPABHEHUIM
GR+ V7 — 07 + %Fo?zo, (4.41)

R+V7’—5r+%ror:0. (4.42)
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Takum 00pa30M MBI UMEEM IBa 3BE3109Ka-ITPOU3BEICHUST * W %, OTBEYAIOIINX Mape
miockux cestznocreit D u D. [Tockobky B 0bIIEM caydae D # 5, TO 9KBUBAJIEHTHOCTH
O I 0,-TIPOU3BE/ICHNUIT (& CTATO OBITH M SKBUBAJEHTHOCTD MEZKIY HPOM3BEICHIAMM * I
%,) He BICUET aBTOMATHIECKOE PABEHCTBO * = k. J[eHCTBUTEIBHO, BHIYHCISIS HU3IIHE

HOPSIJIKY 110 /i MBI TTOJTyYaeM

. 2
axb = ab+ %wijviavjb — %wikwﬂvivjavkvlb + O(h?),

(4.43)
~ ih ;i G 3
axb = ab+ B IV,;aV ;b — Y w'V,;V;aV Vb + O(h’),
e
O = w4 !, (4.44)
n
wi] = wleklwl], Q= %(GR - R) = gRijklgzgdl‘k VAN dl‘l. (445)

JBa-dopma ) 3aMKHYTa B CUTYy TOXKIECTBA BbsIHKH JJTsT TeH30pa KPUBU3HBL. Takmm
obpazom coorrorennst (4.43), (4.44) TOBOPSAT O TOM, YTO BTOPOe 3BE310YKA-TIPON3BE-
JIeHVe * SIBJISIETCS TakK HasbiBaeMoil ogHoand depennmaabaoil qedopmanmeil mepBoro
x [52]. Kak m3BecrHo, mauHas jgedopMaiust sBIsieTCs TPUBAHAIBHON TOTIA M TOJTBHKO
TOTJIa, KOTIa 3aMKHyTast aBa-opma () rouna [52], [89].

[Tpeanonokum Teneph, 9to dhopma €2 TOUHA, W MOMBITAEMCST YCTAHOBUTH SKBHBA-

JIEBHTHOCTH * W % C TIOMOIIBIO MOCJORHOTO COTPSIZKEHUS.
-1
a—UoaoU™ ", (4.46)

rae U — obpatumerit snement A, o. Beibepem smement U takum 06pa3oM, 9TOOBI IPH

neiicTeun mpeoGpasosannus (4.46) D mepexomuio 66 B D, TO ecTh

D(UocaoU™)=Uo(Da)oU™", Vace A,

wn
1
(U 'oDU,a] = %[Ar, al, (4.47)
0
roe Ar =71 —r.
[locenmee yea0Bue O3HAYACT, ITO
U1 o DU = ~Ar 4 ) (4.48)
g i’ '
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rae ¢ € A, sBIIsSIeTCS IEHTPAJIbHBIM 31eMenToM ajrebpsr A. Ipyrumum cioBamu 1)
sBJIsIeTCsT (POPMAJBLHBIM PsIJIOM 110 /i co 3HadeHusiMu B oguH-popmax wa M. Vceiiosue

COTTacoOBaHHOCTH ypaBHennusa (4.47), cieayomee u3 cootnomenus D? = 0 nveer Bu
DAr + %Ar o Ar +diy = 0. (4.49)
AHATIOTUYHOE COOTHOIIEHNE MOYKHO TOJNYUYnTh Bhiuntanuem (4.41) uz (4.42)
DAr + %Ar oAr+Q=0. (4.50)

Takum obpaszom, ypaBHenue (4.47) oKa3bIBaeTCs CONIACOBAHHBIM B TOM U TOJIHKO B
TOM caydae, ecan popma {2 TOTHA.
[Tepenuiiem tenepsb (4.48) B ciemyromeii popme
1 1
U =VU + —[r,U] — =U o (Ar + 1)) (4.51)
ih ih
1 NIpHMEeHHM ollepaTop 6 ' K 0GOMM uacTaM ypaBHeHHs. VICIOMb3ys pasiozKeHie

Xomxa-/le Pama (4.20) n nomarast o(U) = 1, Ml nosryaem

1 1
U= 1+5*1(VU+%[7”, Ul = =Uo (Ar+)). (4.52)
i i
B [19, Teopema 4.3] mokazaHo, 94To WTepHpOBaHue MocjaegHero ypasuenns (4.52)
naér perenue ypasuenus (4.51), B Tom ciaydae ecan ycioBue cornacoBanust (4.49)
BBITIOJTHEHO.
Hanuoe pemenne (4.52) onpeensier 06paTuMBIii 31eMeHT A, o, TOCKOTbKY OHO Ha-

annaercst ¢ 1. Torma nckomoe nmpeobpazosanme sxBuBatenTaoct 1 : (C° (M), x) —

(C*°(M), *,4) ompenessiercst CaeAYyIOINIEii TOCIEI0BATETHHOCTBI0 OTOOPAZKE I
Ta(z) = (U o G(U;I(a)) o U M,=0, (4.53)
TO eCThb
T(ax,b0) = (TaxTbh).

OcHOBHBIE pe3y/IbTAaThl JAHHOTO pa3jesa Mbl cOPMYIUPYEM B BHJE CJIeIyIONMei

TeopeMbl

Teopema 4.3.1 IIpenamcmeue ¥ 3K6UBAAEHMHOCTIU 6ETALECKO20 U 6UKOECKO20 NPO-
ussedenuti aesicum 60 6mopux xozomonozuar Je Pama H*(M) . Betirescroe xearnmo-
6aNUE IKEUBAAEHTIHO BUKOECKOMY T020a U MoAvKo Mo2da, kozda d6a-popma Rijrg™ dzh A

dz! mouna.
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3ameuanue 1. [Tockosbky J0bast 3aMKHyTast (bopMa, JIOKAJIHHO TOYHA, TO OIIePaTopP
(4.53), TOCTPOEHHBIH O JOKATHHON OfnH-DPOPME 1), SIBISETCS OMEPATOPOM, OCYIIECT-

BJIAIOIIUM JIOKAJIbHYIO 3KBUBaJIEHTHOCTD BEIJIEBCKOTO U BHKOBCKOI'O np01/13Be;1eH1/11‘/’1.

Bameuanne 2. B tom cayuae, korja @B-cTpyKTypa SBIsIeTCsl KIJI€pOBOii (coydait
aHTH->pMUTOBOI A), nBa-dopma ) siBIsgeTcs HI YeM WHBIM Kak dopmoii Puadan naH-
HOTO K3sTepoBa MHOro00pasus (M, /—1A). B 3ToM ciyuae KOroMogormaecknii Kiace
) OKa3BIBAETCS TMPOMOPIHOHATBHBIM mepBoMy Kiaaccy Yepua ci (M), KOTOpBIii, Kak
M3BECTHO, 3ABUCAT TOJBKO OT BBHIOOpA KOMILIEKCHOI cTpyKTyphbl [90] 1 paBeH HyTio
TOIJIa U TOJIBKO TOTIJIa, KOTJIa COOTBETCTBYIOIIEE K3JIEPOBO MHOI00Opa3ue sBJISeTCs
SITHIMTEHOBBIM. DUHIITEITHOBBI K3JIEPOBBI MHOTOOOPA3US HOCSIT CIenuaaIbHOe HA3Ba-
HIe, OHU HA3BIBAIOTCSI MHOrooOpasuavu Kamabu-fy. Takum obpaszoM, yTBepzKIeHne
TeopeMmbl 4.3.1 a7 caydasg KIJI€POBBIX MHOTOOOPA3Uit MOXKHO mepedopMyInpoBaTh
caenyommM odpasoM. Betinesckoe keanmosarue wa K34€PO6OM MHO2000PA3UY IKEU-
BANEHMHO BUKOBCKOMY M020a U TOALKO M020a, k0204 0GHHOE KINEPOBO MH02000pa3ue

asaaemcs muoz2000pasuem Karabu-£y.
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I'maBa 5

IlonryuyeHnue yHuBepcaJabHOII
aedopMalliOHHON (POPMYJIbI

MeTogoM PemgocoBa.

B sTo0ii rmaBe mpeaioKeHa mpocTas MpOoIeaypa KBAHTOBAHUS HEPErYISPHBIX CKO-
6ok Ilyaccona, accomMMpPOBAHHBIX C KIACCHYECKHMHI TPEYTOJbHBIMHI I'-MAaTPHIAMH.
Kak Mbl yBU MM, jJJaHHas NpOIEIypa JJaeT YHUBEPCAJIHLHOE KBAHTOBAHKUE ITUX CKOOOK,
M TIOTOMY ITO3BOJISIET TTPOKBaHTOBAaThH Onasredopy .JIu, acconmmmpoBaHHYIO € 3aaHHOI

TPeyroJabHOI 7r-MaTpUIE.

5.1 KBsanaToBanme ckobok Ilyaccona, accomummpoBaH-

HbIX C TpEeyroJbHbBIMU T"-MaTpuilaMu.

[Iycts G kBazu-bpobdennycosa aarebpa Jlu co caeayomuMun KOMMY TAITHOHHBIMA

COOTHOIIIEHUAMUN

[61'76]'] - f;;-ek, iajak - 17 ey M, (51)

u, mycth 7 = r'e; Ae; € G ® G — COOTBETCTBYIOMAS HEBBLIPOK/ICHHAS TPEYTONBHAS
r-MaTpPUIA ITOH anaredps! Jlu.
[TycTn

c=|lryll  rart =l

— MaTpuia obpatHasg K r. Kak ormedanoch Bo BBenenunn, Kiraccuieckoe ypaBHEHHE
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dura-Bakcrepa (1.12) Ha 7" SKBUBAJIEHTHO YCIOBHIO KOIMKJIA Ha OOPATHYIO MATPHILY

7451

filjrlk + nukInUeckue mnepectanoBku no (i, 7, k) = 0. (5.2)

Jpyruvu cioBamiu ||r;;|| onpenessier mentpaibaoe paciuperne G, aaredpsl G co

caeayroleit ckookoit JIn

[€i, 6]'] = fZ];€k + Tz'j- (53)

[Tycte M — riagkoe MHOrooOpas3me ¢ 3aJaHHBIMU Ha HEM BEKTOPHBIMU TOJISIMEI

X, YIOBJIETBOPSIONINMA KOMMY TAITHOHHBIM COOTHOTIIEHUsIM aareOpsr Jlu G

(X, X;] = fh X (5.4)

Torma muOroOOpasme M ecTecTBEHHBIM 0OPA30M OCHAIIAETCS CJIEAYIOmEHd myac-

COHOBOW CTPYKTYpOit

{a,b} = r"X;aX;b, Va,be C®(M), (5.5)

creIuaJibHOe KBAHTOBAaHWE KOTOPON M TPUBEIET HAC K YHUBEPCAJIHHOMY TBUCTYIO-
eMy JIeMEeHTY.

[Tporie/rypa MOCTPOEHNUs 3BE30UKA-IPOU3BeIeHust st cKoOKu [Tyaccona (5.5) Kak
U IpEeIbIAYINasg KOHCTPYKIMS OCHOBBIBAETCS Ha HMAEAX KBAHTOBOH peaykiun. Kak u
pamee MbI CJIeJlyeM CTaHIapPTHON cxeMe. Bo-1iepBbIX, MBI olipe/ie/isieM “paciupeHHyo”
ACCONMATHBHYIO (HO HEKOMMYTATHBHYIO) ajire6py A, KoTopas BKJIO9aeT B cebs aj-
re6py dyukiuii C*°(M) B KauecTBe KOMMYTATHBHOIT TOgAIreOpBl. BO-BTOPHIX, MBI
3a/1aéM ypaBHEHHUs KBAHTOBOH PEJIYKIINH, BBIIEIAIONINE B anredpe A HeKOTOpyio (He-
KOMMYTATHBHYIO) mogaaredpy A p, KoTopasi, B CBOIO 0OYepe/ib, OKa3bIBaeTCst H30MOpd-
Hoii anrebpe dbyukmuit C*°(M) kak JuHeiiHOe mpocTpaHcTBO. HakoHer, HeKoMMyTa-
THBHOE TTPOM3BEJICHNE, UHIYIUPOBAHHOE U3 A INpPU MTOMOIIYU BBINEYTOMSHYTOTO W30-
MOpdHU3Ma, OKA3BIBALTCS UCKOMBIM 3BE310UKA-IPOU3BEICHUEM.

[Tycts U(G.) — anreGpa ¢ eIuHHIEH, TOPOXKICHHASI JTEMEHTAME I;, KOTOPbIe B

CBOIO o4vepedb MOJYUHEHbI CJAeAYIOMHUM KOMMYTaIlUOHHBIM COOTHONIEHUAM

Wi, yj] = hf!;-yk — hrij, (5.6)

riae h — popMaTbHBI TapaMerp.
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Anrebpa A, ucnosib3yemasi B Hallleii KOHCTPYKIUH, SIBJISIETCS HEKOMMY TATHBHOI,
acconuaTuBHON anrebpoii raaakux dbyrkuuii Ha M co snavenusivu B U(G.). Oue-
BH/THO, 9TO asreGpa uncaoBbix dynkmmii C®(M)[[h]] Brokena B A Kak KOMMyTa-
THBHAs MMOJAIreOpa.

Bribupast 6a3uc cuMMeTpuaIHbIXx MOHOMOB B U(G.), MBI OTpe/eisieM B3auMHOO/I-
HO3HAYHOE COOTBETCTBHE MeXK/y aareOpoii A w JIMHEHHBIM POCTPAHCTBOM TJIAIKUX
dbyurumit H=a M co 3HaUeHUAME B (DOPMATBHBIX PIAX MO KOMMYTHPYIONIAM Tepe-

MEHHBIM ¥; U h

o0
aEAa= Y Haly oy (5.7)
k,m=0
ryie kKodddunuenTubie pyHKIII a? im e C® (M) cHMMETPUIHBI TIO HHIEKCAM i1, . . . iy

B nambHeiimemM, MbI HETJIACHO OTOYKIECTBIISIEM 3JIEMEHTHI aaredphl A ¢ COOTBETCT-
BYIOIIIIMHI MM CHMBOJIAMHI M 00O3HAYAEM IIPOU3BEICHNE U KOMMYTATOP CHMBOJIOB @ 1
b kaxk a e b u [a,b], coorBercTBeHHO. SIBHAS DOPMYJIA s @-TIPOU3BEICHUST CHMBOJIOB
a n b mveer ciaenyommii B

A A h 0 (0
_ _ j
(a d b) (y) - a(L)b(y) ) Lz =\Y — 3"n RZ ) (58)
2 8yn 8yk
rie

R(z) = A (x) =

gy eM2) — 1
m! <

1
) L N@) =R, (5.9)

m=0
a by, asisiorcs ynciaamu Beprym.

Orobpazkenne cuMBoJIOB (5.7) MO3BOJISIET ONPEJIETUTH ECTECTBEHHYIO TPOEKIIUIO T
3 A B C*°(M)[[h]]
m(a) = aly=o. (5.10)

Brenéwm ciaenyromme auddepennupoBannst ajgaredpbsr A

1
Dia = Xia-i- =

h[yha]? [DlaDJ] :fzI;Dka (511)

D;(aeb) = (D;a) @b+ ae(D;)b,

u onpejiesiuM nojaaredpy Ap D-nocrosguubix snmemenToB A: D;a = 0.

I TI1s 6osiee oapoOGHOrO OMUCAHNSA OINEPATOPHOrO MCUMCICHNS U, B YACTHOCTHU, BEIIEBCKOTO HC-

qucienus Ha anrebpax Jlu cm. [91].
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CJ’IG,ZLYIOHIQG npeajozKeHnue ABJadAeTCA KJII0YeBbIM B TOCTPOEHUUN NCKOMOT'O 3Bé3ﬂ0‘{—

Ka-ITpOn3BeAeHU A

ITpenmoxxenue 5.1.1 Jlwbot D-nocmoannvili aremenm a € Ap 00Ho3HauHO onpe-
deasemesa ceoeti npoexyued m(a) € C®(M)[[A]], u, naobopom, no awbol dynryuu
b e C®(M)[[h]] moorcno 0dnosHaumno 6ocemanosums aremenm b € Ap maxot, wmo

w(b) =b

JlokasareabCTBO. [IpecTaBuM S1eMEHT a B BHE PALA G = Y~ (y) U3 MOHO-
MOB II0 IEPEMEHHBIM ¥, (y) = a&’)'“’l”yil YT

Torna ypasuenune D;a = 0 mpumer Bu/I

da(nt1) i < k aa(ﬂ))
=" | Xiam) + YrSfim v 5.12
8yj () aym ( )
AN
dia(n+1) = Viag) , (5.13)
rae
0 0
Oi=rijn— Vi=Xitufhis—. 5.14
78yj ! ayj ( )

Yea0BHsT COMTACOBAHHOCTH [t ypaBHeHuit (5.13) umeror ciemyromuii Buj
0 (Viam)) — 05(Viagm) = 0. (5.15)

JokaxkeMm TpebyemMoe yTBep:kaenue mo uuayknuu. Iis n = 0 ypasuenus (5.13),

OquI/IILHO, COIIaCOBAaHBI 1 MBI UMeeM
aqy = yir? Xjaey,  a@y € CX(M)[[A]]. (5.16)

IIpeanonoKuM Temepb, 9TO Mbl MOXKeM HaliTh Bce agy ¢ k = 1,2,...,n. Torma
YPABHEHHUST HA ((p41) COTIACOBAHBI IIPH YCJIOBUH, UTO BBITIOIHEHO (5.15).

Ucrnonb3ys ToxKaecTBa,
[0;, VJa — [0;,Vila = floea, VaceA, Vi, Vil = fiVi, (5.17)
MBI MOZKEM IepernuncaTb
0i(Viagmy) — 0;(Viam)) = f0kamy — (Vi0; — V;0,)a(n). (5.18)
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ITockombKy Oja(my = Viam—-1), TO
i Okam) — [Vi, Vilam-1y = [ (Oka(m) — Viam-1)) = 0. (5.19)

Takum 06pa3oM, Npe/IoKeHne JOKa3aHO.

3amMernM, 9TO B JeHCTBATEILHOCTH MPEJCTaBIEHHOE JOKA3aTeJbCTBO CYIIeCTBOBA-
Hust D-TOCTOSHHOTO 37eMenTa s 1o6oit dyuknuu a € C*°(M)[[h]] asagerca kou-
CTPYKTHBHBIM, & HMEHHO, MOHOMBI ((y), OTIPEIe/IAIONINe TOTbEM (DYHKINI ¢, MOZKHO
HAXOJIUTh MOCIEJI0BATENHLHO TIPH TIOMOIIH CIEAYOIEH PeKyppPeHTHOH hopMyIIb!

L dam (ty
e 0) = [ (1) + 5, 22 ) (5.20)
J

Tak, HAIPUMED, ¢ TOYHOCTHIO JO BTOPOTO TOPSIKA MO Y MOxLEM byHKINN a €
C>°(M) nmeer Buj

~ | o
a=a+ yZXia + E(yzyJXZX]a — y]yl ,L]ana,) B R (521)

Y=yt X=Xt

Taxum obpa3om, e-mipon3BeieHne B A HHAYIUPYET acCONMMATHBHOE 3BE3T0UKA-TIPO-

n3BeJieHne Ha MHOroobpasnnm M:

axb=m(aeb), (5.22)

rie a obozHagaer moabéM a € C°(M)[[R]].
[TockobKy mpoteaypa moabeéma (5.20) He MeHsieT MOCTOsTHHBIE (OYHKINH, TO (DYHK-

uns [ = 1 asaserca eauanneii B anrebpe (C°(M)[[A]], )

axl=1xa=a  VYae C®M)[[Hh]. (5.23)

Borauciaenne (5.22) ¢ TOYHOCTHIO 10 TEPBOTO MOPSAIKA MO T

h
axb=ab+ i{a, b} mod R?, a,b e C*(M) (5.24)

MOKAa3bIBAET, 9TO TOJTYIeHHOE TPON3BeJIeHNe YA0BIETBOPIET YCJIOBUIO KBA3N-KJIACCH-
YeCKOTO MpeJiena, W, CIeI0BATeNbHO, (5.22) aBisercs 3BE30UKa-MPOU3BEICHUEM IS
ckoOku Ilyaccoma (5.5).

3amernm, 9To GJIAroIapst CennaabHON cCTpYKTYpe D-TocTosHHBIX 1eMeHToB (5.20)

3BE3M0YKa-TTpon3BeieHre (5.22) MoKeT ObITh Mepenucano B cieaytoieii dpopme
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axb=ab+ Z hnFTZLILm| Ji--dk (le .. .Xima)(Xj ce Xjkb)a a, be COO(M),
n,m,k=1

(5.25)

F' ml LIk qoerosmbie TEH30pbI, M0 OTJAETHHOCTH CUMMETPUYHBIE M0 WHIEK-

rie
caM 4 ...%y 4 J1...Jk, @ X; JEHCTBYIOT TOC/IeI0BATENHHO KaK JuddepeHnuaibHbe
OTIepaTOPHI MEPRBOTO MOPSAIKA.

Taxkum o6pazom, dopmyraa (5.25) okasbiBaeTCsi YHUBEPCAIBHOI B BBIIEYTTIOMSIHY-

TOM CMBICTIE, U, CJeI0BATETHHO, ONpee/iseT YHUBEPCATLHBIN TBUCTYIOMNN 3/IeMeHT

Feu(G) @U(G)[[h]]

F=1I®I1+ Z hnF£12m| jl"'j’“eil 6, & €y - Ejps (526)

n,m,k=1

V/IOBJIETBOPSIIONINT CIIEYIONTNIM YCIOBUSM

(ARDNF)(FI)=(I®A)F) (I®F),
(5.27)
(e@)F=(I®e)F =1,

B
F=1I®I+ 57“”@ ®e; mod (h?) . (5.28)

rie I — equnnunstii snement B U(G), a A 1 € 0603HATAIOT CTAHJIAPTHOE KOYMHOKEHHE

W CTaHIApTHYIO KoeanHuiy B U(G) cOOTBETCTBEHHO

Aeizei®l+l®ei, A[:I

’ (5.29)
ce; =0, el =1.

[Tepsbie gaBa yeaoBus (5.27) SKBUBAJIEHTHBI YCIOBHIO ACCONMMATHBHOCTH 3BE30UKA-
npoussesenns (5.25) u yeaosuio (5.23), B To Bpems Kak ypasHerue (5.28) mompocTy
BBIDArKaeT YCJIOBHE KBa3W-KJIACCHIECKoro mpejena (5.24).

Kak ymoMuHaIOCh BO BBEJCHWE, 3aJaHMe TBUCTYIOIIErO 3JEMEHTa, PenraeT Mmpo-
6eMy KBaHTOBaHUs OGuaare6psl JIu, 3a1aHH0l TPeyToIBHOI T-MaTpuIeil r = r'e; Ae;
B CMBICJIE TEOPHH KBaHTOBBIX rpymm [70], [74].

Creyer OTMETUTH, 9TO B MPUBEIEHHONW KOHCTPYKIINU 3BE30YKA-TTPOU3BEICHUST

MBI MOTJIM OBl MCIIOJI30BaTh (hOPMAJIHHBIN PsijL

Cij =rij + hcgjl-) + h2cl(]2-) +...
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CO 3HAYEHWSAMM B 2-KOIWMKJIAX aaredpnl G BMeCTO r;;, ONpeJesss IMeHTPaJIbHOe Pac-
mupenue (5.6).

B pesynbraTe Mbl HOJIyYWIn Obl JIpyroe 3BE3I0YKa-Npon3Benenne Buga (5.25)
U, CJIe0BATeJbHO, IPYrOil TBUCTYIONINUN 3JI€MEHT, COOTBETCTBYIOIINNA TON »Ke caMOi
KJIaccu4decKkoit r-marpuie. B ciemyiomem mnaparpade Mbl J1aJM MPOCTOE JI0Ka3a-
TeJIhCTBO HEOOXOIMMOI0 M JOCTATOYHOTO YCIOBHSI TOTO, YTO COOTBETCTBYIOIINE 3BE3-

JOYKa-ITPOU3BEICHU A (TBI/ICTyIOH_H/Ie SIIeMeHTBI) ABJIAI0OTCA 3KBUBaJIECHTHBIMU.

5.2 Teopema DKBUBAJIEHTHOCTH

Cnenys Jpundennay [70], 1sa 3Bé3m04uka-npousseaenus * u ' uga (5.25) omnpe-
JIeJIAI0T 9KBABAJICHTHBIE TBIHCTYIONIAE 3JIeMEHTBI, eC/IU CYIIecTByeT JTUHeH b ommepa-

TOD

P Co(M)[[R]] = C=(M)[[A]], (5.30)

CILTETAIOMNNA ST MPON3BEICHUST

P(axb) = Pax' Pb. (5.31)

[Tpu sTom oneparop P ompejensiercss Kak (popMaabHbIi psiji 0

P=1Id+hP + WP+ ..., (5.32)
e Py, P, ... aBasiorcs jquddepeHa bHbIME ONepaToOpaMy CJIeIyIOIero Buia
Pp=> PirX; . ..X;,  PieC, (5.33)
k

BEKTOpHBIE MO X; AefCTBYIOT MOCTeI0BaTeIbHO Kak andpepeHnuaabHbIe omepa-
TOPHI TIEPBOTO MOPsIIKa, a KodbdUIuenTs Pl gpIgioTcs CUMMETPUYHBIMA 1O
WHIEKCAM %1, ... , 1.

B patore dpundennaa [70] 6pi1a chopMyanpoBana TeopemMa 0 TOM, 9TO HEIKBH-
BaJIEHTHBIE TBUCTYIONIME JT€MEHTH KJIAaCCUPUIUPYIOTCT (POPMATBLHBIME PSIIAMHI TI0
h co 3HaYEHHSIMU BO BTOPBIX KOIOMOJIOTHSX aaredops! JIu. OmHako 10Ka3aTeIbCTBO
9TOi TeopeMbl He GBIJIO MpUBeIeHO HU B pabore [70], HU B OXHOW W3 MOC/IELYIOMINX
paboT. 31ech MbI TPUBOIUM MTPOCTOE TOKA3ATEIHCTBO KIACCH(DPUKAIIMOHHONW TEOPEMBI

JJId TBUCTYIOIIHUX 3JIEMEHTOB, IIOJIYYEHHBIX B paMKaX HamIei IIpOoIEeaypPhI.
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Teopema 5.2.1 (dpundenssn [70]) 3sézdouka-npoussedenus * u *' suda (5.25),
coomsememeyrouyue Koyukaam C u C', 3adarom sKeusasenmmvie MmeucCmyouyue sie-

MEHMBL M0206 U MOALKO Mmo20a, K020a
e C' =C"mod h,

e xouyuxa C — C" mpusuanren.

HokazareabcTBo. HeoOX0anMoCTh BBITIEYITOMSIHY THIX YCJIOBUA JOKa3bIBAETCS CTAH-
JTApPTHBIMI MeTOZaMU Ae(hOpPMAIMOHHOI0 KBAHTOBAHNS, OCHOBAHHBIME Ha PaCCMOTPe-
HUU Koromostoruii Xoxmuabaa. [[09ToMy MBI OIyCTHM 3TY YacTh J0Ka3aTeTbCTBA U
nepeifieM K J0CTATOYHOCTH.

B CHJIy yCJIOBHUA TEOPpEMbl Mbl UMeEEeM TpPIBI/IaJIbeIﬁ KOITUKJI

Cij — Cij = [, (5.34)

L)

rjie & — dpopMaJibHbIi psijL 110 7

&=neD 2P 4+ (5.35)

Torma anre6pst C*°(M)QU(Ge) 1 C°(M) QU (Ger) n3omopduBL 1 H130MOPhI3M

13 MepBOil aareOPHI BO BTOPYIO MOYKHO 33/1aTh HA TeHepaTopax CIeAYIOIMNM 00pa3oM

Yi = Ui =y — & (5.36)

Jlng Hammx meseii okas3piBaeTcst 6oJee yI06HO OMpeIeuTh oTobpazkenue (5.36) Ha
COOTBETCTBYIONUX cUMBOJIaX. [[ocKOJIBKY & gBJIsIeTCST KOMMYTUPYIOIIEH MePEeMeHHOIH,

orobpazkenne (5.36) MOKeT GBITH TEPENUCAHO B CJIELYIOMEM BHIE

Qa(h,y) = a(h,y - §). (5.37)

Jlerko BUIETH, YTO Q nmepesoguT DC—HOCTOHHHbIe SJIEMEHTHI B 9JIEMEHTHI, KOTOPBhIE

nocTosHHbL oTHOCHTEIbHO DE | re D¢ o3naqaer
c 1
Dy = X; + ﬁ[yia Je, (5.38)
la,blc =aecb—Dbeca.
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CrenoBaTebHO, €CaN G — TOIhEM (DYHKIMU @ 110 OTHOIIEHHWIO K JaudepeHmpo-
BauusiM (5.38), To Q@ sBISIETCST TOBLEMOM TOM Ke (DYHKIMH, HO 1O OTHOIIEHUIO K
’
DY, oTKyma cieiyeT, 9TO OepaTop

i

Pa =7Qa (5.39)

cIuteTaer 3Bé37049Ka-mponsseenus  u ' (5.31).
Takum 006pa3om, Teopema J0Ka3aHa.
3amMeTnM, UTO HpebaBIeHHAd TeopeMa dBIdeTcs HeJIUHAMHYECKHM aHaTOTOM

KJIacCHUKAIMORHOTO YTBePK IeHust, caenanioro B pabore I1. I1ly [76].

5.3 KBaHTOBaHme nmpocTeiirieit HeadbesieBoii aJredpbl

JIn.

[Ipocreiimum mpumepoMm (hppodbernycoBoit anredpsl JIu saBigerca gBymMmepHas bope-

JieBa aaredopa B co caeayiomeit ckoOkoit JIn

[H,E]=E. (5.40)

Komnpucoeanuénnoe aeiictBue aaredpsl B Ha ayaabHOM IpOCTpaHCTBe B* creHepupo-

BAHO TMAPOH JWHEHHBIX BEKTOPHBIX TOJIei?
H = yo,, E =y0,, (5.41)

riie (x,y) — JeKapToBbl KoopAnHaThl Ha B* ~ R2.

Bekropubie 1oist (5.41) onpejessior KBapaTuinyio ckooky na R?
w=EANH=y%0,Nd,. (5.42)

B npunnune, nannas ckobOka MOYKeT OBIThH TPOKBAHTOBAHA C MTOMOIIBIO MPE/IJIOYKEHHOM
HAMU UTEPAIMOHHON mporeaypoit. OHaKOo, B 9TOM CJIydae CYIecTByeT 0oJiee mpoc-
TOI TyTh MOJyYeHus 3BE3M0UKA-IPOU3BeaeHust Tpefyemoro Buaa (5.25). A umenuo,
3aMEeTHM, UTO BBINIEYIOMSIHYThIN MyacCOHOB OUBEKTOD (5.42) MOKET OBITH Mepernucan

B BU € BHEITHETO MPOU3BeJACeHUdA CJICAYIOIINX BEKTOPHBIX HOJIEN:

2Jlerko BUIETH, YTO TPOCTPAHCTBO B* mpencTaBisgeT cobOil AM3HLIOHKTHOE 00LeIMHEHHe IBYX
KOMIPUCOeTMHEHHBIX opbuT paszmepuocteii O u 2. IlepBas u3 opbUT COCTOUT M3 EAMHCTBEHHON TOYKHU
— Hagasa Koopauaar 0 € B*, a Bropas ycrpoena kak B*—{0} ~ S! x R!. CymecrsoBanme oTKpbITOit

KOTIPHCOEIMHEHHON OPOUTHI SIBIISIETCST ODIIUM CBORCTBOM MJIst Beex (bpobeHnycoBbix amrebp JIn [71].
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X=0,, Y=y%,, (5.43)

TaK 49TO
w=XAY, [X,Y]=0.

[TockobKyY BeKTOpHBIE 0TS (5.43) KOMMYTHPYIOT, cKOOKa [Tyaccona (5.42) moxer

OBITH MPOKBAHTOBAHA ITPU TTOMOIIU MPOCTOTO anajora dopmysisbl Beitns-Moiisiia

o= (3) Rarnoo). (541

C apyroit cTOPOHBI JIETKO J0Ka3aTh MO WHIYKIUH, UYTO

n—1

W*o)" =y" [ [(wdy, + k). (5.45)

k=0
Hcnonb3ys maHHOe TOXKIECTBO, MBI MOXKEM MEPENucaTh 3BE3/I0UKA-TTPON3BeIeHIE

(5.44) B TepMHHAX MCXOAHBIX (HEKOMMYTHPYIONIHX) BeKTOPHBIX moJeil (5.41)

= (ik\" 1

rea=3 () SENE"), (5.46)
n=0 ’

/1€ MbI OIPe e I

H™ =HH+1)---(H+n-1).

Briparkenne (5.46) onpeesisieT acCOUATHBHOE 3BE3I0TKA-TTPOU3BEIEHIE ISl JTH0-
00ii Maphl BEKTOPHBIX TToJ1eit K H, peaan3yomnux COOTHOTITEHUsT OOPesIeBoil aaredphl
(5.40) u, crenoBaTebHO, 3a0a8T HCKOMBII TBHCTYIOMHiT dmement (5.26). Tloceanee
JIETKO BUJIETh W3 CJIEJYIONIEii MenouKkn paccy Xk aennii. Bekropusie moas (5.41) unmy-
HUPYIOT crenuaibHoe npejcrasienue p : U(B) — D(R?) yuusepca/ibHoii oGepThiBa-
tomeit U(B) B anrebpe jauddepennuaibubix oneparopos Ha miockoctn D(R?). Tlo-
ckobKy E u H nuHeiiHO He3aBUCHMBI B 00IIEH TOUKe, TO TO MPeACTaBIEHHe TOYHO,
To ecth ker p = 0 3. JIpyrumMu caoBaMu, He CyIeCTByeT HHKAKHX aaredpamdecKux
COOTHONIEHWIT MKy Omneparopamu nepporo mopsiaka E m H Kpome cOOTHONICHUS
(5.40) u ero caencrpuii. Takum 06pa3oM, aCCOMUATHBHOCTH UMEET MECTO JJIsl JTI0HOro
npencrasaenns p : B — Vect(R?).

3aMeTnM, 9TO BIIEPBbIe YHUBEPCATbHbIH TBUCTYOMHUIT dmeMent (5.46) mis Gope-

nesoit anre6psr (5.40) 6bu1 mosyuen B padore [92].

3QueBHHO, YTO ITO CBOACTBO CHPABEITUBO IS IyaIbHOTO IIPOCTPAHCTBA 11060i1 (hpobeHnyCcoBOi

anredps! JIu B CUIIy CyIIECTBOBAHUST KO-OPOUTHI MAKCUMAJIBHON pa3MepHOCTH.
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Dopwmyaa (5.46) mO3BOJISIET MPOKBAHTOBATH WHTEPECHBI KJIACC TAK HA3BIBAEMbIX
KBa3M-OJHOPOIHBIX CKOOOK Ha R2.

JIrobast cKOOKa Ha MJIOCKOCTH 33a€TCs eIUHCTBeHHO# (byHKknmeir f

w= f(x,y)0; A\ O,. (5.47)

Ona Ha3BIBAaETCS KBa3W-OJHOPOIHON CKOOKOil Beca A mpW TOM, 9TO Beca MO T U Y
PaBHBI COOTBETCTBEHHO (v U 3, €C/Iu 33a01ast e€é pyHKIus [ SBASIeTCS COOCTBEHHBIM

BEKTOPOM /ISl omepaTopa Jitnepa v = axd, + fyd, ¢ cOBCTBEHHBIM 3HAUYEHUEM A,
vf = Af. (5.48)

B nmanbmeiimem, Mbl mpemmoaaraeM, 9ro A # 0.

Ecim BBecTH BekTOpHOE 101 U

= 0,10, — 0,f0s (5.49)
TO JIETKO BHUAETh, YTO

v AU

A

, [v,u] = (A —a — B)u. (5.50)

w =

Ecmu o + 5 = A, 10 6uBekrop (5.47) mpejcTaBuM B BHJE BHEITHETO MPOM3BEICHUS
KOMMYTHPYIONIX BEKTOPHBIX MOJEHl © U v, I B IPOTUBHOM CJaydae, eciu o + 3 # A,
BEKTOPHBIE TMOJIA % W ¥ 00pa3yiorT (Mocae OYeBHIHOTO Mepeorpe/ieents) GopeieBy
asrebpy (5.40). Taknm 06pa3om, Besikasi KBa3n-oJHOPOIHAs cKoOka [lyaccona moxer
OBITH MPOKBAHTOBAHA YMCTO aarebpamdecku ¢ moMorrsb dopmynsr (5.44) win (5.46).

Hanpumep, nycrs (m, n, k, 1) — neasie unciaa, toraa byHKIUs
f=a™y" + zFy! (5.51)

3a1a6T KBa3W-OJHOPOIHYIO CKOOKY Beca A = nk —Imca =n—1lu f =k —m.
1 maobopor, ecin 3amaHbl Heable Beca A, «, 3, TO camas oOInas, aHAJIUTHIECKas B
Hyne, GYHKIHA [, OIMpenesionas KBa3n-0IHOPOIHYI0 CKOOKY ¢ COOTBETCTBYIOIUMMU

BecaMU, UMe€E€T BH]I

flz,y) = Z apx™t Y™t (5.52)
k

rjae a; — IpOu3BOJIbHbIE KOHCTAHTBI, & CYMMHWPOBaHUE Be,Z[éTCH 11O BCEeM HeoTpunaTe/Ib-

HBIM TIeJIBIM PeliennsaM (ng, my) JuHeitnoro InodanroBa ypaBHeHust
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an+ fm=\. (5.53)

B 3aBucuMocTn oT TOro Kakue BEIOpAHbI YHUCIA v, J U A\ JaHHOE YpaBHEHHE MOYKET
IMeTh KOHeYHOe UIH OECKOHEUHOe YHCI0 PeIleHnil, W BooOIne He NMeTh HH OJTHOTO

pelnreHus.

3akJIIoueHue.

B nuccepranuu mosiydeHsl cjieIyoliie OCHOBHBIE PE3Y/IbTaTHI.

e PaspaboranH MeToJ BBIYHCIEHUS KJIACCHICCKUX T-MATPHIL IIsI HHTEIPUPYEMBIX
CUCTeM, MTOJYIYeHHBIX B paAMKaX raMIIBTOHOBOM peaykKinu. [Tokazano, 9To mpe-
JIOYKEHHBI MeTOJ BOCITPOU3BOIUT N3BECTHYIO KJIACCHIECKYIO T-MATPUILY JJIIATI-

Trdeckoit cucrembl Kasiomkepo-Mo3zepa co cnimuoMm.

o [Ipeioken mpuMep UHTETPUPYEMOIl CUCTEMbI, TTOJIYYeHHON MyTEM TaMUJIBTOHO-
BOI peyKIMK IO JeiicTBUIO HeneBbix cumMerpuii. [lokazano, aro, HecMoTpst
Ha 0OoJiee CIOXKHYIO IIPUPOLY KAaJHOPOBOUHBIX ITPEOOPA30BaHUl, HCIOIb3YEMbIX
B ITIOCTPOEHUH CHCTEMBbI, COOTBETCTBYIOIINE YPABHEHUS IBUKEHUS PEITA0OTCI Me-

TOJOM TPOEKTHUPOBAHUA.

e [locTpoena gBHO KOBapHAHTHasl FeoMeTpHIecKas (hOpPMYyTHPOBKA BHKOBCKOIO
CUMBOJIA HA CUMILIEKTHIECKOM MHOr00Opa3nn B pamkax meroma Pemgocosa. Onn-
caHa TeoOMeTPHUsl CUMILIEKTUIECKUX MHOroobpasuii, JOMYCKAIOIMX KOHCTPYK-
M0 BUKOBCKOI'O CHMBOJIA U JOKA3aHa TeopeMa HICHTH(MUKAINNA TAKHX MHOIO-
obpa3smuii, obobIaoIas n3BecTuyo Teopemy Hbionennepa-Hupenbepra o6 uaen-

THMUKAIIT KOMILJIEKCHBIX MHOTOOOPa3Muii.

e [IpemnoxkeHa KOHCTPYKIUS JIOKAJTHLHOTO MTPeoOPa30BaHnsl SKBUBAJIEHTHOCTH BU-
KOBCKOT'O ¥ BeWJIEBCKOTO 3BE37049Ka-mipousseaenuii. Haiinena 2-gopma, npes-
CTABJISIONIAsT KOTOMOJIOTHYECKHI KJIACC, KOTOPBIil SIBJISIETCS TPENsITCTBUEM K
CYIIEeCTBOBAHUIO TJIOOAMBHON SKBUBAJIEHTHOCTH. B WacTHOM ciaydae K3J1epoBa
MHOT'000pa3us MOKa3aHO, UYTO BUKOBCKOE U BeilIeBCKOe 3BE3I0YKa-IPON3BE/Ie-
HUs TJIO0AJILHO SKBUBAJEHTHBI TOTJA U TOJHKO TOT/IA, KOIJ/Ia COOTBETCTRYIOIIEE

K3JIEPOBO MHOTOOOpa3ue sipjsieTcss MHOTOOoOpasuem Kasadu-4ly.
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e [Ipemioxkena mpocrasi nTepamuoHHast Mporeaypa a1edopMaInoOHHOT0 KBAaHTOBA-
HUsl HEKOTOPOTO KJjlacca HeperyaspHbix ckoOok [lyaccona, accormumpoBaHHBIX
¢ TIOCTOSTHHBIMH PelIeHusIMHU KJIacCuIeckKoro ypaBHenus fura-bakcrepa. [Toka-
3aHO, UTO MPeITOKEeHHAs TPOIEAYpa MO3BOISIET MIPOKBAHTOBATEH MPON3BOIBHY IO

TpeyroJibuy0 ouaJsredpy JIu.

PesysbraTel, peicTaBIeHHbIe B IHCCepTAIlN, OyOInKoBaHbl B paborax [24], [25],
[26], [27], [93], [94], [95], [96]. OHu MOKTAMBIBATHCH HA CIEAYIONUX MEKIYHAPOIHBIX

KOH(pEPeHITIX:

1. Mexnaynaponuas koudepenmus “KsanroBanne, Kanmuoposounas Teopus u Ctpy-

ubl” , mocBsméHHas namarn akajgemuka E.C. @paakuna (Mocksa, 5-10 uoHs

2000 r.)

2. Mexnaynapoanas koudepennusa “Cynepcummerpust, Kpantoas Teopus [Tora”,

nocesiénnast namsatn npodeccopa /1.B. Bonkosa (Xapbkos, 25-29 ntosist 2000 r.)

3. Mexnaynapoanas koudepenmus “Hobwle moctmkenus B Teopusx Pymmamen-

rasbHbiX Baanmogpeiicteuii” (ITosbrra, Kapnad, 6-15 despass 2001 r.)

4. Me:xnynapoanas kondgepennus ‘Kpantosbie I'pynmer u nrerpupyemsie Cuc-

tembl” (Hexus, [Ipara, 20-22 utonst 2002 r.)

[TomuMO 3TOTO, PE3YIBTATHI HACTOMIIEH PabOTHI JOKJIa bIBAIACH HA ceMuHape OT-
nesa reoperwdeckoit pusnku um. V.E. Tamva ®@usndaeckoro wacruryra PAH nvmenn
[1.H. Jlebenena, a Takyke Ha cemunapax .JIaboparopwuii TeopeTndeckoit u MaTemMaTn-
gyeckoit (pusukn [ocymapcTBennoro mayduoro mentpa ucturyra teopermueckoii m
KCIEPUMEHTATBHON (DU3UKH.

B zaxstouenne, s1 BpIparKaio HCKPEHHIOK 0J1aroapHOCTh CBOUM PYKOBOIUTE/ISIM
nokTopaMm (puznko-maremarndeckux Hayk A.Il. Ucaery u C.JI. JIsaxoBuay 3a BcecTo-
POHHIOIO MOJIJIEPKKY U TIOMOTIH B PadOTe.

¢l 61aromaper cCBOMM MEPBBIM YIUTETSIM TOMCKON TIKOJIBI TEOPETUIECKOH (hU3UKH
B.T'. Barposy, B.A. Bopmosunsiny, 11.JI. Byxouumepy, A.A. Baamo, 1.B. TopbyHory,
[.®. Kapasaeny, 11.1O. Kaparaenoii, ¢41.B. Jlucumpay, B.E. JTrobosunkomy, B. 1. ITep-
iy, b.®. Camconony, A.I'. Cubupsakosy, A.®@. Tepayrosoii, A.FO. Tpudonony, A.B.
[MMamosanoBy, A.A. Illapanoy u K.M. Illextepy.
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¢l Beipazkaro 6s1arogapuocts [ Bpageny, A.B. 3oToBy 3a miogorBopHOE HayUdHOE
COTPYIHUYECTBO IO TeMe IUCCePTAlny, a TakzKe ocobyio Oiaromapuocth M.A. Oub-
manernkoMmy n A.A. [IlapanoBy, KOTopble B pa3Hoe BpeMs SBJISIHNCH MOUME HAY IHBIMI
HACTABHUKAMH U MTOCTOSHHO OKA3bIBAJIHM OFPOMHOE BJIHMSHHUE HA KPYTI MOUX HAYUHBIX
UHTEPECOB.

¢1 6marogapen corpyannkam Oraena Teopernyueckoii pusuku nm. V. E. Tamma ®Ou-
snuyeckoro nacturyta PAH mmenn IT.H. Jlebemea M.A. BacunineBy, M.A. ['puropn-
ey, B.H. 3aiikuny, A.M. CemuxaroBy, M.A. Comossény, I1.}O. Tunyuuny 1.B. Tio-
tuny u B.¢. @aitnbepry 3a cTuMyupyionme o0CyKJIeHUsT U CO3/IaHne OJIaronpusiT-
HBIX YCJIOBUI PabOTHI BO BPEMs IMPOXOXKJICHUSI MOl HAyYHON CTa’KUPOBKU B ITOM
ornene B pamkax DPemepanbuoit Ilenesoit IIporpammer “MuTerpanus’ B mepuosn ¢
ceHTsIOps o ekabpb 2000 r.

¢l Takzke GJsraromapro coTpyaHukos JlabopaTtopuu Teopernyeckoit pusnknm nm. bo-
rosroboBa OU AN, a Tak:ke 1abopaTopuii MaTeMaTHIECKON 1 TEOPETHIECKOH (DU3UKI
HII UTO® 9.T. Axmenopa, A.A. Bragumuposa, A.A. I'epacumosa, A.JI. [oponen-
nesa, A.C. I'opckoro, A.B. 3abpomguna, A.FO. Korosa, A.M. Jlesuna, A.C. JIokTesa,
A.C. Jlocera, A.JI. Muponona, A.KO. Mopososa, C.B. Ob6mesuna, C.3. Ilakymnsxka,
[T.H. [TaroBa, A.A. Pocnoro, K.A. Capaiiknna K.I'. Cerusanona, /I.B. Tamanaesa,
H.A. Twopuna, /I.B. ®@ypcaesa, C.M. Xapuésa u C.M. Xopomknna, A.B. YepBosa,
FO.B. Yepnakona, ['.b. [lladata u ['.11. [Ilapbiruna 3a cTuMyIupyonime o0Cy K aIeHns
1 co3Janne OJIArONMPUSATHRIX YCIOBUIT /st BeIMOTHeHUsT paborel. ¢ Omarogapro E.C.
Cyc/ioBy 3a TeXHWYECKYIO TOMOIIh B TIOJATOTOBKE TEKCTA JIUCCEPTAINN.

Jlnccepranusa Boinonnena B Oobeaunénnom Mucturyre nepubix McecmenoBanus
U, 9acTHIHO, B ['0OCyIapcTBEHHOM HAayYHOM IeHTpe VHCTUTyTe TeopeTudeckoil u 9KC-
nepumenTaabHoit busukn. annast pabora Oblia noaaep:kana Poccuitckum Powgom
OyngamenTtagabubix uccaepoannii 00-02-17956, rpanrom PODU noiepkKu MOJI0-

JIBIX VUIEHBIX, CTYAeHTOB 1 acnupaHToB 01-02-06418, rpaHTOM MOAIEP:KKU HAYIHBIX
ko 00-15-96557 u rpanramu INTAS 00-262 u 00-561.
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