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The method of decomposition of Adomian is an approximate analytical series to solve linear or nonlinear
differential equations. An important limitation is that a decomposition expansion in a given coordinate
explicitly uses the boundary conditions in such axis only, but not necessarily those on the others. This
paper presents improvements of the method that permit the practical consideration of all of the condi-
tions imposed on multidimensional initial-value and boundary-value problems governed by (nonlinear)
groundwater equations, and the analytical modeling of irregularly-shaped heterogeneous aquifers sub-
ject to sources and sinks. The method yields simple solutions of dependent variables that are continuous
in space and time, which easily permit the derivation of heads, gradients, seepage velocities and fluxes,
thus minimizing instability. It could be valuable in preliminary analysis prior to more elaborate numer-
ical analysis.
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1. Introduction

A mathematical model of groundwater flow or groundwater
transport is constituted by a solution of a governing partial differ-
ential equation subject to a set of boundary conditions, and an ini-
tial condition if the problem is time dependent. Solutions to partial
differential equations appearing in groundwater modeling are ob-
tained by applying a variety of mathematical and numerical proce-
dures. Analytical solutions provide values of the dependent
variable continuously in space and time. They require the applica-
tion of traditional mathematical methods. For continuous spec-
trum operator equations such as those encountered in infinite or
semi-infinite aquifer domains, these include domain transform
methods, such as Laplace transform, Fourier transform, wavelets,
and Hankel transform (e.g., Jeffrey, 2003; Myint-U and Debnath,
1987; Zauderer, 1983; Powers, 1979). For discrete spectrum oper-
ator equations, such as those encountered in groundwater flow in
finite domains, they include Fourier series (e.g., Jeffrey, 2003;
Zauderer, 1983; Powers, 1979). An advantage of traditional analyt-
ical solutions is that the computational implementation is simple
(He, 1999; Strack, 1989; De Marsily, 1986; Bear, 1979; Hunt,
1983). Many traditional analytical solutions are restricted to regu-
lar geometrical domains, aquifer homogeneity, and linearity in the
ll rights reserved.

errano).
differential equation. In essence, analytical solutions constitute a
suitable approach for preliminary analyses or for studies with
scarce hydrologic information.

Numerical solutions of groundwater flow equations provide
values of the dependent variable at fixed discrete locations and
fixed discrete times. They require the application of numerical
methods, including finite differences (e.g., Anderson, 1992; Aral,
1989a,b; Walton, 1989; Bear and Verruijt, 1987), finite elements
(Huyakorn and Pinder, 1983; Pinder and Gray, 1979), and bound-
ary elements (Ligget and Liu, 1983). Nobel approaches in this arena
are exemplified in Miller et al. (2006). Numerical methods allow
the consideration of irregular aquifer shapes, heterogeneity in the
hydraulic conductivity, and discrete linearization. Numerical solu-
tions usually require large amounts of information, computer
memory, and computer time for its execution. Since numerical
solutions are based on space and time discretization and on the
numerical approximation of the derivatives in a equation, numer-
ical instability may arise. Numerical solutions are at the heart of
the most commonly used computer simulation models today. They
are suitable in complex groundwater modeling scenarios enjoying
the availability of large data sets. For descriptions on popular
groundwater software, such as the USGS MODFLOW program, see
Waterloo Hydrogeologic (2004) and Kresic (1997).

Within the class of analytical methods, new developments in
the solutions of nonlinear equations worth mentioning are the
method of variational iteration (He and Wu, 2006; He, 1999), in
which the problems are initially approximated with possible
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unknowns. Then a correction functional is constructed by a general
Lagrange multiplier, which can be identified optimally via the var-
iational theory. Recently, an interesting method for solving analyt-
ically nonlinear equations is the homotopy perturbation method
(He, 2006), which consists in a series expansion based on a homot-
opy parameter that generate a series of recursive linear partial dif-
ferential equations whose solution converge to the exact solution
to the original problem. One of the best approaches to solve nonlin-
ear equations is the method of decomposition (Adomian, 1994).
The ‘‘method of decomposition’’ of Adomian should not be con-
fused with ‘‘domain decomposition’’ techniques, which are a set
of numerical algorithms that divide a problem domain into smaller
sub-domains that can be solved independently to overcome the
memory limitations of mixed finite element methods (Su, 1994;
Beckie et al., 1993; Glowinski and Wheeler, 1988; Haimes and
Dreizin, 1977). On the other hand, Adomian’s method of decompo-
sition consists in deriving an infinite series, much like Fourier ser-
ies, that in many cases converge to an exact solution (see Appendix
A). For a simple introduction to the method with applications in
surface and subsurface hydrology, engineering analysis, and sto-
chastic methods the reader is referred to Serrano (2010), Serrano
(2001). For nonlinear equations in particular, decomposition is
one of the few systematic solution procedures available. With the
concepts of partial decomposition and of double decomposition
(Adomian, 1994), the process of obtaining an approximate solution
is simplified.

A drawback of the method of decomposition limits the use of a
set of boundary conditions to a one-dimensional axis only. Thus, a
partial decomposition expansion in a given coordinate explicitly
uses the boundary conditions in such axis only; applications in
two-dimensional or three-dimensional domains do not necessarily
incorporate the boundary conditions imposed on the other dimen-
sions. Wazwaz (2000a) has shown that a decomposition series can
be expressed in terms of the boundary condition not used explic-
itly and that by equating coefficients of like powers the series
can be shown to converge to the exact solution satisfying all of
the boundary conditions. For boundary-value problems with sim-
ple boundaries (e.g., boundaries at infinity and one-dimensional
problems), the procedure is straight forward (Shidfar and Reihani,
2010; Serrano, 1997). However, this procedure could be elaborate
in many cases of practical applications. In this article we present
several improvements of the method of decomposition for the
practical modeling of groundwater equations: A combination of a
partial decomposition expansion in each coordinate in conjunction
with successive approximation that permits the consideration of
boundary conditions imposed on all of the axes of a multidimen-
sional problem; the analysis of regional flow in irregularly-shaped
domains whose geometry can be described functionally; the mod-
eling of multiple wells; the inclusion of aquifer heterogeneity
when conductivity spatial variability is described in functional
form; transient flow in higher-dimensional domains; and the solu-
tion of nonlinear problems in higher dimensions. Convergence rate
is shown to illustrate the fact that in many dissipative systems the
first few terms in the series constitute a reasonably accurate
approximation. Verification is done when an exact solution is
available.
2. Regional steady flow

2.1. Modeling the effect of regional recharge

Let us consider the two-dimensional regional groundwater flow
equation with Dupuit assumptions, with x and y horizontal planar
coordinates [L]. An x-partial solution satisfies the differential equa-
tion and the x boundary conditions, but not necessarily those in y.
Similarly, a y-partial solution satisfies the y boundary conditions,
but not necessarily those in x. Although each partial expansion
constitutes a general solution to the differential equation (Adomian,
1994), a particular solution (i.e., the one needed in actual modeling
calculations) requires the evaluation of the constants of integration
such that the boundary conditions in all dimensions are satisfied.
Our objective is to develop a decomposition solution of regional
groundwater flow that includes all available boundary conditions
by combining a decomposition expansion with successive approxi-
mation. The governing differential equation is

@2h
@x2 þ

@2h
@y2 ¼ �

Rg

T
0 6 x 6 lx; 0 6 y 6 ly ð1Þ

where h is the hydraulic head [L]; Rg is mean monthly recharge from
rainfall [LT�1]; T is the mean aquifer transmissivity [L2T�1]; and lx
and ly are the aquifer horizontal dimensions in the x and y direction,
respectively [L]. The following set of boundary conditions are im-
posed in (1):

hð0; yÞ ¼ f1ðyÞ; hðlx; yÞ ¼ f2ðyÞ; hðx;0Þ ¼ f3ðxÞ; hðx; lyÞ ¼ f4ðxÞ
ð2Þ

Eqs. (1) and (2) describe the elevation of the water table in a long,
thin, mildly sloping aquifer, bounded on all sides by streams. The
functions f1, f2, f3 and f4 represent the mean elevation of the water
at the boundaries.

We define the operators Lx = @2/@x2 and Ly = @2/@y2. The inverse
operators L�1

y and L�1
x are the corresponding two-fold indefinite

integrals with respect to x and y, respectively. Eq. (1) reduces to

Lxhþ Lyh ¼ �Rg

T
ð3Þ

The x-partial solution, hx, results from operating with L�1
x in Eq.

(3) and re-arranging:

h � hx ¼ k1ðyÞ þ k2ðyÞx� L�1
x

Rg

T
� L�1

x Lyh ð4Þ

where the integration ‘‘constants’’ k1 and k2 are to be found from
the x boundary conditions. Expanding h in the right side as an infi-
nite series h = h0 + h1 + h2 + � � �, Eq. (4) becomes

hx ¼ k1ðyÞ þ k2ðyÞx� L�1
x

Rg

T
� L�1

x Lyðh0 þ h1 þ h2 þ � � �Þ ð5Þ

The choice of h0 often determines the level of difficulty in calcu-
lating subsequent decomposition terms and the rate of conver-
gence (Adomian, 1994; Wazwaz, 2000b). A simple choice is to
set h0 as equal to the first three terms in the right side of Eq. (5).
Thus, the first approximation to the solutions is

hx � h0 ¼ k1ðyÞ þ k2ðyÞx� L�1
x

Rg

T
¼ k1ðyÞ þ k2ðyÞx�

Rgx2

2T
ð6Þ

Applying the x boundary conditions from Eq. (2)

hx � h0 ¼ f1ðyÞ þ
f2ðyÞ � f1ðyÞ

lx
þ Rglx

2T

� �
x� Rgx2

2T
ð7Þ

Eq. (7) satisfies Eq. (3) and the x boundary conditions, but not nec-
essarily those in y. Similarly, the y-partial solution to Eq. (3), hy, re-
sults from operating with L�1

y on Eq. (3), applying the boundary
conditions in y, and re-arranging:

hy � h0 ¼ f3ðxÞ þ
f4ðxÞ � f3ðxÞ

ly
þ Rgly

2

� �
y� Rgy2

2T
ð8Þ

We now have two partial solutions to Eq. (3): the x-partial solu-
tion Eq. (7), and the y-partial solution Eq. (8). Since both are
approximations to h, a combination of the two partial solutions
yields the improved first decomposition term h0:
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h0ðx; yÞ ¼
hxðx; yÞ þ hyðx; yÞ

2

� �
ð9Þ

Eq. (9) constitutes an approximate solution to Eq. (1) and its bound-
ary conditions Eq. (2). Eq. (9) can now be used to derive the second
term in the series, h1. This may be accomplished via the x-partial
expansion Eq. (5), or the y-partial expansion. From Eq. (5), the sec-
ond term in the solutions is given by

h1 ¼ k5ðyÞ þ k6ðyÞx� L�1
x Lyh0 ð10Þ

where k5 and k6 are such that homogeneous boundary conditions in
the x direction are satisfied. Similarly, a y-partial expansion the sec-
ond term in the solution is given by

h1 ¼ k7ðxÞ þ k8ðxÞy� L�1
y Lxh0 ð11Þ

where k7 and k8 are such that homogeneous boundary conditions in
the y direction are satisfied. Since both Eq. (10) are expressions of
h1, then a combination of the two will yield the second decomposi-
tion term.

The above procedure may be repeated to obtain higher-order
terms, which are easily derived since all calculations involve differ-
entiation and integration of simple functions. Based on the com-
bined (i � 1)th-order term, hi�1, the ith-order term may be
subsequently derived from the x-partial expansion Eq. (5)

hi ¼ k4iþ1ðyÞ þ k4iþ2ðyÞx� L�1
x Lyhi�1; i > 0 ð12Þ

where k4i+1 and k4i+2 are such that homogeneous x-boundary condi-
tions are satisfied, and from the y-partial expansion

hi ¼ k4iþ3ðxÞ þ k4iþ4ðxÞy� L�1
y Lxhi�1; i > 0 ð13Þ

where k4i+3 and k4i+4 are such that homogeneous y-boundary condi-
tions are satisfied. A combination of Eqs. (12) and (13) will yield hi.
In this manner, by successively adding more terms to the series
h = h0 + h1 + h2 + � � �, it is possible to observe a convergence that sat-
isfies the differential equation and all of its boundary conditions.
However, studies indicate that the rate of convergence is usually
high for dissipative systems and that only one or two terms yield
a good approximation (Adomian, 1994, 1991, 1983; Serrano, 2010).

2.2. Verification with an exact solution

An exact solution to Eq. (1) may be obtained by the traditional
methods of separation of variables and the use of Fourier series
(Powers, 1979) as:

hðx; yÞ ¼W1ðx; yÞ þW2ðx; yÞ �
Rg

4T
ðx2 þ y2Þ ð14Þ

where

W1ðx; yÞ ¼
X1
n¼1

Cn sinhðknxÞ þ Dn coshðknxÞf g sinðknyÞ;

kn ¼
np
ly
; n ¼ 0;1;2; . . .

Cn ¼
1

sinhðknlxÞ
2
ly

Z ly

0
f2ðyÞ �

Rg

4T
l2x þ y2
� �� �

sinðknyÞdy

(

� Dn coshðknlxÞ
)

ð15Þ

Dn ¼
2
ly

Z ly

0
f1ðyÞ �

Rgy2

4T

� �
sinðknyÞdy

and
W2ðx; yÞ ¼
X1
i¼1

Gi sinhðciyÞ þ Hi coshðciyÞf g sinðcixÞ;

ci ¼
ip
lx
; i ¼ 1;2;3; . . .

Hi ¼
2
lx

Z lx

0
f3ðxÞ þ

Rgx2

4T

� �
sinðcixÞdx ð16Þ

Gi ¼
1

sinhðcilyÞ
2
lx

Z lx

0
f4ðxÞ þ

Rg

4T
x2 þ l2y
� �� 	

sinðcixÞdx

(

� Hi coshðcilyÞ
)

To compare a decomposition solution of Eq. (1) with respect to the
exact solution, the boundary conditions, Eq. (2), must be known
based on water-level measurements at the rivers limiting the aqui-
fer. As an illustration, let us assume arbitrary expressions for the
boundary conditions in Eq. (2) representing water level in meters
above the sea level:

f1ðyÞ ¼ 100� 0:2� 10�2y; f2ðyÞ ¼ 103� 0:1� 10�2y ð17Þ

f3ðxÞ ¼ 100þ 0:8� 10�2x� 0:5� 10�5x2;

f 4ðxÞ ¼ 99þ 0:883� 10�2x� 0:5� 10�5x2

where x and y are in meters. A typical recharge rate from rainfall
Rg = 10 mm/month, aquifer transmissivity of T = 100 m2/month,
lx = 600 m, and ly = 500 m. Using Eq. (7) through (13), the first four
terms of the decomposition solution in the center of the aquifer
(x = lx/2 and y = ly/2) are h0 = 105.162, h1 = �1.984, h2 = 1.009, and
h3 = �0.496 m. Adding the first four terms, we obtain h � h0 +
h1 + h2 + h3 = 103.691 m. In comparison, the exact solution at the
same location yields h = 103.527, and the approximate solution
gives an absolute error of 0.165 m. The decomposition solution sat-
isfies the differential Eq. (1) with an error of �0.000083 (month�1)
in the center of the aquifer. A bigger picture of the behavior of the
solution compares the decomposition and the exact solutions of
hydraulic head at various locations. The maximum relative errors
of less than 1.2% occur in the center of the aquifer boundaries.
The minimum error of about 0.16% occurs in the center of the aqui-
fer. Fig. 1 shows the relative error distribution If we only use the
first term in the decomposition series, that is if we set h � h0 (Eqs.
(7)–(9)), the maximum relative error increases to 1.99%. The simu-
lations illustrate that the rate of convergence of the series solution
is high, a typical feature of decomposition. Usually the first few
terms are sufficient to assure an accurate solution; in the present
case, by using the first term only the error is less than 2%. More
importantly, the effort required to produce a decomposition solu-
tion is modest, as compared to that required to derive an exact ana-
lytical solution (Eqs. (14)–(16)). A simple analytical expression of
aquifer head is advantageous in the derivation of hydraulic gradi-
ents, seepage velocities, and groundwater fluxes.

2.3. Irregularly-shaped domains

Most analytical solutions of boundary-value initial-value prob-
lems are restricted to rectangles, squares, circles and other regular
domain shapes. Even though decomposition renders an analytical
solution, extension of the above procedure to aquifer domains of
irregular geometry is possible if the aquifer boundaries are defined
in a functional form. For example, let us assume that in Eq. (1) the
upper y river boundary has an irregular shape characterized as
ly(x) = 500 + 0.4x � 0.001x2, after fitting a parabola to a few sur-
veyed points on the river channel. For simplicity, let us assume that



Fig. 1. Comparison between decomposition and exact solution of steady head at
various values of y.

A. Patel, S.E. Serrano / Journal of Hydrology 397 (2011) 202–209 205
the head at the boundaries is described by (18), with h(x,y) = f4(x),
on y = ly(x). The solution needs to be modified to reflect the fact
that the integration must now be done over a variable y domain,
which is now reflected in the expansion in y with ly now being a
function of x. Fig. 2 shows a plan view of this aquifer with the head
contours calculated by Eqs. (7)–(9), and flow directional vectors
calculated with a simple Maple routine. With decomposition, an
aquifer of any arbitrary shape in its boundaries can be easily mod-
eled, as long as the boundaries can be represented in analytical
form.
2.4. Modeling the effect of wells

Water exploitation from pumping wells affect the spatial distri-
bution of hydraulic heads. Simple decomposition solutions for one-
dimensional problems have been obtained by Serrano (1997). In
the case of two-dimensional problems, Eq. (1) becomes
Fig. 2. Head contours (m) and flow direction in an irregularly-shaped aquifer.
@2h
@x2 þ

@2h
@y2 ¼ �

Rg

T
þW 0 6 x 6 lx; 0 6 y 6 ly ð18Þ

where W is the flow rate of pumping wells per unit surface area per
unit time [L�1]. Consider a well i located at x = xi, y = yi pumping at a
rate of Qi (m3/month), and having a cross-sectional area Ai (m2). Eq.
(18) can now be written as

Lxhþ Lyh ¼ �Rg

T
þ
XN

i¼1

Q i

AiT
dðx� xiÞdðy� yiÞ ð19Þ

where d() is the Dirac’s delta function, and N is the number of wells
pumping the aquifer. The x-partial solution of Eq. (19) is given by

hx ¼ k1ðyÞ þ k2ðyÞx� L�1
x

Rg

T
þ L�1

x

XN

i¼1

Q i

AiT
dðx� xiÞdðy� yiÞ

� L�1
x Lyðh0 þ h1 þ h2 þ � � �Þ ð20Þ

From the previous development, the pumping contribution from
the ith well, hix, to the first term, h0, in Eq. (20) satisfies

Lxhix þ Lyhix ¼
Qidðx� xiÞdðy� yiÞ

AiT
; hixð0; yÞ ¼ hixðlx; yÞ ¼ 0 ð21Þ

The solution of Eq. (21) may be written as Myint-U and Debnath
(1987)

hix ¼ Fiðxi; yi; x; yÞ þ gixðxi; yi; x; yÞ ð22Þ

where Fi is the free-space Green’s function for Laplace’s operator in
Eq. (21),

Fiðxi; yi; x; yÞ ¼ Q i

2pAiT
log ðxi � xÞ2 þ ðyi � yÞ2

h i
ð23Þ

and gix satisfies Laplace’s equation subject to the homogeneous
boundary conditions in Eq. (21). Hence,

gixðxi; yi; x; yÞ ¼ Fiðxi; yi; 0; yÞ � Fiðxi; yi; lx; yÞ
lx

� �
x

� Fiðxi; yi; 0; yÞ ð24Þ

Analogous to (20)–(24), a y-partial expansion of Eq. (19) produces a
pumping contribution from the ith well, hiy, given by

hiy ¼ Fiðxi; yi; x; yÞ þ giyðxi; yi; x; yÞ ð25Þ

with giy given by

giyf ðxi; yi; x; yÞ ¼ Fiðxi; yi; x;0Þ � Fiðxi; yi; x; lyÞ
ly

� �
y

� Fiðxi; yi; x;0Þ ð26Þ

Thus, the first decomposition term in Eq. (19), and the first approx-
imate solution, is given by

h0ðx; yÞ ¼
hxðx; yÞ þ hyðx; yÞ

2

� �
þ
XN

i¼1

hixðx; yÞ þ hiyðx; yÞ
2

� �
ð27Þ

where hx is given by Eq. (7), hy by Eq. (8), hix by Eq. (22), and hiy by
Eq. (25). If additional accuracy is desired, more decomposition
terms may be easily calculated as described by Eqs. (12) and (13)
for the case without wells.

These calculations are simple and since the obtained solution is
analytical, no specialized groundwater software is required. Plot-
ting head contours or three-dimensional surfaces involve a single
command in any computer algebra software, such as Maple. For
example, assume that in the aquifer of Fig. 1, in addition to re-
charge from rainfall there are two wells pumping at a rate of
Q1 = Q2 = 500 m3/month, with a well-casing area A1 = A2 = 0.1 m2,
and located at the coordinates x1 = 400, y1 = 200, x2 = 100, and



Fig. 3. Groundwater head in an aquifer subject to recharge and pumping wells.
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y2 = 400 m. Fig. 3 shows the effect of the pumping wells on the
groundwater head surface.

2.5. Modeling heterogeneous aquifers

Most regional aquifers are not homogeneous in the hydraulic
conductivity. A well-surveyed aquifer possessing a large number
of values of conductivity calls for a numerical model that can ac-
count for a detailed variability in the aquifer parameters. However,
in many cases the hydrologist has access to only a handful of val-
ues; this justifies the utilization of a simpler mathematical model.
If the aquifer conductivity field can be described by a functional
form fitted to the limited number of measurements, a simple
analytical decomposition scheme may be applied. Consider the
two-dimensional groundwater flow equation Eq. (1) subject to a
spatially-variable conductivity field:

@

@x
Tðx; yÞ @h

@x

� �
þ @

@y
Tðx; yÞ @h

@y

� �
¼ �Rg 0 6 x 6 lx; 0 6 y 6 ly

ð28Þ

In this section we consider the linear equation resulting from a
transmissivity field of spatially-variable hydraulic conductivity,
K(x,y) [LT�1], and an average saturated thickness. We later discuss
the case of nonlinear groundwater equations arising from a trans-
missivity that is functionally dependent on a variable saturated
thickness. Adopt a set of mixed boundary conditions:

hð0; yÞ ¼ f1ðyÞ;
@h
@x
ðlx; yÞ ¼ 0; hðx; 0Þ ¼ f3ðxÞ; hðx; lyÞ ¼ f4ðxÞ

ð29Þ

Eq. (3) now becomes

Lxhþ Lyh ¼ � Rg

Tðx; yÞ �
1

Tðx; yÞ
@T
@x

@h
@x
� 1

Tðx; yÞ
@T
@y

@h
@y

ð30Þ

The x-partial solution Eq. (4) has new terms:

hx ¼ k1ðyÞ þ k2ðyÞx� L�1
x

Rg

Tðx; yÞ � L�1
x Lyh� L�1

x
1

Tðx; yÞ
@T
@x

@h
@x

� L�1
x

1
Tðx; yÞ

@T
@y

@h
@y

ð31Þ
Expanding h in the right side as an infinite series h = h0 + h1 +
h2 + � � �, Eq. (31) becomes

hx ¼ k1ðyÞ þ k2ðyÞx� L�1
x

Rg

Tðx; yÞ � L�1
x Lyðh0 þ h1 þ h2 þ � � �Þ

� L�1
x

1
Tðx; yÞ

@T
@x

@

@x
ðh0 þ h1 þ h2 þ � � �Þ � L�1

x
1

Tðx; yÞ
@T
@y

� @

@y
ðh0 þ h1 þ h2 þ � � �Þ ð32Þ

As before, a simple choice for a first approximation gives

hx � h0 ¼ k1ðyÞ þ k2ðyÞx� L�1
x

Rg

Tðx; yÞ ð33Þ

where k1(y) and k2(y) are such that (33) satisfies the x-boundary
conditions in Eq. (29). A y-partial solution of Eq. (30) is given by

hy ¼ k3ðxÞ þ k4ðxÞy� L�1
y

Rg

Tðx; yÞ � L�1
y Lxðh0 þ h1 þ h2 þ � � �Þ

� L�1
y

1
Tðx; yÞ

@T
@x

@

@x
ðh0 þ h1 þ h2 þ � � �Þ � L�1

y
1

Tðx; yÞ
@T
@y

� @

@y
ðh0 þ h1 þ h2 þ � � �Þ ð34Þ

A first approximation to Eq. (34) is

hy � h0 ¼ k3ðxÞ þ k4ðxÞy� L�1
y

Rg

Tðx; yÞ ð35Þ

where k3(x) and k4(x) are such that the y boundary conditions in Eq.
(2) are satisfied. Substituting Eqs. (33) and (35) into Eq. (9) we ob-
tain a first approximation to Eq. (28). Higher-order terms are ob-
tained by successively combining x-partial solution terms

hi ¼ k4iþ1ðyÞ þ k4iþ2ðyÞx� L�1
x Lyhi�1 � L�1

x
1

Tðx; yÞ
@T
@x

@hi�1

@x

� L�1
x

1
Tðx; yÞ

@T
@y

@hi�1

@y
ð36Þ

with y-partial solution terms

hi ¼ k4iþ3ðxÞ þ k4iþ4ðxÞy� L�1
y Lxhi�1 � L�1

y
1

Tðx; yÞ
@T
@x

@hi�1

@x

� L�1
y

1
Tðx; yÞ

@T
@y

@hi�1

@y
ð37Þ

Recent contributions suggest that the choice of the initial term
greatly influences the rate of convergence and the complexity in
the calculation of individual terms, especially for nonlinear equa-
tions (Wazwaz and Gorguis, 2004; Wazwaz, 2000b). Thus, as long
as the initial term in a decomposition series, usually the forcing
function or the initial condition, is described in analytic form, a
partial decomposition procedure may offer a simplified approxi-
mate solution to many modeling problems. There is considerable
latitude in the choice of a first decomposition term. For instance,
in Eqs. (36) or (37) h1 may be composed of the first three terms
in the right side only. From Eqs. (31)–(37), a key element is the
choice of analytical form for K(x,y), such that the resulting integrals
are calculable. For example, assume that the aquifer hydraulic con-
ductivity gradually decreases with increasing x and y and the
resulting transmissivity, fitted to a set of individual points, is given
by T(x,y) = a + bx + cy, where a = 500 m2/month, b = �0.2 m/month,
and c = �0.1 m/month; lx = 840 m; and the rest of the parameters
as before. Thus, from Eq. (33)

hx � h0 ¼ k1ðyÞ þ k2ðyÞx� Rg

b2 Iðx; yÞ
Iðx; yÞ ¼ Tðx; yÞ lnðTðx; yÞÞ � Tðx; yÞ
k1ðyÞ ¼ f1ðyÞ þ Rg

b2 Ið0; yÞ; k2ðyÞ ¼ Rg

b lnðTðlx; yÞÞ
ð38Þ



Fig. 4. Groundwater head and contours in a heterogeneous aquifer.
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From Eq. (34)

hy � h0 ¼ k3ðxÞ þ k4ðxÞy� Rg

c2 Iðx; yÞ

k3ðxÞ ¼ f3ðxÞ þ Rg

c2 Iðx;0Þ; k4ðxÞ ¼
f4ðxÞ�k3ðxÞþ

Rg
c2 Iðx;lyÞ

ly

ð39Þ

Substituting Eqs. (38) and (39) into Eq. (9) we obtain the first
approximation to Eq. (30). From Eqs. (36) and (37) the calculation
of higher-order terms suggests a fast convergence in the series. For
example the first three decomposition terms at the center of the
aquifer (x = lx/2, and y = ly/2) are h0 = 104.820, h1 = �1.994 and
h2 = 0.668 meters. Using three terms only, Fig. 4 was produced to
depict the water table elevation and contours across the heteroge-
neous aquifer. As expected, water table elevation tends to be rela-
tively higher in areas, where the transmissivity decreases. Other
representations in conductivity spatial variability are possible.

3. Nonlinear flow

One of the most important features of decomposition is its abil-
ity to systematically derive solutions to nonlinear equations. Many
equations of groundwater flow and groundwater contaminant
transport are nonlinear and their linearization may sometimes
pose significant errors. In this section we derive approximate
decomposition solutions to nonlinear groundwater equations in
dimensions greater than one. Consider for example the general
nonlinear form of Eqs. 1, 2 in a homogeneous aquifer:

@

@x
Kh

@h
@x

� �
þ @

@y
Kh

@h
@y

� �
¼ �Rg 0 6 x 6 lx; 0 6 y 6 ly ð40Þ

The x-partial solution of Eq. (40) is given by

h � hx ¼ k1ðyÞ þ k2ðyÞx� L�1
x

Rg

Kh
� L�1

x Lyh

� L�1
x

1
h

@h
@x

� �2

� L�1
x

1
h

@h
@y

� �2

ð41Þ

which may be written as

hx ¼ k1ðyÞ þ k2ðyÞx� L�1
x Lyhþ L�1

x NðhÞ ð42Þ

where k1 and k2 are such that the x boundary conditions in Eq. (2)
are satisfied, and the nonlinear operator N(h) is given by
NðhÞ ¼ �1
h

Rg

K
þ @h

@x

� �2

þ @h
@y

� �2
" #

ð43Þ

Eq. (42) may expanded as

hx ¼ h0 � L�1
x Ly

X1
i¼0

hi þ L�1
x

X1
i¼0

Ai ð44Þ

where the Ai are the Adomian polynomials given as a generalized
Taylor series expansion about the initial term h0 :

A0 ¼ Nh0

A1 ¼ h1
dNh0

dh0

A2 ¼ h2
dNh0

dh0
þ h2

0

2!

d2Nh0

dh2
0

ð45Þ

A3 ¼ h3
dNh0

dh0
þ h1h2

d2Nh0

dh2
0

þ h3
1

3!

d3Nh0

dh3
0

..

.

In principle, alternate application of Eqs. (44) and (45) sequen-
tially yields the Ai and the hi, respectively. However, in practice the
number of terms one may calculate depends on the values of the
parameters and the complexity in the functional form of N(h). Usu-
ally the first few terms in a decomposition series are easily deriv-
able if the initial term, h0, is simple.

The y-partial solution of Eq. (40) is given by

h � hy ¼ k3ðxÞ þ k4ðxÞy� L�1
y

Rg

Kh
� L�1

y Lxh� L�1
y

1
h

@h
@x

� �2

� � L�1
y

1
h

@h
@y

� �2

ð46Þ

which may be written as

hy ¼ k3ðxÞ þ k4ðxÞy� L�1
y Lxhþ L�1

y NðhÞ ð47Þ

where k3 and k4 are such that the y boundary conditions in (2) are
satisfied. Eq. (48) may expanded as

hy ¼ h0 � L�1
y Lx

X1
i¼0

hi þ L�1
y

X1
i¼0

Ai ð48Þ

From Eqs. (44) and (2) it is easy to see that a simple choice for the
first term, h0, in the x-partial solution is given by

h0ðx; yÞ ¼ f1ðyÞ þ
f2ðyÞ � f1ðyÞ

lx
x ð49Þ

The second term, h1, may be obtained from the x-partial solution
(44) as

h1 ¼ k5ðyÞ þ k6ðyÞx� L�1
x Lyh0 � L�1

x
1
h0

Rg

K
þ @h0

@x

� �2

þ @h0

@y

� �2
" #

ð50Þ

From Eqs. (48) and (2) a simple first term for the y-partial solution is

h0ðx; yÞ ¼ f3ðxÞ þ
f4ðxÞ � f3ðxÞ

ly
y ð51Þ

and the second term is given from Eq. (48) as

h1 ¼ k7ðxÞ þ k8ðxÞy� L�1
y Lxh0 � L�1

y
1
h0

Rg

K
þ @h0

@x

� �2

þ @h0

@y

� �2
" #

ð52Þ

and combining Eqs. (50) and (52). In general, higher-order terms, hi,
are obtained from



Fig. 5. Comparison between linear and nonlinear head profiles.
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hi ¼
1
2

k4iþ1ðyÞ þ k4iþ2ðyÞx� L�1
x Lyhi�1 þ L�1

x Ai�1 þ k4iþ3ðxÞ
h
þ k4iþ4ðxÞy� L�1

y Lxhi�1 þ L�1
y Ai�1

i
ð53Þ

It is instructive to compare linear and nonlinear solutions to the
same problem. As an example, assume a hydraulic conductivity
K = 1 m/month and the rest of the parameters as before. A linear
solution is obtained with a transmissivity value T ¼ K�h with �h an
average saturated thickness estimated as the mean of the heads
at the four corners of the aquifer. Fig. 5 shows a comparison be-
tween the linear and nonlinear hydraulic head, h(x, ly/2), through a
section in the middle of the aquifer. As expected, the differences be-
tween linear and nonlinear solutions tend to be relatively small
when an aquifer recharge is small and when hydraulic conductivity
values are large. As recharge increases, or conductivity decreases,
the errors incurred upon by linearization increase. In other words,
linearization may be acceptable in sandy or coarsely-graded aqui-
fers in dry regions. Clay or finely-graded aquifers in wet regions ex-
hibit the highest errors due to linearization. The effect of
linearization is to underestimate the magnitude of heads and gradi-
ents. This can be seen mathematically, as the linearized model
omits several terms in the differential equations.
4. Summary and conclusions

An important limitation of the method of decomposition is that
an expansion in a given coordinate explicitly uses the boundary
conditions in such axis only, but not necessarily those on the oth-
ers. In this article several improvements on the method have been
proposed, which permit the inclusion of all boundary conditions
imposed on a multidimensional boundary-value problem in
groundwater; the modeling of irregularly-shaped aquifers; and
the consideration of aquifer heterogeneity, multiple sources, and
nonlinearity in the equations. The method constitutes a simple
modeling procedure for preliminary studies prior to more elabo-
rate numerical analyses. Fast convergence rates, typical of decom-
position series, have been shown. Verification was done by
comparing decomposition solutions with analytical solutions
when available with reasonable agreement. The method can han-
dle aquifer heterogeneity in cases when aquifer heterogeneity in
the hydraulic conductivity can be described in an analytical form
fitted to a few measured points. Irregularly-shaped aquifer do-
mains can be considered when the aquifer geometrical boundaries
are described in an analytical form fitted to a few point on the
boundaries. Pumping-well fields, transient flow, and nonlinear
equations in several dimensions can be considered. The effect of
linearization of the equations is to underestimate the magnitude
of the hydraulic heads. Linearization may be a reasonable simplifi-
cation in coarsely-graded (high conductivity) soils and in dry areas
(low recharge). The selection of a simple first term in a decompo-
sition series is important in the calculation difficulty of subsequent
ones and the convergence rate.

Appendix A. Convergence of decomposition to exact closed-
form solutions

A reviewer of this manuscript suggested a clarification on the
convergence of decomposition to an exact linear or nonlinear solu-
tion. In this section we present two examples, one linear and one
nonlinear, of decomposition series of partial differential equations
in groundwater. Consider the problem of a plume migration
through an aquifer subject to an irreversible linear first-order ki-
netic sorption model. The governing equation is given by Serrano
(2010)

@C
@t
� D

@2C
@x2 þ u

@C
@x
þ aC ¼ 0; a ¼ qbk1

n
; �1 < x <1; 0 < t

Cð�1; tÞ ¼ 0; Cðx;0Þ ¼ CidðxÞ
ðA1Þ

where D is the aquifer longitudinal dispersion coefficient (m2/
month) assumed constant; u is the aquifer longitudinal pore veloc-
ity (m/month) assumed constant; x is longitudinal distance from
the source (m); a is the capacity parameter (month�1); qb is the soil
dry bulk density (kg/m3); n is the soil porosity; Ci is the initial con-
taminant mass per unit cross-sectional area perpendicular to x (kg/
m2); d(x) is the Dirac’s delta function; and k1 sub 1is a decay con-
stant (m3/(kg month)).

Let us define the advective–dispersive differential operator as

Lx;t ¼
@

@t
� D

@2

@x2 þ u
@

@x

 !
ðA2Þ

Eq. (A2) becomes

Lx;tC þ aC ¼ 0 ðA3Þ

which maybe written as

C ¼ �L�1
x;t aC ðA4Þ

where the inverse advective–dispersive operator, L�1
x;t , is given by

the convolution integral

L�1
x;t aC ¼

Z t

0
Jt�sads ðA5Þ

and the operator Jt() is the strongly continuous semigroup associ-
ated with Eq. (A2) and it is given by Serrano (1996)

Jtf ¼
1ffiffiffiffiffiffiffiffiffiffiffiffi

4pDt
p

Z 1

�1
e�
ðx�ut�x0Þ2

4Dt f dx0 ðA6Þ

Now expand c in the right side of Eq. (A4) as the series
C = C0 + C1 + C2 + � � � From Eqs. (A1) and (A6), the first term in the
series is given by (see Zauderer, 1983):

C0 ¼ L�1
x;t CidðxÞ ¼

Cie�
ðx�utÞ2

4Dtffiffiffiffiffiffiffiffiffiffiffiffi
4pDt
p ðA7Þ
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which is the fundamental solution or Green’s function of the advec-
tive–dispersive equation. The second term in the series is

C1 ¼ �L�1
x;t aC0 ¼ �

atCie�
ðx�utÞ2

4Dtffiffiffiffiffiffiffiffiffiffiffiffi
4pDt
p ðA8Þ

The third term is

C2 ¼ �L�1
x;t aC1 ¼

a2t2

2
Cie�

ðx�utÞ2
4Dtffiffiffiffiffiffiffiffiffiffiffiffi

4pDt
p ðA9Þ

In general, the n-th term is given by

Cn ¼ �L�1
x;t aCn�1 ¼ ð�1Þn ðatÞn

n!

Cie�
ðx�utÞ2

4Dtffiffiffiffiffiffiffiffiffiffiffiffi
4pDt
p ðA10Þ

Upon summation, the series converges to

Cðx; tÞ ¼ Cie�
ðx�utÞ2

4Dt �atffiffiffiffiffiffiffiffiffiffiffiffi
4pDt
p ðA11Þ

which is the exact closed-form solution to Eq. (A1). Let us now con-
sider the nonlinear advection equation given by Adomian (1991)

@u
@t
þ @u
@x
þ u2 ¼ 0; uðx; 0Þ ¼ 1=2x; uð0; tÞ ¼ �1=t ðA12Þ

By decomposition, writing Ltu = �@u/@x � u2, then writing
u ¼

P1
n¼0un, and representing u2 by u ¼

P1
n¼0An derived for the spe-

cific function, where An are the Adomian polynomials (Adomian,
1994), we have

Ltu ¼ �
@

@x

X1
n¼0

un �
X1
n¼0

An

u ¼ u0 � L�1
t

@

@x

X1
n¼0

un � L�1
t An

u0 ¼ uðx;0Þ ¼ 1
2x

u1 ¼ �L�1
t

@

@x
u0 � L�1

t A0

u2 ¼ �L�1
t

@

@x
u1 � L�1

t A1

ðA13Þ

Substituting the An{u2} Adomian (1994) and summing we have

u ¼ 1
2x
þ t

4x2 þ
t2

8x3 þ
t3

16x4 � � � ðA14Þ

which converges to

u ¼ 1
ð2x� tÞ ðA15Þ

The above examples illustrate the principle that decomposition
series converge to the exact solution of the differential equation.
Rigorous mathematical convergence of decomposition series has al-
ready been established in the mathematical community (Abbaoui
and Cherruault, 1994; Cherruault, 1989; Cherruault et al., 1992). It
is also important to mention the rigorous mathematical framework
for the convergence of decomposition series developed by Gabet
(1994, 1993, 1992). He connected the method of decomposition to
well-known formulations, where classical theorems (e.g., fixed-
point theorem, substituted series, etc.) could be used. In many
circumstances, including the equations dealt within this paper, a
closed-form solution is not possible. As illustrated with the numer-
ical simulations, a fast convergence rate suggests that a few terms in
the truncated series constitute a good approximation in hydrologic
modeling.
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