NEW EXAMPLES OF FIXED POINT FREE MAPS AND GENERAL RESULTS
CONCERNING CONTRACTIVE SERIES
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ABSTRACT. In this paper, we construct new examples of fixed point free (fpf) maps. We construct
a fpf isometry of a weakly compact and convex subset of a complex function space, inspired by
Alspach’s famous 1981 example on a real function space. We also use a known fpf nonexpansive
map and previously established technique involving series to construct a new fpf contractive map.
In this second case, we hope that the necessary details in the lemma regarding contractiveness
shed light on a natural general question about such series. We generalize the contractive series
construction in another direction, showing that the coefficients can vary over a certain interval.

In addition, we prove that once a map is fpf and contractive on an appropriate domain, the
previously mentioned series technique will always produce a fpf and contractive map.

1. INTRODUCTION

For any map f: X — X on a set, we say x € X is a fixed point if f(x) = . Moreover, f is fized
point free (fpf) if there is no such z € X.

Let X be a Banach space and C' be a closed, bounded, and convex (cbc) subset of X. Let
T:C — C be a map. We say that T is nonezpansive if for all z,y € C we have |Tx - Tyl < ||« - y|,
contractive if for all x,y € C we have [Tz - Ty| < |z -y|, and an isometry if for all z,y € C' we have
[Tz - Ty| = |z —yl|. We note the difference between contractive as defined here and the stronger
notion of a strict contraction. The map T is a (strict) contraction on C if 3k € (0,1) such that
T2 - Ty| < k|z - y| for all z,y e C.

Fixed point theory studies the mix of conditions on maps and domains that guarantee that all
such maps on all such domains have a fixed point. Three well-known results of this type follow.

Brouwer’s Theorem: Let C' € R" be cbc. Then any continuous function f: C' — C has a fixed
point.

Banach’s Contraction Mapping Theorem: If (X,d) is a complete metric space, then every
contraction mapping f: X — X has a unique fixed point.

The next result [5] applies to reflexive spaces and their subsets with normal structure. We do not
define these properties here. We do note that the label “normal structure” is apt. These domains
share some geometric properties with their simpler analogues, such as the fixed point property
established by the theorem.

Kirk’s Theorem: Let C be a nonempty cbc subset of a reflexive Banach space X, and assume C'
has normal structure. If f: C'— C is a nonexpansive map, then it has a fixed point.

Beyond these positive results, counterexamples show certain conditions that are not sufficient to
guarantee the existence of a fixed point. Taken together, these two types of results establish the
contours of fixed point theory. The new results derived in this paper are all counterexamples.

In [1], Dale Alspach gave such a counterexample. His example of a fixed point free map acts on a
weakly compact and convex subset of a Banach space. This map is defined (with A y = min{z, y}
and z vy = max{z,y}) as:

2f(2t) A 1, if t [0, 3)

(Tf)(t):{(Qf(gt_l))_l)v(), if te[3,1)
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The convex iterate series of T' was considered in [2], where the map R:= )
a fixed point free and contractive map on a weakly compact and convex SZk;)set of a Banach space.
In section 2, we generalize this construction to series with coefficients r™ where r € (0,1/2].

In section 3, we consider a convex iterate series of R, which leads to a generalization about maps
of this kind. We will prove that the standard iterate series of any fpf and contractive map on a chc
subset of a Banach space is itself fpf and contractive.

In Section 4, we define a complex analogue, V', of Alspach’s original map 7. While analogous to
T in the sense of doubling outputs and “slicing” them, V is not built from 7. V does mimic T’s
behavior of pushing outputs of transformed functions to “extreme” values. We prove that V is a
fixed point free isometry of a domain of complex-valued integrable functions.

In Section 5, we construct an iterate series of TA, a variation of Alspach’s map ([1]) as defined
in [4]. We prove that this series is fpf and contractive even though T'A is merely nonexpansive.
This proof uses similar techniques to [2], where it is proven that the convex series of iterates for
Alspach’s map is fpf and contractive. This raises another natural general question about iterate
series of nonexpansive fpf maps which we are unable to fully resolve.

was shown to be

2n+1

2. AN INTERVAL OF FIXED POINT FREE CONTRACTIVE MAPS

In this section we will prove that for any r € (0,1/2], the following functions are fixed point free
and contractive on C 5. Note that Wy, is the map R.

Wi Cup > Coppi [ (1=n)f +(L=7) 3717

n=1

https://www.overleaf.com/project/65143b1b6b9092672b2b9256
To prove that W, is contractive we will use the following lemmas. Lemma 1 here is Lemma 3.3
from [2]. We will use |- | for |- |1 on elements of Cy/5 € L'.

Lemma 1. For any f,g € Cyj, with | f - g| > 0 there is an N € N such that

Lemma 2. Let {¢,}2, ¢ (0,1) be such that Z ¢n =1. Then G : Cyjp - Cyy given by G = Z c, I

n=0 n=0

I+7V I+1"

2 f 2

gl <f -4l

is a contractive map.

(o)

Proof: We note first that rearrangement of terms preserves the value of (Gf)z = >_ ¢,(T" f)(z) for

n=0
any f € Cyjp and any x € [0,1] because the convergence of this series is absolute. We will decompose
ad I+Tm n
the series as G = F + Z dy, ( ) We will call E the “extra terms”. The terms with ”TT make
n=1

G contractive and the extra terms keep G a convex combination of T".

If cg < Z Cn, then (noting the sum on the right hand side equals 1 - ¢y and also that ¢y < 1/2)
n=1

define d,, = iCOCn

1-2¢) &
. In this case the extra terms are E = T €0 Z e, T™.
—Co —C0 p=1
To see that G is contractive in this case, let f,g € Cy/; be given with |f - g| > 0. Because
IT"f -=T"g| = |f - g for every n, it follows that

1-2¢o &

|Ef- Byl < - Yol T f=T"g]
€0 p=1
1- 260 s

> enll f =gl = (1-2c0) | f - g].-

n=1

1-
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Sal(557)- (55 ¢ Zal(55)s- (55

< Ydalf-gl
n=1

And also,

2 _ oo
_ 2029l § el - gl
—Co n=1

The strict inequality above is provided by Lemma 1. Putting these together, we have

i I+7T" I+717
IGf -Gyl = ‘Ef‘Ef’* Zd"[( 2 )f_( 2 )g]
n=1
< (I-2c)|f gl +2colf-gl=1f-gl
In the remaining case, we have ¢y > Z Cn- In this case, we can let d,, = 2¢,, and E = (2¢o - 1)1.
n=1
Then we have
ad I+Tm I+T"
IGr-Gg| = HEf‘E9+ Zd”[( 2 )f_( 2 )gH
n=1
& I+T" I+T"
- Jea-nu-gs S (U - (55|
n=1
ad I+T" I+T"
< @a-DIf-gl+ ¥ 2 (<5 ) - (55 )
n=1
< eo-D|f-gl+2> el f -4l
n=1
= 2eo-Df-gl+2Q-co)lf-gl=1f-gl
Once again, the strict inequality above comes from Lemma 1. U

Lemma 3. If the map W, is one-to-one for a given r € (0,1), then it is fixed point free.

Proof: Let r € (0,1) be given and suppose that W, is one-to-one. By way of contradiction, suppose
that fo € C/2 is such that W,.(fo) = fo. This means fo = (1-7)fo+r(1=r)T fo+r*(1=7)T>fo + .
Subtracting (1 - ) fo from both sides of this equation and then dividing by r gives the following.

fo= (=) fo+r(L=r)Tfo+r*(1=r)T?fo+-
rfo=r(L=r)Tfo+r*(L=r)T?fo+r3(L=7)T°fo + -
fo = (1 - ’I“)Tfo + 7"(1 - T‘)T2f0 + 7“2(1 - ’I“)Tsfo + e = WT(Tfo)
We have shown that W,.(T'fo) = fo = W,-(fo). Supposing that W, is one-to-one, we would have
T fo = fo. Since T is fixed point free, this would be a contradiction. O

Lemma 4. For any r € (0,1/2], W, is one-to-one.

Proof: Let f,g e Cyy be given so that | f - g|| > 0. In the following calculation, we use that W, is
contractive.

[Wof =Wegl = [Q=r)(f =) +r(L=r)(Tf ~Tg) +r*(L=r)(T*f ~T?g) +-|
> (L=)f =gl =lr(=r)(Tf~Tg) +r*(L=r)(T*f ~T?g) +-|
= (A=-n[f-gl-r[W.Tf-W,Tqg|
> (=-n)f-gl-rlTf-Tgl=Q-r)f-gl-rlf-gl20. O

Putting these lemmas together, we have proven the following theorem.

Theorem 5. For any r € (0,1/2], W, is contractive and fixed point free.
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The question remains open when r > 1/2. By Lemma 2, the maps are all contractive. Lemma
4 breaks down when r > 1/2. Considering a map like A, = (I + W,.)/2 (which is fixed point free if
and only if W, is fixed point free) extends the values of r to which a result like Lemma 4 applies,
however it is unclear if the appropriate variation of Lemma 3 holds.

We note another natural way to generalize R is the family of maps F,. : Cyjp » Cipp : f =

% f+ Z r"T" f. These maps are contractive. Fy/; = R. But it is unclear if these maps are fixed
n=1
point free.

3. ITERATE SERIES OF FIXED POINT FREE AND CONTRACTIVE MAPS

In this section, we prove a theorem about fpf and contractive maps. The iterate series (following
the construction in [2]) of such maps are always contractive and fpf. The following example motivated
the details of the proof of thls general theorem.

[2]. Then F is fpf and contractive.

Upon writing down the details of the proof of the above statement, it became clear that there
were sufficient conditions for general iterate series to be fpf and contractive. We prove below that
the iterate series of any fpf and contractive mapping on a cbc subset of a Banach space is itself fpf
and contractive. Moreover, Theorem 6 gives a new class of fpf and contractive maps.

Theorem 6. Let D be any cbc subset of a Banach bpace If H is any map H : D ~ D that is fixed

point free and contractive, then the map .J := Z is also fixed point free and contractive.

n02

Proof: Let D be a cbc subset of a Banach space. To see that J is contractive, consider |Jf - Jg|
for f,g € D. Grouping like coefficients,

177 = Jgl = |50 =)+ {0 - Hg) 4 S(12f = 1)+

Using the triangle inequality, we get

1 1 1
[7f=Tgl <51 f=gl+JIHf-Hgl + gI\HQf—H29|\ + o

Since H is contractive, for every j € N it follows that |H’f - Hig| < | f - g|. So

[

1
|Jf - Jg| < Z% st I =9l =1f =l

proving that J is contractive.

Now, we will show that J is fpf. To do this, we will first show that J is 1-1. Let f,g € D with
I f =gl >0. Grouping ||Jf - Jg| as above and using the reverse triangle inequality, we get

195 = Tyl > 515 - gl - | = Ho) + S (1H7f - HPg) + -

Since J and H are contractive, xx > %[ f -g| - 2|Hf - Hg| > 3| f - gl - 2] f - g| = 0. Hence
|Jf—Jg| >0 when ||f - g| >0, proving that J is 1-1.

1 1
=21 =gl - S1THS - THg) =+

Finally, assume by way of contradiction that Jf = f for some f € D. By definition,

gL AL
4 8
Subtracting the g from both sides, we get L= % + H; L 4 ... Multiplying by 2 then gives
H?
Jf=f= —f s JHf

Since J is 1-1, this implies Hf = f, a contradlction to H being fpf. O
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4. A COMPLEX VERSION OF ALSPACH’S MAP

In this section we define a complex analogue of Alspach’s famous map 7. The map V, defined
below, was named in honor of Vladimir Visnjic. In this section, we prove that V is a fixed point
free isometry. Letting S =[0,1]x[0,1] € C, we take V to be acting on a domain (specified in a later
subsection) of functions g: S — S.

h(z) = 29(22) A1 Ad, if 2 € [0,1/2] x [0,1/2] = D3

b(z) = (2922 -i) = i) A1 v 04, if 2€[0,1/2] x (1/2,1] = D,

S Vo(2) = u(z)=(2¢9(22-1)-1)vOni, if z€(1/2,1]x[0,1/2] = Dy
d(2) = (29(22 -1 i) - 1-9)vOv0i, ifze(1/2,1]x(1/2,1] =D,

Here, we have taken some liberties with A and v notation. We define (a+bi) Acv di = min{a,c} +
itmax{b,d}, (a+bi) Vv cnadi=max{a,c}+imin{b,d}, etc. In every case we have a complex number
(a + bi) on the left of the first operator (A or V), then a purely real number (0 or 1) to the right of
the first operator, and then a purely imaginary number (0i or 7) to the right of the second operator.
This notation is simply used to take A = min or v = max one coordinate at a time.

In order to more clearly denote the relationship between the values that g acts on as we iterate
V and the inputs to V"¢, we define the correspondence ¢: S — S as

2z, if ze Ds
2:—i,  ifzeD,
P _
@ $G)=N9. 1 ifseD,

2z—-1-14d, if ze Dy

and note that we can re-write V' in the following way

h(z) =2g9(p(2)) A1 AT, if z€ Ds
_)b(2) = (29(0(2)) —i) A1V 04, if z€ Dy
) V(=) = u(z) = (29(¢(2)) —1) vO A, if z€ Dy

d(2) = (29(6(2)) ~1—i) VOV 0i, if zeD;

4.1. V is Fixed Point Free. Consider the domain D = {f € L'(S) : f(z) e S Vz e S and [ f =
1+ 1}. Suppose that g € D with Vg =g.

In this subsection, we will define A = {z€S: Re(g(z)) =1} and B,, = {z€S:1/2"1 > Re(g(2)) =
1/2™}. As before S =[0,1] x [0,1]. Then

A = {z:Re(g(2))=1}
= {z:Re(Vg(2)) = 1)
= {ze D1 UDus Re(9(6(2)) = 1)Uz € DaUDs : 5 < Re(9(6(2)))}

Recall that in Dy, ¢(z) =2z -1-14 (and therefore z = g + 1 +1). Consider
AMD: = {zeD;:Re(Vg(z)) =1}
{2 €D1: Re(g(6(2))) =1}

1 4 1 1 4
= {§+§+%:¢ESandRe(g(¢)):1}:§A+§+%.

Similarly, AN Dy = %A + %
Also recall that in Da, ¢(z) = 22— i and consider

AND: = {2 D s Re(g(9(2))) > 5 = (= € D2 Re((8(2)) = 1)U {z € D2 1> Re(g(6(2))) > 5}
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As above, {z € Dy: Re(Vg(z)) =1} = %A+%. And similarly, {z €Dy:1>Re(Vg(z)) > 2} lBl+¥
Similarly, AN D3 = {z € D3 : Re(g(¢(2))) = 1} U{z € D3 : Re(g(¢(2))) > 2} where the first part
is equal to %A and the second part is equal to %Bl.
Summarizing, we have that

(AﬂDl)U(AﬂDz)U(AﬂDB)U(AﬂDO
(3 u(Ga- s D)uauza)ufia-
(GA+ 5+ PUGA* HUZAUGA+ DIU(GB + HULB).

2

A

And if we take the measures of both sides of this (recalling that in 2 dimensions, scaling down by
1 1

a factor of 2 decreases area by a factor of 4) we get m(A) =4 = Zm(A) +2 % Zm(Bl). Subtracting

m(A) from both sides of this equation reveals that m(Bj) = 0.

Continuing in this way, we can see that m(B,) = 0 for every n € N. The omitted proof follows
the above structure using that V"¢ = g and therefore scaled-down copies of B,, can be seen to land
in A for every n just as with B;. From this we can conclude that (up to a set of measure zero in the
domain), the outputs of Re(g) are only 0 and 1.

And focusing on imaginary parts of the outputs of V"¢ shows that m({z: Im(g(z)) € (0,1)}) =0
just as with the real part above. In fact, the rest of the proof only needs these facts for the real
part, and proceeds much as the proof in [8] does.

Using the decomposition of A from above - and discarding the copies of By which we now know
have measure zero - produces the following.

)

- SAUGA+ HUGA DUGA+ 5 +3)
Substituting again gives
A= LAUGA+ PUGA+ DUGA+ 7+ D)
U&A{)U(im%)uqm FOUGA+ S+ )
U1A+E)U(1A+1+£)U(1A+—)U(7A+1+%)
1

UGA+ 3+ DUGA+ S+ HUGA+ 3+ HUGA+ 2+

This process continues infinitely, showing that the intersection of A with any dyadic rectangle
(i.e. any set of the form [k/2", (k+1)/2™] x [/2™,(j +1)/2™] € S where k, j, m, and n are in N)

contains such scaled down copies of A. Recalling that Re( g) =1/2, we can also now compute
s

ma) = [[ 1= [ Be(o) = [[ Reo) = Re( [[ 9)=172

From this it follows that the intersection of A with those dyadic rectangles is exactly half the measure
of those rectangles, contradicting the measurability (and not full measure) of A. This finishes the
proof of the following theorem.

Theorem 7. The map V : D — D is fixed point free.
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4.2. V Preserves Integrals. Consider any integrable g:.S — S.
By definition /fSVg(z) dA = [[ Vg(z)dA + /f Vg(z)dA + f/ Vg(z)dA + /] Vg(z)dA.
D D» D3 Dy

Consider f/j;l Vg(z)dA = f/

((29(é(2)) =1 —-14) vO v 0i)dA. Separating real and imaginary
D,

coordinates, we have
1,1
v dA:// 29(22 — 1 +i(2y~1)) —1-4) v O v 0i] dz d
[[Dl 9(2) 1/2 1/2[( 9(2z=1+i(2y - 1)) 7)) v 0 v 0i]dzdy

and with the substitutions v = 2x — 1 and w = 2y — 1, this becomes

1, Vg(z)dA=folfol[@g(@uiw)—l—i)VOVOi]%du%dw_

Similarly,

ffm Vo()dA = [[[@gu+iw) i) A1voi] idudw
f/DS Vg(z)dA:ffg[(2g(u+iw))A1Ai)]idudw
[fD4 Vg(Z)dA:[/S[(Zg(quiw)—l)v()/\i]idudw

And so, ffSVg(z)dA - ffs[[(29(u+iw) S =) v (0400)] + [(2g(u +iw) — i) ATv 0] + [(2g(u +
1
w))A(1+3)]+[(29(u+iw) -1) vOAi]] Zdudw.
Let © = Re(g(u +iw)). Then the real component of the sum of the 4 integrands (notated as

Re(Int)) can be written as Re(Int) = $[((2z-1)v0) + 2z A1)+ 2z A1) + ((2z - 1) v0)] =

2[((2z-1) v0) + (22 A 1)]. At this point, there are two cases we have to consider: < 1 and x> 1.

Case 1: If z < 1, consider Re(Int) = 3[((2z - 1) v 0) + (22 A 1)]. The first term will be 0 and 2z

will be less than or equal to 1, making the second term 2z. This gives Re(Int) = (0 +2z) = .

Case 2: If 2 > 1, then we get Re(Int) = 3[((2z-1)v0)+(1A1)]. The second term equals 1 and the
first term is 2z — 1 because z > 1/2. The two ones will cancel. As a result, we get that Re(Int) = «,
and

Re(/[SVg(z)) dA:[/SRe(Int)dudw:f/Sxdudw:/fSRe(g(u+iw))dudw.

The imaginary part of g acts in the same way, with the imaginary component of the sum of the
4 integrands equaling $[((2y - 1) v 0) + (2y A 1)], where y = Im(g(u + iw)). Again, for both y < 1
and y > %, the sum equals y, and thus

Im([/SVg(z)) dA:/fSIm(Int)dudw:/fSydudw:/]Sfm(g(u+iw))dudw

Putting these two parts of the integral together, we have proven the following theorem.
Lemma 8. For any integrable g: 5 — 5, /] Vg(z)dA= ff g(u+iw)dudw. That is, V is integral
s s
preserving (just as 7T is).
Putting this together with the result of subsection 4.1, we get the following.

Theorem 9. The map V : D - D is a fixed point free isometry.
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5. CONTRACTIVENESS OF T'A SERIES

A reasonable question is whether the iterate series of variations of Alspach’s map become con-
tractive and remain fpf as seen with the map R. In this section, we consider the isometry T'A from
[4]. This map is similar to 7" but has distinct behavior on four intervals of [0, 1], leading to new
questions about its behavior when iterated. TA : C 1= C 1 is defined by:

2f(4t) A1, iftef0,1)

2 -fat-1))a1, ifte[s,3)

) (TAN®) = (2f(4t-2)-1)vO, ifte[%é)
(1-2f(4t-3))vo0, ifte[2,1]

5.1. Graphs of TA. Below are the graphs of TA applied to the functions f(x) = = (left) and
f(.T) _ sm(126w)+61 (I‘lght)

1

5.2. Iterate Series of TA. Using ideas from [2], we will show the map Ra := Z (T'4) is

+1
n=0 2n

contractive and fpf on C 1 We begin by showing the outputs of (TA)™ tend to the extreme values
0 and 1 as n increases.

Lemma 10. Let A,(f)={z€[0,1]: (TA)"f(z) € (0,1)}. For every f e Cy, JLIIZ.lom(An(f)) =0.

Proof: Let f € C% and consider the set A;(f). We can write this as the disjoint union

a0 = (annfog))U(amn[3))u(@mn(s.3))u(amn]])
If z e A1 (f) ﬂ[O7 i), then z € [O, i) and (TA)f(x) € (0,1). By definition, (TA)f(z) = 2f(4z) A1,
so this implies f(4) € (0,1). Hence
vea(NN[o.) = st e(0.3)
Similar arguments show that if @ € A;(f) n[4,1], then f(4z -1) € (3,1), f(4x-2) € (3,1), or
f(4z-3)€(0,1). This gives:
)

im{x €(0,1): f(x) e (%7 1)}

m(4NN]0.7)) = gmlre ©.1): s e o

|~

(meon[ )
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m(4ON[5:5)) = mlee D@ e (5:1))

(o) e oes0 (1)

Since m(Ao(f)) >m[0< f < 1]+m[L < f<1], we get:

\

SmAo(P) > gmlwe0.1): f@) e (0.3 )1+ qmlee 0.1): f@) e (5.1))
. lm{xe (0,1): f(x) € (O,%)}-kim{xe 0,1): f(x) ¢ (%,1)}
= w(amn[o.)+m(amnf5;))

< m(non]g) e (aon(io])
= m(Ai(f)).
This gives 2m(Ao(f)) > m(A1(f)) for every f e Cyjo. We can apply this to (TA)" ! f and see that

(Aa(f)) = m(ATA) 1)) € Sm(Ao((TA))) = Sin(Au 1))

which shows

m(An(£)) € m(Ao(f)) € 52 ——0.

Lemma 11. Let f € Cy and let y be nondyadic in [0,1]. Let n € N. Then for every j € {0,---,4" =1},
when f(y) € {0,1}, (TA)" f(%) € {0,1}.

Proof: Base case: n=1

We need to show the above for j € {0,1,2 3}

If =0, TAf(¥)=2f(y) Al smceye[ V5 IE f(y) =0, TAf(4)=0and if f(y) =1, TAf(¥)=1.
Ifj=1, TAf(y+1)—2(1—f(y))/\1 since yTl e[3.4). If f(y) =1, TAf(y+1)—0and if f(y) =

1TAf(y )=0.

If j = 2, TAf(y+2):(2f(y)—1)v0since B2 e [13) I f(y) =0, TAF(2) = 0 and if f(y) =

1, TAf(y )=1.

If j = 3, TAf(yf’) = (1-2f(y)) v 0 since £2 e [3,1]. If f(y) = 0, TAF(L2) =1 and if f(y) =
1, TAf(%3)=O.

Hence the claim holds for n =1 and all f € Cy.

Now, by way of induction, suppose the claim holds for some m € N and some f € C'j5. Then for
each j € {0,...,4™ - 1}, we have that (TA)™f y4+j) € {0,1} when f(y) €{0,1}.
By applying the base case (n=1) to (TA)™ f, we then have that

y+]

k
(TA)’”“f( ) {0,13.

for each k € {0,1,2,3}. By rewriting the above, we get that:
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4m+1

y+Jj +k . m
TAWL+1f(4m4 ):TAm+1f(y+]+4 k)E{O,l}

This holds for each j € {0,...,4™ -1} and k € {0,1,2,3}, and so it holds for each ¢ = j + 4™k €
{0, 4™ —1,4™ . 2.4m-1,2.4™ . 3.4™—13.4™ .. 4.4™—1=4""1_1} which proves the
lemma.

O

We have shown that T'A copies the extreme values of functions f € C 1 (excluding dyadic numbers
constituting a set of measure 0) by either preserving 0’s and 1’s or exchanging them.

5.3. Locations of Extreme Values Upon Iterations of TA.
Now, for any f € C’% we define
By (f) ={z€[0,1]: (TA)" f(z) =1},

Cn(f) ={z €[0,1]: (TA)" f(x) = 0}.
Note that A, (f)UBn(f)UCL(f) = [0,1] for any f. In the following claim, we write Cy f =
Cr+k(f) and so on for brevity.

Claim: For all k€ N,
4k ] 1
Chsi 2 S+ — X,
+k ]L:% (4k 4k ,])
and .
4k-1,
J 1 )
Bk 2 =+ =Y,
+k JL=J0 (4k 4k J

where, considering j in base 4 as j = (joji--j¢)a for some ¢t >0, X,, ;,Y,, ; are defined as:

X - Crn, if (jo+j1+-+J:) =0 mod 2
"7\ Ba,y if (Jo + g1+ + i) # 0 mod 2
and
v .- B, if (jo+j1+-+7:)=0mod 2
Ty i (Jo 4 g1+ -+ 2) #0 mod 2

Proof: Base case: k=1

1 1 1 2 1 3 1
Crn12|-C,U(=+-B, - +-C, -+-B,
a2 (360G + BOUG + 10U + 1B0)
1 1 1 2 1 3 1
Bpa2|(-B. (= +-C, -+-B, -+ -C,
a2 (38U + E0UG + 1BUCG +560)
These inclusions follow from the base case in Lemma 11 and by a simple check that the B,, and
C,, terms correspond with the even and odd sums of j’s base 4 digits.

Now let k£ € N be given. By way of induction, suppose it holds that

4k=1q J 1
Chik-12 U (F + FXn,j)
7=0
and
4kl ] 1
Brig-12 U (4’“7*1 + FYW)
7=0
If we consider Cpyx = C(pap-1)+1 and Bpig = B(pik-1)+1 and apply our base case to each, we see
that
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Cn+k 2 ( n+k 1 U( n+k—1) U(% C’n+k 1) U( + Bn+k 1))
By 2 ( Brik-1 U chﬂcfl) U(Z + ZBnJrk—l) U(Z + ZCnJrkfl))

We will show that these unions are equivalent to the inclusions for B, and C,,; stated in the
claim. Specifically, we will prove the inclusion for C,x, as the proof for B, is similar.

First, by our inductive hypothesis, we have
1 L[4 1 S|
2 (U ()0 (s )
Pl 4( jL:JO 4k-1 " gh-1 jL:JO g4k gk I
11 I E s A 1 1 A
—+-Byip1)2-+— ——+—Y, il ==+ —+ =Y,
(4 4o 1) 4 4( b (4k—1 41 »J) 47 % (4k 4 ’])

2 1 2 1[4 1 9 4l
+-Cy 2+ - ——+—X, ]| |=-+ St — X,
(4 4 +k— 1) 4 4 ( jL;JO (4k—1 4k-1 ’J) 4 0 (4k 4k J)

3 1 3 1471 1 3 415
+-B, 2 —+ - ——+—Y, il ==+ —+ =Y,
(4 4o 1) 4 4( }30 (4k—1 41 *]) 4 jszo (4k 4k ’])

1 C,Hk 1 gives us a portion on the union contained in Ci,, in the claim (with the correct X term).

For( + = Bn+k 1) we write:

1 A gttt g AT Gkt
it U Grew) e U e a) - U (S

Let /1 == j +4%1. Note that the base 4 addition of 471 and j is (10-----0)4 + (jo---j¢ )4, Where
t < (k-2) since j < 4871, Therefore ¢; = (1jo--j;)4 has digits adding to 1 + jo + - + j;, flipping the
parity of ¢1’s sum of digits in base 4 from that of j. This means Y;, ; = X, ¢, and hence gives

1 24511 p L 1
+-B —+—X )
(4 4 n+k— 1) , =L4Jk71 (4k Ak n,ly
1
We now have another portion of the union in our claim (with the correct X term) that continues

where the previous one left off.
Next, for ( + = Cn+k 1) we write:

1 2.4kt a1 L j+2.41 1
7+ U (4k ZkX”’j):T+ U (4k = ) U Tk TgEnd

J=0 J=0

Let £ := j+2-4F1. Note that the base 4 addition of 2-4*~ and j is (20----0)4 + (jo-*-j¢ )4, Where
t < (k-2) since j < 4*71. Therefore £, = (2jy---j¢ )4 has digits adding to 2+ jo + -+ + j;, preserving the
parity of £5’s sum of digits in base 4 from that of j. This means X, ; = X, ¢, and hence gives

2 2481,
+-C, —+—X,
(4 47 1) £L4J (4k aF ’52)

Again, we have a portion of the union in our claim (with the correct X term) that continues where
the previous one left off.
Finally, for( + Bmk 1) we write:

3 410 34’<1 4+ 1 B e
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Let ¢3:= j+3-4%1. Note that the base 4 addition of 3-4*~! and j is (30----

t < (k-2) since j < 4871, Therefore £3 = (3jy---j; )4 has digits adding to 3+ jo +-- + j;, preserving the
parity of £3’s sum of digits in base 4 from that of j. This means Y;, ; = X, ¢, and hence gives

3 1 I | A1 gy 1
-+-B, _)2 (—+—Xn ): (—+—Xn )
(irima)z U (Grgne) = U G e

Together, these unions span 0 to 4% — 1, which gives

a4k -1 j 1
G2 U (55 * %)

as claimed. The proof for the B, inclusion follows the same argument but swaps any B-sets for
C-sets and vice-versa.

5.4. Lemma for Contractivness of TA.
We now define the following for any f,ge C 1

Dn = Bn(f)mc’rb(g)
En = Ba(9)(Cu(f)
F,= (Bn(f)mBn(g))U(Cn(f)an(g))

Gp = An(f) UAn(g)
Note that the disjoint union D, U E, UF, UG, =[0,1] for any f,g.
Let f,g € Cy besuch that f # g. By Lemma 10, m(Gr) — 0. Since | f-g[ > 0 and fol f= fol g=1

=1,
m[f >g] and m[g > f] are both positive. We will now show m(D,,) and m(FE,,) are both positive.
Since T'A is an isometry, we have

If =gl =(TA)"f-(TA)"g| = fcn (TA)"f-(TA)" gl + an0+/l;n 1+/};n 1
- fG (TA)"f - (TA)"g| + m(Dy) + m(Ey)

This shows m(Dy,)+m(E,) = | f-gl- [4, [(TA)" f-(TA)"g|. Also, since fol(TA)"f = fol (TA) g =
2

SO

|, (@ay-@ayg)y [ (@a) f-raye) [ (Tay f-(Tay'g)s [ (1a)yf-(Ta)"g)=0

fGn((TA)"f—(TA)ngp/Dn1+/En(_1):0

and hence
m(EB,)=m(Da) = [ (TA)'f - (TA)"g).
From the above and the fact that [, [(TA)"f~(TA)"g| < m(G,) (because the integrand is
bounded above by 1), we conclude that

Hf_gH 2 m(Dn) +m(En) 2 ”f_gH _m(Gn)
and
Im(En) —m(Dn)| < m(Gr)

Since m(G,) — 0, it holds that m(D,,) — 1| f - g| and m(E,) — 1| f - g| as n gets large.
Hence we can choose n large enough such that m(D,,) and m(E,) are both greater than 1| f - g|.

0)4 + (jO"'jt)47 where
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(#)Claim: Choosing n as above, there exists k € N such that the sets

Sl = En+k m[f > g]

S2 = Dnk ﬂ[f <yg]

are both of positive measure.

(#)Proof: Let W :=[f < g]. Fix € > 0. By Proposition 15 in [7], there exists a finite sequence of
open intervals (I;)}_; such that m(W\I' uT'\W) = m(WAT') < € where I' := U;_; I;. Without loss
of generality, we assume that the intervals I; are pairwise disjoint and dyadic intervals of the form

i—,’c, jﬂl) for some j; € {0,---,4* =1} and k e N. We write:

where each 5; € {0,1}. Let p,, = min{m(D ), m(Ey )} Note that the measures of D,, and E,, both
exceed 4Hf g| and that (4A + 7 Xn,i(g9)) N (4k + 4k Yo,i(f))) is 55 + 4kD for certain values of j
and - aF % L F. for others. Then

\

4k -1 ] 1 4k -1 ] 1
m(DpsxnW) > m|| U 47+47X"J(9) N JL=JO47+47YW(f) NWnr

J=0

_ m‘ﬁX;1 m@ﬂd;+;man)nWmﬂ

< (UG st o)) or)

n
7=0
4Gl(jJrlX ())m(j+1Y (f)) n\W
_m 2t X, (g S Y,
j2o \4k kT 4k =gk

ak_1
;) X (G2 X ()N + 3 Yo (1)) Z BsX (=) dm = m(I\W)

%
o\,
-
S
kol
L

14F-1 4k_1
> fo JZO BiX((Ze+ 2 X3 (00 + 2 Yo s (HY) T = €2 Pn 720 Bi-
= pnm(F) —€> pn(m(W) - 6) —€= pnm(W) —Pn€—€2 pnm(W) —2e
> Hf;gH (W) % > Hf g” (W) >0

for € < ”fl—%g”m(W) . This holds for all k > k; for some k; € N.
A similar argument shows there exists ko € N such that m(E, ., n[f > g]) > 0 for small enough e.

Hence we can choose k > max{ki,k2}, and we have proven the claim.
O
We can now prove the following lemma:

Lemma 12. For every f, g€ Cy with | f =gl >0 there is some N € N such that

Proof: With n e N and k as in claim #, let N :=n + k. Define the set S5 :=[0,1]\(S1 U Ss). We will
achieve the desired inequality by breaking down [0, 1] into S7, Sa, and Ss:

I+(TAN
2

I+(TAYN
( )g

-5l <1 -l




14 NEW FIXED POINT FREE MAPS

I+(TAYN | T+ (TAYY _[1 F+(TANF g+ (TA)YNg

> T 9t 2 T2
:f f-g+((TA)Nf - (TA)Ng) +f f=g+((TA)Nf - (TA)Ng)

S1 2 Sy 2

+[ fH(TANf g+ (TA)Ng

S 2 2
[ |f-g9-1 f-g+1 f+(TANf g+(TA)Ng

_fsl T‘+fs T‘+fs 2 - 2
_/ Lvg=f [ 1+f-g [ [f+(TA)Yf g+(TA)"g

s 2 S 2 S 2 2
<[ Ltf-g [ l+g=f [ |[f+@TA)"f g+(TA)"g

S1 2 S 2 S3 2 2
_f (TA)Yf - (TA)Yg] f—g‘ +f (TA)YNf - (TA)Ng +‘f—g‘

“Js 2 2 S5 2 2
NG R

Ss| 2 2
Y f-g| |TO)Nf =@M Ngl\_ (| f-9| |9
Sfo(\ 2 | 2 ‘)f(‘22’)
1
- [T1f-gl=1f -]
O
Theorem 13. The map Ra := i (gﬁzn is fpf and contractive.
n=0
Proof: LetfeC%.
(I TA (TA)?
RAf—(2+4+ 3 +---)f

Distributing the identity term throughout the sum and accounting for the correct coefficients on
each power of TA, we get

PRV EE S PRV IR SPRR RS PR S (RS0
n=0

Hence for any f, g € C'y such that | f - g] >0, we have

) () (22 (02|

Using the triangle inequality, we get

a3 (2 - (ST () - (2522,

|Raf-Ragl| =

=+ ..

I+(TAYN .
LA s

Each W is nonexpansive, and by Lemma 12 there exists an N € N such that
contractive. Therefore

[}

IRAf - Ragl <
n=0

1
et 1S 9l =1f -4l

and we conclude that RA is contractive.



NEW FIXED POINT FREE MAPS 15

To show Ra is fpf, we use the same techniques from the proof of Theorem 6. Note that in this case
TA is an isometry and hence we get

1 1 1 1
|IRaf - Ragl > §Hf—9|\ - §\|TAf—TAg|| = iﬂf—gﬂ - §Hf—9” =0

which shows Ra is 1-1. The rest of the proof follows exactly as in Theorem 6 and uses the fact from
[4] that TA is fpf.

|
As a result of Theorem 6, we immediately have the following.
[e<] R n
Corollary 1: The map Jr, := ZO (2% is fpf and contractive.

6. CONCLUSION

Proving that V is fixed point free and nonexpansive raises a natural question about whether

[ n

>

n=0
we might ask a more general question about starting with any nonexpansive and fpf map F: Is the
n

et is contractive and fpf. If this were the case, in light of Theorem 6 and previous results,

> F
series Z pevey fpf and contractive? Since 2014, there have been other formulations of fixed point free
n=0

and contractive maps ([6], [3]) coming from such series, possibly pointing to an affirmative result.
Although, we have only seen the details of the analogue of Lemma 12 for the original series R and
the series Ra and W, in this paper.

And the question about W, being contractive and fpf remains open (to us) for r > 1/2. For
r > 1/2, we have tried both the formula given above for W, and re-formulations without resolving
the question.
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