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Abstract
This study explores how presearvice teachers (PTs) learning to teach fundamental mathematical ideas in elementary classrooms. Focusing on the case of the associative property of multiplication, we compared three PTs’ specialized content knowledge (SCK) in enacted lessons in fourth grade classrooms with their own learning in professional development settings. Findings revealed PTs’ successes and challenges in unpacking a worked example, especially in areas of making connections between concrete and abstract representations and asking deep questions. Factors that may have supported or hindered PTs’ SCK transformation are also revealed. Implications for teacher education are discussed. 
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Introduction

Preservice teachers’ (PTs) learning to teach mathematics is a familiar topic that has been found to be challenging (Borko, 1992; Simon, & Blume, 1994). Recent research has narrowed its focus on a particular type of knowledge, namely, specialized content knowledge (SCK; Ball Thames, & Phelps, 2008). Morris, Heibert, and Spitzer (2009) argue that SCK is a good candidate for supporting preservice teachers’ learning to teach, which calls for urgent research attention. In this study, we explore the process of three PTs’ transformation of the learned SCK from professional development (PD) settings to elementary classrooms. To do so, we focus on the associative property of multiplication (AP), a mathematical principle (along with others) that undergirds arithmetic and algebra (Bruner, 1960; Carpenter, Franke, & Levi, 2003; Common Core State Standards Initiative, 2010; Ding, Li, & Capraro, 2013; Larsen, 2010). It is expected that this case study will serve as a window on PTs’ SCK transformation when learning to teach fundamental mathematical ideas.  
Theoretical Framework
Specialized Content Knowledge (SCK)
Specialized content knowledge (SCK) is one of the key components of “mathematical knowledge for teaching,” a notion developed by Ball and colleagues (Ball et al., 2008). SCK is a type of mathematical knowledge specifically needed for teaching. The core of SCK is to unpack a mathematical concept or learning goal, making it visible and learnable for students (Ball et al., 2008; Morris et al., 2009). To do so, Chick (2009) argued for a focus on teachers’ choice and use of examples, which may serve as a window on teachers’ SCK. This position is supported by cognitive and educational research assertions where teachers were recommended to interweave worked examples and practice problems as oppose to asking students to solve problems with minimum guidance (Pashler et al., 2007). The worked example effect has long been proven (Sweller, 2006; Sweller, & Cooper, 1985). This is because examples as cases of principles can potentially develop students’ schema for solving relevant problems, thus reducing cognitive load and enhancing learning (Colhoun, Gentner, & Loewenstein, 2005; Sweller, 2006). As such, explanations of a worked example should go beyond the example itself to enable students to see the underlying principles (Lewis, 1988). Past studies on worked examples, however, were mainly conducted in labs by showing students complete solutions, potentially ignoring the student role in the process of knowledge construction. Given that students’ learning is not passive (National Research Council, 2001; Piaget, 1972), a teacher in a genuine classroom should engage students in the process of working out an example. This process demands teachers’ SCK to unpack a worked example in mathematically and pedagogically meaningful ways. 

To unpack a worked example, teachers’ sub-skills such as representation uses and questioning are critical (Ball et al., 2008). With regard to representations, research revealed both affordances and limitations of both concrete and abstract representations (Goldstone & Son, 2005). While concrete representations (e.g., a story situation or picture) may activate students’ personal experiences to aid learning, they might carry surface information that may hinder students’ seeing the underlying principle. On the other hand, while abstract representations (e.g., numerical symbols and formulas) may promote transfer, they are often distant from students’ personal experiences and may be hard to retrieve for application (Goldstone & Son, 2005). As such, to maximize representation uses, a teacher needs to help students make connections between concrete and abstract representations (National Mathematics Advisory Panel, 2008; Pashler et al., 2007). Recent studies also found that a sequence from concrete to abstract representations (also called concreteness fading) supports both learning and transfer (Goldstone & Son, 2005; McNeil & Fyfe, 2012) due to being well aligned with how children learn (Koedinger & Nathan, 2004; Nathan, Long, & Alibali, 2002). 
In terms of questioning, teachers were strongly recommended to ask deep questions to elicit students’ self-explanations (Pashler et al., 2007). A deep question (e.g., why, what if, what if not) refers to one that targets casual or structural relationships (Craig, Sullins, Witherspoon, & Gholson, 2006). Without teachers’ deep questions, students may not spontaneously provide deep explanations. In fact, research found that the learning effect could be greatly enhanced when students’ were prompted to self-explain the worked example solution (Chi, Bassok, Lewis, Reimann, & Glaser, 1989). Therefore, when unpacking a worked example, it is expected that teachers can ask deep questions to maximize the learning effect. Some researchers viewed teacher questions, along with other responses to students (e.g., revoicing, orchestrating), as an indicator of a teacher’s knowledge for teaching (e.g., Seymour & Lehrer, 2006). This is because the types of teacher responses may facilitate classroom communication and discourses, which are key factors of classroom instruction (Hiebert & Wearne, 1993; National Council of Teachers of Mathematics, 2000; Thompson & Thompson, 1994). 
PTs’ SCK for Teaching Mathematics

Prior studies reported PTs’ difficulties in the process of obtaining SCK (Morris et al., 2009). For instance, to unpack a decimal task that exemplifies the learning goal, many PTs could not identify the necessary sub-components (e.g., relationships between decimal units) of the targeted concept. This report was consistent with the prior findings that the knowledge packages possessed by many U.S. teachers lacked connections among the subcomponents (Ma, 1999). This result was also consistent with Simon and Blume (1994) where PTs who knew the compressed formula (e.g., area = length × width) lacked the ability to justify why this formula made sense based on the subcomponents (e.g., measurement units, the basic meaning of multiplication).  

Even after explicit training, PTs may still struggle to transform the learned SCK into actual classrooms. In Borko et al. (1992), a PT who embraced the reform beliefs about students’ learning and had learned how to illustrate the standard algorithm for fraction division through a methods course, could not respond to a student’s question about why the procedure of “inverse and multiply” worked. Even though this PT tried to draw a concrete picture to justify the procedure, she became lost in the process of explanation and ended up telling students to simply follow the procedure she provided. After teaching, this PT did not examine her methods course notebook to make up for her missing knowledge. Therefore, the authors attributed the failure of the PT’s SCK transformation to her inadequate knowledge and commitment. This finding was consistent with other studies that attributed the challenges of PTs’ learning to teach to their weak knowledge, belief, and attitude (Suzuka et al., 2010). 

 Only a few reports exist on PTs’ SCK for teaching the AP of multiplication, the target in this study. Ding et al. (2013) found that when PTs entered the education program, they thought both the associative and commutative propertied were about switching the order of numbers, leading to confusion. Even PTs who knew the AP had difficulties making connections between pictures and corresponding number sentences when asked to illustrate the property. One of the sources of difficulties was related to PTs’ weak understanding of the meaning of multiplication (e.g., 3 groups of 2 is represented as 3 × 2 based on the US convention of multiplication, which should be used in a consistent manner). In addition, PTs tended to explain the meaning of a single quantity (e.g., the meanings of 3 and 2, respectively) rather than the interactions between quantities (e.g., the meaning of 3 × 2). 

Even though previous research has shed light on the development of PTs’ SCK, very studies have explored PTs’ SCK transformation process surrounding fundamental mathematical ideas such as AP of multiplication. The current study extends previous research by investigating how PTs transform their learned SCK for teaching AP from PD settings to elementary classrooms. In particular, we ask two questions: (1) How do PTs learn to unpack worked examples through representation uses and questioning in PD settings? (2) How do PTs unpack worked examples through representation uses and questioning in the elementary classrooms?
Methods 
Participants and Project 

This study is part of a one-year long project, aiming to equip PTs’ SCK for teaching early algebraic ideas in elementary classrooms. Three participants with pseudonyms Anna, Cindy, and Kate were recruited for in-depth case studies. All were junior students who were about to take a math methods course in the fall semester. Meanwhile, they would have field experiences in fourth grade classrooms. These PTs were selected because they indicated strong interests in learning to teach early algebra during the recruitment process. The college admission files and knowledge and beliefs surveys also indicated their varied backgrounds. For instance, Kate seemed to possess the strongest content knowledge while Anna possessed the weakest; yet, in comparison with Kate, Anna and Cindy’s beliefs in student learning were more aligned with the reform spirit (e.g., allowing students to construct their own understanding). 

The large project involved topics of equal sign and equivalence, the inverse relations, the basic properties of operation, and variable, expression, and equation. The topic in this study, AP of multiplication, was part of the basic properties of operations. Table 1 summarizes specific activities related to AP involved in PTs’ PD and elementary classroom settings. 
(INSERT TABLE 1 ABOUT HERE)

As indicated by Table 1, before enacted teaching in elementary school, PTs were expected to attend summer training where research assertions were introduced and relevant elementary textbooks were examined. Due to time conflict, Kate missed this 1-hour training. To ensure PTs’ readiness for teaching in the fall classrooms, a pre-lesson study was conducted a few days prior to the enacted lesson. The PTs then taught the relevant lessons in the classrooms. Each lesson was observed and videotaped. Immediately before and after teaching each lesson, PTs were interviewed for their lesson images and reflections in elementary school. A few days after each enacted lesson, a post-lesson study was conducted to discuss typical video clips taken from the lessons. All PTs attended the pre- and post-lesson studies. 
Task Analysis 

For this study, PTs were expected to teach Lesson 4.7 in the fourth grade textbook of Houghton Mifflin (Greenes et al., 2005). The worked example of this lesson was the String problem that states, “Upright bass strings come in sets of 4. Suppose one box holds 2 sets of strings. If a musician orders 3 boxes, how many strings will there be?”. Based on the SCK components focused in this study and Ding et al. (2013), we anticipated PTs to unpack this worked example in mathematically correct and pedagogically meaningful ways. More specifically, instead of directly telling students what the AP looks like, a PT may start with a concrete drawing (see Figure 1) and then guide students to reason upon this problem situation. 
(INSERT FIGURE 1 ABOUT HERE)

Based on the picture, one may first find the total number of sets (3 × 2) and then the total number of strings, resulting in the first solution (3 × 2) × 4. One could also first find the total number of strings in 1 box (2 × 4) and then the total number of strings in 3 boxes, resulting in the second solution 3 × (2 × 4). A comparison of two solutions will then generate an instance of the AP, (3 × 2) × 4 = 3 × (2 × 4), which may lead to the revealing of the big idea, the AP of multiplication. 
In addition to representation uses, a teacher may ask deep questions to elicit students’ self-explanations of the meaning of each step (e.g., “what does 3× 2 refer to?”). Note that focusing on the meaning of each step demands students’ attention to the quantitative interactions, which is different from asking the meaning of each individual number (e.g., what does “3” mean?). As pointed out by Chi and VanLehn (2012), attention to the quantitative interactions is the key to deep initial learning. 

To achieve the above SCK, there is an important mathematical point that should be grasped during representation uses and questioning. That is, a teacher should help students refer to the basic meaning of multiplication (e.g., a groups of b is represented as a × b) and consistently apply it for reasoning (e.g., 3 boxes of 2 should be represented as 3 × 2 rather than 2 × 3). At first sight, this is a trivial issue and one may argue that it is unnecessary to stress the meaning due to the commutative property where 3× 2 = 2× 3. However, when one sets the learning goal as sense-making beyond answer seeking, this meaning of multiplication is arguably critical because it may serve as a conceptual entity for students’ mathematical reasoning. 

Based on the above task analysis, the elementary textbook presentation of the worked example (see Figure 2) contains at least two limitations. First, the number sentence 4 × 3 × 2 was directly presented and then computed in two ways with an application of the AP of multiplication. In both solutions, each step (e.g., 4 × 3, 3 × 2) cannot be explained based on the meaning of multiplication because “4 groups of 3” or “3 groups of 2” does not exist in the problem situation. Second, the AP of multiplication was directly presented for students. As such, opportunity of using the word problem to make sense of this abstract idea is lost. In this study, we aimed to draw PTs’ attention to these textbook limitations and therefore develop their necessary SCK so they can transform it to elementary classroom to support students’ sense-making and mathematical reasoning.  
(INSERT FIGURE 2 ABOUT HERE)

Data Analysis

This study employed a case study (Stake, 1995), focusing on the case of PT’s learning to teach the AP of multiplication. To explore the knowledge transformation process, we transcribed all of the video data (pre- and post-lesson studies, pre- and post-instructional interviews, and the enacted teaching), which underwent several waves of analysis focusing on the targeted SCK components - worked examples, representations, and questions. First, we analyzed what PTs may have learned during the PD setting before teaching. Second, we analyzed PTs’ enacted teaching. In particular, these qualitative video data were quantified to identify general patterns of PTs’ successes and difficulties in transforming SCK including representation uses and questioning. To enrich the quantitative data, we further inspected PTs’ instruction on the textbook worked example, the String problem. To understand why teaches do what they do, we also compared and triangulated teachers’ classroom data with the other data sources including the pre- and post-lesson studies.
Results 
How do PTs Learn from the PD Settings?


Summer Training. During the one-hour summer training, we first discussed what AP is (definition, formula, and arithmetic examples) and how it is different from the Commutative property. Likely due to our constant stressing of meaningful learning, Anna asked how one might draw a picture to illustrate (3 × 2) × 4 = 3 × (2 × 4). Given that the meaning of multiplication was discussed in prior sessions, Anna and Cindy together were able to draw a correct picture to illustrate the first step; yet, the illustration of the second step was completed with the instructor’s help. In addition to pictures, the instructor introduced relevant research assertions (e.g., Ding et al., 2013) about how a word problem context may be used to illustrate the AP. Based on these discussions, the two PTs agreed with the importance of helping students make sense of the big ideas through concrete situations. Detailed discussions on how to unpack the textbook worked example, the String problem, however, did not take place until the pre-lesson study.


Pre-lesson Study. All PTs attended the two-hour lesson study of Lesson 4.7, in which they were expected to bring their lesson plans for discussion. Using Cindy’s PowerPoint as a base, we discussed how to unpack the textbook worked example (see Methods for “task analysis”). The following three episodes between the PTs and the instructor (the first author) were typical:
Episode 1: Noticing the problematic nature of the textbook solution
Cindy:
(String problem was written on the PowerPoint without an answer). I’m going to give them enough time, but I want them to tell me 4 × 3 × 2 before I show them. 

Instructor:
Why 4 × 3 × 2?

Cindy:
That’s the way the book set it up… So when I show this, I’ll ask, what does the 4 mean? What’s the 3? What’s the 2? And I’m using the parentheses to show what to multiply first, so we have the parentheses around 4 × 3… 
Instructor:
… but what does 4 × 3 mean? Explain to me.
Anna:

I get what you’re saying, but I would never put that up there and I don’t think you (Cindy) would ever put that up there or you (Kate) would ever explain that.
Cindy:

Now that I’m looking at this problem, it doesn’t seem like its set up right. It looks like it should be 4 sets of strings, 2 sets…
Instructor:
How about representing the problem situation on the marker board? Draw a picture. 
Cindy:

[drew on the marker board] So we’ve got 3 boxes. Each box has 2 sets and each set has 4 strings. How many strings will there be? Now we have a picture. I would write 4 × 2 × 3.
Kate:

Not from drawings, but from algebraically, I was thinking 3 boxes, I’d write 3 first. Each box has 2 sets, so 2 next, and each set has 4 strings. So I would write 3 × 2 × 4.
Cindy:

I would write 4 × 2 × 3 or 3 × 2 × 4, but I wouldn’t write 4 × 3 × 2. Now, the way Kate did it sort of makes more sense, but now we’re doing 3 and 2 first. So I should do 3 × 2 × 4 …

Analysis. In Episode 1, Cindy first expected students to directly provide a number sentence 4 × 3 × 2, an abstract representation consistent with the textbook suggestion. For questions, she would ask for the meaning of individual numbers. When the instructor challenged the meaning of the first step that showed an interaction between numbers (what does 4 × 3 mean?), Anna seemed to become annoyed and argued against the necessity of explaining the meaning of 4 × 3. This response was quite different from her reaction during the summer training where she spontaneously asked how to draw a picture to illustrate an example of the AP. Cindy on the other hand, started pondering upon the meaning of 4 × 3, becoming skeptical of the textbook solution’s sensibility. Based on her drawing, Cindy concluded that the textbook presentation of 4 × 3 × 2 did not make sense. Instead, she would rather use 4 × 2 × 3. Even though this solution was still non-perfect (e.g., “two groups of four” should be represented as 2 × 4), Cindy was able to attend to the interaction between numbers (e.g., there was an interaction between 4 and 2 but not between 4 and 3). Kate, who was usually silent, suggested “3 × 2 × 4” based on her algebraic sense. At this stage, even though all discussion remain intuitive, the concrete representations (Cindy’s picture) and the instructor’s own questions (what does 4 × 3 mean?) challenged PTs’ initial thinking. At least, two of the PTs noticed the problematic nature of the textbook solution. 

Episode 2: Attending to meaning during discussion of the first solution. 
Instructor:
(Pointing to the first solution 3 × 2 × 4 suggested by Kate) Can you connect to the picture and explain this? Show me what 3 × 2 refers to using this picture, and then what 6 × 4 is.
Anna:
3 boxes times 2 sets.
Cindy:
… 3 × 2. We have 3 boxes of 2 sets. 3 groups of 2.
Instructor:
So we have 3 groups of 2. That’s 3 × 2.
Anna:
To me it doesn’t matter what order. If I call on four students and they all give me a different order, I will say they are all right. I wouldn’t have them explain it. I wouldn’t even say well technically this is the right answer, because to me it doesn’t matter. If I was just going to do an example problem and not have them give me the answer, I would do it the right way, but if I’m asking them to give me the answer, I’m not going to tell them they have to write it the right way. 
Instructor: But they need to analyze the story problem and think about it mathematically. …They need to know why we use 3 × 2. 
Cindy:
I don’t even think I can explain this with a picture. 4 × 3 × 2… 4 strings time 3 boxes, that doesn’t make sense.
Instructor: Let’s go back to the first way. All of you agree that there are 3 groups of 2, so 3 × 2 … So we get 6. What is the 6? (Cindy:
 Sets). 6 sets. And then we know each set has how many strings. (Cindy: 4). Each set has 4 strings, so we have how many 4? (Cindy: 6 sets of 4). 6 groups of 4, which is 6 × 4. If you write them individually and then if you combine these two number sentences, it should be (3 × 2) × 4. Does this make sense?

Cindy:
 
Yeah I think I’ll change that.

Analysis. In Episode 2, the instructor stressed meaningful understanding of the first solution (3 × 2) × 4 through representation and questioning. When the instructor asked what 3 × 2 meant based on the picture, Anna’s response targeted the meaning of individual numbers “3 boxes times 2 sets.” Such a response focused only on surface information illustrated by the concrete representation. In contrast, Cindy grasped the interaction between numbers, “3 boxes of 2 sets,” which was deeper than Anna’s explanation. Consistently with Episode 1, Anna argued against the necessity of discussing the meaning of each step. She stated that the order issue did not matter to her and she would not correct her students during actual teaching. Different from Anna, Cindy continued reflecting upon the textbook solution 4 × 3 × 2 and indicated that she would change her lesson plan to meaningful solutions. In retrospect, the last part of discussion could have been enhanced because the meaning of each step was mainly offered by the instructor and there was only one PT (Cindy) participated in this part of discussion. It also should be noted that Kate kept silent throughout this episode, making it unclear what she thought about these discussions on representations and questioning/explanations.

Episode 3: Transferring SCK from the first to the second solutions. 
Anna:
I would do 4 × 2 × 3. I would say let’s break down the problem. Look at the first sentence. Upright base strings come in groups of 4. I would draw 4 lines. Then I’d say suppose 1 box holds 2 sets of strings. So I would draw a box and draw the sets. I’d say okay, 2 groups of 4. If a musician orders 3 boxes, how many strings will there be. Okay, so I have 3 boxes that look just like the first box. 

Instructor:
How many strings in one box?

Anna:
8. 

Instructor:
How did you get that?

Anna:
4 × 2.

Instructor:
Why 4 × 2.

Anna:
2 groups of 4.

Instructor:
So why not 2 × 4?

Anna:
Because the problem is written in a different order…Because they say 4 strings and there are 2 sets. 

Instructor:
But I can say,“One box has 2 sets. Every set has 4 strings.” The order of the numbers is now 2 and 4… This is why you need to analyze how many groups of what. So, how many groups of what? 2 group of 4 or 4 group of 2?

Anna:
2 groups of 4.

Instructor:
2 groups of 4, then we use 2 × 4. We got 8. Eight is what? 

Cindy: 
 8 strings per 2 sets, per box. 
Instructor: 
8 strings in one box. How many boxes do we have? 

All: 
3.
Instructor: We have 3. So we have 3 group of 8, we use 3 × 8. So, when you combine these two number sentences into one, it would be 3 × (2 × 4). This is the second way to think about it. The two ways together, (3 × 2) × 4 and 3 × (2 × 4), shows the associative property. They are also connected to the meanings. 
Cindy:
Yeah that would be easier to explain.


Analysis. In Episode 3, Anna’s different solution, 4 × 2 × 3, shifted our discussion to the second solution. Anna explained that her use of 4 × 2 instead of 2 × 4 was due to her consideration that this order was aligned with the order in which the numbers were presented in the word problem. This explanation indicated her attention to surface information and weak understanding of the meaning of multiplication. In fact, this was a common way of thinking held by many PTs (Author, 2013). This explanation also indicated that the intended SCK in solution 1 (see Episode 2) did not spontaneously transfer to solution 2, at least in the case of Anna. Unfortunately, the instructor again provided too much direct explanations for both steps (e.g., “2 groups of 4, then we use 2 × 4”; “So we have 3 group of 8, we use 3 × 8”). This may have deprived PTs’ opportunities to make connections between concrete and abstract representations through self-explanations. As indicated by Author (2013), making connections in the second step (In this case, “3 groups of 8” is represented as “3 × 8”) was most challenging for PTs. Thus, it was uncertain to what extent PTs grasped this critical point.


Summary. When the instructor stressed meaningful teaching at a broad level in the summer training, PTs generally embraced this spirit; however, when the detailed teaching approach was discussed in the pre-lesson study, this process appeared to be a struggle, likely due to the conflict with PTs’ prior knowledge and experience in representation uses and questioning. In particular, Anna and Cindy were more active than Kate, who was basically quite. Still, Anna easily got frustrated and showed reluctance to use the intended SCK, while Cindy expressed a more positive attitude and willingness to transfer what was learned to her upcoming lesson. 
How did PTs Transform the Learned SCK into Elementary Classrooms? 

An Overview of PTs’ Enacted Lessons. A quantification of PTs’ enacted lessons shows their overall effort and associated challenges in transforming the learned SCK into elementary classrooms when unpacking worked examples through representation uses and questioning. 

Worked examples. During the enacted teaching, in addition to the textbook worked example, the three PTs also presented self-created examples such as the Kit Kat problem and/or the counter problem. Figure 3 summarizes the instructional time spent on the worked examples and on the review and practice problems, respectively.
(INSERT FIGURE 3 ABOUT HERE)


As indicated by Figure 3, each PT seemed to make an effort in unpacking at least one worked example. For instance, each worked example in Anna’s class took about 10 or more minutes. Similarly, Cindy spent about 17 minutes on the String problem and Kate used 10 minutes on the counter problem. Nevertheless, the overall proportion between worked examples and practice problems indicates that Anna devoted the most time on worked examples (48%) compared to that of Cindy (28%) and Kate (20%). Table 2 further illustrates the problem structure of sub-tasks involved in each worked example. 
(INSERT TABLE 2 ABOUT HERE)

As shown in the Table 2, the worked examples created by the PTs (Kit Kat and Counter problems) contained subtasks with easier or similar problem structure to the textbook example (String problem). Given that these worked examples had no or little variation in problem structure, instruction on worked examples appeared to be repetitive in each PT’s class. In fact, Kate discussed six subtasks of the Counter example within 10 minutes. Anna in the pre-instructional interview explained that that if students could not get the first example, she would then use the second and third examples to further their understanding. 

Representation uses. Examining the sequence of representation uses among the seven worked examples, four (57%) were from concrete to abstract (see Table 3). The rest of the three examples were discussed either in an abstract context only or went from abstract to concrete. Cindy was relatively successful in her representation uses. In both of her worked examples, she started with a picture representing the problem structure, which elicited students’ meaningful input. With regard to Anna and Kate, in their Counter problem, they started with a manipulative (bags of counters) that elicited some meaningful responses. In other examples, however, they emphasized “saying” and “listening” to the word problem in order to generate an equation. As anticipated, when discussions started from abstract representations, students generated random number sentences with no reference to the word problem situation. 
(INSERT TABLE 3 ABOUT HERE)
Deep questions and other responses. To students’ meaningful or non-meaningful inputs,, each PT asked follow-up questions (R1). Other responses included accepting a wrong answer (R2), defending a wrong answer (R3), offering teacher explanations directly (R4), and ignoring a meaningful student answer (R5). Table 4 summarizes the types of PT responses appeared across worked examples.  

(INSERT TABLE 4 ABOUT HERE)
As indicated by Table 4, teacher questioning (R1) appeared to be the most frequent responses for all PTs, with Cindy asked the highest proportion of questions. However, a closer inspection of PTs’ questions revealed that they mainly fell into two categories: (a) asking for the meaning of individual numbers/quantities rather than the interactions between them, and (b) asking for a number sentence that directly multiplies three numbers. Such questions lacked depth. In addition, when students provided a wrong response (e.g., students suggested “4 × 2” for “2 sets of 4 strings”), PTs tended to simply accept them (R2). Among the three teachers, Kate did this most frequently (33%). Sometimes, PTs provided further defense for students (R3), which was most often found in Anna’s lesson (e.g., “The way that he multiplied used the commutative property”). Both accepting and defending students’ wrong answers missed opportunities to teach. Moreover, all PTs provided explanations for students (R4, 19% - 28%), which potentially prompted learning. These explanations, however, generally fell short of depth because they were either (a) a simple restatement of the problem situation, (b) a mistake when rephrasing students’ input, (c) a wrong explanation of the meaning of multiplication in the 2nd step, or (d) a correct explanation that remained implicit to students. Lastly, there were occasions where students provided meaningful input based on the concrete representations (e.g., students suggested 6 × 4 or 8 + 8 + 8 for the String problem). Unfortunately, these potentially useful responses were eventually ignored (R5). To illustrate how PTs transformed the learned SCK into elementary classrooms when trying to unpack a worked example and why representations and questions/discussions may end up with non-satisfactory situations, the next section presents a case study of PTs’ enacted lesson based on the textbook worked example.
The Case of PTs’ Enacted Lessons on the Textbook Worked Example. It was expected that PTs could guide students to reason upon the String problem situation and solve it in two ways so as to illustrate AP of multiplication (see Task Analysis). Across the enacted lessons, however, all PTs focused only on multiplying three numbers rather than AP of multiplication. Anna’s explanation in the pre-interview voiced out PTs’ rationale. That is, the textbook listed the teaching objective as “multiplying three numbers” (see Figure 2) and her students already heard of the AP with addition. If she continued discussing the AP of multiplication, her students would lose interest. With regard to the solutions discussed, the three PTs demonstrated an attempt to transform the SCK components but not without struggles. Table 5 illustrates the general flow of PTs’ unpacking of the String problem including representation uses and questioning (and other responses shift). Typical episodes of the enacted lesson follow.
(INSERT TABLE 5 ABOUT HERE)

Anna’s enacted teaching. Episode 4 shows typical conversation after Anna wrote the key words of the String problem on the board.
Episode 4. 
T: 
Now before we even talk about it, I want you to just think about it to yourself and maybe write down what you think the equation would be. …

T:
(After student wrote their equations) Okay, somebody tell me, how they went about solving this problem, to get an equation. 
S8: 
I did four times two equals eight (4 × 2 = 8) and then I did eight times three equals twenty-four (8 × 3 = 24).
T: 
4 × 2 = 8, then you did 8 × 3 = ?.
(S8): 
Twenty-four.
T: 
Twenty-our, okay. Why did you do that? Why did you do 4 × 2 = 8 first?
(S8): 
Because I had to get the answer to solve the missing number on the equation and then …
T: 
What does the number 4 represent? What is 4, 4 what?
(S8): 
Four strings.
T: 
Four (underlines “4” on board) bass strings.  … So we have bass strings that come in a set of 4 and that’s where you got your “4” from. Okay, what’s your 2?
(S8): 
Times 2 is in one box. It is holding 2 sets.
T: 
One box holds 2 sets, so this is 2 sets of strings, right? So because you have 2 sets of 4, right? You put 4 × 2, right? Good, that’s right, good. Okay, so you got 8 for your answer, so 8 × 3, what is 3? 
(S8): 
Three is, you ordered 3 boxes.
T: 
Three boxes total, right? So you do 8× 3, so if you were going to write just one equation do you know what that would look like? Without writing the totals?
(S8): 
Four times two times three equals twenty-four (4 × 2 × 3 = 24).
T: 
Perfect, did everybody get that answer or did somebody get a different answer? …
T: 
Good, let me show you something, I’m going to … draw this picture. (drawing on board, see Figure 4) … So if you have 4 strings in one set and you have 2 sets, so if this was an array, we would say we have 2 groups of 4, right? Is that how you would say that? Because you can see these 2 groups, right? So we have 2 groups of 4, so I would write it 2 × 4, right? And then I have 3 whole boxes, with each group in it. So I would do that “× 3.” And if you were using associative property, I would say I would do 2 ×4, right? … I think it makes sense to do (2 × 4) × 3. Does anybody have any questions about that? 
(INSERT FIGURE 4 ABOUT HERE)
Analysis. In Episode 4, Anna started with requesting an abstract equation from students without any concrete aids. As anticipated, students provided non-meaningful responses. Facing students’ initial non-meaningful input, Anna followed up with a question, “Why did you do 4 × 2 = 8 first?,” which targeted the interaction between numbers; however, this question was quickly rephrased to focus on the meaning of individual numbers – “What does the number 4 represent? What’s your 2?” Asking for the meaning of individual numbers would not produce a conflict between the concrete (2 groups of 4) and abstract representations (4 × 2). As a result, Anna accepted and even defended students’ wrong answers. These teaching moves were consistent with the pre-lesson study where Anna argued against stressing the order issue (see episodes 1 and 2). Interestingly, in the enacted teaching, Anna went further to draw pictures to provide her own explanations during which she attempted to stress the meaning of multiplication (e.g., we have 2 groups of 4, so I would write it 2 × 4). Given that she first accepted and even defended students’ wrong answers but then tried to stress the order issue, inconsistency in instruction might have caused students’ confusion. Regardless of this risk, this teaching move indicates that even though Anna refused to stress the meaning in the pre-lesson study, she did try to transform the learned SCK into enacted teaching. 
Unfortunately, Anna’s concrete picture was not sufficiently utilized for discussion. Rather, she emphasized “saying” it correctly (e.g., we would “say” we have 2 groups of 4, right?). In the post-instructional interview, Anna explained, “… there’s going to be times when they have problems that they can’t draw a picture because the numbers are too high,” which is why she stressed “saying.” In addition, even though Anna attempted to stress meaning, she was only correct in the first but not the second step [3 groups of (2 × 4) should be 3 × (2 × 4) rather than (2 × 4) × 3]. This again conveyed inconsistent messages to students. As observed in later discussion, some students stated that they did not understand, which further caused Anna’s frustration. 
In the post-instructional interview, Anna complained, “That was the biggest failure of my life.” She further attributed her unsuccessful part of teaching to student reasons, “it was frustrating because they didn’t understand anything I was saying…they weren’t paying attention, they didn’t care” Anna’s frustration drew her back to the skepticism on stressing meaning, which also brought out her other concerns:
I think that meaning is stupid, because yeah we want to teach meaning but … when you’re [going to] give them a test, like the worksheet that I gave them, that has, that worksheet that they did, had no meaning on it. It was all numbers, all procedure … So, when I try to teach them the meaning, they’re going, “just tell me the procedure, so I can memorize it, so I can do well on my test”. That’s all they care about. (Anna’s post- interview)
Anna’s complaint was evident in the existing textbook worksheets that simply asked students to multiply three numbers (e.g., 2 × 3 × 5) in different ways, which may not necessarily involve the AP. In fact, Anna’s complaint was also reflected by her cooperating teachers’ evaluation on her lesson, which seemed to weaken Anna’s reflections. As shared by Anna shared in the post-lesson study, the cooperating teacher commented, “I don’t know what you feel so badly about…they totally got it! They just took the math test the other day and they did fine.” 
In some sense, Anna’s reflections above contained truth; however, it also reveals that Anna focused her reflections on external factors (e.g., students, assessments) rather than internal factors (e.g., her own knowledge). Indeed, the deficiency of her own knowledge was confirmed through the post-lesson study. When we discussed Anna’s video clip that contained a mistake in the second step of the equation (2 × 4) × 3 (see Figure 4), Anna did not recognize and self-correct the mistake. Later when we discussed the order issue in Kate’s lesson, Anna admitted that it wasn’t until then that she saw this a lot more clear, and thus she would not expect children to fully understand it.
Cindy’s enacted teaching. Cindy presented the String problem to the class using her PowerPoint. She then suggested the class collectively draw a picture on the board, which served as a basis for class discussion.  
Episode 5:
T:
With this picture, can we pull numbers out for our equation? So what numbers can we start with? We want to know how many strings there will be in 3 boxes. So what could we start with? … Derri, can you give me a number that would be in our equation?
S6:
6 × 4
T:
6 × 4. Tell me why. You can come up to our picture if you want to.

S6:
(came to the board to explain how he got 6 × 4. See Figure 5. The explanations were inaudible.)
(INSERT FIGURE 5 ABOUT HERE)
T:
Okay, so you took 6 times 4 because there’s 6 sets and there are 4 in each set. Would that 
be the right answer? When we’re looking at this picture, would that be the right answer? 

S3:
No.

T:
Let’s think about it. We have 6 sets and there are 4 in each set. What does that equal?

Ss:
24.

T:
24. If we counted each circle, how many do you think there will be?

Ss:
24.

T:
And you are right.

S20:
But the 3 boxes…
T:
Okay. So Derri has 6 × 4. What’s another way we can look at this? … instead of 6, Derri, how can we get three numbers for this problem? What did you multiply? The 3 boxes times 2 sets to get 6, does that sound right?

S6:
1 box of 8 and 2 sets of 4.

T:
1 box of 8 and each set has 4. So 8 × 3. Is that what you are saying? 

S6:
I added them.

T:
Oh, you added 8+8+8? 

S6:
8+4+4+4… (inaudible).

T:
So you would still need one more…to add on 4 and then 4 more. That’s why multiplication is helping us out because instead of having this problem 4+4+4+4+4+4, that’s just what Derri said, 6 × 4. It’s like using that added addition. Alright…
T:
So with this problem, our lesson is about multiplying three numbers. What could we do first? What two numbers can we think of first? …I want you to get out your math notebooks. I want you to write down the three numbers you would multiply together for this problem…
Analysis. In Episode 5, Cindy’s class started with drawing a picture to represent the problem situation. This concrete picture did immediately elicit students’ meaningful inputs. One student suggested a solution 6 × 4, and in response Cindy asked a deep question, “Tell me why.” She also made a sound teaching move by asking this student to come to the board to explain using the picture. Another student (S20) wondered why the “3” representing boxes was not used, which led to Cindy’s broad question, “How can we get three numbers for this problem?” Cindy could have asked a specific question based on student input, “How did you get 6?,” which would lead to the first solution (3 × 2) × 4. Rather, Cindy provided a direct explanation for students. Interestingly, Cindy’s direct explanation seemed to be unaccepted by the student. Instead, Derri (S6) explained that he saw “1 box of 8 and 2 sets of 4”. Cindy quickly asked if he thought of 8 × 3. This reflects Cindy’s possible awareness of the second solution; yet, it also reflects Cindy’s weak understanding of the meaning of multiplication (should be 3 × 8 as there were 3 boxes of 8 strings). Cindy’s interpretation was not consistent with what Derri intended to say. Rather, this student explained that he continuously added the 4s to the 8 (8 + 4 + 4 + 4 + 4), to which, Cindy successfully linked back to 6 × 4. The above episode reflects the complexity of classroom teaching due to the interaction between the teacher and multiple student resources. Overall, Cindy made an effort in asking questions and listening to students as well as using the pictorial representations during the discussion of the first solution. 
In the above episode, Cindy’s students indeed provided meaningful inputs (e.g., S20 wondered about “3 boxes,” S6 noticed “one box of 8,” and Cindy herself interpreted those as 8 + 8 + 8). If Cindy could have grasped these inputs to orient class discussion toward the second solutions “8 + 8 + 8 = 3 × 8 = 3 × (2× 4),” the class could then have compared both solutions to reveal the AP. Unfortunately, Cindy was not able to fully grasp student inputs but went back to her suggestion for writing an equation using three numbers. As predicted, when students’ meaningful inputs were discarded, class conversations went awry. For instance, the class discussed 4 × 3 × 2, 3 × 4 × 2, 4 × 2 × 3, and 3 × 2 × 4 and found that all three number sentences arrived at the same answer. In the end, Cindy used 4 × 3 × 2 and added a parenthesis to it in both ways to reveal the AP, which was exactly the textbook presentation that was criticized by Cindy during the pre-lesson study. 
In the post-instructional interview, Cindy appeared to be satisfied with her lesson, “They understood how to set up a problem.” She was particularly satisfied with her questions, “I tried to … say, you know, what does the 2 mean in this one, what does the 4 mean, what does the 3 mean in this one? So they knew exactly what they were doing with those numbers and why they were doing those things.” It was not until the post-lesson study where the specific video clips were discussed, Cindy made deep reflections on her lessons. For example, Cindy reflected, “I should have said, okay 6, what is 6? Okay, 6 is 3 boxes of 2 sets.” She also agreed that students’ meaningful input (e.g., 6 × 4 and 8 + 8 + 8) could be better grasped to form the two anticipated solutions.” For (4 × 2) × 3, when the instructor asked why 8 × 3, she immediately responded, “It should have been 3 × 8, 3 groups of 8.” She admitted that she did not realize it was wrong in the context of teaching; but now she felt it was not alright. Overall, in comparison with Anna, Cindy demonstrated better SCK especially in using representations. She also indicated deeper reflections and more willingness to improve her teaching. Similar to Anna, she lacked the flexibility in responding to student inputs based on their existing concepts.
Kate’s enacted teaching. Kate’s class spent five minutes on the String problem. The teaching flow was quite simple, starting with reading and listening to the word problem then picking out the key quantities. Next, students suggested an equation that did not have any reference to the word problem. Students suggested various ways to find the answer of this equation, which were mistakenly linked to the AP. Episode 6 shows a typical classroom interaction:
Episode 6.
T: 
Okay, I’ll read it twice, but listen carefully for the important pieces of information and if you could jot those down on your marker board. I’ll read them twice. (Proceeds to read the problem twice followed by a third time in response to a students’ request).

(Students working out problem)
T: 
First, let’s just as a class, what are some of the important pieces of information that you picked up on? Katie.

(S13): 
Sets of 4. … (Through discussion, Kate’s student picked 4 strings, 2 sets, and 3 boxes; Kate wrote ““Each set = 4; 2 sets = 1 box; 3 boxes = ordered” on the overhead)

T:
So our equation, Tyler, do you want to come write the equation that you got.  
(S4): 
[Writes equation on overhead puts parenthesis around two numbers he times first, see Figure 5 for (4 × 2) × 3]
T: 
Tyler, why did you decide to group four and two?  

(S4): 
Because four and two equals 8 and I know how to times 8’s and it’s easier. 
T: 
So it’s easier. It’s easier. 

T:
 Anyone else do it a different way? Nicole, come show us how you did it.
(S9): 
(Goes up to overhead) This is how I did it, 4 times 2 times 3 equals. 4 × 3 = 12, 12 plus 12, I know that because of the 2, equals 24 (see Figure 6).  
T: 
So you did, the four and the three equals twelve, times two. Because you took it two times right? So that is a different way of doing it and that just shows us again, what does that show us?  
(S9): 
That shows us the associative property.

T: 
The associative property of multiplication, good job. …
(INSERT FIGURE 6 ABOUT HERE)
Analysis. In Episode 6, Kate asked students to listen to the word problem with a focus on key words. Without any concrete support, Kate’s class came up with a number sentence that did not reflect the problem structure. The follow-up discussion on finding the answer for multiplying three numbers was also limited to number manipulation. As such, representation uses in Kate’s class remained in abstract form only. With regard to Kate’s questioning, although she asked students to explain what they did, she essentially accepted whatever students said. In the end, she guided the class to compare the two different solutions 4 × 3 × 2 = (4 × 3) × 2 = (4 × 2) × 3 and misinterpreted this as an instance of the AP. An interesting note was that Kate’s cooperating teacher re-emphasized this wrong interpretation at the end of the class. This teacher pointed out to (3 × 2) × 4 = (4 × 2) × 3 and asked the class, “What property was used here?” Students’ simultaneous response of the AP was fully accepted by the cooperating teacher. Such a misinterpretation might have supported Kate’s confidence in teaching as indicated by her post-instructional interview. Overall, in comparison with Anna and Cindy’s teaching, Kate’s lesson appeared to run smoother because she generally accepted all students’ answers without stressing any meaning of multiplication. In the post-lesson study, Kate explained that she decided not to spend too much time on the meaning of each step because “they all got it”: 
They all knew you had to multiply the three numbers together. Anytime I would show them something, they would be like well we already talked about that, we can multiply them in any order, so it didn’t matter if I told them. … It’s not wrong, they even said that’s the associative property so it doesn’t matter which order they are in, so they are right, it doesn’t matter. You cannot argue with them that it can’t be written that way. (Kate’s reflection in post-lesson study)
In summary, Anna and Cindy made a greater effort than Kate in transforming the learned SCK, however, both lacked the ability to grasp students’ input to facilitate reasoning toward the expected direction. As such, both teachers experienced frustration (especially Anna) throughout or after teaching. In contrast, Kate aimed to stress only procedures and was satisfied with her enacted lesson. Therefore, it was reasonable to understand why she experienced the least amount of cognitive or emotional conflict during this process of learning to teach.  
Discussion
Successes and Challenges in SCK Transformation

This study explores PTs’ transformation of SCK into elementary classrooms, focusing on their ability to unpack worked examples. Students’ effective learning of worked examples can develop their schema for problem solving (Sweller, 2006; Sweller, & Cooper, 1985). Thus, teachers’ ability to use worked examples serves as a window on their mathematical knowledge for teaching (Chick, 2009). As such, findings about PTs’ successes and challenges in this regard shed light into teacher education in supporting PTs’ learn to teach. In this study, all PTs did spend time discussing worked examples, however, there were two challenges related to their unpacking of a worked example. First, the teaching objective is to help elementary students make sense of a fundamental mathematical idea, the AP of multiplication, through meaningful discussion of a word problem; yet, this objective is not deemed as a goal. Rather, all PTs mainly focused on guiding students to solve the word problem itself (e.g., solving in one way) and then apply AP to find the answer. In this sense, the worked example was not treated as a case of a principle (Colhoun et al., 2005) and the instruction did not aim to help students make sense of the abstract idea behind this worked example. This finding echoes Morris et al.’s (2009) conclusion about PTs’ difficulties in unpacking the learning goal. The second challenge related to worked examples is a common misconception: The more examples the better. All PTs created their own worked examples beyond the one provided by the textbook. To the PTs, if a student could not get the idea from the first example, they may get it from a later one. PTs’ self-created worked example, however, did not vary from the textbook example in terms of problem structure. Simple repetitiveness of worked examples without variation does not promote students’ encoding of the key principle (Renkl, Atkinson, Maier, & Staley, 2002). As such, without the ability to successfully unpack one typical worked example, students may not be supported to develop relevant schema and to grasp the underlying idea even though many examples are provided. 

The PTs were expected to unpack a worked example through appropriate representation uses and questioning. Both factors are key instructional principles that are found to be critical for learning by cognitive and educational research (Pashler et al., 2007). PTs in this study demonstrated partial ability to transform these sub-components of SCK. For example, they started discussion of a worked example with drawings or concrete materials, and they drew a picture to support their own explanations. In comparison with the existing textbook presentation where an equation was directly presented, PTs’ teaching moves appeared to be more meaningful. When concrete representations were provided, elementary students did offer meaningful input as part of the class conversation; however, in all classes, concrete representations were not used sufficiently for mathematical reasoning. For instance, right after drawing, Cindy expected students to give her an equation that multiplies three numbers, which might show PTs’ expert blind spot, assuming that students could see what they saw (Nathan & Koedinger, 2000). What is missing from the PTs is their ability to help students make connections among the word problem, the drawing, students’ alternative inputs, and the teacher’s expected abstract solutions. Another issue observed from PTs’ representation uses is the inconsistency in instruction. In this study, two PTs tried to help students make connections between concrete and abstract representations (e.g., “2 groups of 4” and “2 × 4” ). Yet, they either stressed correct meaning in the first but not the second step or they  sometimes stressed correct meaning but other times accepted/defended wrong answers. Based on the above findings, one may conclude that to develop PTs’ SCK for teaching a worked example, it is critical to ensure PTs’ ability to unpack representations in pedagogically and mathematically meaningful ways. 
In addition to representation uses, PTs in this study were expected to ask deep questions to engage students during the process of unpacking a worked example. As reported, at least two PTs attempted to ask follow-up questions to help students see the meaning of abstract symbols and refer them to the concrete representations, which potentially facilitate classroom communication and discourses (Thompson & Thompson, 1994). However, PTs’ questions were not deep enough to facilitate connection-making or their responses were not based on students’ thinking. Instead, PTs asked either too broad of questions (How can we multiply the three numbers?) or only focused on surface information (What does 3 mean? What does 2 mean?). When the questions are too broad, students may come up with non-meaningful responses that are not based on what they already known. When the questions focus on surface rather than structural information (e.g., numeral vs. relational), students’ responses may remain superficial and their hidden misconceptions may not be revealed to enhance deep learning (Chi & VanLehn, 2012). In fact, focusing on numerical rather than relational calculation (Nunes, Bryant, Evans, Bell, & Barros, 2012) is a common issue in actual classrooms, which causes students’ lack of the ability for quantitative reasoning. In addition, PTs in this study appear to lack the ability to ask further questions to promote student thinking. Their follow-up teaching moves - accepting wrong responses, defending wrong answers, providing own direct explanations, and ignoring student meaningful input – are all at the risk of abandoning meaningful teacher-student interaction too quickly. Thompson and Thompson (1994) emphasized that teachers must “be sensitive to children's thinking during instruction and shape their instructional actions accordingly - to ensure that children hear what they intend them to hear” (p.279). However, the issue still exists in our PTs’ enacted teaching. Even though PTs’ follow-up responses may pull the seemingly struggling classroom conversations back to a smooth one, such seemingly good teaching may bring bad results for student learning (Schoenfeld, 1988). When PTs’ give up continuous questioning too quickly, classroom interaction may delineate from facilitating effective learning.  
Factors that May Support or Hinder PTs’ SCK Transformation
Our findings revealed various factors that may support or hinder PTs’ SCK transformation. First, teachers’ own knowledge and beliefs mattered in their transformation of SCK. During teaching, PTs stressed the meaning in the first step but not the second. According to the PTs, their reluctance in correcting students’ mistakes was related to their beliefs in motivating students. Both Anna and Kate thought that if they corrected students’ mistakes, students would lose interests in learning. PTs’ teaching moves may also partially show their inadequate knowledge and competency. As reported, both Anna and Cindy made mistakes with the meaning of multiplication in the second step, which indicates their fragile understanding of this foundational factual knowledge. Their simply telling students’ about AP of multiplication without conceptual and contextual support likely cause students’ difficulties in knowledge retrieval. As Bransford, Brown, and Cocking (2000) pointed out, competence in an area requires three features: (a) a deep foundation of factual knowledge, (b) understanding of the “facts and ideas in the context of a conceptual framework” (p.16), and (c) organization of the knowledge “in ways that facilitate retrieval and application” (p.16). As such, PTs’ enacted teaching in this study indicated that, even though they have made some progresses toward meaningful teaching, they lacked the necessary teaching competency in doing so.
Findings in this study also revealed outside factors beyond teachers’ own knowledge and beliefs. First, the instructor in the PD setting could have better anticipated PTs’ difficulties and explicitly addressed them, which could better supported PTs’ transforming of the learned SCK. Second, the textbook could have better presented the worked example in mathematically and pedagogically meaningful ways, with corresponding worksheets that go beyond assessing procedural knowledge. The third factor was about cooperating teachers’ own knowledge and beliefs, which could be strengthened to better support PTs’ learning. 
Implication and Conclusion
Findings in study shed light on teacher education. PTs’ successes and challenges in learning to unpack worked examples through appropriate use of representations and questioning suggest teacher education to make better effort to develop PTs’ relevant knowledge and beliefs. Even though PTs in this study embraced the spirit of meaningful teaching based on students’ prior knowledge, without the necessary knowledge and beliefs, this spirit has not been employed to its potential during the actual teaching context. This issue calls for more explicit instruction and emphasis on foundational knowledge such as the basic meaning of multiplication and the importance of students’ productive struggles in learning (Richland, Stigler, & Holyoak, 2012). In addition, this issue calls for longer time and continuous practice in educational programs before asking PTs to transform the learned SCK into elementary classrooms. With regard to external effort such as textbook design and cooperating teachers, teacher education may incorporate elementary textbooks as a means to develop PTs’ SCK and critical thinking skills. Instead of blindly following the textbook presentation, PTs may learn to study these textbooks in order to better use them. For cooperating teachers, given that they are an important factor that directly affects PTs’ growth, teacher education may consider how to better inform them about the targeted learning goals and how to provide professional development opportunities for cooperating teachers along with the PTs. Only with a systematic support from the learning environment, PTs can be equipped with SCK and transform them into elementary classroom in meaningful ways. 
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Table 1. Activities in PD and Elementary Classroom Settings

	Setting
	Activity
	Content Discussed
	Time

	PD
	Summer training 
	Research/textbook
	1 hour

	
	Pre-lesson study 
	Textbook/lesson plan discussion
	2 hours

	Elementary classroom
	Enacted teaching 
	NA
	75 minutes

	
	Pre-teaching interview
	Lesson images
	10-20 minutes

	
	Post-teaching interview
	Teacher reflections 
	20-30 minutes

	PD
	Post-lesson study 
	Video-based discussions
	1.5 hours


Table 2. The Problem Structure of Subtasks Contained in Each Worked Example.

	
	Worked Example
	Time on Each Example
	# of Subtasks within an Example


	Structure of Each Subtask

	Anna
	String 
	10’
	1
	a) 3 boxes of 2 sets of 4 strings



	
	Kit Kat
	16’
	3
	a) 3 packages of 4

b) 9 packages of 4 (1 box)
c) 2 boxes of 9 packages of 4



	
	Counter
	10’
	2
	a) 3 bags of 5 

b) 2 sets of 3 bags of 5



	Cindy
	Kit Kat 
	4’
	3
	a) 3 packages of 4

b) 9 packages of 4 (1 box)

c) 2 boxes of 9 packages of 4



	
	String
	17’
	1
	a) 3 boxes of 2 sets of 4 strings



	Kate
	Counter 
	10’ 
	6
	a) 2 bags of 5 (1 case)

b) 2 cases of 2 bags of 5 

c) 3 bags of 5 (1 case)

d) 2 cases of 3 bags of 5 

e) 6 bags of 5 (1 case)

f) 2 cases of 6 bags of 5 counters



	
	String
	5’
	1
	a) 3 boxes of 2 sets of 4 strings




Table 3. Representation Uses when Unpacking Worked Examples
	
	Worked Examples
	Concrete 

Only
	Concrete to Abstract
	Abstract

Only
	Abstract to Concrete

	Anna 
	String 
	
	
	
	√

	
	Kit Kat
	
	
	√
	

	
	Counter 
	
	√
	
	

	

	Cindy 
	Kit Kat
	
	√
	
	

	
	String 
	
	√
	
	

	

	Kate 
	Counter
	
	√
	
	

	
	String
	
	
	√
	


Table 4. Types of Teacher Responses in the Worked Examples
	Teacher Response
	Anna
	Cindy
	Kate

	R1 (Question)
	27% (n=7) 
	44% (n=7)
	33% (n=6)

	R2 (Accept)
	19% (n=5)
	25% (n=4)
	33% (n=6)

	R3 (Defend)
	23% (n=6)
	6%  (n=1)
	6%  (n=1)

	R4 (Explain)
	27% (n=7)
	19% (n=3)
	28% (n=5)

	R5 (Ignore)
	4%  (n=1)
	6% (n=1)
	0%  (n=0)


Table 5. The Case of PTs’ Unpacking of the String Problem.
	
	Anna
	Cindy
	Kate

	Representation use
	Abstract to concrete
	Concrete to abstract
	Abstract only 

	Student initial input
	Meaningful
	Non-meaningful
	Meaningful
	Non-meaningful
	Meaningful
	Non-meaningful

	
	
	
	
	
	
	

	Teacher response shift
	 R4
	R1

R3 

R2

R4

R3
	           R1

        R4

        R1

           R4

            R1
	
        R1

        R2
	          
	R1

R2

R1

R3

R1

R2


	



Figure 1. Possible drawing of problem structure for the String problem.
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Figure 2. Textbook presentation of the worked example in Lesson 4.7.
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Figure 3. Instructional time on worked examples
[image: image3.png]



Figure 4. Anna’s unpacking of the String problem.
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Figure 5. A student explained how he got 6 × 4.
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Figure 6. A wrong interpretation of the AP in Kate’s class.
2

