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ABSTRACT. We prove the existence and uniqueness of global smooth solutions of the critical dissipative SQG
equation in bounded domains in R?. This solves an open problem. We introduce a new methodology of
transforming the single nonlocal nonlinear evolution equation in a bounded domain into an interacting system
of extended nonlocal nonlinear evolution equations in the whole space. The proof then uses the method of the
nonlinear maximum principle for nonlocal operators in the extended system.

1. Introduction

The Surface Quasigeostrophic equation (SQG) of geophysical origin ([17]]) was proposed as a two di-
mensional model for the study of inviscid incompressible formation of singularities ([4], [9]). The equation
has been studied extensively. Blow up from smooth initial data is still an open problem, although the orig-
inal blow-up scenario of [9]] has been ruled out analytically ([15]) and numerically ([8]). The addition of
fractional dissipation yields globally regular solutions if the power of the Laplacian is larger or equal than
one half. When the linear dissipative operator is precisely the square root of the Laplacian, the equation is
commonly referred to as the “critical dissipative SQG”, or “critical SQG”. The global regularity of solutions
for critical SQG in the whole space or on the torus was obtained independently in [1] and [20] by very
different methods. Several subsequent proofs were obtained (see [12]], [13]] and references therein).

The basic ingredients used in [12] are specific nonlinear maximum principle lower bounds for A =
v/—A, the square root of the Laplacian in the whole space R?. A typical example is

D(f) = FAT — 5A (1) = e(16l)"" £ 1)

pointwise, for f = 0;6 a component of the gradient of a bounded function . This is a useful cubic lower
bound for a quadratic expression, when |0/~ < ||0o|| 1o is known to be bounded above. The critical SQG
equation in R? is

O +u-VO+ A0 =0 2)
where

w=V+AT'9= R0 (3)
and V4 = (—0s,0;). The equation has a weak maximum principle, the > norm of € does not grow in
time. In [12]] and [13], instead of estimating directly gradients, the proof of global regularity proceeds by
estimating finite difference quotients, with the aim of first obtaining bounds for C'* norms. A basic feature
of the critical SQG equation in the whole space is the fact that once the solution is bounded in C¢, for some
a > 0, then it follows that the solution is in fact C>° smooth. More generally, if a generalized SQG equation
has a dissipation of order s, i.e., A is replaced by A® with 0 < s < 1, then if 8 is bounded in C'* with
a > 1 — s, then the solution is smooth ([14]]). This condition is sharp in the class of general linear advection
diffusion equations, ([21]). In [13], the smallness of « is crucially used to show that the nonlinear term
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appearing in the evolution of the finite difference quotient ¢ = Df'6 of solutions of (2) is entirely dominated
by the term corresponding to D(q). This is no longer the case in bounded domains.
The critical SQG equation in bounded domains is given by

00 +u-VO+Aph =0 “4)
with
u= VAL, Q)

Here 2 C R? is a bounded open set with smooth oriented boundary, A p, is the square root of the Laplacian
with vanishing Dirichlet boundary conditions, and V+ = JV with .J an invertible antisymmetric matrix.
The problem of global regularity of critical SQG in bounded domains was open until the present work.
Interior regularity was investigated in [6]. The approach, initiated in [S]], was based on bounds on the heat
kernel. One of the main obstacles to implementing a proof of regularity in bounded domains is the lack
of translation invariance. It has as consequence the fact that the Riesz transforms Rp = VAB1 are not
spectral operators, i.e., they do not commute with functions of the Dirichlet Laplacian. In [[6] the method
of the nonlinear maximum principle was used in conjunction with estimates for the commutator between
difference quotient operators and Ap. These estimates degenerate at the boundary but they can be used to
obtain a priori global in time interior Lipschitz bounds of solutions. A construction of solutions with this
degree of regularity was done in [18]. Global weak solutions in bounded domains were studied in [10, 11]].

In [7]], necessary and sufficient conditions for global C'“ bounds up to the boundary with o < 1 — g were

given in terms of quantitative information on supercritical (p > d) LP norms of w%, where w; is the first
eigenfunction of the Dirichlet Laplacian. Because w; vanishes linearly at the boundary, this implies that
global C* bounds are available if and only if solutions have a Holder rate of vanishing of 6 at 0f2.

The work [22] presented C* bounds of weak solutions, using an approach based on the method of De
Giorgi, employed first in the whole space in [1]. However, unlike the case of the whole space, going from
C*“ to higher regularity does not follow using this approach. Global Holder continuous solutions were not
known to be unique, nor smooth. In this work we prove the existence and uniqueness of global smooth
solutions. In order to obtain this result we introduce a new methodology consisting of the extension of the
single equation in the bounded domain to an interacting system of equations in the whole space. We then
employ the method of the nonlinear maximum principle in the analysis of the extended nonlinear nonlocal
system.

1.1. Main Results and Description of Ideas of Proofs. In this paper we prove

THEOREM 1. Let Q2 C R? be a bounded domain with smooth boundary. Let 6y € Hg(Q) N H™(Q),
m > 2.5, and let T > 0. Then there exists a unique solution of @), () with initial data 0y and which
belongs to L>=(0,T; HE(Q) N H™(Q)).

The solution is in fact smooth for all time and eventually exponentially decays to zero. The initial data
need not be smooth. By parabolic regularization, if the initial data are C*® for some oy > 0 and vanish
at the boundary, then the solution exists locally, is unique, becomes instantly smooth (Lemma [8)), persists
globally, and decays (Theorem [6|and Remark [9).

The main result we prove is a priori bound, on which the proof of Theorem I]rests. This is

THEOREM 2. Let § € C1T90([0, T] x ) be a classical solution of @), (5) for some ag € (0, 1). There
exists a small constant § depending only on T and the domain (), such that, for 0 < o < « satisfying

a([|0ol| Lo () +1) <6, (6)

there exists a constant C,, depending (continuously and explicitly) only on HGOHCQ(Q), T, the domain ) and
o, such that

T
OzltlgT He(vt)HC“(Q) + /0 Hg('?t)HCH-%(Q)dt < Ca. (N
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The detailed result is given in Theorem The factor % is not structural, it is there only to signify that the
gain of regularity is less than 1, but regularity above L' (dt; C'(2)) is attained. Once this result is obtained,
Theorem |1| follows from the local existence and uniqueness of smooth solutions of (4)) given in [6] and a
natural continuation result. More precisely, the local existence theorem is

THEOREM 3. Let ) be a bounded open domain with smooth boundary in R?. Let m > 2 and let
0o € HE(Q) N H™(Q). There exists a time Ty > 0 and a unique solution 6 of [@) satisfying

0 € L0, Tp; HY () N H™ () N L*(0, To; H™ 3 (). @®)
The time Ty depends on the initial norm in H*(Q).

This result was proved in [6] for m = 2 using Galerkin approximations

N
On =Y ci(thw;(=),
j=1

Sobolev energy bounds and Sobolev embedding. The fact that the expansion is in terms of eigenfunctions
w; of the Dirichlet Laplacian allows integration by parts because powers of the fractional Laplacian applied
to the Galerkin approximation vanish at the boundary, A%L0n| 5o = 0. The general m case follows in the
same manner.

The local existence result is combined with the following natural continuation result.

THEOREM 4. Let 0y € HE(Q) N H™(Q), m > 2 be given and let § € L>([0,Ty), H™(Q)) be a
solution of (@), ([3). Assume that for some 0 < 3 < 1 there exists a constant C'g such that

To
/wawmwa% ©)
0

holds. Then there exists a constant C., depending (continuously and explicitly) only on ||0o]| grm(q), the
domain ) and Cg, such that

sup [|0(-, )|l () < Cm- (10)
0<t<Tp

Combined with the local existence result, this implies that the solution can be uniquely extended beyond
Tp. The proof of Theorem []is based on energy estimates and well-known facts about the boundedness of
Riesz transforms in C"(Q2) [2]. The condition (9) is sufficient for uniqueness and persistence of smoothness
of solutions in inviscid SQG as well. A detailed proof is left for the interested reader. In this paper we
provide an independent local existence and persistence proof directly based on C” spaces, without use of

Sobolev spaces.

The proof of Theorem [2]requires the introduction of a number of new elements which we believe are of
general interest. As in [6] we use functional calculus to represent the square root Ap of the Dirichlet Lapla-
cian in terms of the heat kernel, but unlike in [6], a direct commutator between finite difference quotients
and A p is not attempted. We consider instead an appropriate cover of {2 with open balls and smooth subor-
dinated localizers y. We associate to the balls corresponding to the boundary 9€2 smooth diffeomorphisms
Y:BNQ— Ri which flatten the boundary. For interior balls the diffeomorphisms are just the identity.
We consider then maps F which take functions yg defined in patches B N € to functions defined in the
whole space R? by F(xg) = O(xg oY), where O is odd extension across the boundary of the half space.
While localization and flattening of the boundary is a familiar procedure for proving regularity of elliptic and
parabolic equations in bounded domains, our approach requires to extend also the localized equation. This
is needed because, unlike the case of local PDE, in the nonlocal case it is difficult to disentangle tangential
directions from the normal direction in the principal symbol of the equation. Thus, after the localization and
change of variables, the Dirichlet Laplacian is conjugated to (or intertwined with) a second order elliptic
operator L with Lipschitz coefficients, defined in the whole space, plus an error. The change of variables



4 PETER CONSTANTIN, MIHAELA IGNATOVA, AND QUOC-HUNG NGUYEN

Y is defined carefully so that the cross terms involving normal and tangential derivatives vanish near the
boundary, see Appendix 1. This allows L to have Lipschitz coefficients. We take advantage of the fact that
the heat equation is local, and therefore when we commute a smooth cutoff function y with e!22 we obtain
a local error, which we represent in terms of the heat operator using the Duhamel formula. We then apply
F and the functional representations of Ap and of L2 in terms of their respective semigroups to obtain an

expression for the intertwining of the localized Ap with the corresponding L%,
1
F(xApb) — L2F(x0) = Ry(0) (11)

and show (Proposition [5)) that
IRy (0)[lcrm2y S 1€llcr (o) (12)

holds for 0 < r < 1. We localize and extend the nonlinear term (VLAE}H) -V = {ABle, 0}. It is only
here that we use the fact that we are in two dimensions. We use properties of the Poisson bracket which
allow odd extension across the flattened boundary after composition with Y, while maintaining almost intact
the Poisson structure (Proposition [6).

We arrive thus at a representation of the equation (4), (3] as a coupled system of equations in the whole
space. This constitutes a new methodology to study boundary value problems which we expect to be more
broadly useful. Corresponding to the cover of Q with balls, we have N transformations F (some of them
not requiring changes of variables), and for each patch B; N Q, 1 < i < N, functions 6; = F(x;0) which
obey equation in the whole space

0,0; +u; - VO; + L36; = f; (13)
The operators L depend on the patch but they have the same second order elliptic, Lipschitz coefficients
nature. The velocities Ui depend on the whole #, not only on 92, but the dependence is qua51 local, meaning
that the u; = = ViL 2 (9 ) + error where L is like L and 6; covers 6;, ie. 0; = 779 with 7 Lipschitz
and compactly supported. The “forces” f; arise from errors of intertwining and extension and depend in a
nonlinear manner on . The operators L2 have variable coefficients. The equations are not stand alone
equations, rather they are representations of localizations and extensions of (@), (5). Nevertheless they serve
the purpose to estimate derivatives of §. The system of equations (I3) is sparse (only few nearby patches
interact) but it is not treated as an algebraically coupled system, more like a redundantly oversampled contact
system.

We apply and extend the method of nonlinear maximum principle to the aggregate (13)), taking great
advantage of an enhanced nonlinear lower bound. The fact that the operators have variable coefficients,
not unexpectedly implies that inequalities for the evolving C'* norms for small a cannot be closed, as they
are driven by norms of full derivatives of #. The nonlinear maximum principle provides though powerful
nonlinear damping. When trying to estimate the C'* norm, the most dangerous term still comes from the
finite difference quotient of the active scalar’s velocity, as in the case of critical SQG in the whole space,
and bounding it still requires the use of the D(q) argument. Like in previous works using the method of
the nonlinear maximum principle, in the present work we also have only one small parameter, namely .
We consider the evolution of the difference quotient ¢ = Dj'0; in each patch. In previous works [13,16] the
smallness of o was used to overcome the contribution of the difference quotient of the active scalar velocity,
D} u, by crucially using D(q) in a pointwise manner, and also by using a nonlinear lower bound

|h|72*D(q) > c|h| 7 T¢3||0]| ;% (14)

in the evolution of ¢2. In this work we use the same idea to overcome the contribution of the inner core of
D}Lui. In addition we use the observation that at the point of maximum of ¢, because 8 is a priori bounded,

_1
|h| must be very small, less than (%) “. Thus, the term D(q) provides a nonlinearly enhanced

damping with an excess of order é,

—% 1 -1
|h| 722 D(q) > c¢* = |0] .2, (15)



resulting in a differential inequality for the maximum of the type

_1 1
Oq + cl|6o]| L2 ¢"T= < translation and localization errors, (16)

and the smaller « is, the larger this useful excess is. The error terms due to the localization and the absence of
translation invariance are controlled by this high homogeneity of the nonlinear damping. Thus, the smallness
of «v is used in two ways, once by bounding the worst term by part of D(q), and the other, by affording high
homogeneity nonlinear error terms using the excess damping of homogeneity o' provided also by D(q).
The upshot, described in Lemma 3] is an a priori bound of the supremum in time of the C'“ norm which is
driven by the time integral of the C'*2 norm. Here the factor % is not part of the structure of the equation,
it only represents the crucially important fact that less than a whole derivative is lost. The loss of almost a
whole derivative is however unavoidable. This loss marks the difference between translation invariant and
non-translation invariant equations, and it occurs even if we replace in the usual SQG equation in the whole
space, the linear dissipation v/—A by the linear dissipation a(z)v/—A, where a is a uniformly bounded
positive smooth function.
In order to close the estimates we employ a result about linear dissipative advection equations, of the
type
O +b-Vo+ Liv=f (17)
with b and f Holder continuous, b € C?(R?), f € C?(R?) and initial data in C*(R?). We show (Lemma
that the norm of v in L*(0, T; C**%(R%)) is bounded in terms of the norms of b, f, v(0) in C* for e < .
For the proof of this result we use a method of freezing coefficients, which rectifies the variable coefficient

operator b - V + Lz, that is, it approximates it by its tangent at each frozen point y, the constant coefficients
1

operator b(y) - V. + LZ. This treatment requires a systematic study of the kernels of semigroups etk

e_“:% and their approximations. The linear result of Lemma [2|is applied to the specific nonlinear equation
in Corollary [I] and is used in conjunction with the high homogeneity of the nonlinear damping to close the
estimates and prove the main result, Theorem 2]

The paper is organized as follows. In Section[2]we set up the cover of the domain, recall some basic facts
about the Dirichlet Laplacian and introduce notation. Ins Section [3|we describe the procedure of localization
and extension. We prove in this section bounds for the intertwining of the localized and extended heat
semigroup e!2P, and bounds for the intertwining of the localized and extended Ap. We follow, in Section
[ with the derivation of the extended localized system (I3) and provide bounds for the errors of nonlinear
intertwining. Section[5]is devoted to proving the useful results on the linear dissipative advection equation
(7). In Section [6] we apply the nonlinear maximum principle method to the system and obtain a priori
bounds for Holder norms of solutions. The proof of Theorem [2] in its precise form, Theorem []is given
in Section [/} A self-contained proof of local existence with Holder initial data and global persistence of
smooth solutions is given in Section [§] Appendix 1 (Section [9) describes the change of variables Y and
Appendix 2 (Section[I0) provides useful estimates of heat kernels and approximations.

2. Preliminaries

We consider a bounded connected (but not necessarily simply connected) domain © C R? with smooth
oriented boundary d€2. We cover the boundary 92 with open balls BY, i = 1,..., Ny, centered at points
on the boundary, and take nested concentric open balls BY C B} C B? C B3, such that the portion of
the boundary of each 02 N Bf’ is given after a translation and a rotation by the graph of smooth function

with nearly constant gradient. We consider smooth cutoffs Xg, 1 =1,...,N1, 5 = 0,1,2. such that Xg is

identically equal to 1 on Eﬁ N and has compact support in N Bg 1 Thus X{ = Xg +1X{ . The radius of the
largest balls B3 is denoted r( and is taken without loss of generality to be the same for all i. This radius is
taken small enough such that, if the boundary 0f2 has several connected components, the balls corresponding
to one connected component of the boundary do not intersect the balls corresponding to another connected
component of the boundary. We cover € \ UZN_llB? with balls B? C Q,witht = Ny + 1,... N and take
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nested BY C B} C B? C B} with B} C €, and cutoffs x? with j = 0, 1, 2 which identically equal 1 on B’
and are compactly supported in B} 1. We refer to the balls with index i < Ny as boundary balls, and to the
balls with N1 < 7 < N as interior balls. The set of balls and cutoffs is entirely based on the geometry of the
domain, and is fixed throughout the paper. In each boundary ball we define diffeomorphisms

Vi:BinQ - RL (18)

i = 1,... Ny with certain properties. Without loss of generality we take the cutoffs X{ to be such that

xf o Yl_1 have smooth even extensions across y; = 0. We associate to a smooth solution 6(x,t) of ()
defined for € Q and ¢ € [0, 7] an array of functions

defined on for y € R? and ¢ € [0, T in the following manner. Fori = 1,... Ny, we set
b: = O((xi#) 0 Yi) (20)
where O is odd extension across yg = 0. Fori = N1 4+ 1,... N, we put
0; = x10 @1

where we denote by the same letter f the extension of a function f that is compactly supported in €2 by
setting it equal to O outside the support of f. Norms of © in space are equivalent to norms of 6 in 2.
We use in particular C" norms. We frequently use the interpolation inequality

IFllos < A& Il (22)

for6=ad+ (1 —a)ywith0 <a < 1.
The L2(Q)-normalized eigenfunctions of the Dirichlet Laplacian —Ap are denoted wj;, and its eigen-
values counted with their multiplicities are denoted f1;:

—Aij = HjWj. (23)

It is well known that 0 < p; < ... < p; — oo and that —Ap is a positive selfadjoint operator in L?(Q2)
with domain D (—Ap) = H2(Q) N H} (). The ground state w; is positive and

cod(z) < wi(z) < Cod(x) (24)

holds for all = € €, where ¢o, Cy are positive constants depending on €2, d(z) is the distance from x to the
boundary 0f2. Functional calculus can be defined using the eigenfunction expansion. In particular

(—Ap)? £ =" 4 fw; (25)

j=1
with

fi= /Q f(y)wi(y)dy
for f € D ((—AD)6> ={f] ()\ffj) € ¢*(N)}. We denote by
h=(-Ap)?, (26)
the fractional powers of the Dirichlet Laplacian and with || f||s p the norm in D (A7)):

1120 =D wifi. 27)
j=1

It is well-known that
D (Ap) = Hy(9).



Note that in view of the identity
oo
A2 = cs/ (1—e ™Mt 1724t (28)
0
with
o0 S
1= cs/ (1—e ) 12dr,
0
valid for 0 < s < 2, we have the representation
[o.¢]
((Ap)" f) () = ¢s / [f(x) =P ()]t 2dt (29)
0

for f € D((—Ap)?).
We use second order elliptic operators in divergence form

L = —divy(A(x)Vyg.) (30)

in R%, where A is a symmetric matrix-valued function in R? which satisfies
Alz) > el Vo eRY (31)
[IVA|[Lee + [|Al[Lee < c2, (32)

with constants ¢, co > 0.
We denote by Hy (x,y,t) the kernel of 9; + L in R? x (0, 00). When A is a constant matrix it is well known
that

1 (Alz-z)>
Hi(z,2 4 2,) 1= —————exp | ———— 33
pen e+ %1) det A(4rt)2 exp< 4t 43

where A~ is the inverse of matrix A and () is the Euclidean scalar product in R?. We define the square
root L of the operator L by

L%u(aj) = co/ Hp(x,xz + z,s)(u(zr) — u(x + z))dzs_%ds, (34)
0o Jre
with
1
20(3)

co = (35)

In particular, when A is a constant matrix, we have

L%u(:p): ¢o / u(m)—u(x—i—z)dz (36)
Rd

Vdet A (A-1z-2)F
with .
1 T(5)
Co=—7 (37)
v (3
For each fixed y € R?, we define
L, = —div;(A(y)Va). (38)
This is a constant coefficients second order elliptic operator. In view of (33)), the kernel of J; + L, is given
by
1 A(y)~tz -z
Gag)(z1) = 7 €Xp <—( ( )4t )>, (39)
det A(y)(4nt)2
and, using (36), the square root of the operator L, is given by
1 P _
L2u(z) @ ue) —ul@tz) 40)

T Vet A(y) Jre (A(y) 1z - 2)
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1 1
We emphasize that L; u(x)|,—, is not identical to L%u(x). However, Lj u(x)|y—z — L%u(x) is a zero order
operator, for which we provide bounds in Lemma [I3] of Appendix 2. We prove in Appendix 2, Lemma ]
useful quantitative bounds for the difference of heat kernels Hy (7, + 2,t) — G g(z42) (2, 1)

3. Localization and extension

In this section, we take d = 2. The localization and extension of the linear term can be done in any
dimension. We use the Poisson structure of the nonlinearity, and there d = 2 is important.
We consider a point on the boundary x¢g € 902 = I'. Without loss of generality, after a translation and
a rotation, zp = 0 and the domain €2 is given locally near 0 as {x = (x1,x2)| x2 > ¢(x1)} where
©(0) = ¢’(0) = 0 and the function ¢ : (—¢,¢) — R is smooth. By taking ¢ > 0 small enough, we make
sure

P (z1)] <€ (41)

where € > 0 is a small nondimensional number at our disposal. We extend the function ¢ to all of R so
that (1)) holds globally, and moreover, we may assume that ¢’ vanishes outside a compact. We consider the
global change of variables R? — R2, z + Y (z) = (Y1(z), Y2(z)) € C* in which Y] is given in Appendix
1 by (287), and

Yo(z) = 29 — p(21). (42)
From the construction of Y7 in Appendix 1, we have
1
IVY = I|[p= < (43)
and
VY1.VYs = 0 in a neighborhood of T'. (44)

We denote the inverse of Y by X, Y ! = X,

The map Y maps the portion near xy = 0 of {2 corresponding to |x1| < £ to an open subset of yo > 0, and
the corresponding portion of the boundary 02 to an open segment {|y1| < ¢, yo = 0}.

As it is very well known, under the change of variables y — = = X (y), the Laplacian becomes

80,(L0; (1 0 X)) = (Asy) o X, (45)
where 0; = (%_ and
i = (VaY; - V,Y;) 0 X, @ = (det VY) o X. (46)
In view of (#4) we have
a12 = 0 in a neighborhood of {y2 = 0}. 47

We consider functions g(z) defined in 2 and a cutoffs y € C§°(R?N Q) with support included in ((—£, £) x
R) N €. Then functions g can be composed with X and define functions compactly supported in yo > 0
near 0. If g 9o = 0, these functions vanish at yo = 0. We consider odd and even extensions of functions f
defined on R?,

_ | fy, ), for o > 0,
Of(yl,yQ) B { _f(yh _y2)7 for Y2 < O, (48)
and
| fly1,y2), forys >0,
E1lve) = { f(y1,—y2), forys <O. (49)
Because

HOf =0dif, if f € Cl(ﬁ;i),
OEf=Edf, if feCHRY),
OEf = Odof, if f € C’l@g),
Of = Edof, if f € CLRY),

(50)



and the product rules

O(fg) = O(f)E(g) = £(f)O(g), 1)
E(fg) = E(F)E(g) = O(f)O(g).

In view of {@J), it follows that for function xg o X we have

O(As(xg) o X) = adi(~L3;(O((xg) o X)) (52)
where we denote
a=¢&(a), (53)
ai; = E(ai), 1=1,2, 54)
and
aj2 = O (a12) - (55)

We denote by L, B the operators
A4
Lf = =0i(ay0;f), Bf = —>0;20;f (56)

viewed as operators defined in R? (for instance on functions f € H?(R?)). The coefficients of the extended
operators are a, a;;, even extensions a and a;;, and a12 = a21, odd extensions of the cross terms aj2 = as1.
This convention is kept throughout the paper. Note that, in view of the construction of Y, and in particular

#7), we have
(aij)ij 2 T,az 1, (57)
[[al[yw1.00m2y + [laijl oo m2) S 1. (58)

We fix a smooth cutoff x2 € C§°(IR?) compactly supported in ((—£,¢) x R) N and with the property that
X2(z1,22) = 1forz; € [—g, %] and p(x1) < x9 < p(x1) + 0, we denote by F the operator

g+ F(g) = O((x29) o X) (59)
and we note that
F: HY}Q) — HY(R?) (60)
and
F :D(Ap) = HY Q) N H*(Q) — H*(R?) 61)

are bounded linear operators. We formalize the calculation (52)) as

PROPOSITION 1. Let g € D(Ap). Let x € C5°(R?) be such that xx2 = X (i.e. X2 = 1 on the support
of x). Then F(xg) € H*(R?) and

—F(Ap(x9)) = LF(xg) + BF(x9)- (62)
PROOF. We note that y2 = 1 on the support of Ap(xg) and the formal calculation (52)) is correct for
g € C§°(Q), which is dense in Hg (). O

REMARK 1. Let g be a smooth compactly supported function in @i with g(y) = 1 fory € [—6,6]x{0}.

Then the function f(y) = y3g(y) is smooth in Ri , vanishes quadratically but O(f) has discontinuous
second derivatives. This example shows that second derivatives of odd extensions of smooth functions which
vanish quadratically need not be continuous.

REMARK 2. The extension of the change of variables x — Y (x) to the whole space does not necessarily
map the whole domain Q) to the upper half plane, only a very small piece of it, near the boundary point
xg = 0. The extensions O and & can be used only on functions in ) which have been properly localized
near x.
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We compute now F(xe!*Pf). We denote p = e**P@ and therefore we have d;p = App. Moreover,
Ap(xp) = xApp +2Vx - Vp + (Ax)p. Therefore, in view of (62))

(0 + L)(F(xp)) = =BF(xp) — F(2Vx - Vp + (Ax)p) == go(t)- (63)
Using the Duhamel formula, we have shown the following proposition:

PROPOSITION 2. Let 0 € L*(Q) andt > 0. Then
t
F(xe®r0) — e 'L F(x) = / e~ (3L gy (s)ds =: Ry(t). (64)
0

The right hand side Ry(t) of (64) plays an important role.

PROPOSITION 3. Let § € L>®(Q)). Forany 0 < 3 < 2,0 <r < 1,8 > r, there exists a constant C,,
depending only on x and r, diam(SY), such that for any t > 0, we have
log(2 + t)

[Ro()llcomey < Cy 1 1

Q) (65)
PROOF. We use the bound
€322 1) < min{s, 1}~ e %10l o () (66)

valid for 0 < s and for some ¢y > 0. This bound follows from a priori bounds on the heat kernel Hp of the
heat operator, see for instance [6]. Thus, in view of (57) and (58) we have

198(8) | Loorzt < llgo(s)llz < min{s, 1}~2 €=*|8]lcr - (67)
Using (296) and (310)), (67), we obtain
1Rl S [ s lao(o)unsrds < mintts B (©%)
6 Lo 5 o 1+t—s 90 LeenLl 1+t Cr(Q)»
Plog(2+t — s) 1 log(2 4 t) min{t, 1} 2
VRO [ s < P
(69)

In view of (329) and (330), (67), we obtain for any |h| < 1.

min{s, 1}~ e 0% ds||0]| o (o)

Vi—s — )2
¢ log(2 +t
# [t alitionz + ) B = wmings 115 e v dsgeno
0 _
. |n > 2. Y log(2+t)
< (min{—,1} +|h| | lo min{t, 1}2e” Ollcr) + Liz>1————|h|lo 0| o
(1in 31+ 4]} tog(2 mine, 135~ #10lray + o5 tog( 2 ) Bl
(70)
Here we used the fact that
g _n]
¢ min{ 1}
Vi’ 1
1 e — Y < log( ) Emin{ 2 1 (71)
f e et g 1
Therefore, we obtain (63). O
REMARK 3. In view of (T0), we have V Ry € C171°8 and
o0 1 2 r—
0ROl PBC2D) ingr, 115 bl cn o a2

sup <
ni<1 |k[log(2/lh]) t+1

This is an optimal regularity because L has only Lipschitz coefficients.



We take # € L°°(£2) and consider the stream function

o0 1
T el A
DT TG o
We have directly from (64):
PROPOSITION 4. Let § € L>°(S2). We have
1 oo
f(x%) - L_%]‘—(XH) = =% / t_%Rg(t)dt = ng
I'(3) Jo ’

where
1
[Soxllesmy S mH@HLw(Q)
holds for all 0 < 8 < 2. Here L3 is defined as the inverse operator ofL% and is given by (343).

PROOE. In view of (63), we have

© ilog(2+1t) . 1-8 1
|1S0.xllcs w2y 5/0 t Zﬁmm{t,l} 2 dtHQHL‘”(Q)gﬁ”auLm(Q)-

This implies (73).

We represent the localized and extended operator relationship for Ap.

PROPOSITION 5. Let 0 € L>(S2). Then

F(xApb) — L2 F(xb) = — /OOO £72 Ry(t)dt =: R, (0)

21°(3)
holds. Moreover, we have

Ry (Dlcr @2y S 19]lcr )
forany 0 < r < 1.

. . 1
PROOF. Using the heat operator representations of Ap and L2, we have

F(xApb) — L2 F(x0) = /0 Y3 (e F(x0) — F(xet™P0)) dt.

2I'(3)
Using we arrive at (77).
In view of (63), we have forany 0 < r < # < land |h| <1

3 log(2 + t)

< 3 . r1 1
Ro0) < [ BT mine 1) F dtlbllcr) < T10lcne

Id

\/min{¢, 1}

o0 3 log(2+t)

B

We split the integral 8T) in [;° = O‘h|2 + f|i|2 + [5° to get

|h‘2 ” 2 _r o0 l 2 t
rcsthwns(/ sl [ e [T e D) e
0 Ik 2

t+1
S A 0ller o)

Combining this with we obtain the result.

11

(73)

(74)

(75)

(76)

a7

(78)

(79)

(80)

8D

(82)
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REMARK 4. Similarly, we have
[Ixinto — Aga (xin®) s r2) S 101|220 (), (83)
[IXinADO — Agz (Xin0)|lcrr2) S 110]lcr (@), (84)

forany 0 < f < 2and 0 < r < 1 where xuy, is a cutoff function satisfying xin = 1 in B(xg,70) and
Xin = 0in R?\ B(xo, %7“0) with B(xg,2rg) C .

REMARK 5. In view of Remark[] Propositiondand (3)), and (346), we have the bounds

HABIHHCT(Q) S HHHC(T—1)+(Q)7 forany r € (072)\{1}7 (85)
105 1oy S 16ller @) foranyr € (0,1), (86)
I[ADO|cr() S 110llcr+r(qy,  forany r € (0,1). (87)

We consider now the localization and extension of the nonlinear term. We denote the usual Poisson
bracket by {¢, 0} = J(¢,0),

{$,0} =V - Vo (88)
and use its behavior under composition
{foX,goX} = (detVX)({f,g}0X). (89)
Thus, in particular,
{xav.x0} o X =a- {(xav) o X, (x8) o X}. (90)

holds for smooth cutoffs , x1 supported in {2, and where a = (det VY') o X) (see (#6)).
We also use the important observation that odd extensions commute with the Poisson bracket. This follows
from the properties (50) and from the product rules (5I). We have thus, recalling our definition (53)), a = £a,

O({xa¢, x0} 0 X) = a- {O((x1¢) 0 X), O((x0) o X)}- on
Therefore, we have
O (V- (o) - V(x8) 0 X ) = aV* (O((xatio) © X) - V(O((x0) © X)). ©2)
We proved

PROPOSITION 6. Let 6 € L>°(Q), let 1y be a stream function defined by and let x1, x be smooth
cutoffs supported in ). Then

F(VEawe) V(b)) = aVi(F(at)) - ,F (x6) ©3)
holds.

4. Extended localized critical SQG
We start by computing, with xy = X? and y; = le two localizers, 1 <7 < N,

X(VE) - VO = V- V(x8) — (V- V) 0
= V0ay) - V(xo) - (V- (xav) - Vx) 6.
The last equality follows because y; = 1 is on the support of x.
Applying the product rules (51J), Proposition [6| we obtained

(94)

PROPOSITION 7. Let 6 € L> (), let g be a stream function defined by (T3). Then we have

F (x(V40 - V8)) —aV Flxawn) - VF(x8) = —aV- Flave) - F(T)9). (95)



In view of (74), we have

Flxivg) = L2 F(x16) + So.x,

We denote by 6;, 51 the functions

0; = F(x0),
0; = F(x10),
by u;
U; = avLLi%(é;) + Ure,
with

Ure = aVT Sy, ,
and by 7 the vector
7 =F((Vx)8).
Note that B
0; = nb,

13

(96)

o7
(98)

99)

(100)

(101)

(102)

where n = £(x o X)) is a Lipschitz cutoff function satisfyin = 1in B(zg, ), n = 1 in R?\ B(xq, 47
n X p ymgn n

for some zg € R? and r; > 0.

Multiplying the SQG equation (@) by x?, using the definitions (©7), (98), @9) and (T0T)) above, using (96),

(©3)) and ([77), we arrive at
040; + u; - VO; + L26; = f,
where
f= _Rx(‘g) +ui -y
fori < V7.

LEMMA 1. Forany 0 <r < 1and 0 < B < 1, the following inequalities hold

[urellorm2) S 110]| Lo (@)

1/ llee2) S 16ller@y (1+ 1olleney) -

PROOF. In view of (73)), (346)), (57) and (58), we obtain (T03)) and

Combining this with (78) and [|7||cs w2y < [10]|cs (0 to obtain (T06).

Similarly, the equation for interior balls (N; + 1 < ¢ < N) for §; = X?H is

Ol + ui - VO; + Ag20; = fin,
Uy = VJ_AHE% (Xle) + Uerin,

where

fin = Ar2(x0) — xAp(0) + (u- V)b,
Uer,in = VL(XlABI (9)) - VLA]}%& (X19)7

and x = X2, x1 = x} for Ny <i < N.
In view of Remark 4] we have

|[tre,inllor w2y S 0]l ()

finllor @2y S 1Bllcr@y (14 16llooy)

forany 0 < r, 8 < 1.

luillosmzy S 10llcs) + 101l @) S 110llcs@)-

(103)

(104)

(105)

(106)

(107)

(108)
(109)

(110)
(111)

(112)
(113)
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5. Bounds for a Linear Dissipative Advection Equation
In this section, we consider the linear advection equation
O (z,t) + b(x,t) - Vo(z,t) + L%v(x, t) = f(x,1), (114)
in R? x [0, 7], with d > 2 where L2 is given by (34).

LEMMA 2. Assume that v € L>([0,T],C*) N L ((0,T], C**20) is a solution of (I14) for some

loc

ap € (0,1). Then, the following inequalities hold for any oy € (0,1/3), 2 € (0,1) and ag > o,
1l ooy S BT+ 1) (0Ol + [oll g ooy + 11711y ooy
3 ag [T oz
F M+ )R [ llon) ol s 115
0
and

10]] 02y + sup_ ') | gnray S Millo(0)l| 2oy + My sup 81| ()] e
s€[0,7] s€[0,7]
2

6 2
+ (Mfl 720700 (14 bl e o)) ™+ MlTH“) 10l 2o (zy;  (116)

and

sup s [u(s)||¢nrar S MIT[0(0)]| gy + My sup s | f(5)]] o
s€[0,T s€[0,T]
1

N a1
+ M e (1 + HbHLoo(c'al))a1 1ollzge ¢y + MAT " el gz, (11T)
where M1 =1 + HbHL%O(L‘X’)‘

REMARK 6. We see from (I17), that sup,cjo 1| s' U0 (8)|| 4oy is small when T is small. This
property is used in the proof of the Lemma[8|which is key for the proof of Theorem|6]

REMARK 7. When b(z,t) = 0, estimates (113)), (I16) and (T17) are proven by K. Chen, R. Hu and the
third author in [3, Theorem 1.1]. When b(x,t) # 0, these estimates are new.

The proof of Lemma (2)) is based on a method of freezing coefficients, to avoid directly differentiating b
or the variable coefficients of L. We start by taking a fixed x¢ and computing the kernel of the semigroup
1

generated by the constant coefficients operator LZ,. A direct calculation verifies that

By ety == [ Gy & t (118)
Azg)\ L) V) = —= —F—GA@)\T Y, Z P = d+1
vTlo VP P V/det A(zo) (t2 N |A(:c0)_%a:]2) 3
1
is the kernel of 0; + L3, where c; fRd dix@ = 1. Above A(a:o)_% is the square root of the positive

(1+[xf?) 2
symmetric matrix A(zo) L.

We write

O (z,t) + b(xo,t) - Vu(z,t) + Léov(x, t) = F(z,x0,1) (119)
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for any o € R? where
1
Flayon,t) = { £0,0) + (Lol O]y o ~ Lo, )

+ {(Léov(x,t) — Lzv(@, )lyes) + (b0, t) — b(a:,t))Vv(:c,t)}

= Fi(z,t) + Fa(x, 20, 1). (120)

Using (370) and (302), (303)), we have
IFL @)l gar S Ol + [[0(@)]| oo+, (121)
B, a0,5)] S [ — 20l (14 [1bl] e oy ) 0L, IS, (122)

and

‘(SZOFQ(.%,(L'O,t) - 5ﬁ0F2(waOa )‘

1 1
< |(Lgyqn — LéoJv(,t) — (L§O+h Lo )v(y, )| + [0nb(wo, )|V (z, 1) = Voly, 1)
< fa = gl BT (1 150 g ) 0 (123)
for any x € (0, min{l — oo, a2}).

Now we compute the kernel of 9; + b(x,t)V + L:%O. Integrating by parts, we have
/Ot /Rd HA(zo)(l’ —y— /t b(xg, T)dT,t — s)F(y, x0, s)dyds
= /Ot 5 Hp(zo) (T —y — /t b(xo, T)dT,t — 5) <63v(y, s) + b(xg, s)Vou(y, s) + L%OU(% s)) dyds
=v(,1) - /Rd Hp(ap) (T =y — /0 t b(zo, T)dr, t)v(y, 0)dy
_ /t /Rd 0s [HA(IO)(l' oy - /t b(zo, T)dT,t — s)} v(s, y)dyds
/ /Rd (x0,5)Va +LxOHA(a:0))( /t b(t, x)dr, t — s)v(y, s)dyds

= v(z,t) / H 420 —/ b(xg, T)dT, t)v(y,0)dy. (124)

Thus,
t
vant) = | (e —y= [ orao)in .0y

t t
+ / HA(:EQ)(‘T — Y- / b(Ta J;O)dTv t— S)F(ya Z0, S)dydsa (125)
0 JRd s
for any z € R%.
This verifies that the map (¢, s, z,y) — Hy(zo)(t — 5,2 —y — fst b(t, xo)dr) is the kernel of the semi-

1
group generated by the operator — (b(t, xo) - V + L§O> .

In the proof of Lemma (2)), we make use of the following bound.
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LEMMA 3. For 5 € [0,1), and j = 0,1, we have

. h h|8
up [ GVl (z. 0=z € ming 2, 1122 (126
T R4
PROOF. Case 1: |h| < 4¢. We have
(67 VIH 4(2))] (2, 1) S S L (127)
RV 2z HA®@)) I\ ) S (t + |2|)d+i+2
So,
' , Bt e A
Sgp/Rd ‘(6thHA(x))’(zvt)’z‘ dz 5 /]Rd (t—i— ’Z‘)d+j+2’z‘ dz 1B (128)

Case 2: |h| > 4t. We have

. t t |l
5, VIH Hlz1Pd </ , ‘ Adz < .
S‘;p/Rd'“ A0l S Rd(wz—hndﬂ“+<t+|z|>d““>|' - "9

The two cases together yield the result. ([l

PROOF OF LEMMA 2l We apply 5hV§;,j = 0, 1 to both sides of (123)), then we take o = x to obtain
that

5uVu () = / (04 Ha(0)) (5 — 3y — /0 b0, 7)1, 1) so 20y, 0)dy

t
/ 4 5hv HA (z0) (‘T -9 / b($077—)d7—7t - S)|x0:x (Fl(y7 5) + FQ(ya z, 5)) Clde (130)
R

Then, we write

opVavu(z,t) = / (VH (o)) (7 —y — /0 b(xo, 7)dT,t)|20=2(0—nv(y,0) — d_pv(x,0))dy

Rd

t t
/ Lo oy [ 00T i) =y = [ b0, )t = 5)lgma(Fa(5:5) = Fi,5) + Fa(y,,5))dyds
R s

t—s—

t t
[y [ (THa) o=y [ b0, )it = 9)liame 600 5) = 5P (o, 5)dyds
0 s

t
n Z H—l/ 1t|h‘ o /Rd(VHA(xO))(:hLihy/ b(zo, 7)dT,t — 5)|pg=2F2(y, x + ih, s)dyds
1=0,1 - °

t t
[ [ TR @ h=y = [ bt = )l
X (Fy(y,x,s) — Fo(y,x + h,s) — (Fa(x + h,z,8) — Fo(xz + h,z + h,s))) dyds. (131)

Here we used the fact that
/d(éhul)(:c —y)ug(y)dy = /d ui(x —y)o_pua(y)dy, ¥ ui,uz, (132)
R R

t
/ (VH (o)) (7 —y — / b(xo, 7)dT,t — 5)|go=dy = 0V x, s, 1. (133)
R4 s



17

Thus, using (121)), (122) and (123) we have for any oy, g, g € (0,1), g > 1, 1 < 209

t
IAZCUIE / (VL@ =5 = [ blao. 7))l sgmel b 2 =51l o (0)

t
/ (61 VH (00 (& — y — / (0, 77t — )|ao—sl — 4] E(s)dyds

t
/\v Hy (@ —y — / (0, 77t — )|aomalh P |z — |22~ F E(s)dyds

t
Z / Lin 4 /d IVeH po) (2 +ih — y — / b(xg, 7)dT,t — 8)|zg=z|T + ih — y|** E(s)dyds
—0,1 t—s R s

t
+/0 1th|>1/Rd‘(vaA(xo))|($+h—y—/ b(xo,T)dT,t—S”xo:x

X [+ b — gy (Bl (14 [[B(3)] o) |[0(3)] ersndls, (134)
where
E(s) i = [[f($)llgaz + (14 [1(5)]| a2 ) [10(S)125, o ()| gass, + [10(5)]|aas
SUF) s + (L F 110 |z ) o()I[EL, o) ss, + o) zoe- (135)

Using (126)), we deduce
t
L VGBI [ bo it = olyldy
|5,V H ) I(2, ¢ = 8) (2] + [t = sl]1Bl] 150 (1.0))
R r

<M mln{t|h| 117 |h| (136)
8

t
[T sl = [ b rhdrt = o)luldy € rfe = ), (137)
R4 s
for any 5 € (0,1). Thus,

a1
o AT

t
—14oy— . ‘h" 1—
16,V (2, )] < My |h|* =T [0(0)]] oy +M1/O mln{m,l} 2 mE(S)dS

¢
+ M, /0 Lo (8= 8) 7 R (U [1B(8)llgan—) [[0(3)] [ nnds. (138)
3) Because ||g|cs1 S |lg]lcs. forany 0 < 81 < fo, it is enough to prove (I13) when < ap — a1 < .
Using (138) with ay = ag > ag and kK = ay — a1 < a1, we obtain

- - t E(s)ds
o)l grrar S Mt 7 [0(0)]|gay + M /0 (t5>(1 :

—(az—ou)
t ds
+ M 0 (1 + ||b(s)‘|ca1) ||’U($)||C‘1+&2*al (t — 8)17(a270‘1)

_ _ t E(s)ds
S Mt 14+as 041”1)(0)”602 +MIA (t_s)(l)

—(az—a1)

t o B _ ds
M7 / (L4 1l ena) = el 015122 ey (139
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In the last inequality we used interpolation inequalities.
Thus, in view of (T33) we obtain

ol @y S VT (0O as + 16l gz + 1111y )

T oy
- - 2001 — 1 2 1—
Mo ( /0 (L 18l ) 52 101222 [0l 5452205 (1 [b]]sag) 011, 1011522,

(140)
Using Holder’s inequality, we deduce

ol reery S BT (110(0) gz + 1oy gy + 1111 o )

2 ag—a T g 2 271 T 1
/0 (L [[bl] ¢z ) 22C 1722 |0 | 0y + My T /O (14 1Ibl] s ) 21 [[v]] ey

1
+M2a1 a2T2a1 ag
&z [T f
ST+ 1) (0Ol + [0l a2 + 1y on) + M7 T+ D5 [0+ Bllons) ol
(141)

Here we used -mM——s, 0%1 < 23 when a — a1 < o . This implies (TT5).

4) Using (138) with a; = ap < a4/2 and k = -, we have

< a1 p—14+ag—aq . ¢ : ‘h| 1—‘)‘—1 |h’ 2 S_1+a1 1—ay
|0nVo(z,t)| < Mi|h|*t [[v(0)|| oy + My [ min{—,1} —————=ds sup s ' E(s)
t—s (t—s)l 2 s€[0,T]

t
N L _ 1+ —14a; 1—a; N
L T A P L e L e

< My B[P [ (0)| gy + MBI sup 5171 ()
s€[0,7
a1 1—14aq 1—aq 1_%
£ 00 (1 D0l ) ) e oy 20 SR, (142)

)

where E(s) satisfies (I33) with ag = «.
Thus,

sup s [0(s)|lgarar S MIT* 2 H[0(0)]| oy + MIT |0 Loo oy + M1 sup s Y| F(8)]] ¢y
s€[0,T] s€[0,T]

1—aq
MO (1 bl e een) ) 0115 ( sup ]sl-aluwsmc-lml)
seE

)

aq

-5
(1+\|b||mc-a1)) 1ol oy ( sup sl—a1||v<s>|r¢1+a1) . (143)

n MgTOq(l— ol
' ef0.7]

1 1
Here we used the interpolation inequality <1 + ]|b|| CT)) < MP? (1 + HbHLOO(C.al)) 2
Using Holder’s inequality,

sup ' [0(8)]| ey S MIT 72 [0(0)]| oy + MIT " [0l [ Lo (1) + M1 sup 57| f(5)]| ey
s€[0,T] s€[0,T]
1

3 1
+ M (14 16l o) ) ™ M0l e o (144)
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This implies (IT7) by taking aiy = 3av3.
5) It follows from (130}, (I121)) and (122) that for oy = e

t
G001 5 [ Fagyta == [ b m)dm0lyalino(w.0)dy

t t
+/0 /Rd ’fshHA(l”o)(x_y_/ b(a:’T)dT’t_8)’$0:$|’y_$’aldyE(s)ds
(115

t
h
< 1P [0(0) e + My /0 he min{ AL 1310 p(s)as

t—s’
t
h
S POz, + M1 [ 0 ming L 1y sup ()
0 -8 s€[0,7
~ [hf2 <r|v<o>r|c~za1 + My sup E()) (145)
s€[0,T7]

where E(s) satisfies (I33)) with ag = «.
Therefore, as in (I43]) we obtain

V][ oo cary S N0(0)[ g0y + MIT |0l oo ooy + My sup s~ f(5)]|ga
(%) T s€[0,7]

1—aq
T (1t [l e o) 0112 o ( s 51_a1|v(5)||01+a1> . 49
se|0,

Combining this with (T44) (for a4 = 2c2) and Holder’s inequality, we deduce

0]l oo (¢2ar) + e s o()[¢nrar S Mil[o(0)| psay + MT [0 Lo (120
se|0,
1

3 1
+ M, S}é%]sl—me(S)HCal _|_M1a1 Tl (1 + ||bHL00(C'a1)) o1 ||’U||L§9(C’°‘1)' (147)
seg|0,

1
Now (TT6)) follows because ||v]]| Le(Con) < |2 and Holder’s inequality. O

1
2
HL%O(Loo)H”U 2o (C2o1)

6. The Nonlinear Maximum Principle

We consider a solution 6 of (@) defined on an interval of time [0, 7. In this section we assume that the
solution belongs to C120 ([0, T] x ) for some 0 < oy < 1. The local existence Theorem (3) guarantees
this to be the case if 1" is small. Here we obtain the basic a priori estimates which allow the continuation of
the solution. We consider one of the boundary or interior balls 1 < 4 < N, and take the function ¢; = X?H
as the basic variable. The extended localized equation (T03) for ¢ < Nj and its interior counterpart for
N1 41 <i < N, (108), are both represented below by the equation

1
00 +u-VO+L20=f (148)
in R%, d > 2, where 6 = 10 and u obeys
1
u=JIVLy%(0) + u. (149)

with uq a lower order term, and where

i: J = J(x) is a matrix valued function which satisfies

I w1ooray S 1 (150)
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ii: L; = —div(A4,V.),5 = 1,2, Ay, Ay are symmetric matrix valued functions in R? which satisfy
(31) and (32));
iii: 7 is a Lipschitz cutoff function n = 1 in B(0,7¢) and n = 0 in B(0, 2r¢)°.

We reiterate that in this section we use the name 6, but this variable corresponds to one of the 0; and not
to the solution € of (@), (B). In (I49) have implicitly assumed that 6 is known. In the application to (T03)), 0
is compactly supported obtained from the solution of (@), (3)) by the formula (98).

We apply the method of nonlinear maximum principle introduced in [12] for the whole space, used in
[13] in the periodic case and in [6] to establish interior Holder bounds in bounded domains. In this section
we do not explicitly use the divergence-free property of velocity u. We expand here the range of applicability
of the method to allow for nonlinear forcing and the absence of translation invariance. We make use of the
following result ([13, Lemma B.1]).

LEMMA 4. Let Y(t,z) : [0,T] x R™ — [0,00), m € N be such that suppY(t,.) C Br C R™ for any
t € [0, T) and for some R > 0. Assume that Y (t,z) € C1([0,T], C*(R™)) N C?([0, T], C*(R™)) for some
B € (0,1). Let o(t) = sup, Y(t, z) for any t € [0, T]. Then, g is Lipschitz continuous in [0, T] with

ol Lipo,) < 10: Y [| oo (0,77 xR (151)

for almost every t € [0, T] the function g is differentiable at t and there exists z(t) € R™ such that simulta-
neously

4
di

hold. In particular, ¢ is absolutely continuous functions on [0,T] and

o(t) = (0:T)(¢, 2(t)) and o(t) = Y (t, 2(t)) (152)

to d
olta) = oftr) + [ Gty (153

t1
forany 0 <t <ty <T.
LEMMA 5. Assume that § € C'F0([0, T], C*(R%)) N C* ([0, T], C'*+0(R%)), for some ag € (0,1)

is a solution of (148)-(149). Then

T
s 11T + 182 Lm)/ 161157 < 1160l . M+M/ 161] v
€

T T
0 ”E‘ﬁ n n 6 2
+M(|e||L1T<mL1>+/O 1611675 + [ Lo 1l + [ Nall s +/0 |f|!-a> (154)

holds for « such that o(1 + |0 |59 (1)) is small enough. Above, the constant M is given by

Qv

M = (10]] Lse (1L + 1)

PROOF. We take 0 < o < 3¢ and consider the equation obeyed by D} = Thi& hl"‘ with 6pf = f(x+h) —
f(x). We apply first the finite dlfference Op:

1 1 1
(O +u-Vyi+ (0pu) -V + L; )on0 = L} Opb — 5h(L12 0) + onf. (155)

Then we obtain the equation obeyed by ¢(t,x,h) = D}0 :

1 1 1 h
(O +u-Vg+ (6pu) - Vi + Li)g= L Dj0 — Dp(L{0)+ Dj f — (5hu |h|2> (156)
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We multiply (I56)) by ¢ and use the quadratic difference lower bound (378)),(341)), where D(v) is defined in

(340), and (130), to obtain
1 3 — —1+a —2a n
5O+ 1w Vo + (0pu) - Vi + LE)(a%) + el 0] oo [~ al* + c|p]**D(3n(10))

@ —l—2a =35 0 ~35 3 na T
< & (I8 L X OIG0) + VL, D=4 ) + a1 Do — DR(L )

+q| D} f1 + al bl |0hua || oo g, (157)
where the constant ¢ > 0 does not depend on a.
Note that
sup q(t,@,h)® = sup [p1(x)pa(h)q(t, , h)?] (158)
h,zcRd4 h,z€R4

where @1, p2 are cut-off functions such that ¢; = 1 in B(0, \g) and w2 = 1 in B(0, A\o)\B(0,1/Xo);
@1 = @2 = 0in RN\ B(0,2)g), 2 = 0in B(0,1/(2)g)) for some Ao > 1 large enough.
Thus, we apply Lemmato deduce that there exists (x, h;) € R? x R? such that

q(t) := q(t, 24, hy) = sup q(t, z, h) € W*°([0, T]). (159)
h,x
Moreover, ¢ is an absolutely continuous function on [0, 7' and

%q(t) = (8tq)(t,xt, ht) ae.in t € [0, T} (160)
We take great advantage of the fact that
1
2|10||e \ @ o
Hq(\l)L ) } , q(t) > erg ®|[0(t)]] g (161)
In (I57), we take (x, h) = (x, ht) and use (I60) to obtain that

¢ — —1+a —2« 0
a01q -+ Z110][ || gl + || 72 D (3 (n0))

0 < |h¢] < min {47“0, <

o —1—2a 1 ~ o _1
< — || 20,V Ly * (0)| (0n(10)) + CIRPIT [V Ly * (B)] 6]
1 1
+1allL D0 = DR(LEO)| + allflle + @*ClIOI w2 20 - (162)
Here we have used Holder’s inequalities
10 1 c _ lta —a _1
—IIVLy* O)llzeoa® < N0 P72l + ClRPI [V Ly > (0)[7 0 16]| 7o (163)

and

oI~ 1l < 101 D1 a0 01 o, e (164
We invoke Corollary [5] with the estimate (361) to obtain
B[220,V Ly 2 ()| (8 (n))? < C116] [z [h] > D(3a(nB)) + €8]l <[]0
+ C[AP216] oo 116]] 13 16]] oy + CalBl' > (18]l oorzt + DOz 10g(2 + 116]] )
< O8]z || ~**D (8 (18)) + C|AI>~>*||6] <1101 .3 116]] .3
+ Ca(1+70) (10l zwnrr + V1] ooz (1+ 161120, (165)

where C' does not depend on «, but C,, depends on «.

We emphasize the key point that in the above estimate the constant C' in front of ||0|| e |h|~2*D(8p(nf))
does not depend on «. Thus, crucially, if a is small enough, the corresponding term, which comes in
(162) multiplied by %, and is the most dangerous term, is less than a fraction of the term provided by the
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dissipation D(q).
On the other hand, using (380), (346) and interpolation inequality, we also have
1 2(1—o)
L D36 — DR(L0)] S Cal g5 6], vy T+ Calh=10]] 1, (166)

and
1 1 - . 3
925 2 @)l < CallVES* O g < Ca (1011 +118111)
< CallOllF e (101122 + 11811
Calllbllzoonrt + D216l porzt (1 + 18ll¢a)- (167)
Let o € (0, 1) be small enough such that

~ i 1
Callf]|pz +a < mmg} (168)
We obtain
c _ _ ~ ~ ~
90eq + 11011 o [P al* S (16l 2owrzr + D10l oerzr (14 11011
2—2a|] ] ] 1- S
+ A0l Lo |10]] 5 1161 .y + [RITT g2 a\lellclw
+IA 0Nz + allfllee + 1012l ze . (169)
1
Using |h¢| < (%) “, we deduce
_1 1 ~ ~ ~
g0+ 110l 2lal> 2 S (16l poorpr + 1) 116l poorpr (1 +116][30)
T 1y 21-0)
Fllolle g 181121161 -3 1161 .3 +”0HL0°q == |jo)) 2 e
F1IBIE ¢l s + allfllen + 10120l 7, 1120 - (170)
.. . _l_i_ﬂ
We divide both sides by ¢~ « " 2=«
1 _a 1 7é 2__a < 1_4-o ~ ANA =12
F(geza) + |0l p=ge 2 S g 2o ([0l oenrr + )70l oot (T +116][Ga)
1 2(1 a)
6l g =5 ]16] |1 161] .3 1161 .3 +||9HL°° 1011 ,:55%
10 6T Bl e + g5 O‘”fHCa+qa_7”‘9||L°°||u1||3 s2a- (171)

Note that the positive constant ¢’ now depends on «.
2(1 a)

Using q(t) > erg *(|0(t)||zo: ¢ < 16]] e and [16]] 555 Sro H9HL§> “110]] ¢+ g » we have

1_4-a ~ ~ ~ 4—a
g2 (0] oot + D101 poonr (T4 [10]20) < (101l poorzr + 1) H9HLoomL1(1+H9Hza)H9Ha e

(&3

5M||5H§;ﬂ; (172)
lfi 2(1—a) Lolma o
H9|!Loo g =T ||| 16]] g 11011 .1 +|!9|\Loo 101l s + 110125 ¢ === lllL1nLe

S M (10131011 g + 16l eaeg +1llmnne) s (73)
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1__2 —1l 2 _a

¢= || fllga < ellbllp2q 2% + C-M||f|[20; (174)
1_4-a 9 3 —é 2 _o 6
001l e < 6112077+ CoM | 1 (175)

for any € > 0. Combining these with (171]), we deduce

1 _a y —é 2 o
O(ge22) + [f]| g0

1

S (Bl + 10157 + 1o 19153 + ol e + 1712+ llerg ). 176)

This implies (I54) by using (I33). O

COROLLARY 1. Assume that § € C1+0([0, T], O (R?)) N Ce([0,T],CHHeo (RY), ap € (0,1) is a
solution of (148)-(T49). Then, for a € (0, o) such that o (1 + ||0|| s (1.o<)) is small enough, we have

o

1_ _a T 2_ _a T - 1 _a

a 22—« a 22—« a 2—a
sup (6015277 + [ 611G+ [ 1l < NIl
t€[0,T 0 0

_ T 1 _a T _ _ T 6 T )
« 2—a
+M(/O 19115275+ [ 101l 101l + [ Nl + [ ||fr|~a>

~ ~ -6 (T _ 5 5~
+ NMa(0ll 3 + 01l y ey + 1171y e )+ IIMF [ 101 + )% 3.
(177)
where
~ i 3
M = ([|0]|rge(rrnreey + T+ 1)@, (178)
My =(1+ HgHL;O(Loole))10%(2 + HéHLoTo((ja)) + |[u]|zge (£o0)- (179)
PROOF. We apply (TT3) to (v,b) = (6, u) with oy = §, a0 = 22,
161+, S ST+ 1) (oll e+ Wy am) 51 o)
5 s (T 5
FMPOTIE [ ful ) 101 s (180)
In view of (346), and (T50), we estimate
()l 10 s + 16612 + [ ()]l s
~ 3 ~ 5 ~
< 1BEE 1) 30 + 18 11 + ar(5)]] g (181)
M S (1 + ||9~HL%°(L°°QL1)) log(2 + HéﬂL%o(c‘a)) + |[ur]|zge (poe) == Ma, (182)
we get
161 ¢+, S M+ 1) (oll g+ Wlzgamy + 191 o)
s s [T _ 35 - 5~
M@ DF [0 1+ 10 + sl ) 5 Gl eg - (189

Combining this with (I54) we obtain (I77). O
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7. Holder regularity

In this section, we prove

THEOREM 5. Let § € C([0,T],C(Q)) N CLT*0((0,T], C(Q)) N C*((0,T], 01+ao(9)), ap €

loc loc

(0,1) be a solution to @), @). Let a > 0 be such that o(||0p]| > + 1) is small enough and o < %2. Then

s T 2 o T 36
o 101G+ [ IO+ [ 106 v s S (Wolloo + diam(@) +7 + 1)
(184)
holds.
PROOF. We know from (@) that
sup |0(2)[| 2o () < [|00l|L~ (@) (185)
t>0

holds.
First, we prove (I84) with assumption § € C1t20([0,T],C*(Q)) N C2 ([0, T], C1T()). We apply
(I77) with (f,u1) = (fin, Ure,in) to the system (T08)-(T09) and use (I12)), (IT3) and (I83) to obtain that

L 7_L T ~
sup [6]]2, 0 + H9Haa oy [ NOllgnes (goy S Mit
(BY) (B¢ 0 (B7)

t€[0,T
T o T T
L / r|e\|3*;“+/ 161l 31161 1+/ 16]14
0 C 0 Cc1 Cc1 0

~ o [T 25 L1
+ Mlog(z + [Blzco)? [ (4 ellen) B =dn, aso)
0
for N1 +1 <14 < N, where
. 12
M, = (||90HCO¢(Q) + dlam(Q) + T + 1) a, (187)
In this inequality, we estimated
31| 6ol 5 % + T / a1 1530+ 10 (1160l g + 1911z (zowricr) ) S M1 0g(2 + 1161 15e )
(188)

T T
3 ) o S .
M/O IFil a+MM2|]f\|L1T(C%)NM1+M1/O 116]1&a; (189)

and

6 T 25 41
MMy / 1+H¢9Hca+|\U1H 50.)25 ][] o5 < M log(2 + 10| ge c)) = /0 (1+[16llga)T6e2 .

(190)
Similarly, we apply (I77) to the equation (I03) and use (I03)), (T06)), (58] and (T83)) to deduce that
1 _ _«a T o T
s 015+ [ GGy @s+ [ 100 enes mongy S Ma (191)
€[0,T]
forl <7< Nj.
As we have a cover of by UY | BY, then we obtain from (T86)) and (T91) that
a T 2 a T
sup 101 y7 + [ 1015257 + [ 8llenes g, < M (192
te[0,T] (©) 0 ¢rE@
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By interpolation, Holder’s inequalities and (202)), (203) , we obtain

~ T 1 _a T T 2_ _a -
it ([ e+ el ) s = [ HoEE + oo (193)
0 0 0

~ T @ T 2(21+a) 22 T .3
50 [ 10l 0y % B[l 01Ty S e [ 1ol +OT 99

and

~ o [T 25 4 1 P T 2y
o411l cn)® [+ bl B+ < clonp 1013, [ 11, )t 199)
Thus,
_a 2 _ T ~ 3
a 2—a [e% 2—a < le%
sup 101 b G [ Bl ) < (19)
This implies (T84) with assumption § € C1T20([0, T, C?(2)) N C* ([0, T], C*T20(Q)). Now, we prove
(184) without this assumption.

Indeed, because § € C1+eo([e, T], 0 (Q)) N C([e, T],C1+20(Q)), for € > 0, we apply (I84) on € +
[0, — €] = e, T] and deduce that

T 2_ _a T ) 36
s 610Gy + [ 10Nz ds+ [ 10 lene s oyds S (10Ol + diam(®) +7 = e+ 1):

tele, T
197)
. (K . o
provided that a(||0(¢€)||z~ + 1) < a(||fo||L> + 1) is small enough and o < %
Using 6 € C([0,T],C (Q)) and « < ag/2 and letting € — 0 to deduce that
T 2
oo 10055+ [ 0 E s+ imows [ 106 gy
t€[0,T] 0 (@) ¢ @
L T 2_ _a T
T o 2—a @ 2—«
= timsup sy 16020¢y" + [ 1BIE gy s+ [ 106 s
36
< lim sup(HG(e)Hca(Q) +diam(Q) + 7T — e+ 1)
36
< (|[60]]¢a (e + diam(€2) + T + 1) o2, (198)
This implies the result by using monotone convergence theorem. U
LEMMA 6. For any Bg, 81, .-, B > 0, 51, .., Bx < Bo, and s, s, ..., 2 > 0, we have
T -~ T
[ 618 01 gy S 1+ N0l T ([ 1018 0 +71) 99

provided Zk-;zl Bjix; < Boxo.

PROOF. Using Holder’s inequality, we only need to prove (T99) with $°* i1 B = Boso. Indeed, in
view of (22)), we have

B]J B]J BJJ

10O, g <|I9()|\Loo ) 0I5 g <|\90||Loo g ||9()||Cfa0 )" (200)

Thus,

%] 0

1O@Es1 (0~ 10D & ) S ||90||L 1611 G50 () (201)
This implies (199) with 3-%_, 8;3¢; = Bys4. O
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COROLLARY 2. Forany B1,...,0; > 0,81,...., 8 < 1+ G, and 51, ..., 7. > 0, we have

T - |
/0 161151 - 16118,y S (14 (160l ) >5=2 ( /O

provided Z?Zl Bjr; <1+ 5.

T
H9H01+%(Q)+T+l> (202)

COROLLARY 3. Forany 1, ..., 0k > 0,81, ..., Bx < o, and s, ..., 35, > 0, we have

T P o
1012 015 ) (1 10l P52 </ (s +T+) 203)

provided Z§:1 Bixnj <2 — £~

2—a”

8. Local Existence with Holder Initial Data and Global Higher Regularity

We consider
Ov+b-Vu+ Apv = finQ, v|pg =0, (204)
with b = V4w € L>([0,T] x ), w = f = 0on 0f.

PROPOSITION 8. Let ag € (0,1/10]. Assume v € L>([0,T], C%*(Q)) N
b e L>([0,T],C%(Q)). The following inequalities hold for any T > 0

% ((0,T],Ct*T0(Q)) and

loc

sup_[[0(t)]| g0 ) + £ N0(0)]| a0 (g
te[0,7

4
S (1 bl uoeqeyy) (T +1)? <||vo||czao(m + o 81a°!|f(5)!|cao(m)

2

6 2
+ (1 + |yb||L%o(Lw(Q))) "0 plmeo(1 4 1) (1 + IIbHL;O(oao(Q))) " |lvol[poe() == Ji,  (205)

and

sup 17 [o(8)lnranay S (L 1Bl pe (o0 0))* (1 +T) (TQOHUOH(ﬁao(Q) + sup 51_a0|\f(5)|cao(9)>
te[0,7] s€[0,T]

1

3 a =
(L4 1Dl e (oo () 0 T (1 + ||b|\L°T°(Cao(Q))> lvllLge(coo(q)) = J2- (206)
Moreover, we also have

sup 7% o (t)]] g0 (g
te[0,7]

4
S (14 Bl oy ) <T+1>2<sup Olo(®)lezeo(ey + sup 1 “°W|f<>||cao<m>

t€[0,7) te[0,7]
6 2
(1 Il ) ™ T 7200 +T) (14 bl coo ) * s Ol @07

for any v > 0.

PROOF. We have
igg\lv(t)llm(m < |lvollry  Vp € [1,00]. (208)
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1) Boundary estimate: Let 1 < i < Nj. As (103), we multiply (204) by x = x?, using (93), (77) and
flaa = 0, we arrive at

B+ b- Vi + L25 = fo, (209)
F(xv), b =aVF(xjw), (210)
where a is given in (52) and satisfies (58));
2 =0 F((Vxi)v) + FOJ )+ Ryo(v). 211)
Using (78) (58), and w = f = 0 on 052, we have
1Bl cs 2y S |Ibllcs(ay ¥ B € 0,1), (212)

[ folles @y S I flles) + (14 1[bl|Loe ooy |[v]los ) + vollLe @ l[bllcs ) V B € (0,1). (213)

We apply (T16), (TT7) with oy = g and use (212), 213) and (208) to get that

l—«a

HUHLOO (C200(B9NQ)) T SUP $ O||U(5)||Cl+ao(3?mg)

s€[0,7]

2
S (1 + Hb||L%°(Loo(Q))) (H%Hcho(ﬂ) + Sllp]S1 1| f(s)]lcoo () +T1_a°|v||L°T°(cao(Q))>

s€[0,T
2

+ <1 + HWL;O(Loo(Q))) 0 T'"*(1+7T) (1 + HWL;O(C%(Q))) ol () == Jo, (214)

sup 5170{0””(5)%1%0(30) S J2 (215)
s€[0,7T v

2) Interior estimate: Define v = xYv for Ny < i < N. We have
90 + (xib) - VU + Apo® = f1 in R?, (216)
where
fr =X0f + A2t — X7 Apu. 217)
In view of (84), we have for any 5 € (0, 1)
fi()lles @2y S N1F(s)lles @) + [[v(s)lleso)- (218)

We apply (T16), (TT7) with o;; = ap to get that

||U|’Loo (C220(BY)) + S[UPT] st “llv(s )||C‘1+&0(B?) < Jo, (219)
s€(0
sup 51 0(s) oo ) S o (220)
s€[0,T] ¢

We cover Q by U;—1,_ nBY, then we obtain (206) and

sup |[0(t)|] a0 + N0 a0 S Jo- (221)
t€[0,T)
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1 1
This follows (205) by using ||v|[ e (ceo () < [|vo] ]200(9) [|v] ’239(02%(9)) and holder’s inequality.
We apply (205) in [s, 7] with s € [0,T"/4] to obtain

b (£~ ) o0 oo e
tels,T|

4
< (1 lbllzge, ey ) (T +1)2 (wsmche o+ sup (£ = )" £(1) e (o )

te(s,T)

6 2
@ 1—« aq
(1 Wllzee, (o) ™ T+ T) (14118l e ooy ) ™ 1o(s) (o)

4
S (14 llogeroey) (TH+D*| sup ][u(t)|c2ao ) + sup 7| F(t)]|cao (o
r t€[0,T] “) t€[0,T]

2

6 2
577 (14 Bl ey ) ™ T o0+ 1) (14110l e cmoay ) ™ sup £1[o(®)]z) 222)

te[0,T
for any v > 0.
Using the fact that
sup (s7 sup (t— s)lo‘°|v(t)]|01+a0(9)> 2 sup tlfaOJr’yHU(t)Hc'Hao(Q)v (223)
s€[0,T/4] tels,T] t€[0,T]
we deduce (207). O

LEMMA 7. Let f1, fo € C?"1(Q) be such that A* f; = A* fy = 0 0on 0Q for any k = 0, ..., n. Then,

ARLf1 fol =0 (224)

holds on 9X) for all k = 0,...,n, where we recall (88)) that the Poisson bracket is given by { f1, fa} =
VEfi-Via.

PROOF. First, we note by induction that our assumptions regarding the boundary conditions imply that
for any x € 012, we have

OOk | fi(z) = 910k L fo(x) =0 (225)

forall k > 0, ky > 0, 2k1 + k < 2n + 1, where N = n(z) is the unit outward normal vector at z € 02
and N1 is the tangent vector (— Ny, N7). Indeed, it follows by induction that such a derivative can be
represented as a linear combination of tangential derivatives of powers of the Laplacian. The proof of this
representation uses the rotation invariance of the Laplacian, which implies that 93, = A — 6N 1, an identity
that is then employed at the inductive step, establishing the representation, and thus (225).

Then, using the rotation invariance of both the Laplacian ad the Poisson bracket, we have that

AM i, fo} = (0% + 03)" (O fOn fo = On frOy 1 fo) (226)
holds at each x € Q. Opening brackets with the Leibniz formula and using (223)) in (226), we obtain
(224). O

Now, we use Proposition [3]to prove local existence and higher regularity of the system () and (5). We
define

ST,R = {U S L%O(LOO(Q)) : U‘BQ = A’U‘ag = 0,

o(t = 0) = o, ol (ze() < lfollz (o) r <R}, Q27)
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with
olllo == sup_[[0(t)]] 200 (). (228)
t€[0,T]
lolllr = sup 7 o (t)]| 100 (0: (229)
t€[0,T)
ol = sup [[ot)llcanagey + £ lo®llesseo o (230)

We define the map 7 (¢) = v as a solution of
B +b-Vu+ Apv = 0in Q, (231)
b=V+AL'0,0 € Srg, (232)

with v(t = 0) = 0y € C3%(Q2) and 6y = 0 on .
In view of (83) and (86) and we have

1 1
16l g2 (oo () S |’90Hioo(g)|H9H|02,T’ 16l e (zoe () < HQOHi;H(QﬂHOH 0.7 (233)
for any x € (0,1].

LEMMA 8. There exist R > 0 large enough and T' > 0 small enough depending on ||0o||csaq () and 2
such that T (St,r) C St,r and

1
[IT(01) — T(02)]l[3,1 < Z\H@l —Ool|[3, 7 V01,02 € ST R. (234)

PROOF. 1) Let € St r,v = T(6). We have
[0l Lge (oo () < [[60]] Lo (- (235)

Thus, to get 7 (St.r) C St,R, We have to show that |||v||[3 7 < R for some R > 0 large and 7' > 0 small
enough.
Using Proposition 8| with f = 0 and T' € (0, 1); and using (233) we have

4 8 o
llelllor S (14 1160l 8152 Bollceoq@y + (1 -+ 118lllo.r) s T =080l ey, (236)
4
el S (4 N6llor) s (T Nollgsoay + T llolllo.r) (237)

for any k € (0,1].
In order to obtain higher regularity of v, we apply Ap to the equation (23T)) and obtain

OAv+b-VAv+ ApAv =V Apd-Vv— Y 20,b- Vv = f. (238)
§=0,1

In view of Lemma (7)), we have f = 0 on 9. So, we can apply (207) in proposition [§] with v = 2 and for
any 7' > 0 to obtain

sup t3_a0||AU(t)”Cl+ao(Q)
t€[0,T]

4
S (1 10011320y 101115.7) (T + 1)2 ( sup_ 12| Av(t)]|aeo (o) + suD t?’_aon(t)Hcao(Q))
te[0,T] t€[0,7]

8
+ 1+ 10llor) % T (1 +T) Sflp}ﬁ\lﬁv(t)l!m(n)‘ (239)
tel0,T
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By interpolation,

sup 27| f(t)||coo(q) = sup (| VEADO - Vv — p,b - VO, 0(t)|coo ()
te[0,T] t€[0,T7]

< @+ DT (11610, + [l[olllor) " (16ll]z + lllollls.r) =, (240)

l—ag 2
p s*[|Av(t)l|cze0 () < Il0lllo 7 oll]5 77 (241)
S )
14+aq 2(1—aq)
2 2 a 3—a
sup (| Av(t)|| =) S T [|vlllo 7 [lvlll5 7 - (242)
te[0,7)

Thus, we obtain for any 7" > 0

1—ag 2

ollls < Mllvlllor + (1+H@o\llLZf(Q)H\@HIS,T) (T + 1) llllllg 7 oll]5

4 1 1-
+ (1 +11101llo)* (T + DT (16l lor + l[[olllor) +° ( )ie
1+aq 2(1—ap)
(U [16lllor) e T (1 + T ol el 7™ - (243)
By the Holder inequality,
4(13:(10) 23—
lolllar < lelllor + (1 -+ N0ollEgyl6lli52) ™ @+ 1) T ||
1 1-
+ (14 [1101llo)* (7 + DT ([0 for + [[[ol]lor) ( )i
8(3—aq) 3—ag
+ (1 [161l]or) oo T30 (1 4 T) 700 o [lo7. (244)
Combining this with (236) we deduce for any T" € (0, 1)
4(137040)
llellls.r S lolllor + (14 160ll =gy BS) = 1llelllo.r
8(3—ap)
+ (14 R T2 (R+ ||[vllla,r)? + (1 + B) o0 T [ufl o, (245)
4 8 _
lelllor S (1 +1160l1525g) BY) lollczeo @y + (1+ R)70 T fyllp(y.  (246)

Choosing £ > 0 small such that %;‘zo) + 4k < 55. In view of (243) and (24€)), we can take R > 1 large,
then 7" small such that

1 _ _
vllls, olllor + R[50 (1 + |[[o]lls.7) + B, (247)
1
[|v[]lo,r < R5. (248)

These imply |||v||[37 < R.
2)Letfq,05 € ST,R be such that 91(t = O) = 92(t = 0) = fy. Set v = 7(9]) andv = Ul—vg,g = 01 —0s.
We can write
00 + VAL 01 - VT + Apt = VAL - Vg, (249)
with o(t = 0) = 0.
Using (237), we have
oilllyz + valllir S C(R, |60l g3a0 ()T VT € (0,1]. (250)

Because VlAz,l@ - Vs|aa = 0, so we apply (203)) in Proposition I 8| with f = —VlAglg - Vg to obtain
that for any 7" € (0, 1)

ol S (1+ R)* SFP ] s'TONVEALG - Vua(s)||oeo S (1+ R)PT|0]lor-  (251)
s€(0,T
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On the other hand, as (239) we have

O AT+ VAL 0 - VAT + ApAv = fi, (252)
where
fi = =A (VG0 Vos) = VEADG - Vo - 3 2940, 0510, - V0,5, (253)
j=0,1
and fi]gq = 0.
It is true that
sup 77| f1(8)[|cao () S C(R, [|00llcseo )T (1101]]3,7 + [[[o]]3,7) - (254)

te[0,T
Thus, we apply (207) of Propositionwith f = fi1and v = 2 to obtain for any 7" € (0, 1)

sup t3_°‘0||ﬁ(t)|\cs+a0(g) ~ sup 753_0[0||A@(75)Hc'~1+ao(§z)
te[0,T) tefo,T

<@+ R)* ( sup tQHE(t)HC%zaO(Q) + sup tSO‘OHfl(t)HCaO(Q))
te[0,T] t€[0,T7]

8
+ (1+R)e0 T1=20 sup t2||AU(t)||Loo(Q)

t€[0,T]
€41.¢32) L—ag 2 B
S OB [l0o][cseo (o) <||U|HOT°|| 37 + T (lllolllsr + ||U|H3,T)> (255)
14aq 2(1—aq)

+ C(R, 160 gse0 @) T ll[5lllg 7 1[Tllls 7 - (256)

Combining this with (251)), we obtain for any 7" € (0, 1)
Ilo (R 1100l csa0 ()T (11101113, + (101137 - (257)
Thus, we deduce ([234)) by taking 7' > 0 small enough. O

COROLLARY 4. Assume that 0 € Sg 1 is a solution of the system @) and (3)) for some R, T > 0. Then,

|
PROOF. Using (244) with k = 1, we have

30
21+ T+ [[[0][]o,r) *0T=0). (258)

3—a 2(3—ag

4(8—aq)
61ls2 < WOl or + (1 + [[10]llo,r) T=20 (T'+1) =0

8(3—aq) 3—ag
+ (L 10llo0)" (T + 1PT[|0]llg 5 1110111577 + (1 + [[16]]]0,7) 200 Fe0T T3 (1 4 T) ¥¥20 ||6] [0,z
(259)

Thus, by Holder’s inequality, we obtain (258). ([l
REMARK 8. As in the proof of (244), we use Lemma[/|and apply 207) of Proposition[§]to
A 0 + VNGO AR + ApAfy = VEAL!D - VAR - Ak (VEARN - Vo) (260)
with v = 2k, k € N to deduce that for any n € N,

sup. [10(8) lgamo gy + 270l gansiraney S L+ T+ sup 100 |gamae)™  (261)
te0,T] t€(0,7]

for some ¢, and A*0(t)|5q = 0 foranyt € (0,T] and k = 0,...,n



32 PETER CONSTANTIN, MIHAELA IGNATOVA, AND QUOC-HUNG NGUYEN

THEOREM 6. Let 0y € C3%0(Q) and 0y = 0 on 99 for some ag € (0,1/10). Then, the equation (@)
has a global unique solution 0 satisfying

161200y + 177 NIVEL0(0)][L=(2) < Cll6oll s () De™, (262)
for any t > 0 and for some ¢ > 0.

PROOF. Using Lemma [§|and the Banach fixed point theorem, the equation (@) has a local unique solu-
tion 6 in [0, 7] satisfying

[1[61]l37, < oco. (263)
for some T} > 0. Moreover, we also have § € C([0,T1], C*(Q)).
Define
T* := sup{T : 6 exists on [0, 7] with |||0|||4,7 < oo}. (264)
where
10]lar = sup [10(8)]|c200 () + 120 VEO()]| Lo (- (265)

te[0,7

In view of (263), we have T > 0.
We prove T* = +o0. Indeed, we assume 0 < T* < oo. So, we can apply Theorem|5|for 6 in [0, T'] for any
T < T to get that

1 a
«

36
1601160y < Cll60llgzeo (@), D)t +1)e2, (266)
for any ¢ < 7™ and for some « € (0, p) small enough.
Using (258), we get
0(t)]|co () + t3_a/2H9<t)HC3+a/2(Q) < C([10o]|gzao (@), ) (E + 1)™°, (267)

for any ¢ € (0,7*] and for some mg > 0. From this and (263)) we get a contradiction.
Therefore, for any ¢t > 1

O]l g3 ar2(qy < Cl100]|gsao (0, D) (E+1)™°. (268)
On the other hand, we have
1
0(110(t)|[720) + 2IAO(D)][72(q) = 0. (269)
Using 27),
A(10)172()) + 20110872y < 0. (270)
This implies
101 22(0) < € 2|60 2(q)- (271)
Using interpolation, we obtain from this and (268) that for any ¢ > 1
10()]cs+arai) < C[100l]cse0 () R)e™, (272)
for some ¢ > 0. Since 0yv = —VLABIQ -Vv —Apuv,
10
||3§,a:v(t)|’Loo(Q) SN0 cararaq) (110(0)]| poe(y +1) - (273)
Thus, we obtain the result. O

REMARK 9. In view of Remark (8), we obtain that the solution 0 satisfies A™0(t)|sq = 0 for t > 0 and
Sup 10(8) |l 200 () + 1720 [VE0(1)] | oo () < C1100]| e300 (0 ), (274)

for any n € N and for some c,, > 0.
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9. Appendix 1

This is a construction in d = 2. A similar construction can be done in any dimension. We take without
loss of generality ¢(z1) to have ¢’ = 0 for |z1]| > £ and |¢"| < Cp. We assumed p(0) = ¢'(0) = 0 and
|/ (x1)| < eforall 2. Clearly, p(z1) = hy = p(£) for 21 > £ and p(z1) = @(—F) = hg for x; < —¢. We
take

Yo(z) = 29 — p(x1). (275)
Now
VYs(z) = es — ¢/ (21)e1 (276)
is a globally defined vector field
N =es — ¢ (11)ey. 277)
and if we build a function Z(z) so that N - VZ = 0. We set
VZ =y(z)(e1 + ¢ (z1)e2). (278)
This can be done if, and only if,
0xy = 01 (¢"), (279)
which is a first order equation
We solve this on characteristics and show that the solution is global. It is good to set data on the curve
I = {222 = o)} (281)
The characteristics are "
== 282
5= v (282)
with £(0) = x; and
dn
it — 283
s (283)
with initial data 7(0) = ¢(z1). Clearly
n(s) = e(z1) + 5. (284)
On characteristics, 7y solves
d
257 (E(),m(5)) = "(€(5)7(E(s), m(s))- (285)
We set the initial data for v on the curve I,
7(£(0),7(0)) = y(21, p(21)) = 1. (286)

It is clear from our assumptions that the characteristics exist for all s. If |x1]| > ¢ the characteristics are
vertical lines £(s) = x1 . Also, if 1 = 0 the characteristic is the zo axis. Moreover y(x1,x2) = 1 for

|z1| > £. We note that (0, s) = e?” (051t is instructive to look at the case p = %1 for which £ = z1e™*

2
and v = e®. In this case we can determine (1, z2) implicitly from the relation xo = 72%1 + log .
We define Y7 () by setting

71
V(o) =1+ xla) [ (3(zvna) - 1) (287)
0
where x(z2) = 1 for |z2| < H and x(x2) = 0 for |z2| > 2H with H > /. We have
01Y1 = x(w2)y(w1, 22) + (1 — x(22)) (288)

and, using (279)),
dx

01 = X (e, a)e o) + 4 [ ()~ . (289)
T2 Jo



34 PETER CONSTANTIN, MIHAELA IGNATOVA, AND QUOC-HUNG NGUYEN

Therefore
d

VE VY = /(1= (o) + / ((z, 22) — 1)d2 (290)
0

vanishes in a neighborhood of I". We can arrange the cutoff x so that z — (Y7,Y?3) is a global diffeomor-
phism. This is done by noting from that 0;Y; > % may be arranged by ensuring y > % on the support
of x. This follows if H is small enough, which is possible if €/ is small. Then the Jacobian det VY is
bounded away from zero, provided ¢ and ¢ are small enough and |x/| < C H~!. This shows that z + Y is
locally injective. To show global invertibility we show that Y can be continuously deformed to the identity,
by taking ¢ to zero. We note also

Yi(z) = x1, for |xe| > 2H,

Ys(z) = wo. for |zq| > /. (291)

Once we have established the existence of the smooth diffeomorphism X = Y ~!, we have the intertwining

©2).
10. Appendix 2: Estimates of heat kernels

In this section, we establish estimates for the heat kernel of the operator

L = —divy(A(x)Vy) (292)

in R, for d > 2 where A is a symmetric matrix-valued function in R? satisfying
Alz) > el Vo eRY (293)
VAL + [[Al[L= < o, (294)

with constants c;, co > 0.
Letbe Hp(z,y,t) the kernel of 9; + L in R? x (0,00) i.e

O Hr(z,x + z,t) — div,(A(x + 2)V Hp(z,z + 2,t)) =0,
lim H(x,x 4 z,t) = §.—0, (295)
t—0

for any z, 2 € R%.
It is well-known that the kernel Hy,(x,y,t) satisfies

1 El 1 2|2
gexp(—cas——) < Hp(x,z + 2,t) < — exp(—c3——) (296)
for some c3, ¢4 > 0, see [16, Theorem 3.3.4]. Moreover, we also have
C es |z —yl?
Vo Hp(t, z,y)| + |V H(t,2,y)| < ﬁexp(—*| vl ), (297)
t2 min{¢, 1}2 4 t

see [19 chapter IV, section 13, (13.1)] for case t € (0,1]; when ¢ > 1, it follows by using semigroup
property: H(t,2,y) = [pa Ho(3, 2, 2)Hi(t — 3, 2,y)d2.
In particular, implies

: : _l-a
et div(g) oo ey < Cmin{t, 115 gl s (298)
forany a € (0,1).
For fixed y € RY, we define
Ly, = —divy(A(y)V,). (299)
Its heat kernel is given in (39),
1 Aly)~tz -z
Ga)(2:t) = oxp(— (y>4 )y, (300)
det A(y)(4rt)2 ¢
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and the square root of the operator L, is given by

1 o u(z) —u(r + 2)

L;U(-T): %detA(y) R (A(y 1Z 2)431

dz. (301)

The Lipschitz continuity properties

1 1
sup | Ly u(z) — Lipu(2)| S min{ly; — gl U ful[& el gt (302)
z€R
1 1 1 1
|(Lgyu(z) — Li,u(w)) — (L u(y) — Liu(y))| S min{lyr — yal, 1z — y[*|[ull e (303)

hold for any a € (0, 1). Indeed, we write

(Laulw) — Liu(@)) — (Liu(y) — Li,u(y))

= [ 1 a2 G.uty) — B (304)
R
with R . ~ .
Co €o
F(y1,92,2) = - : (305)
det A(y1) (A(y1)~1z - 2)"F det A(ya) (A(ye)~1z - 2) 5
Then, (303) follows by using the following inequalities

|0:u(y) — u(@)] < fa =yl 2O ful| ¢ara for 2] > |z —y], (306)

|(8:u(y) — 2Vu(y)) — (S:u(z) — 2Vu(@))] < |z = y|*" /T |ull g for 2] < Jz —yl,  (307)

min{1, [y1 — yo[}
[F(y1,92,2)| < o[ , (308)

foreg € (0, §).

In order to study VL2 and L%, we make use of the following fine properties of the kernel Hy,(z,y,t).

LEMMA 9. The following inequalities hold

z|?
exp
’HL(m,x +2,t) — GA(:CJFZ)(z,t)‘ + ’HL(x +z,x,t) — GA(:CH)(Z,t)‘ < #, (309)
t2 (1+1)2
’vZHL(QS, T+ 2,t) = VoG Azy20) (25 t)|z0:z‘
log(2 +t z|?
+ ‘VZHL(.%' +z,2,t) — VZGA(:U+ZO)(Z7t)‘zo:z‘ < g(td)e xp(— Co’t‘), (310)
2
‘5}ZLVZHL(x7 T+ 2, t) - 5}ZLVzGA(x+z0) (Z, t)’zozz}
. Vi, exp(—coZE
+ |5hvz}[L($ + Z,Cﬂ,t) - 5izlszA(:c+zo)(Zat)|zozz‘ 5 |h’ 10g(2 + 7)(—15)1 (311)
|42 min{¢,1}2

foranyt > 0and |h| < \/min{t, 1}/10. Here 6, f () := f(x + h) — f(z).

PROOF. Our proof is based on a method of freezing coefficients. It is similar to [19} chapter IV, section
13] and it is probably not new.

1) Using ([295), we have for any zy € RY,

OHp(x,x + z,t) — div,(A(x + 20)VHr (2,2 + 2,t)) = div, ((A(z + 2) — A(x + 20)) V. Hr(z, 2 + 2,1))

(312)
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S0, integrating by parts,
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we obtain

Hp(z,7 + 2,t) — GA(p42) (2, 1)
t
= / / VoG aatz)(z =2t —5) (Al + 2') — A(z + 20)) Vo Hp(z, 2 + 2, s)d2 ds. (313)
0 JRrd
Thus, for any ¢ € (0, 1]
et exp(—cg 222 -
‘HL(x,xwL z,t) — GA(I+Z)(z,t)| < / / p(=¢s ;_13 ) min{|z — 2/|, 1} — exp(—¢ 5 dz'ds
0 JrRE  (t—s) 2 52 mln{ 1}
[z—2|2 |2/|
exp(—cs )
ool [ [ D ewcalh),
R (t—s) 52
z|? min{t — s,s}2 1
< exp(—c |8|) { 7 } o ds
t (t—s)2 s 2
1 |Z|2
< 314
holds with c5 > 0. Here we have used the fact that
: ) 1 2
mindlz = b1 e 222y, (315)
(t—s)2 2(t - s)
il i S
316
t—s + s 2t (316)
Therefore,
1 Els
‘HL(SU, T+ 2,t) — Ga(prr) (Z,t)‘ S —= —exp(—co——) (317)
T (141)2 t

holds for some ¢g > 0.
2) We apply V, to both sides of (313)), then we take zy = z to deduce that

VZHL(Z', T+ 2z, t) - VZGA(r—i-zO) (Za t)‘ZOZZ

t
= / VgGA(gH_ZO)(z — 2t = 8)|zp=z (A(x 4+ 2') — A(x + 2)) Vo Hi(z,2 4 2/, 5)d2'ds.  (318)
0 JRd

So, as in (314)

(2220 2|2 t min{t — s, s % 1
[VoHL (3,2 + 2,8) = VaGar20)(2:1)z0=2| < exp(—cs |8’t /0 (141 {) 3(t }) ER {s,1}3 7
— S — S 2 52 Hlln S 2
log(2 +t z|?
<082 HD) e, (319)

ta 8t
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3) We apply 67 to both sides of (3I8) with || < /min{t,1}/10
‘5hv Hi(z,2 4 2,t) = (VoG a(aiz) (2 + 7 ) gmzih — VoG aarzg) (2, 1) |20=2) |
/ / IV2G Awing) (2 + 1= 2/t = 8)|sg—in (Al@ + 2') — A(z + 2 + h))
) , , exp(—csZLh)
—ViG A(wtz0) (2 — 25t = 8)|z0=2 (Az +2") — Az + 2)) | ————+

52 min{s, 1}2

t
— / M(h, s)ds. (320)
0
When s € [t — |h|?, 1], as (3T4) we estimate

rdz 'ds

exp |z 2/ +ih|?

5 =) ) exp —es 2L
M(h,s) S exp( 05— Z /Rd o ) ( 4s Zdz/

(t—s)2 s min{s, 1}2

2
< 1 exp(—%%)

S T T (321)
(t —s)2 tz min{t, 1}2
When s € [0, — |h|?], we have
M(ha S) S.; /Rd }VEGA(:):JrZO)(Z +h— Zl? t— S)’zo:z+h - VEGA(erzO) (Z - Zla t— S)’20:z+h‘
2|2
x min{|z — 2/|, I}Mdz'
s2 min{s, 1}2
+ /]Rd ‘VzGA(a:Jrzo)(Z — 2t - $)|z0=24h — vZGA(achzo) (z — 2t~ 3)|Zo:Z‘
IZ'\2
x min{|z — 2|, 1} — exp(—¢ )d !
5% min{s, 1}2
exp(—c; 25)
+/ IV2G Aat20) (2 + 1 — 2t = 8)zg=zin| |1 y—d ! (322)
R4 s2 min{s, 1}2
Since |h|? < min{t — s, 1}, we get
‘Z—Z’|2 ‘Z/|2
exp(—c —
Min) 5 ol [ PP o0k,
R (t—s) 2 s2 min{s, 1}2
2 . 4
t— 1
< | exp(—cs 21y mind ‘f,’i}Q ; _ (323)
8" (t—s)F  szmin{s,1}2

Combining this with (320) and (321)), we obtain
‘6ivzHL(CE, T+ 2z, t) - (VZGA(erZO)(Z + h7 t)‘zozz—{—h - VZGA(erzo)(Za t)|20:z) ‘

|22

5/ p( 5 Q¢ ) ds +/ ’h|exp(_c5ﬁ)mln{ 873}2 ds
t—|h)2 ( 0

t—s)} ¢S min{t, 1}3 7 (1-9)% st minfs,1)2
|22

S Ihflog(z + 1) SR a).
h| "2 min{¢, 1}2

(324)
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Thus,
|5ZVZHL(:L', T+ 2,t) = 6, VoG A(pg20) (25 t)|z0=z‘

2
Vi, exp(—es )
S ‘h| log(2 + 7)2—81‘/; + |VZGA(:p+z0)(z + h, t)’zg:erh - VzGA(erzO)(Z +h, t)|20:z‘

h| "¢ min{t, 1}2

2
Vi, exp(—csa)

< |hllog(2 + ° . (325)
] tog( |h|)tg min{t,l}%
Similarly, we also obtain for any |h| < y/min{¢,1}/10
1 Kl
|Hr(x + 2,2,t) = Gaes)(2:1)| S =—— exp(—co—),
t 2 (1+1)2 t
log(2+t z|?
‘VZHL(.%' +z,2,t) — VZGA(:U+ZO)(Z7t>‘zo:z‘ < g(td ) exp(—c ’t‘),
2
s
t. exp(—co5—
GV HL (@ + 2,2,0) = BV-Clat (2 O egms] S W] o2+ Y1) SR T),
|h]"¢3 min{t, 1}2
for some c¢g > 0. Thus, we obtain (309) and (310),(3T1). O
PROPOSITION 9. The following inequalities hold
log(2+t x —y|?
x Y L\Z,Y, S T g €Xpl—0o )
(Vo + V) He(2,y,1)| S g(t ) exp(—co 2;" ) (326)
2
2
. Vi exp(—colz=tl
((0R Va2 + 0%, Vy)Hr(2,y,1)| < |h|log(2 + *)M, (327)
h]” ¢2 min{t, 1}2
forany |h| < \/min{t,1}/10 and t > 0. In particular, we get
h t
[ 1679+ 6,9 ey, Oy S minf L b iog 4 Y )
Rd min{¢, 1}2 |
el Vi
min{ 1} log(2 4+ ¥%7)
/ 05V H (2, y, D)ldy S ——L— 4 [ ——, (329)
R4 Vi min{¢, 1}2
1. log(2+t
Sup 5V, Hi (2.9.8)] 5 b log(2 + 1) TS0 330)
T,y " ¢3 min{t, 1}
forany |h| <1,t> 0.
PROOF. By (310) and (3T1), we have for |h| < y/min{¢, 1}/10,
‘VIHL($’ Y, t) - v:t:C;A(zo)(:C - Y t)|z0:x‘
log(2 +t z —y|?
+ ‘VyHL(:c, Yy t) + ValG gz (T — ¥, t)]z():y} < g(td) exp(—co|ty|), (331)
2
‘(%vzHL(xu Y, t) - 5zszA(zo) (l’ - y7t)’zo:a:‘
2
N Vi exp _COIx—yI
+ |6}${vyHL($ay’ t) + (S—izv:t:GA(zo)(m - y7t)|Z0:y| < |h|log(2 + 7)M (332)

[h]” 45 min{¢, 1}%
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So, we obtain (326) and (327). Moreover, we have for any |h| < /min{¢,1}/10

, €D |h|log(2 + )
L6V 8 V) ety S —— (333)
min{t,1}2
ex)) h — 2 Vi exp lz—y|?
[ ettty S [ ep-al™ 500 4 aog+ YHEPE Ty,
R4 Rt 2 t Ihl” 2 min{¢, 1}2
Vit
1 log(2+ %)
~ | s —— ) (334)
t min{t, 1}2
. 63 |p Vit 1 1. log(2+t
Sup [57V Hy (.. 8)] % o+ [Bllog(2 + Y) < [hllog(2 + 1) BB
.,y tz |h|”+2 min{{, 1}2 h]"¢3 min{¢, 1}
(335)
when y/min{¢,1}/10 < |h| < 1
[0+ 0,9, Ha o )y
< /d |(Vx+Vy)HL(:L“,y,t)!dy+/d|VxHL(x+h,y,t)+VyHL(x,yh,t)|dy
R R
G log(2 +t —y|? t
< / Mexp(—coM)dy,ﬁlog(?+t)§10g(2—|—£) (336)
R4 t2 t ‘h|
and
G2 exp(—cow) log(2 +t x —y|?
[ Vet oy s [ SREpt) o PECED e 20y,
Rd Rd t 2 2 t
. (|h
log(2+1) _ min{yp 1} log(2+ )
~ T~ + bl ———1 (337)
min{¢, 1}2 Vit min{¢,1}2
. 1 lo 2+t 1, log(2+1t
up [V Hi (2,5, 0] S o + BCED < jlog(z+ 1) 2BEED a3
.y tT t2 h] " ¢3 min{¢, 1}
These imply (328)), (329) and (330). d

REMARK 10. In view of Lemma[9 and Proposition[9} it follows that for any 0 < a < 1 and 0 < 8 <
1 + «, the inequality

sup Sl+(§_ﬁ‘|V€SL’UHCa S vlles (339)
s€[0,1]
holds.
We denote now
f(x) = fly)?
D = s dy. 4
(i) = | L8y (340)

LEMMA 10. We have for any h # 0
D(6pu) () = Cllul| o ||~ 8pu() . (341)
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PROOF. We recall from [12,[13]. For A > 0,

12|, [0pu(z)]?

12|
Do) (x) > /R S — (%)

2] led,z

pu(x + z)

5 s
> 2y-1_ o oo/ (%) (=
> Clopu(z)|"A |0nu(@)|l|ullL oo |47 o — bt dz
> C|opu(x)PA™ — C7 Y opu(2)|||ul| g | A2 (342)

Here 7 is a cutoff function in [0, co) such that y = 0in [0, 1] and 7 = 1in [2, 00). This implies the result. [J

We also define L2 as the inverse operator of L: given by

1 oo
L*%u(a:) = 1/ s72 Hi(x,y, s)u(y)dyds. (343)
F(E) 0 Rd
LEMMA 11. The following inequalities hold
1 i 1 1
16,V L2 (v)(2)| S |[0l|F o] 2|3 D(8pv) ()5 + [h]log(2/|h]) HvaLooHUHLoo» (344)
forany |h| S 1;
_1
IVL72 ()|l S (1 + [[0]|eonzr) log (2 + [v]] ), (345)
and
1
IVL™2 (v)llce S [lvllee + |v]lzr, (346)

forany a € (0,1).
PROOF. 1) For A € (0,1], |h| < 1, we have

2
s_éds—l—// |5ﬁVxHL(x,y,s)|dys_%ds||v||Loo
A2 JRA

1 A2
64 VL 3 (0) ()] < /0

oo
1
[ ] ey llow)ldys s
2 Jr
=5L+ I+ 1. (347)
In view of (332)), (328)) and (329), we have

/]Rd 5%VZHL(1’, Y, S)’U(y)dy

N yl?

Vs, exp(—co ") 1 2 2 1

135/ / 1] og( 2+W) - v(y)|dys 2d85lhl10g(*’h‘)|lvll,§1||vl|ioo; (348)
S§2

1
s~ 2ds||v]|pee

h
2 \/g +H s%

2
< (5 toe( 7)ol (349)

min Inl o) Vs
Iz</)\2 { , 1} log(2 +| \)

52ihvyI_IL(xa Y, S)U(y)dy

and
1 >\2 1
s”zds —I—/ / | (65V % + 6%, V) Hi(z,y, s)|dys™ 2ds||v]| e
R4

/\2
115/
0
\/’

AQ
/ / \VyHL(z,y,s)||0nv(y) — dpv(z)|dys™ 2ds+/ mm{ 171}log 2+W)S 2dsHvHLoo

< VAD(0,v) () + Al log(2/|h])?|[v]| e, (350)
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here we have used the fact that

A2 3
/ (/d IV, Hy(z,y,s)]*|z — y|d+1dy> s 2ds <V (351)
0 R
Therefore,
-3 < A 2(yl13 5
5V L3 (0)()] S VADER @) + il + [l 1og(2/ 1D ollf e lollf 352
Choosing
1
2] [v][7 ’
A= 353
(ot 1 .
to get (344).

2) We have for A € (0,1]
)\2
0

)\2
VL2 (v)(2)] < / s~2ds +/ (Ve + V) Hy (2, y, 5)|dys™ 2 ds ]| o«
0 R4

/ VyHL('xvva)U(y)dy
R4

2 o)
4 / / Vo H (2, y, )| dys™ 3 ds|[o]| g~ + / sup [V H (2, , 8)|s™ Fds]lo]] 1.
A2 JRd 2 yERd
(354)

Using (326) and (331)), we deduce
1 A2 1 1
VER@@IS [ [ 9L ollo) = o)y b +log(z + Dlbllu + ol

)\2
_1 1
N / /Rd IVyH(z,y, s)|lz — y[*dys™2ds][v]| e +10g(2 + T)[[v]lzee +[[v]l 2
0

1
S A%vllga +1log(2 + L)lvllzee + (o]l - (355)
This implies (343)) by choosing \* = 1+Hillc'a .
3) Now we prove (346). In (353)), we take \* = % to obtain

[lolle:

1 o
IVL™2 (v)||zo S [|vf|zee +1og(2 +
[|v]] £oe

Mollze +[lollpr S lvlloe +lvf[. (356)

Moreover, in view of the proof of (352), we have

_1
0%, VyHy (w,y, s)o(y)dy| s~2ds + |h|log(2/|h])?[[v]| p1rzee

Ra

1 1
b YL} () ()] < /0

for any |h| < 1. Thus, it is enough to show that

1
/0 8, Hy (2, . s)o(y)dy| s—3ds < |1 ([ollow + [oll). (357)

Rd
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for any |h| < 1.
Indeed, using (331)) and (332)), we have

/Ihl2
0

VyHL(:L‘, Y, 8)(dpv(y) — dpv(z))dy 5_%ds

) |2
s 2ds = /
0 Rd

‘h|2 [e% o 1
< / / IV, Hu(z,y, 9)lly — 213 || S dys~3ds] o] o

Inf* |z —y[? ae 1
/ /R 2 exp(—or 20y — ol b Edys~dsl o]l
2

|n|?
< /0 1|55 S dsloll e ~ B [0] s (358)

g 0V, VyH(z,y, s)v(y)dy

and

/1
|2

(SﬁhvyHL(xa Y, S)U(y)dy

1
_1 _1
shas< [ ]Vl — gty ddsol

h ik 1
<[] o™ e ypagsiastile,
[h|2 Rds 12 S
_34a
S /|h2 [hls™2 2 ds|[v]| o ~ [R[*][0]] o (359)
Therefore, we obtain (357). O

LEMMA 12. We have for any |h| < 1,

(W82 (0)][0p0(2) 2 S vl oe (D) (@) + [ log(2/ () ll0]Fwps) - (360)
PROOF. In view of (341)) and (344), we have

1

A 7H6nV L2 (v)||8p(z)

< ™ (Iv\léwlhl?’D(%v)( )3 + |h| log(2/|]) HvllmLooHvHLoo> (v][ o [P|D(dpv) (2))

wlro

< [l =D (8rv) () + |h] 3 10g(2/|h|)2|!v|§1mooHUHLOOD(%U)(:E)%
S |[vllzee (D(8xv) (@) + |h[* log(2/1A)°|[v][serp1) -
This gives (360). O
COROLLARY 5. We have
07118,V L2 (0)] |6 (n0) (@) * < [[0]|oe D(8(70)) (@) + [[v]| oo |0 ]F
1] (10 F sz 0]z + (L4 [[oll oenz) Jog (2 + [[0]|¢a) [[0][7o )
+ Bl [z o]l 3 10]] 1 (361)

where 1) is a Lipschitz cutoff function such that n = 1 in B(0,7¢) and n = 0 in B(0, 2ro)° and suppv C
B(0,71) for some r1 > 47

PROOF. Since |05 (nv)(z) — n(z)opv(z)| < |h|||v]|Lee, we have

1
[n(@)ono(@)[* = 510n(no) (@)* = CIAP[[v][Z=. (362)
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Thus,
1 1 1 1
n?|h| " ORV L2 (v)]|6pv ()| > §|h|_1|5hVL_5(v)||5h(77v)(:v)l2 — C|h[|IVL™2 (v)]| oo [0][7 e
(363)
Note that
620n(nv)(x)—n(2)d:0pv(x) = v(x+h)(0:0n0)(x)+(5:0)(2)0pv(2+2)+(0rn) (2+2)(8:0) (x+h), (364)

we have

dz
1°D(8xv)(x) < 2D(6x(10))(2) + C y v(z + h)?[8:0,n(x)|? @
dz dz
2 2 2 2
+ C’/Rd |0nv(x + 2)|%|0.n(2)] 2 + C’/Rd |0.v(z + h)|*|0nn(x + 2)| B
< 2D(E(m)(@) + C (Ihlllo] e + 150013 + CIALIIll g o1l ) (365)
Here we have used the fact that
dz
[ 150t + WP S ol el (366)
Combining (363), (363) with (360), we have
_ 1
A0V L2 (0) (|85 (0) (@) S 1[0l o D(8n (10)) (2) + [[0] | £ |[dp0][F 0
1
+Ihll[olFeonzal[vllzee + P[0l 2 o]l 43 110]] 1+ [RIIVETZ ()] ool 0] 7
B 2 2
S ollzee DO (nv)) (@) + [[ol]Loo [[0n0[Toe + +AI [0l Loo[0]] 5 1101l -1
+ 1Al ([0l senpr o]z + (L4 ([0l ponrr) log (2 + [[v]] ¢a) [J0] 7o) - (367)
This implies (361). O
LEMMA 13. We denote )
Ju(z) = (L u(x)|y—e — L2u(x)). (368)
The following inequalities hold
u(z + 2) — u(z)|
J(@)] < / dz, (369)
NS Joo TR )
I ¢er S Mlullgarsr, (370)
forany a; € (0,1) and k € (0,1 — «1). Moreover,
; 2251yl
L2 ullzee S Hlullge” lull 175+ llullze. 371)
PROOF. We have
J(x) = co/ / Jo(z,x, s)(u(z) — u(r + z))dzs_%ds (372)
0 JRrd
with
Jo(z,2,8) := Gap)(2,8) — Hp(v, 2 + 2, 5). (373)
In view of (309) and (326), we have for any z, 2 € R,
|2 ~ 3 |2
exp(—co5-) _ min{s, 1}2 exp(—co™-)
|J0<Z’ T, S)’ SJ |GA(z+z)(zv S) - GA(x)('zv S)’ + da—1 1 S} d ) (374)
sz (14s)2 52



44 PETER CONSTANTIN, MIHAELA IGNATOVA, AND QUOC-HUNG NGUYEN
and

log(2 + s) 2

\Vado(z,2,8)| < |Va(Hi (2,24 2,5))| + | Va (Gaw (2 s))’ < i exp(—coi). (375)
2

So, we obtain (369) and (371).

Now, we prove (370). By an interpolation inequality, we have

1] e S,/Oo/ (o2, s )l u() = . + 2z + 1oz, s )l [u(.) = (- + 2)l| gy ) dzs™2ds

// [ Jo(z, -, )| = 1V o (7, -, )| 7 min]2], 1}

+||Jo(z, ., 8)|| e min{|z|, 1}*) dzs*%dsHuHcaﬁn, (376)

S

forany k € (0,1 — aq).
Combining this with and (375)), we obtain

© —a
1] o 5/0 /Rd (min{s,l}lTllog(Q—l—s)al min{|z|, 1} %

2
+min{s, 1}% min{|z|, 1}“) exp(—co‘?j)dzs_sgddsHuHcaﬁn

5/ mings, 115 log(2 + ) s~ ¥ ds|[ul| s on ~ [[u]] oy - 377)
0
Here we have used the fact that
/ |2|P exp(— | ’ —)dz=s 0 VB > —d.
This implies (370). a
LEMMA 14. Let D be defined by (340). The following inequalities hold
1
v(z)L2v(z) — §L%(v2)(a:) > cD(v)(z), (378)
and
1 I3 _ 1 1 N
(0nL2v)(x) — L2 (6pv) (2 )‘ SR (ullgr-atsl[ullor-a—s) 2 + Rl ([fullcresJullor-x)2 + B[ fol| L1,
(379)
forany |h| <land0 <k < a < %. In particular,
1 ! o (a1 ] 2
|0 LE0)(@) = L3 (h0) ()] 5 |n] (|u||ga lull i + ||ur|L1) , (380)
forany o € (0, 1].
PROOF. 1) Because [psHp(x,y,t)dy = 1 forany ¢ > 0 and
e 1
/ HL(w,y,t)t_%dt@)idH Va,y e RTx £y, (381)
0 |z -yl
we have
1 [o.¢]
v(z)L2v(z) — 5L%(zﬂ)(gc) =c / Hy(z,y,t)(v(z) — v(y))2t 2dydt > ¢D(v)(z).  (382)
0o Jrd
This implies (378).

2) Now we prove (379). Note that for any =, h € R?

I(z) := (5 L2v)(z) — L2 (5p0)(z / / ~(=9)L (div (5, A)V) 7 (e *Lv)dst2dt,  (383)



45

where
f(z) = f(z+ h). (384)
Using (298) and the fact that
/ min{t — s, 1}_%t_%dt < min{s, 1}_%3_%, (385)
16, A) VTR (e 0)l[ca < [AI'|IVe™* vl 120 + [A]||Ve™* 0| ca, (386)
Ve 0| gy S 572 ol Vs > 1, (387)

we get
> t 11—« 3
]| 5/ / min{t — 5,1} 2 ||(5p.A)Vry (e 5E0) || cadst 2 dt
o Jo
o
S [ mings, 135S (B0 ol + 9 ulcn) ds
0

1
S IRl +/O sHE (|h' [ Ve ol L + [A][|[ Ve vl |ca) ds

2 2
S IRl [+ A | sup 877 ||V | e sup 573" || Ve Lo oo
s€0,1] s€0,1]
1 1
2 2
a—r _sL otk —sL
+|h| | sup s = ||[Ve *"vl|ca sup s 2 ||Ve *"vllga | . (388)
s€0,1] s€0,1]

This implies by using (339). Then, (380) follows from (379) and interpolation inequality. O
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