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ABSTRACT. We consider a critical conservative Voigt regularization of the 2D incompressible Boussinesq
system on the torus. We prove the existence and uniqueness of global smooth solutions and their convergence
in the smooth regime to the Boussinesq solution when the regularizations are removed. We also consider
a range of mixed (subcritical-supercritical) Voigt regularizations for which we prove the existence of global
smooth solutions.

1. Introduction

The Boussinesq equations are basic models of incompressible fluids in which density variations are
due to variations of the temperature [4]. They form the basis of studies of thermally generated turbulence,
with applications to geophysics and theoretical physics. In addition, in the absence of molecular friction
due to viscosity and neglecting thermal diffusivity, in two spatial dimensions, the Boussinesq equations are
similar to the 3D axisymmetric incompressible Euler equations, and as such they have been extensively
studied numerically and theoretically in the context of the famous problems of finite time singularities. This
connection between the 2D Boussinesq and 3D axisymmetric Euler singularities dates back at least as far as
December 1991 [26], but it had a significant resurgence in recent years [5, 6, 9, 10, 11].

Fractional dissipative Boussinsesq equations generalize the original dissipative system. The equations
have the form

∂tu+ νΛαu+ u · ∇u+∇p = Kgθe2, (1)
∇ · u = 0, (2)

∂tθ + κΛβθ + u · ∇θ = 0 (3)

where u is the two dimensional divergence-free velocity, θ is the temperature, p is the pressure. Above
Λ = (−∆)

1
2 is the square root of the periodic Laplacian. For s ∈ R, the periodic fractional Laplacian Λs

applied to a mean zero function f is a Fourier multiplier with symbol |k|s, that is, for f given by

f =
∑

k∈Z2\{0}

fke
ik·x, (4)

and obeying ∑
k∈Z2\{0}

|k|2s|fk|2 <∞, (5)

we have
Λsf =

∑
k∈Z2\{0}

|k|sfkeik·x. (6)

In (1), the vector e2 is the unit vector pointing in the direction opposite to gravity. When α = β = 2, then
we have the classical system, and ν > 0 is the kinematic viscosity, κ > 0 is the thermal diffusivity, g is the
constant of gravitational acceleration, and K > 0 is a constant thermal expansion coefficient. The reference
constant density is taken to be 1.

Global existence and uniqueness of regular solutions have been proved for the fractional dissipative
Boussinesq system, when α = 2, ν > 0, κ = 0 or when ν = 0, β = 2, κ > 0 in [2] and in [15] for smooth
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enough initial data. See also [18] for persistence of regularity with less smooth initial data. Several works
[8, 21] treat anisotropic viscosity cases and [16] considers regularity in bounded domains.

Smaller powers of the fractional Laplacians have been successfully considered in [13, 14] with α =
1, ν > 0, κ = 0 or ν = 0, β = 1, κ > 0. Global regularity for the 2D Boussinesq equations with νκ > 0
and fractional dissipation was obtained in [28] when α + β = 1, α > 0.798103 . . . and β > 0 and
(u0, θ0) ∈ (Hs(R2))2 for s > 2 (see also [12]).

In this paper, we consider a Voigt regularization of the Boussinesq system. Voigt (or Kelvin-Voigt)
equations have been introduced to model complex fluids with polymeric interactions [25]. Mathematically,
they have been widely studied as Voigt regularizations in the context of incompressible fluid dynamics and
magneto-hydrodynamics [1, 19, 20, 23]. Equations with Voigt regularizations have been used to obtain
statistical solutions [22, 27], in the limit of the regularization parameter tending to zero. More recently, a
Voigt regularization approach was used in [7] to tackle the problem of magnetic reconnection (topological
change of magnetic field lines) and asymptotic approach to equilibrium.

As opposed to viscous regularizations, the Voigt regularizations are not dissipative, rather they are con-
servative. They work by regularizing the conserved energy. They have the advantage of preserving the
steady states of the system, and are hence well suited for long time behavior studies, and also, they do not
introduce spurious boundary layers. On the other hand, the Voigt regularizations do not respect the transport
structure of the equations.

We consider the 2D Voigt Boussinesq equation,

(I + εΛ)∂tu+ u · ∇u+∇p = θe2, (7)
∇ · u = 0, (8)

(I + εΛ)∂tθ + u · ∇θ = 0 (9)

on the torus T2, where u = (u1, u2) : T2 × [0, T ] → R2 is the fluid velocity, θ : T2 × [0, T ] → R is the
temperature, I is the identity operator, Λ = (−∆)

1
2 , ε > 0 is a parameter, and e2 = (0, 1). We study the

initial value problem for the system (7)–(9) with initial data

u(·, 0) = u0 and θ(·, 0) = θ0. (10)

The curl ω = ∇⊥ · u, with∇⊥ = (−∂2, ∂1) obeys the vorticity equation

(I + εΛ)∂tω + u · ∇ω = ∂1θ.

Thus, the Voigt Boussinesq equations (7)–(9) can be closed in terms of vorticity and temperature (ω, θ),

(I + εΛ)∂tω + u · ∇ω = ∂1θ, (11)

u = ∇⊥∆−1ω, (12)

(I + εΛ)∂tθ + u · ∇θ = 0 (13)

with initial conditions
ω(·, 0) = ω0 = ∇⊥ · u0 and θ(·, 0) = θ0. (14)

Our main result is the global regularity of the Voigt Boussinesq equations.

THEOREM 1. Let s > 1 and let (ω0, θ0) ∈ (Hs(T2))2. Let T be arbitrary. Then, there exists a unique
solution of 2D Voigt Boussinesq equations (ω, θ) ∈ C([0, T ]; (Hs(T2))2) with initial data (ω0, θ0).

The proof is based on the following elements. We first prove the solutions (ω, θ) exist and are unique
locally in time in the framework of Sobolev spaces Hs × Hs, as soon as s > 1 (Theorem 6). Then,
for s > 1, for any local solution defined on some time interval, we exploit the fundamental conservation
property of Voigt regularizations. This conservation is shown to imply a priori information on the velocity
u ∈ L∞(0, T,H

3
2 ), with bounds that depend only on the initial data and grow at most linearly in T . This

is used, in conjunction with the local existence and uniqueness theorem to obtain global unique solutions in
the Sobolev phase space Hs×Hs for 1 < s ≤ 3

2 . Next, we prove a natural Beale-Kato-Majda-type theorem
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(Theorem 7) that gives sufficient conditions for persistence of regularity which do not involve the Lipschitz
norm of the temperature. Finally, based on the Theorem 7, we prove that global regularity holds for any
s > 3

2 .
The inviscid 2D Boussinesq system has a local existence theory which is similar to that of the 3D

incompressible axisymmetric Euler equations.

THEOREM 2. Let s > 1 and let (ω0, θ0) ∈ (Hs(T2))2. There exists a time T0 > 0 and a unique solution
of the Boussinesq system (corresponding to ε = 0 in (11)–(13)) (ω, θ) ∈ C([0, T0]; (Hs(T2))2) with initial
data (ω0, θ0).

The proof of this result is done by energy methods [24, Chapter 3, Section 2]. The fundamental open
problem of blow up is whether or not a finite maximal time of existence T0 < ∞ can arise from some
smooth initial data.

In view of the interest in the blow up problem, it is important to study various relaxations of the regular-
ization. In this paper we prove that the limit of vanishing regularization is the original equation, in a smooth
enough regime.

THEOREM 3. Let (ω0, θ0) ∈ Hs(T2) × Hs+1(T2), s > 1 and let (ωB, θB) ∈ L∞(0, T ;Hs(T2) ×
Hs+1(T2)) be a solution of the 2D Boussinesq system on [0, T ]. Then the solutions (ωε, θε) of the 2D Voigt
Boussinesq equations with the same initial data converge as ε→ 0 in L∞(0, T ;H−1(T2)× L2(T2)) to the
solution (ωB, θB) of the 2D Boussinesq system.

REMARK 1. The s+ 1 regularity requirement for θ is needed because of the conservative nature of the
Boussinesq equations, to ensure∇θ ∈ L∞ uniformly in ε.

We consider also fractional Voigt Boussinesq equations and prove global regularity for certain cases
whereby lower powers of the fractional Laplacian are used for the temperature field.

THEOREM 4. Let s > 1. Let α, β ≥ 0 with α + β ≥ 2, α > 1, β ≥ 2
3 . Let (ω0, θ0) ∈ (Hs(T2))2.

Let T > 0 be arbitrary. Then there exists a unique solution (ω, θ) ∈ L∞(0, T ; (Hs(T2))2) of the fractional
Voigt Boussinesq system 

(I + εΛ)α∂tω + u · ∇ω = ∂1θ,
u = ∇⊥∆−1ω,
(I + εΛ)β∂tθ + u · ∇θ = 0.

(15)

The proof of this result is based on commutator estimates and on bounds on θ in H1. We obtain also

THEOREM 5. Let α > 2, and β = 0. Let (ω0, θ0) ∈ (Hs(T2))2. Let T > 0 be arbitrary. Then there
exists a unique solution (ω, θ) ∈ L∞(0, T ; (Hs(T2))2) of the fractional Voigt Boussinesq system (15)

REMARK 2. Theorem 4 and Theorem 5 imply regularity for β ≥ 2
3 when α ≥ 4

3 and for β = 0 when
α > 2. It would be natural to conjecture global regularity for the whole range α+ β ≥ 2, but at present we
do not know how to prove this result.

2. Proof of Theorem 1

2.1. Local existence and uniqueness inHs, s > 1. The 2D Voigt Boussinesq equations can be written
in divergence form as {

∂tω = −(I + εΛ)−1∇ · (uω) + (I + εΛ)−1∂1θ
∂tθ = −(I + εΛ)−1∇ · (uθ), (16)

where we used that u is divergence-free.

THEOREM 6. Let (ω0, θ0) ∈ (Hs(T2))2 with s > 1. There exists a time T depending only on ε > 0
and the norms of ω0 and θ0 in Hs(T2) and a unique solution (ω, θ) of the 2D Voigt Boussinesq equations,
with initial data (ω0, θ0) and with (ω, θ) ∈ L∞(0, T ; (Hs(T2))2).
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Proof of Theorem 6. The nonlinearity in the 2D Voigt Boussinesq equations is(
ω
θ

)
7→
(
−(I + εΛ)−1∇ · (uω) + (I + εΛ)−1∂1θ
−(I + εΛ)−1∇ · (uθ)

)
=

(
N1(ω, θ)
N2(ω, θ)

)
. (17)

This follows from (16) by using that u is divergence-free. For s > 1, we have that Hs(T2) is a Banach
algebra, and that Hs(T2) ⊂ L∞(T2). Moreover, the map (I + εΛ)−1∇ is bounded in Hs(T2). We deduce

‖N1(ω, θ)‖Hs ≤ C‖ω‖2Hs + ‖θ‖Hs

‖N2(ω, θ)‖Hs ≤ C‖ω‖Hs‖θ‖Hs
(18)

by using also the Poincaré inequality ‖u‖Hs ≤ C‖ω‖Hs . The local existence and uniqueness of solu-
tions follows from a fixed point argument and the fact that the nonlinearity (bilinear continuous plus linear
continuous) is Lipschitz in the function space (Hs(T2))2:

||N(w1)−N(w2)||(Hs(T2))2 ≤ LB||w1 − w2||(Hs(T2))2 , w1, w2 ∈ B,

where wi = (ωi, θi) and B is a ball in (Hs(T2))2. We omit further details. �
From now on, until we discuss convergence as ε→ 0, for simplicity of exposition we set ε = 1.

2.2. Basic Voigt energy bounds on Hs, s > 1 solutions of the 2D Voigt Boussinesq equations.
Multiplying the temperature equation (13) by θ and integrating, we obtain

‖θ‖2L2 + ‖θ‖2
H

1
2

= ‖θ0‖2L2 + ‖θ0‖2
H

1
2

= A0. (19)

Multiplying the vorticity equation (11) by ω and integrating, we have

d

dt
(‖ω‖2L2 + ‖ω‖2

H
1
2
) = 2

∫
T2

(∂1θ)ωdx ≤ 2‖ω‖
H

1
2

√
A0. (20)

It follows that
d

dt
‖ω‖

H
1
2
≤
√
A0, (21)

‖ω(·, t)‖
H

1
2
≤ ‖ω0‖

H
1
2

+ t
√
A0, (22)

and thus (ω, θ) ∈ L∞(0, T ; (H
1
2 (T2))2) with a priori bounds in terms of initial data that grow at most

linearly in T .

2.3. Proof of global existence and uniqueness for 1 < s ≤ 3
2 . The aim is to show that local solutions

in Hs for 1 < s ≤ 3
2 satisfy Hs bounds

d

dt
(‖θ‖Hs + ‖ω‖Hs) ≤ C(‖u‖Hs + 1)(‖θ‖Hs + ‖ω‖Hs). (23)

Then, because of the a priori bound due to the basic energy structure (22), specifically that ω ∈ L∞(H
1
2 ),

it follows that u ∈ L∞(H
3
2 ) ⊂ L∞(Hs) with bounds that depend only on initial data, and grow at most

linearly in time. The inequality (23) implies that the Hs norms of ω and θ are finite. Thus, by the local
existence and uniqueness in Hs, obtained in Theorem 6, the solution can be continued indefinitely.

In order to obtain (23) we use the calculus inequality

‖fg‖Hs ≤ C (‖f‖L∞‖g‖Hs + ‖f‖Hs‖g‖L∞)

valid for any s > 0, to obtain from (16), using the boundedness of Riesz transforms in Hs spaces,

d

dt
(‖ω‖Hs + ‖θ‖Hs) ≤ ‖u‖L∞(‖ω‖Hs + ‖θ‖Hs) + (‖ω‖L∞ + ‖θ‖L∞)‖u‖Hs + ‖θ‖Hs . (24)

We then apply the embedding Hs ⊂ L∞ to estimate ‖ω‖L∞ + ‖θ‖L∞ by ‖θ‖Hs + ‖ω‖Hs and ‖u‖L∞ by
‖u‖Hs . �
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2.4. A Beale-Kato-Majda-type theorem. We give here a regularity criterion which can be used to
uniquely continue solutions.

THEOREM 7. Let s > 1 and let (ω0, θ0) ∈ (Hs(T2))2. We define the maximum existence time T ∗ > 0
to be

T ∗ = sup{T > 0 | (ω, θ) ∈ C([0, T ]; (Hs(T2))2)}
where (ω, θ) is the solution of the 2D Voigt-Boussinesq equations with initial data (ω0, θ0). Then T ∗ < ∞
implies

lim
T→T ∗

∫ T

0
(‖ω(·, t)‖L∞ + ‖θ(·, t)‖L∞)dt =∞. (25)

Proof of Theorem 7. We return to the inequality (24). From the basic energy estimates, (ω, θ) are bounded
L∞(0, T ;H

1
2 (T2)2) in terms of the initial data and T . The Sobolev embedding H

3
2 ⊂ L∞ implies in

particular that ∫ T

0
‖u‖L∞dt <∞

is bounded a priori in terms of initial data and T , so that the only amplification factor that remains to be
controlled in (24) is ‖ω‖L∞ + ‖θ‖L∞ , which is then controlled by the assumption (25). We omit further
details. �

REMARK 3. We note that for the Voigt-Boussinesq system the Beale-Kato-Majda criterion does not
require the finiteness of ‖∇θ‖L1(0,T ;L∞), as opposed to the criterion for the Boussinesq system [3].

2.5. Proof of global existence and uniqueness for s > 3
2 . We use the result for s = 3

2 which gives a
priori bounds for (ω, θ) in L∞(0, T ; (H

3
2 (T2))2). Then the embedding H

3
2 ⊂ L∞ implies that the BKM

quantity (25) is controlled, and higher regularity is propagated. �

3. Proof of Theorem 3

Denoting by θB and uB the solutions of the 2D Boussinesq equations, by θV and uV the solutions of
the 2D Voigt Boussinesq equation, we set

u = uV − uB, θ = θV − θB,

and we have the equations

∂t(I + εΛ)θ + (u+ uB) · ∇θ + u · ∇θB = −εΛ∂tθB,
∂t(I + εΛ)u+ (u+ uB) · ∇u+ u · ∇uB − θe2 = −εΛ∂tuB,
∇ · u = 0,

(26)

with vanishing initial data. We multiply the first equation by θ, the second equation by u, integrate and add.
Because ωB ∈ L∞(Hs) and θB ∈ L∞(Hs+1), s > 1, we have ∇uB ∈ L∞ and ∇θB ∈ L∞ bounded
uniformly by a constant C. Hence∣∣∣∣∫

T2

((u · ∇θB)θ + (u · ∇uB)u)dx

∣∣∣∣ ≤ C‖u‖L2(‖θ‖L2 + ‖u‖L2).

We consider the quantity

E = ‖u‖2L2 + ‖θ‖2L2 + ε
(
‖u‖2

H
1
2

+ ‖θ‖|2
H

1
2

)
and note that we have

d

dt
E ≤ C1(‖u‖2L2 + ‖θ‖2L2) + ε

[
‖∂tθB‖

H
1
2
‖θ‖

H
1
2

+ ‖∂tuB‖
H

1
2
‖u‖

H
1
2

]
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Using the Boussinesq equation, the assumptions ωB ∈ L∞(Hs), θB ∈ L∞(Hs+1), s > 1, ensure that
‖∂tθB‖

H
1
2

and ‖∂tuB‖
H

1
2

are bounded uniformly by a constant. From Young’s inequality we have

d

dt
E ≤ C2E + εC3

with initial data E(0) = 0, and thus we have the convergence limε→0E(t) = 0 uniformly on finite time
intervals. �

4. Proof of Theorem 4

We consider the 2D fractional Voigt Boussinesq

∂tω + (I + Λ)−α(u · ∇ω) = (I + Λ)−α∂1θ, (27)

u = ∇⊥∆−1ω, (28)

∂tθ + (I + Λ)−β(u · ∇θ) = 0 (29)

written in divergence form with initial conditions

ω(·, 0) = ω0 = ∇⊥ · u0 and θ(·, 0) = θ0. (30)

We have set the parameter ε = 1 for simplicity.
Multiplying equation (29) by (I + Λ)βθ and integrating,

1

2

d

dt
||(I + Λ)β/2θ||2L2 = 0, (31)

multiplying equation (27) by (I + Λ)αω and integrating,
1

2

d

dt
||(I + Λ)α/2ω||2L2 =

∫
∂1θω ≤ C||θ||Hβ/2 ||ω||Hα/2 (32)

if α/2 + β/2 ≥ 1. By (31), we get θ ∈ L∞(Hβ/2) with ||θ||Hβ/2 ≤ ||θ0||Hβ/2 . By (32), we have
ω ∈ L∞(Hα/2). Now we consider s > 1 and look at the evolution of the Hs norm of ω. We use the
equivalent form ‖ω‖s ∼ ‖(I + Λ)sω‖L2 . We have from (32)

1

2

d

dt
‖ω‖2s = A+B (33)

with
A = −

∫
(I + Λ)s−

α
2 (u · ∇ω)(I + Λ)s−

α
2 ωdx (34)

and
B =

∫
(I + Λ)s−α∂1θ(I + Λ)sωdx (35)

Now we use incompressibility, integration by parts and the commutator estimate

‖[(I + Λ)σ, u · ∇]ω‖L2 ≤ C‖∇u‖L∞‖ω‖σ (36)

valid for σ > 0 [17], together with the embedding inequality

‖∇u‖L∞ ≤ C‖ω‖s (37)

which is true because s > 1, to conclude that

|A| ≤ C‖ω‖s‖ω‖2s−α
2
. (38)

We choose first s = α > 1 and deduce in view of (31) and (32) that

|A| ≤ C‖ω‖s‖ω‖2α
2
≤ (‖ω0‖α

2
+ Cαt‖θ0‖β

2
)2‖ω‖s = (a+ bt)2‖ω‖s (39)

holds for all t ≥ 0. When s = α we see that

|B| ≤ C‖θ‖1‖ω‖s (40)
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and we have to estimate the H1 norm of θ. This evolves according to
1

2

d

dt
‖θ‖21 = −

∫
(I + Λ)1−

β
2 (u · ∇θ)(I + Λ)1−

β
2 θdx (41)

and using the commutator estimate (36), we obtain
1

2

d

dt
‖θ‖21 ≤ C‖ω‖s‖θ‖21−β

2

. (42)

Interpolating we may write
‖θ‖2

1−β
2

≤ ‖θ‖1‖θ‖1−β ≤ C‖θ‖1‖θ0‖β
2

(43)

where we used β ≥ 2
3 and (31). We have thus from (42) and(43),

1

2

d

dt
‖θ‖21 ≤ Cβ‖ω‖s‖θ‖1. (44)

The ODE inequality system in X = ‖ω‖s (with s = α) and Y = ‖θ‖1,{
1
2
d
dtX

2 ≤ (a+ bt)2X + CXY
1
2
d
dtY

2 ≤ CβXY
(45)

follows from (33), (39), (40), (44). From this ODE we deduce a priori bounds for the quantities X and Y
which are finite for all t. Once we know these bounds, we know that ‖∇u‖L∞ is controlled. The evolution
of ‖θ‖s then obeys, using the commutator estimate (36),

d

dt
‖θ‖2s ≤ C‖∇u‖L∞‖θ‖2s−β

2

, (46)

and it implies a priori bounds on ‖θ‖s. The bound (38) is replaced by

|A| ≤ C‖∇u‖L∞‖ω‖2s−α
2

(47)

and (40), is replaced by
|B| ≤ C‖θ‖s‖ω‖s (48)

where we used α > 1. Then from (33) it follows that ‖ω‖s is controlled. �

5. Proof of Theorem 5

We start by noticing that because β = 0 we have that

‖θ(t)‖Lp ≤ ‖θ0‖Lp (49)

holds for all t ≥ 0 and all 1 ≤ p ≤ ∞. Then multiplying the u equation (29) by (I + Λ)αu and integrating,
we obtain

1

2

d

dt
‖u‖2α

2
=

∫
θu2dx ≤ ‖θ0‖L2‖u‖L2 (50)

from whence we deduce that
‖u(t)‖α

2
≤ CDt. (51)

Let us consider first s = 1 + ε where 0 < ε = α − 2. Multiplying the ω equation (27) by (I + Λ)2sω and
integrating, we have

1

2

d

dt
‖ω‖2s = −

∫
(I + Λ)s−α(∇(uω))(I + Λ)sωdx+

∫
(I + Λ)s−α∂1θ(I + Λ)sωdx. (52)

We note that s− α+ 1 = 0 by our choice of s, so we obtain that
1

2

d

dt
‖ω‖2s ≤ C‖u‖L4‖ω‖L4‖ω‖s + C‖θ0‖L2‖ω‖s (53)

Thus we have that ‖ω‖s is bounded on [0, T ]. Because s > 1, implies that ‖∇u‖L∞ is bounded on [0, T ]
and the regularity for arbitrary s > 1 follows as in the proof of Theorem 4 above. �
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