UNIQUE ERGODICITY IN STOCHASTIC ELECTROCONVECTION
ELIE ABDO, NATHAN GLATT-HOLTZ, AND MIHAELA IGNATOVA

ABSTRACT. We consider a stochastic electroconvection model describing the nonlinear evolution
of a surface charge density in a two-dimensional fluid with additive stochastic forcing. We prove
the existence and uniqueness of solutions, we define the corresponding Markov semigroup, and we
study its Feller properties. When the noise forces enough modes in phase space, we obtain the
uniqueness of the smooth invariant measure for the Markov transition kernels associated with the

model.
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1. INTRODUCTION

Electroconvection refers to the dynamics of electrically conducting fluids under the influence of
electrical charges. There are many instances of electroconvection in non-Newtonian and Newto-
nian fluids, including the flow of nematic and smectic suspensions subject to applied voltage. A
particularly interesting example [8, 42]] considers the dynamics of a thin smectic film in an annular
region, driven by an imposed voltage at the boundary. In [5] the behavior of the system was inves-
tigated mathematically in the absence of stochastic forcing. The model was described in terms of a
surface charge density ¢, an electric field £ and a fluid velocity u. The dynamics were confined to
a two dimensional domain (T? in the present paper). The electric field E was derived from a time
independent potential ® representing the voltage applied at the boundary and a dynamic potential
A~1q due to the charge density ¢, via the relation

E=-v®-vVAlg, (1.1)

where A~! denotes the inverse of the square root of the two-dimensional periodic Laplacian A = v/-A.
The current density due to the fluid and the electric field F is

J=FE+qu, (1.2)
1
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and the charge density obeys the continuity equation
Oq+vV-J=0. (1.3)

The fluid velocity u obeys the incompresible Navier-Stokes equation forced by the electrical forces
qFE and time independent body forces f,

ou+u-Vu-vAu+Vp=qE+f, V-u=0 (1.4)

where p is the fluid pressure and v is the kinematic viscosity.

The well-posedness and global regularity of the deterministic model (I.1)—(T.4) were obtained
in [S] in bounded domains with homogeneous boundary conditions, and the long-time dynamics
were investigated in [1] in the two-dimensional torus T?.

In this paper we consider the stochastic electroconvection model corresponding to the determin-

istic model (I.1)—(T.4),

dg+ V- (qu-VAqg-v®)dt = gdW, (1.5)
du +u - Vudt + Vpdt — vAudt = —q(VA ™ g+ V®)dt + fdt + gdW, (1.6)
Vou=0 (1.7)

forced by time independent noise processes gdW and gdW on T2. For simplicity, we assume that
v = 1. We address the global well-posedness of (I.5)—(I.7), the Feller properties of the Markov
semigroup associated with (1.5)—(1.7), and the existence, uniqueness and regularity of the invariant
measures for the Markov transition kernels associated with the model (I.3)—(1.7).

A vast literature treats the well-posedness of stochastic partial differntial equations. Martin-
gale type approaches [2, 3,19, [17, 41]] were established to prove the existence and uniqueness of
solutions to the two-dimensional stochastic Navier-Stokes equations (NSE). In [37], the authors
use a different approach, independent of the pathwise solutions, based on a generalization of the
classical Minty-Browder local monotonicity argument [38, 39], to establish the well-posedness
to the stochastic NSE in bounded and unbounded domains. Global existence and uniqueness of
strong pathwise solutions were obtained as well for the two-dimensional [14, 22, 23] and three-
dimensional [10, 24] stochastic primitive equations.

The stochastic electroconvection model (1.5)—(1.7) is nonlocal, nonlinear, with critical dissipa-
tion in one equation, and consequently the proof of its global well-posedness is rather technical.
Under low regularity assumptions imposed on the noises (namely L* for g and H' for g), we prove
that the system (I.5)—(1.7) has unique global solutions when the deterministic initial charge den-
sity is L* regular and the deterministic initial velocity is H' regular. The existence of solutions
is obtained by taking a viscous approximation of (1.5)—(1.7), establishing uniform bounds for the
viscous solutions, and using weak convergence. The identification of the drift is highly challeng-
ing. The reason is that the nonlinearity ¢Rq is not weakly continuous in the spaces we have control
in. The remedy is a coercive estimate (3.17)) and use of ideas from [37]. As a consequence of the
existence result, we define the Markov transition kernels on L* x H! and we show that they are
Feller in the norm of H~2 x L2. If the noises have higher regularity (namely Vg € L8 and Ag € L?),
then the Markov kernels become Feller in the stronger norm of H! x H'.

We also study the ergodicity of the electroconvection model (I.5)—(1.7). The existence of an
invariant measure for the stochastic NSE system was obtained in [9, [16, [18]], and the ergodic
theory for the stochastic NSE became the center of interest of many subsequent papers (cf. [4,
1141130 [15) 134, 138, 136, [11] and references therein). Existence and regularity of invariant measures
were obtained in [19] for the three-dimenional stochastic primitive equations. In [6], existence
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and uniqueness of an ergodic invariant measure was established for the 2D fractionally dissipated
periodic stochastic Euler equation.

The dissipative term Aq in (1.5) is critical, and this is a source of technical difficulty. When the
potential ® vanishes, and with a low regular noise process, we use the Krylov Bogoliubov averag-
ing procedure to prove that the stochastic model (1.5))—(1.7)) has an invariant measure supported on
H?3 x H2. If the noise processes are smooth then the invariant measures are smooth. This follows
from bounds of the form

T
E\/O (Hqu{% +HUH?{g)dtSF1(U0a(]0,f>9>§)+F2(fa9,§~])T (18)
and .
EfO 1Og(]~+ ”q”iﬂ”% +Huuquﬂ)dtSFl,k(u07QO7f’g7g)+F2,k(fvga.§)T (19)

for k£ > 1. These bounds are obtained by taking advantage of the smoothing properties of the Stokes
operator and the nonlinear coupling, and employing the logarthmic strategy introduced in [19].

The question of uniqueness of invariant measures requires a deeper structural understanding of
the interplay of the dynamics and stochastic perturbation. A number of approaches have been
used in the recent literature ([4, [12, 27, 28| 31, [32, 133} 138, |36]] and references therein). In this
paper we use the asymptotic coupling approach introduced in [26] and [28]. The asymptotic cou-
pling framework was used in [21] to obtain uniqueness of the invariant measures of stochastically
forced Navier-Stokes equations, fractionally dissipative Euler equations and damped nonlinear
wave equations. In order to show that a stochastic differential equation

d
dy:F(y)dt+ZaldI/I/l (1.10)
=1
with initial data y(0) = yo has only one ergodic measure, the idea is to build a copy

d
dj = F(§)dt + G(y, i) lierdt + Y 0dW; (1.11)
I=1
where the feedback control G is such that y and ¢ are forced to approach each other, y(t)-g(t) = 0
in an appropriate norm, on the event {7 = oo} where 7 is a stopping time such that the coupled
system (L. I0)—(I.11) has global solutions with initial data ¢(0) = o, and P(7 = 00) > 0 . Moreover,
it is required that

[ 1o G, 50)P et < © (112)

holds (for a.e. w € Q) for some deterministic constant C' > 0. If such a construction can be done,
then (1.10) has a unique ergodic invariant measure. Finding an appropriate feedback G is typically
based on splitting a Hilbert space X into the direct sum of a finite-dimensional space X, and an
infinite-dimensional space Xp;4n

X = Xiow ® Xnign (1.13)

in such a way that the long time dynamics are controlled by the low frequency part in X;,,,. More
precisely, the property used is that if the low frequency parts of two solutions are asymptotically
the same, then the high frequency parts in X,y are also asymptotically the same. Accordingly,
two realizations of are coupled in such a way that that their low frequency parts coincide for
large time ¢ > 7 provided that they meet at time ¢ = 7.

The uniqueness of the invariant measure of the electroconvection model (I.5)—(1.7) is obtained
by constructing an appropriate feedback control and stopping time. The construction requires L*
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bounds for g and H? bounds for u, exponential martingale estimates, and the Burkholder-Davis-
Gundy inequality. The main difficulty is due to the weaker dissipation of the charge densities, and
here we use ideas from [20] to estimate the feedback control.

This paper is organized as follows. In section [3] we show that the system (I.5)—(1.7) has a
unique global solution provided that the initial charge density has a zero spatial average and is L*
integrable, the initial velocity is divergence-free and is weakly differentiable, and the noise is suffi-
ciently regular. The proof is based on uniform estimates in Lebesgue spaces which are established
in Appendix A. In section ] we define the semigroup associated with (I.5)—(L.7) and we prove
that it is weak Feller. In the absence of potential (¥ = 0), we show in section [5 the existence of an
invariant measure for the Markov transition kernels associated with the electroconvection model
(T.3)—(1.7) based on the Krylov-Bogoliubov averaging procedure under low regularity assumptions
imposed on the noises. In section [0 we prove that any invariant measure of (I.5)—(1.7) is smooth
provided that the model is forced by smooth noises. Using asymptotic coupling techniques, we
prove in section /| the uniqueness of the invariant measure. In section |8, we address Feller proper-
ties in Sobolev norms when the noise processes are sufficiently regular. This uses uniform bounds
for the pathwise solution, and these are presented in Appendix B.

2. BASIC FUNCTIONAL SPACES AND NOTATIONS

For 1 < p < oo, we denote by LP(T?) the Lebesgue spaces of measurable periodic functions f
from T? to R (or R?) that are p-integrable on T?, that is

1= ( L 151) " < oo @

[ flz~ = esssuppa|f] < oo (2.2)

if p = co. The L?(T?) inner product is denoted by (-,-) 2.
For s > 0, we denote by H*(T?) the Sobolev spaces of measurable periodic functions f from T?
to R (or R?) obeying

ifpe[l,00) and

[ £ = 20 (L [RP)Lul < oo (2.3)
kez2
For a Banach space (X, | - |x) and p,q € [1,00], we consider the Lebesgue Banach spaces
Lr(Q; L} (0, 00; X)) of functions f from X to R (or R?) satisfying
PN
E(f Hng(dt) < o0 (2.4)
0

for any 7" > 0, with the usual convention when p = oo or ¢ = co. The spaces L; (0, 00;.X) and
Lr(€2;C°(0, 00; X)) are defined similarly. Here C°(0, c0; X)) is the space of functions f with the
property that the map

te | f()]x (2.5)

is continuous for any f € X.
For s € R, the fractional Laplacian A® applied to a mean zero scalar function f is defined as a
Fourier multiplier with symbol |k|*, that is, for f given by

f= 2 fe™ (2.6)

keZ2~\{0}



we have that

A f = Z |k|° fre®®. (2.7)
keZ2~\{0}

Finally, the periodic Riesz transforms R = ( Ry, Ry) applied to scalar functions f are defined as

Fourier multipliers
k.

(R;f)i = i|—kj|fk, keZ*~{0}, j=1,2, (2.8)
and they are bounded operators on LP(T?), 1 < p < co. We write R = VAL

Throughout the paper, C' denotes a positive universal constant, and C'(a, b, ¢, ...) denotes a posi-
tive constant depending on a, b, c, ...

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS

Let (2, F, P) be a probability space, {F;},,, be a filtration on (2, F, P), and {W}},., be a
collection of independent, identically distributed, real-valued, standard Brownian motions relative
to the filtered probability space.

We consider the stochastic electroconvection model

dg + u-Vqdt + Agdt = AdDdt + gdW

du + u - Vudt — Audt + Vpdt = —qRqdt — qV®dt + fdt + gdW (3.1

V-u=0
on T? with initial data ¢(x,0) = g and u(z,0) = uy. The unknowns ¢(z,t,w), u(z,t,w) =
(ur(z,t,w),us(x,t,w)), and p(x,t,w) depend on three different variables: position = € T?, time
t € [0, 00), and outcome w € 2. The body forces f and the potential ¢ depend only on the position

variable z. The forces f are smooth, divergence-free and have a zero space average. The potential
® is assumed to be smooth. The noise terms gdWV and gdW are given by

GAW = 3 Gu(x)dW' (1) (3.2)
=1
and
gdW =" gi(z)dW'(t). (3.3)
=1

We assume that the functions g; are mean-zero and the vector fields g; are divergence-free for all
[ e N. For k£ > 0 and p > 0, we denote

1912 = > gl %, (3.4)
=1

1912 = > a2, (3.5)
=1

and

alt - [ (Slar) a 36)

and g € H*, g € H*, or g € L? if the quantities (3.4), (3.3), or are finite respectively.
In this section, we prove the existence and uniqueness of solutions of the stochastic model (3.1J):
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Theorem 1. Fix a stochastic basis (2, F,P,{F;},.q,W). Let qo € L* have mean zero over T?,
and let uy € H' be divergence-free. Suppose g € L* g € H', f € L2, and AP € L*. Then there
exists a unique pair (q,u) such that q is mean-free, u is divergence-free,

e L2200, 005 L%) 0 L, (0, 00, H') 01 L (0, 00; H?)), (3.7)
qe L2(2:;C%(0,00; H2) N L2 (0, 00; Hz)) 0 L*(€; Le2.(0, 003 L*)). (3.8)

Moreover, the elements (q,u) are F; adapted and obey
d(qag)LQ + (U Vyg, f)Lth + (Aq,f)Lth = (Aq),f)det + (gag)LQdW (3.9)

forany £ € H and a.e. w € 2, and
d(u,v) 2+ (u-Vu+qRq,v) p2dt — (Au,v) r2dt = (—qVP,v) p2dt+ (f,v) p2dt + (g,v) 2dW (3.10)
foranyv e H' and a.e. w € ().
For each € € (0,1], we let J. be the standard mollifier operator and we consider the viscous
approximation
dgc + uc- Vgedt + Agédt — eAqgedt = Addt + J.gdW
du¢ + u¢ - Vucsdt — Aucdt + Vpedt = —q° Rg¢dt — ¢*VOdt + fdt + J.gdW (3.11)
V-ut=0
with smoothed out initial data g§ = J.qo, u§ = Jeug. For each € € (0, 1], the viscous system (3.11)) is
forced by smooth noise processes and has local smooth solutions, a fact that can be shown using
a fixed point iteration technique. These local solutions extend to global smooth solutions as they
remain uniformly bounded in all Sobolev norms, a result that follows from energy-type arguments
(see for instance Appendix B). In Proposition [I] below, we establish bounds, uniform in time and

€, for the solutions of (3.11]) in Lebesgue spaces. These estimates are needed to apply the drift
identification argument of [37] and prove Theorem I}

Proposition 1. Let gy € L* have mean zero over T?. Let ug € H' be divergence-free. Suppose
g€ L*and g € H'. Then the solution (¢¢,u¢) of (3.11) satisfies

B (sun 1ot ) (1IN )
o ) 0 L L2

0<t<T

<2p|qolh. + C(p) (JAR|L, + |g]5.) T + C(p)|g]12.T% (3.12)

forany p > 2,

T
B{sup 1|+ cO) { [ 101 < 2lalt + c@1 20l T
0<t<T 0

+C)gIk.T+C(p)glh.T5 (3.13)

forany p >4,

T

E{os‘i% Juf ||’£2} vE {fo Juc 3 I\Wwizdt} <C, gl o, luolze, f.®,9.9)e"  (3.14)

for any p > 2, and

T
E{ sup ||Vu€(t)||%2} + E{f ||Au6(s)|%2ds}
0<t<T 0
< C(|Vuolze, laollz+) + C(®, f,9,9)T + C(g)T*. (3.15)
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The proof of Proposition [I] is based on several applications of It6’s lemma and is presented in

Appendix A.
Proposition 2. Suppose [ € L? and AP € L*. Let
F&v)=(v-VE+AE-AD v-Vo-Av+ERE+EVD - f).

(3.16)

Let qy € L*,qo € L?,uy € H? and uy € H'. Then there is a positive universal constant Cyy such that

(F(q1,u1) = F(g2,u2), (A (@1 = g2), w1 = u2)) 12
+ CoR (@,u,0) (|45 (1 = )22 + Jun —usf22) 2 0
holds, where
K(®,u1,q1) = [VO[7 + [Vur|Ze + [ Vur] e + i [7a + lan]7a + [Aw [ 7.
Proof: We have

(F(qr,w1) = F(qa,u2), (A (g1 = g2), ur — ug)) 2
= /TQ(ul Va1 = up- Vg2 )A (g1 - g2) + fTQ A - 2)A (01— ¢2)
+fT2(u1-w1—u2-w2).(ul—m)—fTQA(ul—u2)-(u1—u2)

+ /TQ(ChRCh - @Rg) - (ug —u2) + [TZ(Ch - @)V (ug —uz).

Integrating by parts, we have

LA =) =) - [ A ) (= ) = oy = gl + |9 =) .

By Holder and Young inequalities, we have

‘[EQ(Ql = @)V (ur - uz)

1
<CIVe[zfun —uzlz + 7o - gallze-

‘We note that
[TQ(Ul -Vuy —ug - V) - (ur — ug)

) [rz((ul —u2) - Vur) - (w1 —u2) + [p(uz -V (ur —u2)) - (ur - up)
- ./TQ((Ul —up) - Vup) - (u1 — uz)

in view of the divergence-free condition satisfied by u,, and hence

/TQ(Ul - Vuy = uy - Vug) - (uy — uz)

< C|Vua| 2 |ur = ua| 2]V (uy = uz) | 12 + C||Vur | 12 |uy = uz 72

< [V | 2 |ur = us?4

1
< C(Hvul”%z + ||VU1HL2) |ug = w72 + ZHV(Ul —ug) |72

where we used Ladyzhenskaya’s interpolation inequality applied to u; — us. Now, we write

LV - VA (@ - a) = [ (=) VA (01 - )

+f ((uQ—ul)-V(ql—Q2))A‘1(q1—q2)+fw(ul~V(ql—qQ))A‘1(ql—Qz)

’]I‘Q

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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and
fTQ((hth - @Rqp) - (u1 —ug) = [Jr? (¢1 — q2) Ry - (ug —ug)
+ /W(QQ —q)R(q1 — q2) - (u1 —uz) + [W @ R(q1 = g2) - (u1 — u2). (3.25)
Adding (3.24) and (3.23)), four terms cancel out, namely
L) V@ -ae)A @ -e) = - [ (@-a)R@ =) (m-w) (26

and
./TQ((Ul —u2) - Vg )A (g1 - ) = - fTZ @ R(q = q2) - (w1 = u2), (3.27)

due to the divergence-free condition satisfied by us — u;. We estimate

/T2(Q1 —q2)Rq1 - (w1 — uz)

<[ Rar]rslar = gell 2 fus = ua s
1 1
< Clarluelar = @le (Fus = wale + s = s |19 (o - w2)1 )

1 1
<C(lalfe + larlza) us = uzl72 + = alfe + 1V (- ) (3.28)

using Holder’s inequality, the boundedness of the Riesz transforms in L*, Ladyzhenskaya’s in-
equality, and Young’s inequality. In view of the commutator estimate (see [l1, Proposition 3])

A2 (v-Vp) —v- VA 2p| 2 < C| Av] 2] o] 2 (3.29)

that holds for any divergence-free v € H? and mean-zero p € L?, we have
‘Az ur - V(g1 ~ @) A (g1 - g2)
- \ LA - a)) - VA @ - 02) | A H (0 - )
< O|Aw |22 |A72 (g1 - @) | 22| an = g2 22

\ 1
<ClAu| 0072 (@ = a2) 7z + 7lar - @l 7 (3.30)

Here we also used that u; is divergence-free. Collecting the bounds (3.20)—(3.30) and applying
them to (3.19), we obtain

(F(qr,u1) = F(ga,ua), (A (q1 = q2),u1 — us)) 2
+ CoK (®,u1,01) (Jun =232 + |43 (a1 - )3

1
> 7 (IV (= u2)]3s + a1 = g2 2) 2 0 (3.31)

where K (®,uy,q;) is given by (3.47). This finishes the proof of Proposition
Now, we prove Theorem
Proof of Theorem[I: Let

Fi(q,u) =u- Vg (3.32)
and
Fo(q,u) = u - Vus + ¢°Rq". (3.33)



We note that
[Fu % < luclZalg e < O (lulZa + Jul 2| Vel z2) o[ 7
<Cluge + Clala + Cllu 72| vur| 7 (3.34)
using Ladyzhenskaya’s interpolation inequality, and
[Fol30 < Nulga + la 13D Ral3z < Clluclfz + Cllu el Vaslie + ClA2 ¢ e lq°l7. - (3:35)

using the boundedness of the Riesz transforms in L2. In view of the bounds (3.12), (3.13)) with
p =4, and (3.14), we deduce that F; and F; are uniformly bounded in

L*(Q; L2 (0, 00; HY(T?))). (3.36)

loc

Therefore, up to subsequences Fi(q¢, u¢) and Fy(q¢, u¢) converge weakly to some functions F
and Fy, respectively, in

L2(Q; L. (0, 00; HTH(T?))). (3.37)

Moreover, up to subsequences, u¢ converges weakly to some function « in
L2(9; Lz, (0, 003 H'(T%))) 0 LX(; L2,,(0, 003 HX(T?))), (3.38)

in view of the bound (3.13)), and ¢¢ converges weakly to some function ¢ in
LA L, (0, 005 LY(T?))) 1 L2, (2 L*(0, o0; HY*(T?))), (3.39)

in view of the bounds (3.12) with p = 2 and (3.13)) with p = 4.
Now we write the equations satisfied by (¢¢, u¢) and (q,u) as

d(¢,u®) + F(q,u)dt + (0, Vp)dt = (J.g, Jog)dW (3.40)
where F is as in (3.16), and
d(q,u) + Fodt = (g, 9)dW (3.41)
in L2(Q; L2 (0, 00; H-1(T?))), where
Fo=(Fi+Aq-AD Fr - Au+qVd - f). (3.42)
We show that for almost every w € Q and ¢ € [0, 00 ), we have
F(q,u) =Fp (3.43)
in the sense of distributions.
We note that
(q.u) € L*(9;C°(0, 00; H2(T?))) x L2(€2; C°(0, 00; L*(T?))) (3.44)

and (A~'q,u) obeys the energy equality
d(1A73q]2, + Jul32) + 2(Fo, (A, u))pedt

= (JA72g)%. + lgl22)dt +2((3, 9). (A" q,u)) p2dW (3.45)
(see [25]). For a pair
(q,u) € L*(€% L, (0, 00; L*(T?))) x L*(€; L7, (0, 00; H*(T?))), (3.46)

such that ¢ has mean zero and u is divergence-free, we define

t
r(t,q,a) = Co fo [IV@[i~ +[ValZ + [Vl 2 + G137 + |dl 7. + 1 Aa]72] ds (3.47)

where C is the constant in (3.17).
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In order to show the drift identification claim (3.43), it is sufficient to show that
T
E { f 2¢O (F(q,u) - Fo, (N1, \DQ))det} >0 (3.48)
0

forall (U, Wy) € L4(Q; L (0,005 LA(T2))) x L2(; L2 (0, 00; H%(T?))) such that U; has mean

loc loc

zero and VU, is divergence-free. Indeed, (3.48) implies that
T
E { [0 2e" W | F(q,u) - Fo Hg_w_ldt} =0 (3.49)
from which we conclude that F(q,u) = Fy in H™! x H~1 a.e. on 2 x [0,T"]. Accordingly, we
proceed to prove ([3.48).
Denoting dr(t) by 7(t), we have
d [e‘r(t) <||A‘%q|\%2 + HUH%Q)] +e W (2F +7(q,u), (AN q, u)) 2dt
= O (JA350% + 913 ) + €O (3.9), (A" g, ) p2dW (3.50)

in view of (3.45). Consequently, and using the analogous It6 stochastic equation obeyed by
e (HA‘ %qEH%Q + HuGH%Q) and the weak lower semi-continuity, we obtain

E {— fo O (2 Fy + 7 (q 1), (Mg, u))det}
=E{e7® (1A (D) + [u(D)2) - (1A a0 ]2 + o)
B {- [ e (Al Lol dr)
<liminf E{e™ (A3 (T)[3, + [u(T)3: ) } + m E {= (A5 Jugol 3. + [ ool 32 |
cligE{= [ e (A 5113 + [l e
= lim inf E {— fOT e (2F (¢f, u€) + (¢, u), (A1, uE))det} : (3.51)
which implies that
E{ fo L0 + i (g.u), (A‘lq,u))det}
> lim sOupE {fOT e "W 2F (¢, u) + (g, uc), (A1, u6))L2dt} . (3.52)
In view of (3.17), we have
Bl [ OQ@FG ) + 1 0, (0.8 - (A7) e}
>E {fOT e 2F (¢, u) + (g5, ue), (A™1q, @) - (A ¢, uf))det} (3.53)

for any (¢, @) € L*(€2; L} (0, 00; L*)) x L2(£2; L2 (0, 00; H?)) such that ¢ has mean zero and @ is
divergence-free.
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Putting (3.52)) and (3.53)) together, we obtain

B [ e O@FG D + 10, (018 - (g, u)) e

0

= 1imE{f0T e W(2F (g, a) +7(q,a), (Aq, @) - (A—lqe,ue))mdt}

e—0

T
> liminf E {/ e W (2F (¢f, uf) + (¢, uf), (A1g, @) — (A~1q5, ue))det}
0

e—~0

_E { fo e (9 Fy + (g 1), (A1, &))det}

T
—limsupE{ f O (2F (¢ ) + 7(q, ), (A—lqe,ue))det}
0

e—0
>E {/T e_r(t)(2.7:0 +7(q,u), (A™'q, @) - (A™'q, u))det} (3.54)
0

for any (g,a) € L*(Q; L} (0, 00; L*)) x L2(2; L2 (0, 00; H?)) such that ¢ has mean zero and @ is
divergence-free. Letting

(¢,u) = (q,u) + AW (3.55)
where A > 0and ¥ = (U, Wy) € L4(Q; L} (0,00; L*)) x L2(Q; L? (0, 00; H?)), ¥; having mean

loc loc
zero and ¥, being divergence-free, we obtain

E {fOT O (QF((g,u) + AT +7+((g, 1) + A), A(A1,, %))det}

T
>E {f e 2Fy +7(q,u), \(A1y, %))Lth} : (3.56)
0

We divide by A, and then take the limit as A goes to zero. We obtain (3.48)) from which we conclude
that 7o = F(q, u).

Uniqueness of solutions is obtained as for the deterministic system [[1, Theorem 2]. Indeed, if
we suppose the existence of two different solutions, and we write the equations obeyed by their
difference, then we obtain deterministic equations which are independent of the noise. We omit
further details.

Remark 1. The existence of unique pathwise solutions can be obtained by setting

t
Q =q - f eI G(2)dW (3.57)
0
and
t
US=u - f e" (DR g(z)dW, (3.58)
0

writing the determinitic system obeyed by (Q¢, U*¢), establishing pointwise in w bounds for (Q¢,U¢)
in

(L5 (0,00, LY A L2 (0,00, H2)) x (L0, 00, H') N L2

ep)
loc loc(07ooiH ))7 (359)
and passing to the limit using the Aubin-Lions lemma. However, this requires higher regularity
assumptions on the noise processes forcing the system (as shown in Proposition|l7|below). Con-
sequently, the identification of drift technique minimizes the regularity conditions imposed on the

noises g and g.



12 ELIE ABDO, NATHAN GLATT-HOLTZ, AND MIHAELA IGNATOVA

Remark 2. If the ranges of g and g are infinite countable and their components are time-dependent,
then the existence and uniqueness of solutions to the corresponding stochastic electroconvection
model are obtained on the time interval [0, T provided that the following regularity condition

T
[ a1 + lg(l3a] e < o0 (3.60)

holds.

4. ELECTROCONVECTION SEMIGROUP AND WEAK FELLER PROPERTIES
We consider the space
P )
H=H"2xL; “4.1)

.. _1 . .
consisting of vectors (£,v) where £ € H™2 has mean zero and v € L? is divergence-free, and we
consider the space

V=4 H 4.2)

consisting of vectors (£, v) where £ € L# has mean zero and v € H' is divergence-free. We define
the norms | - |3 and | - [ by

1(&,0) 12 = [A72€]22 + ]2 4.3)
and
16, 0)13 = 1€]134 + o) 7 (4.4)

respectively. For a time ¢ > 0 and a Borel set A € B()), we define the Markov transition kernels
associated with (3.1) by

Fi((q0,u0), A) = P((g,u) (%, (g0, u0)) € A) (4.5)

where (q,u)(t, (qo,uo)) denotes the solution of the stochastic model (3.1)) with initial data (qo, uo)
at time ¢.

Let M,(V") be the collection of bounded real-valued Borel measurable functions on V. For each
t > 0and p € My(V'), we define the Markovian semigroup (which will also be denoted by { P },.,)
by

Pip() = Bo((a.0)(8)) = | olan. uo) Pil (o, o)) 46)

Let C,(V, || - |3) be the space of continuous bounded real-valued functions on the space (V, | - ||3),
and C,(V, || - |%) be the space of real continuous functions ¢ on the space (V, | - %), with growth

p(&,0)| < C(L+[A7ZE]2, + [v]22). 4.7)

We point out that continuity of ¢ on the space (V, | - | ) means that if (£,,v,) € V converges to
(&,v) in the norm | - |3, then ¢(&,,v,) converges to p(&,v). The Markovian semigroup {P;},.,
has the following weak Feller properties:

Theorem 2. The semigroup {P;},,, is Markov-Feller on Cy(V, | - |#) and Cy(V, | - ||%), that is if
@ € Co(V. |- %), then Prp € Co(V, || - [3) and if € Co(V, | - [3), then Frp € Co(V, | - |0).

In the proof of Theorem [2] presented below, we use Propositions [3|and [}
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Proposition 3. (Continuity) Let (¢}, ul) and (¢3,u?) be in V. Suppose g € L* and g € H'. Then
the corresponding solutions (q1,u1) and (qa,us) obey

s () = ua ()72 + [A72qa(£) = A2 2 (1) 7
<exp {r(0)} | lub - udl3 + [A73as - A2 a3 (4.8)

with probability 1, where

t
r(t) =Co fo IVe[7e + [Vur]F + IVur] 2 + a7 + laal 2o + [Aw]3.]ds  4.9)
is well-defined and finite almost surely.

Proof: We write the equations obeyed by the differences ¢q; — ¢ and u; — us, and we take their
L? inner product with A~1(¢; — ¢2) and u; — us respectively. We add the resulting energy equalities
and we obtain

1d 1
S [HA (- @) 52+ ua —U2H2LQ]

+ (F(qr,u1) = F(qz,u2), (M (g1 — q2),u1 —uz)) 2 = 0 (4.10)

where F is given by (3.16)). In view of (3.17), we have

1d

_1
S [HA (1 - q2) 72 + Jus - U2H2Lz]

= (g, ) [JA3 (@ = @) + i~ wal] <0 @11)

where (¢, q1, 1y ) is given by (3:47). Multiplying by the integrating factor e~ /o 7()4s and integrating
in time from 0 to ¢ give (@4.8).

Proposition 4. Let (qo,u) € V. Suppose g € L* and g € H'. Then the unique solution (q,u) of
(3.1)) obeys

E{S‘,}I’T (JA2q]2. + IIuH%z)} <E{|A2q0]2, + [uol2: + C(@, £,9,9)} “DT. (412
Proof: By It6’s lemma, we have
dHA_%qH%2 + 2Hq||%2dt = -2(u- Vg, A q) p2dt + 2(AD, A7 q) 2dt
+ A2 2adt + 2(A 2 G, A2 q) 2 dW (4.13)
and

dlul3z +2|Vu|3.dt = =2(u- Vu,u) 2 - 2(qRq, u) 2dt — 2(qV P, u) 2dt + 2( f,u) 2dt

+g)3.dt + 2(g,u) L2dW. (4.14)
We add the equations (4.13) and (#.14)). Integrating by parts, we have
(u-Vq,A"q)2 = ~(u- R, q)r2 = ~(qRq,u) 2, (4.15)

and using the cancellation
(u-Vu,u)pz =0, (4.16)
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we obtain the differential equation
{JA2ql2 + u2:) + 2(1g1a + [ VulZa)dt = 2(A®, A7) adt ~ 2(qVP, ) adt + 2, u) ot
+ A2 Fdt + [ glFadt +2(A 725, A72q) 12dW +2(g, w) 2 d W (4.17)
From (#.17), we arrive at the differential inequality
{|A3q% + [ule} + (lal2s + [VulZa)dt < AR + | £[3)dt + COTP e + 1) fulZadr

+ A2 g]2adt + | g|2adt + 2(A72 G, A72q) g2dW +2(g, u) 2dW. (4.18)
Letting
p=[ve|i~+1, (4.19)
we obtain

_ _1 _ _1
d{e “PA=2q]7 + ||u\|%2)} <O(|AD[3 + [ £1172)e " dt + |A~2g]7.dt + | g]7 . dt
+2(A72G, A"2q) 2dW + 2(g, u) p2dW. (4.20)

Integrating in time from 0 to ¢, taking the supremum over [0, 7], applying the expectation E in w,
and using suitable martingale estimates, we obtain (4.12)). This completes the proof of Proposi-
tion [l

Now we prove Theorem 2}

Proof of Theorem 2 Fix ¢ € Cy(V, ] - |3). Suppose (&, v,) converges to (&,v) in (V, |- ),
that is

JA72 (€0 = )72 + on — v[32 > 0. (21)
In view of the continuity property given in Proposition 3] we have
la(t. &) = a(t: &),y ~ 0 (4.22)
and
|u(t,vy,) = u(t,v)| g2 = 0. (4.23)
Since ¢ is continuous on (V, | - %), we conclude that
p((q,u)(t, (&, vn))) = 9((q,u) (2, (€, 0))) (4.24)
and hence
Eo((g,u)(t, (&n,vn))) = Ep((q,u) (2, (€, 0))) (4.25)

by the Lebesgue Dominated Convergence Theorem, which can be applied due to the growth condi-
tion (4.7), the bound (@.12])), and the convergence yielding the boundedness of the sequence
of initial datum (&,, vy, ) in the H-norm. This shows that { P}, is Feller on Cy(V, || ). Similarly,
{P,},50 is Feller on Cy(V, || - |3). This ends the proof of Theorem 2}

5. EXISTENCE AND REGULARITY OF INVARIANT MEASURES IN THE ABSENCE OF
POTENTIAL
In this section, we consider the electroconvection system
dg + u - Vqdt + Agdt = gdW
du + u - Vudt - Audt + Vpdt = —qRqdt + fdt + gdW 5.1
V-u=0
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in T? x [0, c0) x §2 where the potential = 0. We note that the system (5.1)) is in the mean-zero
frame: if the initial charge density and velocity are assumed to have a zero spatial average, then
the solution (¢, ) will have mean zero over T? for all positive times ¢ > 0.

Let L? and H* be the spaces of L? and H* functions with zero spatial averages respectively. Let

H and V be the spaces of L? and H'! functions that are divergence-free and mean zero respectively.
Let

H=H:xH (5.2)
and o
V=L'xV (5.3)
with
[(q, )3, = |A2q]2s + Jull2, (5.4)
and
[(a; W) [} = [alZa + | VulZ: (5.5)

respectively. We note that Vis compactly embedded in H. We define the operator A on D(A) =
H2?x (H?n H) by

A(p,v) = (-Ap,—PAv) (5.6)
where P is the Leray-Hodge projector. There is an orthonormal basis of L? x H consisting of
eigenfunctions {(ex, wy)},., of A, such that

(—Aek, —PA’UJk) = )\k(ek, wk) (57)

where the sequence of eigenvalues {)\},., of A counted with multiplicity is nondecreasing and
diverges to co. Asymptotically, A\, > ck for k > 1. Let Py and () be the orthogonal projections of
H onto the space spanned by the first /V eigenfunctions of A, (e, wy ) corresponding to eigenvalues
Ak, and its orthogonal complement respectively. We have the inequality

1 1
|Qn(AZp, ) |2, < A—ll(m Vo) 7. (5.8)
N+1

which holds for all N > 1.
The Markov transition kernels { P, },,, associated with the electroconvection model (3.1),

Fi((q0,u0), A) = P((q,u) (%, (g0, u0)) € A), (5.9)

are defined on V and are H-Feller as shown in Theorem [2l Here we establish the existence of
invariant measures for the Markov transition kernels { P;},.,.

Theorem 3. Suppose that g € V and § € L*. There exists an invariant measure [ for the Markov
transition kernels associated with (5.1). Moreover

L lIARal: + 1 Aul:]du((g,w) < 0 < o0 (5.10)

for any invariant measure 1 of (5.1)), where C'is positive constant depending only on | f| .z, | 9] w1,
and | g||za-

The proof of Theorem [3| uses the following auxiliary propositions and is presented at the end
of this section. All the estimates can be done rigorously by taking a viscous system approximat-
ing (5.1)), deriving the bounds for the mollified solution, and then inheriting them to the solution
of using the lower semi-continuity of the norms. We present formal proofs, omitting the
approximation.
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Proposition 5. Let gy € H 2 and ug € H. Suppose g € L? and § € H™2. Then

t 1 1.
[ Ella() s + 19u()[3a] ds < IA 2ol + ol + [IA3g13 + gl + 171: ] ¢ .11
holds for all t > 0.
Proof: The sum of the H~2 norm of g and L? norm of u obeys the energy equality
a{IA3ql3. + Jul3:}+ 2(lal?: + [ Vul )t
= 2(f,u) p2dt + |A"2 G| 2odt + || g|2adt + 2(A2G, A2q) 2dW + 2(g, u) 2dW (5.12)
(cf. (.13)—(4.17) above) which gives the differential inequality
_1
a{IA )2 + Jul:} + (lals + [ vul?.)dt
< FIRadt+ | A2 G200t + g 3adt + 2(A72G, A™2g) 2dW + 2(g, u) 2dW (5.13)

where we used the Poincaré inequality to bound L? norm of the mean-free vector u by the L? norm
of its first order derivative. We integrate in time from O to ¢ and we apply E. We obtain the desired

bound (5.11).
Proposition 6. Let gy € L2 Suppose § € L2. Then
[ B () Bads < laolls + 131301 (5.14)
holds for all t > 0.
Proof: The L? norm of ¢ evolves according to
dlglfe +2[A%q[72 = |172dt +2(3. 9)2dW (5.15)

where we used the cancellation (u- V¢, q)r2 = 0. We integrate in time from 0 to ¢ and we apply E.

We obtain (5.14).
Proposition 7. Let p > 4. Let o € L*. Suppose § € L*. Then
t
| Ela()1fuds < Co) ool + 13174¢] (5.16)
holds for all t > 0.

Proof: The p-th power of the L* norm of ¢ obeys the energy inequality
gl + S lall, < Clalfadt + plalt (3,4 sedW. (5.17)
Integrating in time from 0 to ¢ and applying E, we obtain the desired bound (5.16).
Proposition 8. Let ug € V and qy € LA. Suppose g € V and j € LA. Then

EIvu(®l: + E{ [ 18u(s) uds)

< Clllaolza + I1Vuol7z + (113 + 1Vgl7= + 13174 ) t] (5.18)
holds for all t > 0.
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Proof: The L? norm of Vu obeys
d|vul3, + 2| Aul3, = 2(qRq, Au) redt = 2( f, Au) p2dt + |V g||3.dt — 2(g, Au)2dW.  (5.19)

Here we used the identity
(u-Vu,Au)rz =0 (5.20)

that holds in the two-dimensional periodic setting on T?2. In view of the boundedness of the Riesz
transforms on L%, we have

[(qRgq, Au)pa| < lqlzs | Ryl sl Aul g2 < Cllq| 74| Aul e (5.21)
Consequently, an application of Young’s inequality yields
d|Vul7. + | Aulf.dt < Clql7adt + C| f72dt + [V g|72dt - 2(g, Au) 2dW. (5.22)

Integrating in time from O to ¢ and applying E, we obtain
t
ETu()l3e+ [ Eldu(s)[3ds < |Vuol3s

t
= C (171 +19912) 1+ CE [ la(o)lads) 5.23)
In view of the bound (5.16) applied with p = 4, we obtain (5.18]).

Proposition 9. Suppose g€V, Ge L4 and f € L2. Let

1 T
vr(A) = fo P((q(s),u(s)) € A)ds. (5.24)
Then {vr} is tight in H for ug = qo = 0.

Proof: Suppose ug = qop = 0. Let R > 0, and let By be the ball of radius R in L2xV (which is
compact in ). By Chebyshev’s inequality,

1 T
supvr(Bj) =sup - [ B(1(0.0)] oy 2 B)d1

>0
< ﬁsupT f E|(q,w)[2,. . )dt >0 (5.25)

as R — oo in view of the bound (5.11)) that is linear in 7. Therefore, the family {v} is tight in 7,
ending the proof of Proposition 9]

Now we prove Theorem

Proof of Theorem[3: We adapt the notation w = (¢, ) and write solutions as w(t, wy ). From the
weak Feller property obtained in Theorem [2} the tightness of the time-averaged measures obtained
in Proposition [9] and the Krylov-Bogoliubov averaging procedure, we conclude that there exists a
probability measure p satisfying

/?.{<P(wo)du(wo):_/H/H%_/OTPt(wo,dw)ap(w)dtdu(wo) (5.26)

for any 7' > 0 and any ¢ € C,(H). Now we study the regularity of ;. and we prove (5.10). For
n 21, we let P, be the projection onto the space spanned by the first n eigenfunctions of —A. For
n>1,R>0,w=(q,u) €H, welet

\I]n,R(w) = [”PnQH%Q + HVPHUH%Q] AR (5.27)
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and we note that V,, p € C’b(’i{). In view of (3.11])), we estimate
1 rT 1 rT
’—[ fPt(wo,dw)\IlnR(w)dt‘:‘—f E\IlnR(w(t,wo))dt‘
T Jo Ju ’ T Jo ’

1 T _1 _ 1
<2E [ [lals +1vuli] < (1A 200k + Juoll) T+ 1A 3513, + gl + 1S3 (528)
for any 7' > 0. Let B, (p) be the ball
By(p) ={weH: |wlZ, <p*}. (5.29)

Then, using invariance, we have

fotnstotss

T
Lo [ L P dw) )] o)
VB (p) | T Jo  J#
< [pQT‘l +|A2g]3s + g]2 + Hf\lé] (B (p)) + Ru(H ~ By (p)). (5.30)

We choose p large enough so that

%v/(ffq,{Pt(wo,dw)q’n,R(w)dt‘dﬁ‘(w())

Ru(H ~ By(p)) <1 (5.31)
and then we choose 7' large enough so that
PP <1 (5.32)
and we get
L rCuo)dp(uwo) < 2+ |43 G135 + gl + 113 (533)
By Fatou’s lemma, we have
[ ATaol + Vw0 ] A RY duwo) <2+ |A2313. + gl + 11 (534
and by the Monotone Convergence Theorem, we obtain
[ laolZ + 190l ] daCu) <2+ [A3 312, + L2 + 1£13 (539)

Therefore, the invariant measure p is supported on X = L2 x V. Next we upgrade the regularity of
the measure u. For w = (q,u) € Ay, we define

U2 p(w) = [[AZ Pagl2, + [V Pl 2] A R. (5.36)
In view of the bounds (5.11)) and (5.14)), we have

1 T 2 1 T L 2 2
= [ B (it wo)dt| < ZE [ [IATql3. + |vul}.]ar
<(2lg0lZ2 + luoll72) 771 + 20190172 + lgl7- + 1.£172 (5.37)
for any 7" > 0. Letting Bx, (p) be the ball
Ba,(p) ={w = (q,u) € Xa: |q|32 + [Vul . < p*}, (5.38)
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we use (5.37) and invariance to obtain

[ W2 (wo)dpu(wo) = f f EW2 , (w(t, wo) )dtdp(wo)

<[20°T71 + 2090172 + 19172 + | fI72] (Baa (p)) + Rpu( X N B, (p)). (5.39)
We choose p large enough and 7' large enough so that
[, W rCwo)dpuwe) <2+ 213032 + gl + 1713 (540
By Fatou’s lemma and the Monotone Convergence Theorem, we obtain
(1A ol + w0l ] dpuwo) <2+ 203132 + gl + 1132 (5.41)

Therefore, the invariant measure y is supported on Xy = H 2 x V. Finally, for w = (q,u) € A3, we
define

W () = [|A2 Pag]3 + | AP | A B (5.42)
In view of the bounds (5.14)) and (5.18)), we have

[ R w)at] < B [ ARl + Al

< (lgolZ: + Cllaolza + ClVuol72) T + G172 + CIf 12 + ClVglie + Clglza (5.43)
for any 7' > 0. We let By, (p) be the ball
Bay(p) = {w=(¢,u) € Xy : [A3q|2, + |Vul?, < p?}. (5.44)

Using the bound (5.37), invariance, and the continuous embedding of H2 in L%, we obtain

[ ¥ atwo)dutun) = [ 7 [ RVt w)dtdp(unn)
<C(0*+pYT 419172 + 1172 + 1Vgl7e + 1902 ] (B (0)) + Ri(Xs N By (p)). - (5:45)
We choose p large enough and 7' large enough so that

[ lIAR ol + 1ol | diaCu) < C (14 gl + 113 + 1913+ [31E) . (5:46)
3

Therefore, the invariant measure y is supported on Hz x (H?nV). This ends the proof of Theo-
rem[3l

6. HIGHER REGULARITY OF INVARIANT MEASURES
. . . . . L
In this section, we prove that any invariant measure of (5.1]) is more regular than Hz x (H2n V).

Theorem 4. Suppose g and g are smooth. If 1 is an invariant measure of (5.1), then p is smooth
and satisfies

L1081+ Il + ol din(a)) < OC £,0,5) < o ©1)
forany k > 0.

The proof of Theorem]is based on the following auxilliary propositions and is presented at the
end of this section.
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Proposition 10. Let ug € V and qo € L*. Suppose g € V and § € L*. Let p > 4. Then
t
E{ [ 1)1 800 [ds
<C(p) [lgol 75 + I Vuolfz + (1152 + Ivglf. +13175) ] (6.2)
holds for all t > 0.

Proof: The L? norm of Vu evolves according to the stochastic energy equality
d|Vul3, + 2| Aul3.dt = 2(qRq - f, Au)p2dt + |V g|[3.dt + 2(Vg, Vu) L2dW. (6.3)
Consequently, the p-th power of | Vu| 2 obeys

_ _ P _
d|vul}, + p|Vul 2’| AulF.dt = p| Vul.  (gRg - f, Au)2di + 5 V|72 vul} dt

2
p - p
< IVl | AulZzdt + 2 |vulj.dt + C(p)lal fadt + C(p) [I 172 + [V ll72] dt

e (2 1) 190l (99, Tu)adt « plvultid (g, T

+p|| Vul?2(Vg, Vu) 2dWV. (6.4)
In view of the Poincaré inequality, we obtain
% -
d|vulj, + 5| Vul 7.’ Aulf.dt
<Clalfdt+C) [I£17: +1Val7.] dt + p|vul}.*(Vg, V) 2 dW. (6.5)
We integrate in time from 0 to ¢ and we apply E. In view of the bound (5.16)), we obtain (6.2).
Proposition 11. Let ug € V and qo € L*. Suppose g € V and § € L*. Then

t
E{ [ 19u():18u() a5 s
<C(£,9,9) [laol 72 + laol7s + laol 7 + Vol 72 + a0l 74 Vol 72 +¢] (6.6)
holds for all t > 0.
Proof: The stochastic process | Vu[1,[q|7. obeys
d[[Vulilal7:] = [Vuli-dlalzs + [alz.d] Vul 7z +d[Vu]7. - d]q]7.. (6.7)
The 4-th power of the L? norm of Vu evolves according to
d[|Vul7. = 4| Vul 7| Aul7.dt + 4| Vul7.(¢Rg - f, Au)padt

+2[Vul 7. Vgl 7adt + 4(g, Au) 2 *dt - 4| Vul72 (g, Au)2dW (6.8)
whereas the 4-th power of the L* norm of ¢ evolves according to
dlg|7 = ~4(Aq,¢%) 2dt + 6(3°, ¢°) r2dt + 4(3. ¢°) p2dW. (6.9)

Consequently, the product |Vu|7.[q]7. satisfies the energy equality
d[llgl7[Vuliz] = ~41Vuljz(Ag, ¢*) r2dt + 6] Vul72(5°, ¢*) r2dt
+ 4|Vl 72(9, 67 2dW - Al ql [ Vulza| Aul 2t + 4] q] 74 [Vul 72 (aRg - f, Au)radt
+2]ql 7 Vul72[Vgl7adt + 4lal 7 (g, Au)7odt - Al 7a | Vul 72 (g, Auw) p2dW
= 16[Vul72(9.4*) 12 (g, Au) 2t (6.10)
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which yields the energy inequality
d[llgl7[Vuliz] + el Vulizlalfadt + 41l Vulfa | Aulf.de
<6]Vul72(9% ¢*) radt + 4] ql 74 [ Vul 72 (¢Rq - f, Au) p2dt
+2]ql 74| Vul?: | Vgl 7.dt + 4ql74(Vg, Vu)2dt - 16| Vul7:(F, ¢°) 12 (g, Au) p2dt
~ 4Aal 7| vulz(g, Aw)r2dW + 4 Vul72(5, ¢*) r2dW. (6.11)

Here, we used the nonlinear Poincaré inequality for the fractional Laplacian in L* applied to the
mean zero function g (see [, 6])

/TZ ¢*Nqdz > c|q|1.. (6.12)

By the Cauchy-Schwartz inequality, Young’s inequality and the Poincaré inequality applied to the
mean zero function Vu, we estimate

161Vul72(9,4%) 2| < 6]Vul7: 1917l al 7
c .
< gIvulielalze + Clgl Ll Vulz | Aul. (6.13)
The boundedness of the Riesz transforms on L* yields

[4lgl 7| vulZ(aRa - f, Aw)re| < Cllglga | Vul 2| Aull 2 + Cllal7a | Vul7e | Aull e ] £ 2

1 c
< g\IQHizx |VulZ[Aul?, + §!|q1|‘i4 [Vulg. + Clal + Clalal £12-- (6.14)
‘We bound .
2] ql 74 |vul32 vyl < gIIQII‘Lx [Vuli. + Clvglialal s (6.15)
and
c
4)q3:(Vg, Vu)iz <4l Vuli:1vgl7. < g\\Q\\‘i4\\Vu\\‘i2 +C|Vygli=lals (6.16)

using Young’s inequality. Finally, we estimate
16 Vull72(9,6%) 12 (g, Au) 2| < 16] V|32 g ]34 G] 4| Vg 2
< gIvulizlalis + Clalis (199 )" 6.17)
Putting (6.11))—(6.17) together, we obtain the differential inequality
d[lglz:lvuli:] +clvulizlaliade + gl 1| valia | Aul?.dt
<C(@)vuli| Aulizdt + C(f, 9)lal72dt + Cg, §)dt + Cql dt
— Al | Vulfe (g, Au) p2dW + 4] Vu]72(g, ¢°) 12 dW. (6.18)

We integrate in time from O to ¢ and we apply E. The bound (5.16) applied with p = 4 and p = 12
together with the bound (6.2)) gives the desired estimate (6.6)).

Proposition 12. Let ug € V and g € H 2. Suppose g€V and § € H 3. Then
t 1
E{ [ los(1+ 1Va()]2)ds) < log(1+ [Abanl3) + [Tl + Claoll + laols

+C (I3 + 1Vl + 1glLe+ [A3G13:) ¢ (6.19)
holds for all t > 0.



22 ELIE ABDO, NATHAN GLATT-HOLTZ, AND MIHAELA IGNATOVA

Proof: The 3 norm of q obeys

d|A2q|2, + 2| Aq|2.dt = —2(u- Vg, Aq) podt + | A2G|2.dt + 2(§, Aq) 2dW.

For each ¢ > 0, let

X(t) = |[A2q(t)]2
and

X(t) = [Aq(t) |72
By It6’s lemma, we have

2X 2
leg(]_-f‘X)-l-l th=—1+X(u-Vq,Aq)L2dt
2
T3 XHA gl7.dt - m(g,/\cz)mdt+ (g,Aq)L'de

The nonlinear term is estimated using commutator estimates (see [1, Proposition 3])

fTQ(u-VQ)Aq =

[TQ(A% (u-Vq)—u- VA%q)A%q

hence

< Ol Aull 2| Aql 2| Az gl 12,

2)‘(
dlog(1 + X) + HAUHLQ\/_\/_dt+ \|A29\|L2dt+ (3 Aq) 2.

1+ X
After applying Young’s 1nequa11ty, we obtain

X
log(1+ X
dlog(1+ )+1+X

Next, we integrate in time from 0 to ¢, apply E, and obtain

t < ClAul.dt + ||A29||det+ ~ (9, Aq) 2dW.

t X t L
Efo 1+deslog(1+X(O))+Cf0 E|Au(s)|2.ds + [AF ]2t

E/ 10g(1+X)ds-E/ log( )ds+E/ log(1+ X)ds
gE[O 1+de+E[0 Xds.

In view of the bounds (5.14)) and (5.18)), we obtain (6.19), completing the proof.

Therefore,

Proposition 13. Let ug € V and qo € H'. Suppose g € V and § € H'. Then

E{ [ 10300 2ads)

<|Vaol 7z + C(f.9:9) [laoll 72 + laol 3e + laol 2 + |
holds for any t > 0.

Proof: By It6’s lemma, we have

d|val7: + 2| Azq|7adt

=2(u-Vq,Aq)2dt + V|7 .dt -

Vaol 7z + a0l 7 Vuol 72 + ]

2(97 AQ)LQdVV

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)
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In order to estimate the nonlinear term, we integrate by parts, use the divergence-free property
V -u =0, to obtain

(u-Vq,Aq)r2 = Z .[w 1;0;qO0krqdr = -

k,je{1,2} ij{l 2}

f Ovu;0,q0hqde.  (631)
We bound
1 3 3
|(u- Vg, Aq) ] < |Vula|Val? s < ClVulzalalz. A2 ql 7.
1 1 1 3 3 1, .3
<CIvulfa|Aullalz A2l 2 < S1AZ ][5 + ClVulia | Auli: gl (6.32)

in view of Holder’s inequality with exponents 4, 8/3,8/3, the interpolation estimate [[I, Proposi-
tion 2]

3
|A%q[2 2 Clqll: HVQII%, (6.33)
and Ladyzhenskaya’s interpolation inequality. We obtain
a|val}. + [A2ql72dt < CIVul.[Aulalql} dt + |V5]3.dt - 2(3, Aq)p2dW.  (6.34)

Hence, an application of Young’s inequality yields
3
d[ Va7, + |A2q]72dt < C|Vulf.]| AulL. | gl 7adt
+ C|Vul 72 [Aul72dt + Vg 72dt - 2(g, Aq) r2dW. (6.35)
We integrate in time from O to ¢ and we apply E. In view of and (6.6)), we obtain (6.29).

Proposition 14. Let k > 0. Let gy € H*' and ug € H**2 n H. Suppose § € H*' and g € H*2n H.
If the estimate

k+2

E [Mlog(1+1(-2)5 () + 1(-0) Fu(s) 2.)ds
< Clog(1+(=2) 2o}z + [ (-4) " uo|.)
+C(f,9,5.F) [IVaol 2 + [Vuo| 32 + 1 +1t] (6.36)
holds for all t > 0, then the following estimate

k+3

t
E [ log(1+[(-8)5q(s)[3: + 1(-8) F u(s)[32)ds
< Clog(1+ [ (=A)F qo2: + [ (-A) T ug|2.)
+C(f,9:3. %) [IVaol 2 + | Vuo§2 + 1 +¢] (6.37)
holds for all t > 0.
Proof: The It6 lemma yields
k+1
d[[(-A)F gl + 2 (-A) 71 q|2.dt
= =2(u- Vg, (A1) padt + [ (~A) T §[2dt +2(§, (~A)Fq) 2 dW (6.38)

and
k+2 k+3

d(-2) = uf7. +2[(-A) = ulz
= —2(qRq+u-Vu— f, (A 20) padt + | (=A) 2 g|| 2dt + 2(g, (~A)**2u) 2dW.  (6.39)
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Let
= [(=A) T ql2. + [(-A) Ful2,, (6.40)
= [(~A)Fiq]2, + [(-A) Ful?, (6.41)
M =2(g,<—A>’“lq)Lz+2(g,(— )2 e, (6.42)

and
= [(-A)"F g2, + | (-A) F g|2.. (6.43)

Then the stochastic process X evolves according to
dX +2Xdt = -2(u-Vq, (~-A)**"1q) p2dt —2(qRq+u-Vu~—f, (=A%) padt + Ndt + MdW. (6.44)

An application of Itd’s lemma gives the stochastic energy equality

2X
dlog(l+X)+1 e (u-Vq,(—A)k“q)det
2
|(qRq +u-Vu— f,(=A) %) 2dt + N dt - M dt + M dw, (6.45)

1+X 1+X 2(1+ X)? 1+X

from which we obtain the following differential inequality

2X
dlog(1+X)+ +th . X|(u vq, (~A)1g) a|dt
M
*Ts X ——|(qRq +u-Vu~— f,(=A)**2u)2|dt + Ndt + XdW. (6.46)
In view of the commutator estimate
HAS(FG) - FASGHLP < OHVF”LPl ||AS_1GHLP2 + CHASFHLPS HG“LP4 (6.47)

that holds for any s > 0, p € (1,00), p2,p3 € (1, oo) = p1 piz =

smooth functions F' and G (see [1, Lemma A.1]), we estlmate

pig + p%;’ and all appropriately

k+1 k+1 k+1

(- Vg, (=) 1q) 2] < [ (~2)F g2 (-2)F (u- V) = u- V(-4) T g 2
< CI(-0)F gl [Tl 1o (-2) F gl o + [ Vgl ol (-2) 3]s
< O Auf VXV + C|A3q| 2 X. (6.48)

Here, we used the continuous Sobolev embedding of H 2 in L. In view of the fractional product
estimate

[A*(FG) e < CTIF o HASGHW + IIASFIILps |Gl o] (6.49)

that holds for any s > 0, p € (1,00), po,ps € (1,00), 2 = -~ + .- = -~ + -, and all appropriately

smooth functions F' and G (see [33, Lemma A.1]), we estlmate
[(gRq, (~2)*2u) 2] = |((=A) % (qRq), (-A) F ) 2
< O [IRall o1 (~A) 5 gl 2 + lal = |(-2) 5" Ryl 2] [ (-)*%*
< CA3q] 2] (-2)" g2 (-A) % u]

< O|A3q| . VXVX (6.50)

k+1

k+3
2 UHLQ
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after integrating by parts, using the continuous Sobolev embedding of H 3 in L™, and using the

boundedness of the Riesz transform on H2. As for the nonlinear term in u, we integrate by parts,
. . . 1. .

apply the commutator estimate (6.47)), use the continuous embedding of H2 in L%, and estimate

k+2 k+2

(- Vu, (=A)F2u) o] = [((-A) 5 (u- V), (-A) Fru) 1ol
= [((-A)F (u- V) —u- V(-A) Fu, (-A) Fu) ol
< C|Vul ol (-2) Fruf o | (-A) Fu) 2 (6.51)
< O] AufVEVX. 6.52)
Therefore, we obtain the inequality
dlog(1+X) + N +Xth < Ndt + 1 i\_JXdW
r e (1Al RVE ) VT Mgl RV @ 659

which boils down to

X
it < ClAul3adt + C|A3q| .t

1+
+ C|(~A)"2 f|2dt + Ndt + MXdW (6.54)

dlog(1+X) +

1+
after application of Young’s inequality. We integrate in time from 0 to ¢ and we apply E. Using the
bounds (5.18]) and (6.29), and applying Young’s inequality, we conclude that

t X R
B [ s <log(1+ X(0) + C(f,0,5, (Va0 | + [ Vuola +1+1)  (655)

for all ¢ > 0. Bounding similarly to (6.28)), we have

t _
E [ log(1+ X)ds <log(1+ X(0)) + C(/,0,3, W) (IVa | + [ Vol +1+1)

+Ef0tlog(1 + X)ds. (6.56)
Since
X < [ (=A) 2 g1 (-A) 5* ] g2 + | (~A) Fu 2 (-A) Fu] e, (6.57)
we have )
1 X< [14 K] [L (A5 gl + [ (-2) 5 ul2]” (658)
and so
log(1 + X) < %log(l P XY+ %log(l A L + 1A Fu). (6.59)
Therefore,

1 t =
5E [ log(1+ X)ds <log(1+ X(0)) + C(£.9.5. W) (Va0 2 + [Vuols + 1+1)

k+2

1 t 1
+ 3E [Tlog(1+(-2) gl + [(-8) Fulf)ds. (6.60)

In view of (6.36), we obtain (6.37).
We end this section by proving Theorem [4]
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Proof of Theorem [d: Suppose 1 is an invariant measure of (5.1)). By Theorem|[3] 1 is supported
on Hz x (H?n H). In view of the bounds (6.19) and (6.29)), and repeating the same argument used
to prove Theorem we conclude that g is supported on H 3% (H?n H). Now we bootstrap using

Proposition and we deduce that y is supported on H k3 x H*3 for any k > 0. This shows that
p is smooth and completes the proof of Theorem {]

7. UNIQUENESS OF INVARIANT MEASURES

In this section, we prove that (5.1)) has a unique ergodic invariant measure provided that the
ranges of g and g are large enough in phase space. Uniqueness is obtained by employing asymptotic
coupling arguments from [21].

Theorem 5. Suppose that g € V and § € L*. There exists N = N(f,qg,§) such that if PyH c
range(g, g), then (5.1)) has a unique ergodic invariant measure.

In order to prove Theorem[5] we need the following proposition:

Proposition 15. Let R > 0. Then there exist positive universal constants ¢ and C' such that the

estimates
1 t
P(sup (17u(®)12 + 5 [ 18u() s - Vo]
! 8l ?2
=C(|f172 + Ivgl72)t - Cfo ||Q(S)|‘i4d8) > R) <e Sl (7.1)
and
t ~ C (115 + laol 8
P (sup (la(®)1L e [ o) s = ol - 2= Clgliat) > R) < Ui ~Jolit) - 7 )
>0 0 R+1
hold.

Proof: We integrate in time from 0 to ¢ the differential inequality
d|Vul?, + |Aul2.dt < Clq|3.dt + C| f|2.dt + C|Vg|2.dt - 2(g, Au)2dW  (7.3)
(see (5.19)) and take the supremum over ¢ > 0 to obtain

1 t t
sup { Va2 + 5 [ 1A ads = [Vuolts - (U e + V9120 -C [ as) s}

t 1 t
Ssup{/(; 2(g,—Au)L2(ﬂ/V(s)—5‘/0 HAu!%st}

t>0

1 ft 2 2 }
- 4] g5 | Aul.ds ;. (7.4)
8“ H%Q 0 ” ”L2 ” ”L2

Exponential martingale inequalities [21} (3.4)] imply

:sup{fOtQ(g,—Au)deW(s)

t>0

t 1 t -—B_
P(sup{f 2(g,~Au)2dW (s) = =~ f 4\!9\%2\Au\!%2d5}>3)36“LQ. (7.5)
0 | Jo 8lgl7 Jo

Therefore (7.1)) is established. The derivation of (7.2) is based on ideas from [20]. Indeed, the L*
norm of ¢ evolves according to

dlql7: +4(Aq, %) p2dt = 6(3°, ¢*) r2dt + 4(3,¢°) r2dW. (7.6)
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(see (5.17)). By the Poincaré inequality for the fractional Laplacian in L, we have

(Aq.q*)r2 > clal (7.7)
Thus, we obtain the differential inequality
dllgl7s + clqlzadt < CgI7adt + 4(g,q°) L2dW. (7.8)

We integrate from 0 to ¢, and take the supremum over ¢ > 0. We obtain

t
sup{ a1+ [ la@lkads = ool -2 Claltat]

< sup{[otél(g,q?’)deW(s) - 2} (7.9)

t>0

which implies

t
P (sup (a1 +¢ [ laGs) s - ool -2~ Claliat) > R)

<P(sup(M1(t) ~1-2) > R) (7.10)
20
for any R > 0, where M (t) is the martingale term
t
M(t) = 4 f (5, ¢°) p2dW (5). (7.11)
0
We have
{sup(M(t)—t—Z) ZR}C U{ sup (M(t)-t-2) ZR} (7.12)
t>0 n>0 \te[n,n+1)
and
{ sup (M(t)—t—Q)ZR}C{M*(n+1)2R+n+2} (7.13)
te[n,n+1)
where
M*(t) = sup |M(s)]. (7.14)
s€[0,t]
Using the Burkholder-Davis-Gundy inequality [30]
EM*(t)* < CE([M](t)?) (7.15)

where [ M](t) is the quadratic variation

t
[M](t) =16f0 (9,4°)3.ds, (7.16)

we obtain

ImrafscEQMMo%sCE(AYafﬁm#2

t 2 ‘
<ClGILE( [ lalSads) <Claltar( [ lalizds)
< Clalzat (laol % + 190173¢) < C (19155 + laolz%) (1 + )% (7.17)
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Here we used the estimate (5.16) applied for p = 12. Therefore,
P(sup(M(t) -t-2)> R) <Y P(M*(n+1)>R+n+2)
>0

n>0

EM~*(n+1)4 (n+2)2
7;) Ront2)l = (|\9||L4+\Iqusz)nZ%(R+n+2)4
1 C(1al5 + laol %)
<C(lals +quHL4)7;)(R+n+2)2§ 0 (7.18)

in view of the Chebyshev’s inequality. This gives (7.2]) ending the proof of Proposition
Finally, we prove the uniqueness result:
Proof of Theorem : Fix (qo,u0) and (Qo,Up) in V. Our aim is to establish the conditions
for the asymptotic coupling framework presented in Section 2.4 of [21]. To this end, we consider

(¢, u) solving (5.1) with (¢(0),u(0)) = (go, uo), and (@, U) solving
d(Q,U) + (AQ,-AU)dt + (0,VP)dt = (-U -vQ,-U - VU - QRQ + f)dt

+(g,9)dW + 1,5 APy(q—Q,u—-U)dt (7.19)
v-U=0
with (Q(0), U(0)) = (Qo, Uy), where
t 1
i = inf {fo [Py (A3 (g - Q). (u-U))|2ads > K} . (7.20)

and K, N and ) are positive constants to be determined later.

By Girsanov’s theorem [21, Theorem 2.2], the law of (Q,U) is absolutely continuous with
respect to the solution (g, u) (-, (Qo, Up)) of corresponding to (Qy, Up) for any choices of \ >
0 and K > 0. Consequently, the uniqueness of the invariant measure follows from an application
of Corollary 2.1 in [21], provided that we can find some positive constants A and K such that
(q,u) - (Q,u) - 0 in the norm of # on a set of positive measure.

Let
v=u-Umn=p-P,E=q-Q. (7.21)
Then (&, v) obeys
at(£7 U) + (A€7 _AU) + 1TK>t)\PN(£7 U) + (Oa 7T)
=(-u-Vqg+U-VQ,-u-Vu+U-VU - qRq + QRQ) (7.22)
Let w = (§,v). Taking the L? inner product of (7.22)) with (A~1£,v), we obtain the differential
inequality
1d 2 2 2 -1 2
S 1l 1612 + 19013 + Lo M Py (A2, 0) 2,
=(~u-Vqg+U-VQ,AN )2+ (~u-Vu+U-VU - qRqg+ QRQ,v) >
=(~v-VQ-u-VEAN ) o+ (~v-Vu-U-Vu,v) 2 + (=ERq - QRE, v) 12
= —(u-VE,ANE) 2 — (ERq,v) 2 = (V- Vu,v) 2 (7.23)
where we used the cancellations
(U-Vu,v)2=0 (7.24)
and

(U ’ an /x_lg)L2 = _(U ’ Rf? Q)L2 = _(QR§7 U)Lz' (725)
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We estimate

1
(v Vu,v) 2] < o[ L[ Vul 2 < ClolL2 | Vol g2 Vul 22 < Z[VolZ. + ClVulZ:Jv]7.,  (7.26)
4

1 1
|(€Rg, v) 2] < €l ez lvleall Ral va < Z €172 + 71V0lLa + Cllalalvlze, (7.27)

and
(u-VEATE) 2] = [(A72 (u- VE) —u- VAT2E, A73E) o]
1 1 _1
<O Aul 2| A72E] 22 ]|€] 2 < walliz +ClAul3 A3, (7.28)

using Holder’s inequality, Ladyzhenskaya’s interpolation inequality, Young’s inequality, the bound-
edness of the Riesz transform on L4, and the commutator estimate (3.29). This yields the differen-
tial inequality

d 1
EHWHi + €172 + V)72 + Lo A Py (A726,0) |7

<(C+ [Aulfe + ql7a) el (7.29)
For a fixed integer NV, we have
€132 + 190172 + Lo M| Pr (A2, 0) 7
> Lo O | (A 36 0) B + A3 I PR (A€ 0)[2)
> Lo Ny ol (7.30)

1
for A > A}, in view of the inequality (5.8). Hence
d 1
Tl + LA iallwl3 < (C+ Cllal + Ol Aulz) o] (7.31)
Integrating in time, we obtain
1 t
(1, < ool ep{ Nt + [ (C+Clalty+ClAui)as) (132

for any ¢ € [0, 7k ]. For R > 0, we consider the sets
1 t
Br={sup (I7u()2:+ 5 [ 18u()13ads

- [Vuole - COUS s + 19910t - C [ la(o)lieds) < RE (739
and .
Fr={sup (el +c [ laGs)lfds - laolts -2- Clalit) < R} 739
By Proposition[13] we have P(Er n Fr) > 0 when R is sufficiently large. Indeed,

_8\\91%2 B C (1913 + g0l }%)

P(ERHFR)=]P)(ER)+P(FR)—P(ERUFR)>1—6 R+1

>0 (7.35)
when R is large. Consequently, on Er n F and for ¢ € [0, 7 |, we have

1
3)\% (—%)\K,+1+C(f,g,§))t

Hw(t)HiL < HWOHE{Q*Q Nite eCUVuol 2,90l 4. R) (7.36)
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We choose an integer N = N(f, g, ¢) large enough so that
1.1 -
~ 5 +O(f9,9) <0 (7.37)

yielding
1
lw(t)]12, < oo 2,672 N1 eCUTuol 2 a0l a. ) (7.38)

on Ern Fg and for ¢ € [0, 7x ]. Finally, we choose K large enough such that Frn Fir ¢ {7 = o0}
and we conclude that on the nontrivial set £z N Fr

(q(t) - Q(t), u(t) - U(t)) = 0 (7.39)
in # as t - oo. This completes the proof of Theorem

8. FELLER PROPERTY IN THE H'! NORM
We consider the space
V=H(T?)xV (8.1)
with norm
16, 0) 5 = V€] 2 + [ Vo7 (8.2)
In this section, we show that the transition kernels associated with (5.1)) are Feller in the norm
of V.
Theorem 6. Suppose that g € "\H?n H and § € H' such that V§ € L8. Then the semigroup {ﬁt}
is Markov-Feller on Cy(V).

t>0

We need the following propositions.

Proposition 16. (Continuity in V') Let (¢}, ul) and (q2,u2) be in V. Suppose § € H' and g € V.
Then the corresponding solutions (q1,u1) and (qz, uz) obey

[Vui () = Vua ()72 + [Var (t) - Vaa ()] 72
<exp {CC()} [|Vug = Vug|72 + Ve - Vai 3] (8.3)
with probability 1, where

B t
CW) = [ [INauls + [Vunla + laols + |Aual? | ds (8.4)
is well-defined and finite almost surely.

Proof: Let ¢ = ¢; — g2 and u = uy — us. The norm | Vq|| 2 satisfies the energy inequality

1d 3
Slvalts + 1adal <| [ (e vaaal+| [ (- va)adg
< C|vulsl Val 219l o1 + C1Vuz e Val | Vgl o 35)

where we integrated by parts and used the divergence-free condition of u, and u. Applying Young’s
inequality and using the continuous embedding of H 2 in L%, we obtain

d 3 1 3
Ly, « 1Akgll < au s O + |Aw . I9al 86
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On other hand, the norm || Vu| ;2 obeys
1d
[ (u-Vuy)Au / (ug - Vu)Au
T2 T2

2dt
<C|VulFal| Vur] 2 + C|Vul7a] Vs 2
+ Cllqu ] pa| Az q] 2| Au 2 + Cllgo] o | AZ g 12 | A 2, (8.7)

| Va2, + |Aul?, < . . .

[TQ(quq)Au [TQ(QR(D)AU

hence
d
Zvulis + [Auli < C[[Verlfe + [Vual 2] IVal?e + O [larlFs + ol ] I9alZ 88)
Adding (8.6) and (8.8)), we get
d 3
- Uvalie + [vulf] < C[IAR a3 + [ Vuila + laala + [ Aus e | [IVale + [Vuli] 8.9)

which gives (8.3).

Proposition 17. Suppose Vi € L8 and Ag € L2. Let (qo,ug) € V and T > 0. Then the solution

(q,u) to the system (5.1)) is uniformly bounded (almost surely) in
Lioe(0, 003 L'(T%)) x L, .(0, 00; H*(T?)) (8.10)

loc

by some constant depending only on g, §, f,||Vuo| 12 and ||qo| 4. Consequently, if (&,,v,) € Vis a
sequence of initial datum such that {(&,,v,)}.., converges to (§,v) in V, then

T
timsup [ [la(t, (o 0)) [ + 18u(t, (G0, 00)) 2] dt < o0 8.11)
almost surely.

The proof of Proposition [17|is presented in Appendix B.
Now we prove Theorem [6} 3 }
Proof of Theorem@: Fix ¢ € Cp(V). Suppose (&,, v, ) converges to (£, v) in V, that is

|V€n = VEIZ2 + | VO = VoL > 0. (8.12)
In view of the continuity in V given by (8:3)), we have
||VU(t, (f’m UTZ)) - VU(t, (ga U)) ”%2 + HVQ(t, (éna Un)) - VQ(t, (57 U))”%2

< CUROHED g, - Vo[ 72 + | VE - VE7] (8.13)

where .
Ko(®) = [ (ot G o)) e+ |8u(t, (6 0)) [2:] ds 8149

and .
K@) = [ [IAfa(t (& 0) I + [ Tutt, (6 0))1: ] ds. (8.15)

In view of (5.18) and (6.29), we have the finiteness of K'(¢) for almost every w € ). In view of

(8-11)), we have

limsup K, (s)ds < oo (8.16)

n—oo

for almost every w € 2. This implies that
[Vult, (&n,vn)) = Vult, (&) 72 + 1Va(t, (6n,vn)) = Va(t, (€,0))]72 > 0. (8.17)




32 ELIE ABDO, NATHAN GLATT-HOLTZ, AND MIHAELA IGNATOVA

Since ¢ is continuous on V, we conclude that

e((q,u)(t, (&nsvn))) = @((q,u) (2, (&,0))) (8.18)
and hence

Eo((q,u)(t, (6n,0n))) = Eo((g, u)(2, (€, v))) (8.19)
due to the boundedness of ¢. This completes the proof of Theorem [6]

APPENDIX A. UNIFORM BOUNDS IN LEBESGUE SPACES

In this Appendix, we prove Proposition[I} For simplicity, we ignore the viscous term —eAg€ in
@) because it does not have any major contribution in estimating the solutions of the mollified
system (3 and vanishes as we take the limit e — 0. We also drop the e superscript.

The proof is divided into 7 main steps.

Step 1. We prove that the estimate holds when p = 2.

Proof of Step 1. By Itd’s lemma, we have

dq® = —2q(u- Vq)dt - 2qAqdt + 2gADdt + G*dt + 2qgdW. (A.1)

We integrate in the space variable over T?. In view of the divergence-free condition obeyed by u,
the nonlinear term vanishes, that is

(u Vg, q)r2 =0, (A.2)
which yields the energy equality
d|q[3 +2]A%q]7. = 2(AD, q) 12 + |13 dt +2(7, q) 2dW, (A3)
We estimate
1 1 1,1
(AP, q) 2| = (A2 @, A2q) 2] < A2 7 + 5[ Azg]7 (A4)

using the Holder and Young inequalities. We obtain the differential inequality
A7 + [Azq|7adt < |A2@[Fadt + |G| Fadt + 2(3.0)2dW. (A5)
Integrating in time from O to ¢, we get
t 1
la(t,w)l7=+ | |1A2q(s,w)|L.ds
0
. t
< ool + (14301 + 1313:) ¢ +2 [ (3.0) oW (A.6)
We take the supremum over all ¢ € [0, T,

T 1
sup Jq(w)[a + [ [ARg(s.w)[ads
0<t<T 0

< 2”QO||L2 +2(||A2(D||L2 + ||9HL2)T+4 s:g;

f (9, Q)LQdW‘ : (A7)

Now we apply the expectation E. In view of the martingale estimate (see [9]),

} < CE{(AT(g,q)%Zdt)é}, (A8)

t
E{ sup fo (9,q) p2dW

0<t<T




we have

t
[ Gy

E OE{( / Tuquéugr;dt)é}

E { sup
0<t<T
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1
T B 2 1 5
sE{(sup jliz) (€ ||g|izdt)}s—E{sup lsfrclalr o)
0<t<T 0 8 0<t<T

This gives (3.12) when p = 2.
Step 2. We prove that the estimate (3.12) holds for any p € [4, ).

Proof of Step 2. Applying Itd’s lemma to the process F'(X;(w)) where X;(w) = [q(t,w)|7.

obeys (A3) and F(¢) = £2, we derive the energy equality

p — 1
d(al72)% = -plal}’ Az ql7.dt
— p 2| ~
+pllal 2 (A, q)radt + 3 ]2 |-t

P 4y~ o
(5 -1) 71 0) Pt + plalist .o

2
which yields the differential inequality
—_ 1 —
dlal7. +plal 72" [AZql7dt < plal]."|AR] 2dt
D 9y~ —2, -
+5p- Dlal 72131724t + pllal7=* (3, @) r2dW.
In view of the bound

1
lalz> < [A2q] L2,

we have
p p 254 L
d|ql7. + 3 lalz2dt + S lal 7 1A gl 7-dt
<C(p) (|a®]7. +[317.) dt + plal}2*(g, @) 2dW
where we used Young’s inequality to estimate

§ p
plalfz 1A®]52 < C(p)|A®IL + Sl

and

[ —2 ~ ~ p
5 (=Dl 15l7: < C)laly. + Slal.

Integrating in time (A.13]) from 0 to ¢ and taking the supremum over [0, T'], we obtain

sup [+ 2 [ Jallz21Abglads
0<t<T L 2 Jo L L

<2 qolf. + C(p) (1227 +g]7.) T +2 sup
0<t<T

t
| plalz @) mdw|.

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)
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We estimate

¢ T 3
B s 2p|qr|§;2(g,q>pdw]}sC(za)E{( Ji uquif;-%g,q);dt)}

= c<p>E{( [ ||q||ig-2|§||%2dt)%} = E{(p ) (cw [ ||§|;dt)%}

1 - P
<(1-1)E sup lal. )« gl A1)
p 0<t<T

and we obtain (3.12).
Step 3. We show that the velocity u obeys

T
Bfsup ol s [ 190 et < CQlulin o 03,07, ()
<t<

Proof of Step 3. We apply It6’s lemma pointwise in x and we obtain the energy equality
d|ul?. = =2(-Au, u) 2dt - 2(u - Vu, u) p2dt - 2(¢Rq, u) 2dt = 2(qV P, u) r2dt
+2(f,u)r2dt + |g|)7.dt + 2(g, w) 2dW, (A.19)
which implies
dlul3s + 2| Vul?.dt
= -2(qRq +qV® - f,u)r2dt + | g[F2dt + 2(g, u) 2dW, (A.20)

where we used the cancellation
(u-Vu,u)rz =0 (A.21)
due to the divergence-free condition satisfied by u. By Ladyzhenskaya’s interpolation inequality
1 1
Jul s < Clluf g2 + Cllu| . [VulZ., (A.22)

and the boundedness of the Riesz transforms in L*, we estimate

1 1
|(gRq, u) 2] < [ gl 2 Rl a|wl o < Cllg] 2] g s (HuHm + Hu\izHWHZz)

1 1

< Cllalzzlalze + Sluliz + SIvuli.. (A.23)

We also estimate

1 1
gV ®,u)re| < S lulze + 51V Ll alzs (A.24)
and
L, 9 1 9

()il < Shula + S 112 (A25)

using Holder’s inequality followed by Young’s inequality. We obtain the differential inequality

dful7. + [Vul7.dt <3|ulj.dt + | f[7.dt + Clgl72lqlF.dt
+C|Ve|Falal7adt + | g|F2dt +2(g,u) L2dW, (A.26)
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hence
d{eul?.} (s) = -3¢ |ul7.ds + e *d|u(s) 3.
<= Vulads + e {| f72ds + Clg|32qlFads + C| VR34l ql ads}
+e % g[72ds + 2e7 (g, u) 2dW (A.27)

for all s € [0, ¢]. Integrating in time from O to ¢, we obtain

t
e u(t)]zz + fo | Vu(s)|F2ds < JuolFe + (1172 + lgl72) ¢

t t
<C [ e la()3uds +C [ v0Lla() ads

t
+2 / e (g, u) 2dW (s). (A.28)
0
We take the supremum in time over [0, 7] and apply E. Using the continuous Sobolev embedding
Hz(T?) c LY(T?) (A.29)

and (3.12) with p = 4, we have

T
B{ [ 1a()2:la(s) Bads} < Claolts + C (100 + [313:) T+ ClaT> (A30)

for all ¢t € [0, T]. From (3.12) with p = 2, we have

T 3 ~
E{ [ IV o) [ods| < CIVOR. (Jaoli + INFOILT +[512.T)  (A3D

for all ¢ € [0,7']. We estimate

t T %
/ Qess<g,u>mw\} SE{sup (e 3 Ju(t)]12) ( A ce?’tug\%zdt) }
0 0<t<T 0
1

< 38{su ()| clalt (a32)
0<t<T

and we obtain (A.T8).
Step 4. We prove that (3.13) holds for p = 4.

Proof of Step 4. By It6’s lemma, we have
d|q|* = ~4¢%u - Vqdt - 4¢3 Aqdt + 4¢3 ADdt
+6¢°52dt + 4¢3 GdW. (A.33)
Integrating in the space over T2, we obtain the energy equality
dlgl7. = ~4(u-Vq,¢*)r2dt = 4(Aq, ¢°) r2dt + 4(AD, ¢°) r2dt
+6((9)%,¢°) p2dt +4(g,¢°) 2dW. (A.34)

E{ sup

0<t<T

We note that

(u-Vq,¢*)2=0 (A.35)
due to the divergence-free condition for u. By the nonlinear Poincaré inequality for the fractional
Laplacian in L* applied to the mean zero function ¢, we have

fT *Agda > gl (A.36)
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Using Holder’s inequality with exponents 4, 4/3 and Young’s inequality with exponents 4,4/3, we
get
(AP, ¢%) 12| < A|AQ| 1all* | Lo = 4| AP sl 74 < clgla + CIAD| 74 (A.37)
We also bound
61((9)% ¢%) . | < 614l 741917« < clalia + Clgl7a, (A.38)
using Holder and Young inequalities. Putting (A.34)-(A.38) together, we obtain the differential
inequality
dlql7s + clalzadt < ClAR|Tadt + Cg|7adt +4(5, ¢%) 2dW. (A.39)

Consequently,

t t
la(®)lLa+e [ laltads < 2ol + CIAR[LE+ Claliat +4 [ (@a)dW  (A40)

for all t € [0, T']. We take the supremum over [0, 7] and then we apply E. We estimate

{08;313 f (9,9 )LQdW‘}<CE{(f (9, q3)det) }
sOE{( Va0 )}E{p Jal (¢ [fugr@&)?

3 -
< ZE{ sup ||q||i4} el (A4D)
0<t<T

and we obtain (3.13)) for p = 4.
Step 5. We prove (3.13) for any p > 8.
Proof of Step 5. The stochastic energy equality

dlq|}. = —pHQH Y(Aq, @®) r2dt + p|l g2 (AD, ¢7) 2 dt
A, P -
e Sl @ e+ 2p (2 1) lall .
+pla| (G, ¢*) p2dW (A.42)

holds for any p > 8. By Holder’s inequality with exponents 4/3,4 and Young’s inequality with
exponents p/(p - 2),p/2, we have

p 8~ p i
(2 1) 1ol G 2<zp(1—1) lall 16 L1

4
=2 (1) Jalllalgalatss < Llalt+ € (1a13.)* (A43)
We obtain
cp . » L
dlally, + Llalf.de < CLABI e+ C(1g13.) " dt+ plall (5.6 ed W, (A44)

Integrating (A.44) in time from 0 to ¢, taking the supremum over [0, T'], applying E, and estimating

{Sup 210‘] lall7 (Q,q?’)deW‘}

0<t<T
1

< (1-1)e s laly.}+ coaty? (A45)
p 0<t<T
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we obtain (3.13).
Step 6. We show that (3.14) holds.

Proof of Step 6. We derive the stochastic energy equality
d([ul32)% = —plul’ | VulF2dt + plulf (~gRg = qV® + f,u)2dt

- Dl 2lgladt +p (& 1) Jullz o, w)sa e
+ pllulb? (g, u) 2dW. (A.46)
By Young’s inequality with exponents p/(p — 2) and p/2,
1
—|IUH gl < = lulzz + C)lgl (A.47)

and

p - p >
p(5- 1) bl g e < (& - 1) V!l g

1
< elulfz + C@) gl (AA43)

Similarly, using Young’s inequality with exponents p/(p — 1) and p,

plul 727 (f )zl < pllull 2l 2 22 < C)IFIT IIUII (A.49)

and
plul?2?1(qv @, u)re| < plluls2? [ul 2l gl 2| V| L
1
<CIV|Tllalf. + gl\UH’;- (A.50)

By Ladyzhenskaya’s interpolation inequality and the boundedness of the Riesz transforms in
L*(T?), we have

plul721(=aRa, u) ] < C(p) lul 72 [ull s gl 22l g 2
< C(p)ully” (IluHL2 + ||u|22HWHiz) lglz2lal s

< fulf; 2+—HUH *|vulza + C(p)lal7lal 7

< %HuH 2+ —|IUH Ivulis + C)lalF + C)lal 7 (A.51)
This yields the differential inequality
dulf, + —HUH | Vuljadt < [ulf.dt + C(p)|glh.dt + C(p)| 1724t
+C(P) Ve[ llgl}.dt + C(p) |l Fadt + C(p) gl Fdt + plulfz* (g, u)2dW  (A52)
and thus
d{eul}.} (s) + el [ Vul7.ds
<e{CW)gl}-ds + C() | f1}2ds + C() [V al72ds + C(p)lalads + C(p)al Fds}
+pe”*ull 7’ (g, u) g2dW. (A.53)
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We integrate in time from 0 to ¢, take the supremum over [0, 7'], and apply E. We obtain

B sup (o)) B { [ e lulz2wa)
<€) (lolf + 115) + CoNvRlE [ ottt} + coE [ Jalisar}
+C(p)E{[ ]|qH2pdt}+ sup

0<t<T

t
2 lulipt g wyeaw | (A54)

We estimate

B sup | ol ) 0
o . -
<(1-2)E{sup (1) - ol (A55)

Putting (A.54) and (A.53) together, and using (3.12) and (3.13)), we obtain (3.14).

Step 7. We prove that holds.

Proof of Step 7. We write the equation satisfied by Vu, apply 1t0’s lemma, and integrate in the
space variable. We obtain the energy equality

d|vul?, + 2] Aul3, = 2(u- Vu, Au)2dt + 2(qRq, Au) r2dt
+2(qV P, Au)p2dt - 2(f, Au)p2dt + |Vg|3.2dt - 2(g, Au) p2dW. (A.56)

The nonlinear term for the velocity vanishes, that is
(u-Vu,Au)p2 =0, (A.57)
and using Holder’s inequality, we obtain

d|vu|7 + 2| AulF.dt < Clgl | Aul 2dt + 2| V| = q] 2 | Aul| p2dt
+2|| f | z2 || Aw| p2dt + HVgH%th -2(g, Au) 2dW. (A.58)

An application of Young’s inequality yields the differential inequality

d|vul7. + |Aul.dt < C|q|7.dt + C| V|7 g7t
+ C| fl72dt + [ Vg|32dt - 2(g, Au) 2dW. (A.59)

We integrate (A.59) in time from O to ¢, take the supremum in time, and then apply E. We obtain

T
B sup vt + B { [ 180301} < 21wl s O (vl 1113 T

0<t<T

T
- Cu{ [ lallade} + Clvali-B{ [ a3} + sup
0<t<T

fo "4(q, Au)deW‘ . (A60)
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We estimate the martingale term
E { sup

; r !
4/ (g,Au)deW‘}sE{Zl([ (g,AU)%gdt) }
0<t<T 0 0
T , , 3 T ) 3
<E{1( [ I9gl3:Ivaltde) <B4 sup [vulus ([ [9gl3ait)
0 0<t<T 0

1
<5 sup E{|Vul}:} + Clvg T (A1)

Putting (A.60) and (A.61) together, and using (3.12)) with p = 2 and (3.13) with p = 4, we get
(3.15).
APPENDIX B. PATHWISE UNIFORM BOUNDS FOR THE SOLUTIONS

In this section, we prove Proposition {17, We let (¢, u) be the solution to (5.1) corresponding to
the initial data (qo, ug). Let

~ t
Oa.tw) = [ Mg (ayaw (B.1)
and
t
oo tw) = [ eI g@)aw, (B.2)
We set )
Q=q-0 (B.3)
and
U=u-¢ (B.4)

and we note that ((), U) obeys the deterministic system

0Q+(U+0)-V(Q+0) +AQ = -Ag ) )
OU+(U+¢) - VIU+9)-AU+VP=-(Q+)R(Q+d)+ f+A¢ (B.5)
v-U=0

where we used the divergence-free condition imposed on g.
Step 1. Bounds for the velocity in L? (0, co; H!(T?)). We take the L? inner product of the @
equation with (), and we obtain

1d 1 ~ -
5o QI+ IARQIE == [ (U+6)-v(Q+d)Qdr- [ AdQdr. (B.6)

We estimate the nonlinear term

L(W+6)-v(@Q+)Qas| =| [ (W +6)-v9)@Qda
< 1QIa U 198012 + Q161 s 1V

< CIASQ| 2 U2 IV U 21 Vol 12 + CIARQ| 121l 14 9] o2

< SIATQIZ. + SIVU T + CIVAILIUL, + ClolL Vo3, ®.7)
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using Holder’s inequality, Ladyzhenskaya’s interpolation inequality applied to the mean zero func-

tion U, the continuous Sobolev embedding H 3 ¢ L and Young’s inequality. This yields the
differential inequality

3, .1 1 ~ - 1~
Q1+ 21ARQI. < LIVUI + CITAILIUIE, + Clo I va + CIARLL.. B

Now we take the L? inner product of the () equation with A~1(Q) and we get
2 w7 CIAQI: + QI - - [ A001Qdz- [((W+0)-v(@+)A QA (BI)
T2 T2

Integrating by parts and using the divergence-free condition obeyed by U + ¢, we can rewrite the
nonlinear term as

- [(W+6)-v(Q+ A7 Qs
- [(@Q+HR@+8)-(U+ o)z~ [(Q+ )RS (U +)da

- [(@+O)RQ+d)-Ude+ [(Q+8)[RQ+)-0- Ro-(U+)]da

- [(@+9)RQ+9)-Uda+ [(Q+6)[RQ-0- RS- U]da (B.10)
T? T2

and we estimate

[(@+d)[rQ-6-Ré-Uds

+ + +

< f QRQ - $dz
J

T[ GRO - dda Tf OR$-Udx Tf GRS Uda

<Ol 1a| QU= A2 Q) 12 + Cll Gl 1o Bl 4@l 12 + ClQU Ll 2| U 22 + Cl1 ] 1] 2| U 2
1,1 1 T, .
< 71202 QI + gIQIL: + ClISlL QUL + CIdNLa + 1016170 + O+ |7V (B.11)

where we have used the boundedness of the Riesz transforms on LP(T?) for p € (1, 00). We obtain

3 ~ ~ -
ST IABQI +1QI <CldI% + [(Q+HR@+8)-Uda
T2

1, 1 - :
+7142QIL: + ClI L QN + CUUIeIL: + 1ol elLa + C(L+ 1ol U 2 (B.12)

Finally, we take the L? inner product of the equation obeyed by U with U and we obtain

5 U + VUL = - f (U+0)-9(U +9)-Ude~ [ (Q+d)R(Q+6) - Uda

’]I‘Q

A¢-Ude+ | f-Udz (B.13)
J J
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We integrate by parts the nonlinear term. Using the fact that U + ¢ is divergence-free, we have

/(U+¢)~V(U+¢)-Uda:

’]I‘Q

< U2 [Ula [Vl s + (Ul 2] 6] o [V 2o
1 1
SCOUUNEAVUIZIV el + (@l Vel L) [U] 2

1 4
< GIVUIL + CUVSl s + DIUIL: + ClelLa Vo s (B.14)

| [L(W+9)-vo)-Uds

This yields the differential inequality

1d 3 ~ ~ 1
S UL+ 219U <= [(Q+HR@Q+6) - Uda+ QI3
2dt 4 A 4
4 -
+ C(IV8l 2 + DIUIL: + ClolLe + Clf 72 + CIVElL + Clol L VL (B.15)
We add (B.8)), (B.12)) and (B.13). Setting
X(tw) = [QI7: + |A2QI7 + U], (B.16)
we get
d
EX +|VU|3. < CA(t) X (t) + CB(t) (B.17)
where A(t) and B(t) are some positive constants depending on ¢, ¢ and f. This implies
d t t
= |7 CIo A (1) | 4 eI A |GU 2, < CB(1). (B.18)
Integrating in time from O to ¢, we obtain the bound
t t t
X(t)+ [IvUl < [(Jf B(s)ds +2] o2 + |u0||§2] e 5 Al (B.19)
0 0
forall ¢ > 0.

Step 2. Bounds for the charge density in L;° (0, oo; L*(T?)). We take the L? inner product of
the @ equation with (Q)3. Using the Poincaré inequality for the fractional Laplacian, we get the
deterministic differential inequality

%{%@H“H + Q74 < —fAé(Q)de— f(U+¢)-v(Q+g5)(Q)3dx. (B.20)
T2 T2

In view of the continuous Sobolev embedding of H'(T?) in L#(T?), we bound the nonlinear term

[ W+9)-9(Q+ )@

[ (W +6)-9)(@da

T2
<UIs1QIa 1V s + 1QI 7416 - Y 1a
<CIVU 2| QU7 IV Sl s + QU741 - Vol s (B.21)

hence

1d ~ ~ ~
17 1QlL + el @Uza < [[AG] e+ CIVU 12 V6|15 + 6 Vol e ] | Q74 (B.22)
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which yields

d ~ 1 ~ -
— Qs + Qs < |AQlLs + SIVUL2 + CIVO[Ls + [ 6 Vs (B.23)
dt 2

Integrating in time from 0 to ¢ and using the boundedness of VU in L? (0, co0; L2(T?)) derived in
Step 1, we obtain uniform in bounds for the L* norm of Q.
Step 3. Bounds for the velocity in L? (0,00; H?(T?)). Taking the L? inner product of the

loc

equation obeyed by U with —~AU, we get

1d ~ ~
S VUL + AL = [(U+0)-9(U +0)-AUdz + [(Q+8)R(Q+)- AU
T2 T2

- f FAUdz - f Ad- AUdz. (B.24)
T2 T2
Since the trace of M7 M? vanishes for any two-by-two traceless matrix M, we have

f(U+¢)-V(U+¢)-AUd:):

/(U+¢)-V(U+¢)-A¢dx

f(U-VU)-A¢dx+f(U-Wb)-A¢dm+/(¢-VU)-A¢d:p

T2 T2

Ul VU sl AGl 2 + Ul [ VO] s [ Al 22 + [0] 2 [ VU | 4 [ A 2
3 1
<C|VU[LNAUZ 1A 2 + |AU L2 [ VOl 4[| A 2 + [ @] 2 [ AU L2 [ A 12

1
< ZHAUHiz +([VUZ2 + 1Vl + 19]72) [Ad]7-. (B.25)
‘We obtain
d
EHVUH% +|AU|Z: < (VU7 + Vol + [6]72)1 207
+C|Q+ )4+ ClfI32 + ClAG|2. (B.26)

We integrate in time from 0 to ¢ and we use the bounds derived in Step 1 and Step 2 to obtain

uniform bounds for VU |2 and [, |AU|?2,ds.
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