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ABSTRACT. We consider the evolution of a surface charge density interacting with a two dimen-
sional fluid in a porous medium. In the momentum equation, Stokes’ law is replaced by Darcy’s
law balanced by the electrical forces. This results in an active scalar equation, in which the trans-
port velocity is computed from the scalar charge density viaa nonlinear and nonlocal relation. We
address the model in the whole spaceR2 and in the periodic setting onT2. We prove the global

existence and uniqueness of solutions in Besov spacesḂ

2

p

p,1
for small initial data. We also obtain the

analyticity, regularity, and long-time behavior of solutions.

1. INTRODUCTION

Electroconvection, the evolution of charge distributionsin fluids, was investigated experimen-
tally and numerically in situations in which the fluid and charges are confined to thin films [13, 19,
20]. The charge distribution is carried by the fluid and diffuses due to the parallel component of
the electrical field. This results in a nonlocal transport equation for the charge densityρ,

∂tρ � u � ©ρ �Λρ � 0 (1)

whereΛ � ��∆�

1

2 is the square root of the two dimensional Laplacian andu is the fluid velocity.
The fluid is incompressible and is forced by electrical forces

F � ρE (2)

whereE is the parallel component of the electrical field,

E � �©Φ, (3)

with © the gradient inR2 . The relationship between the electrical potentialΦ and the charge
distribution confined to a two dimensional region is

Φ � Λ�1ρ (4)

and we thus have
F � �ρRρ (5)

with R � ©Λ�1 the Riesz transforms. In general, the fluid obeys Navier-Stokes or related equations
driven by the forcesF . The derivation of this system for the physical setup in bounded domains
was obtained in [7], where global regularity and uniquenessof solutions were obtained for the
coupling with Navier-Stokes equations.

In this paper we consider flow through a porous medium, in which the dominant dissipation
mechanism is due not to the viscosity of the fluid, but rather to an effective damping caused by
flow through pores. The Stokes operator is then replaced byu � ©p. We consider a system in
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which the fluid equilibrates rapidly and the Reynolds numberis low, so that forces are balanced by
damping,

u � ©p � F. (6)

This balance, together with (5) and the requirement of incompressibility,

© � u � 0, (7)

leads to

u � �P�ρRρ� (8)

whereP is the Leray-Hodge projector on divergence-free vector fields. The electroconvection
situation described above leads to the active scalar equation (1) with constitutive law (8), which
is the equation we study in this work. In comparison to the work [7], the nonlinear advection
is missing, but also there is no viscosity, and because of thenonlinearity in the electrical force,
the velocity’s dependence of the charge density is more singular. The equation isLª-critical,
and resembles critical SQG [8, 9, 10, 15] except for the constitutive law (8) which in this case
is nonlinear and doubly nonlocal. Global regularity of critical SQG was originally proved by
different methods in [4, 18] and was subsequently extensively studied. In [16], the balance law (8)
was used to describe the solvent in a Nernst-Planck-Darcy system of ionic diffusion in 2D and 3D.
An active scalar equation describing flow through porous media with fractional dissipation and
linear nonlocal constitutive law was studied in [5] and global regularity was obtained.

In this paper we show that the equation (1), (8) has global weak solutions. We describe local
existence and uniqueness results for strong solutions. We also show that solutions with small initial
data in Besov spaces slightly smaller thanLª exist globally and are Gevrey regular.

This paper is organized as follows. In section 2, we recall results about Besov spaces and
Littlewood-Paley decomposition. In section 3, we prove existence of global in time weak solutions
of (1), (8) for initial data inL2�δ

�R

2
� for someδ A 0. If the initial data is inLp

�R

2
� for p > �2,ª�,

then theLp norm of any solution of (1), (8) remains bounded in time. If the initial data isH2
�R

2
�

regular, then we obtain a unique local strong solution. In section 4, we show that a global in
time solution exists provided that the initial data is sufficiently small in Besov spaces that are
slightly smaller thanLª

�R

2
�. In section 5 we prove that solutions are Gevrey regular under a

smallness condition imposed on the initial data. In section6, we study the regularity and long time
behavior of solutions for small initial data whereas in section 7, we show that Hölder continuity
of the charge distribution is a sufficient condition for the smoothness of solutions for arbitrary
initial data, a result that is similar to the situation for SQG [11]. In section 8, we treat the periodic
case, and we prove that the solution of the problem (1), (8) posed on the two dimensional torus
converges exponentially in time to zero. Finally, we consider in section 9 the subcritical Darcy’s
law electroconvection, and we show existence of global smooth solutions for arbitrary initial data.

2. PRELIMINARIES

Forf > S

�

�R

2
�, we denote the Fourier transform off by

Ff�ξ� � Âf�ξ� �
1

2π
S

R

2

f�x�e�iξ�xdx (9)

and its inverse byF�1.
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LetΦ be a nonnegative, nonincreasing, infinitely differentiable, radial function such thatΦ�r� �
1 for r > �0, 1

2
� andΦ�r� � 0 for r > �5

8
,ª�. Let

Ψ�r� � Φ�

r

2
� �Φ�r�. (10)

For eachj > Z, let
Ψj�r� � Ψ�2�jr�. (11)

We have

Φ�SξS� �
ª

Q

j�0

Ψj�SξS� � 1 (12)

for all ξ > R2 and
ª

Q

j��ª

Ψj�SξS� � 1 (13)

for all ξ > R2
� �0�. We define the homogeneous dyadic blocks

∆jf�x� �
1

2π
S

R

2

Ψj�SξS� Âf�ξ�e
iξ�xdξ � F�1

�Ψj�S � S�
Âf���� �x� (14)

and the lower frequency cutoff functions

Sjf �

Q

kBj�1

∆kf. (15)

We note that the Fourier transform of each dyadic block is compactly supported. More precisely,
we have

supp F�∆jf� ` 2j �
1

2
,
5

4
� (16)

for all j > Z.
Let S �

h�R
2
� be the set of all tempered distributionsu > S

�

�R

2
� such that

lim
j��ª

Sju � 0 (17)

in S �

�R

2
�. Forf > S

�

h�R
2
�, we denote the homogeneous Littlewood-Paley decomposition of f by

f �

Q

j>Z

∆jf. (18)

Fors > R,1 B p, q Bª, we denote the homogeneous Besov space

Ḃs
p,q�R

2
� � �f > S

�

h�R
2
� � YfYḂs

p,q�R
2
�

�ª� (19)

where

YfYḂs
p,q�R

2
�

� �

Q

j>Z

2jsqY∆jfY
q

Lp
�R

2
�

�

1~q

(20)

and the inhomogeneous Besov space

Bs
p,q�R

2
� �

�f > S

�

�R

2
� � YfYBs

p,q�R
2
�

�ª
� (21)

where

YfYBs
p,q�R

2
�

� �2�sqY∆̃
�1fY

q

Lp
�R

2
�

�

ª

Q

j�0

2jsqY∆jfY
q

Lp
�R

2
�

�

1~q

(22)
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with the usual modification whenq �ª. Here

∆̃
�1f �

1

2π
S

R

2

Φ�SξS� Âf�ξ�eiξ�xdξ � F�1
�Φ�S � S� Âf���� �x�. (23)

We note that the definition of the spaceḂs
p,q is independent of the functionΦ which defines the

dyadic blocks. Indeed, any other dyadic partition yields anequivalent norm.
If s A 0, 1 B p, q Bª, then

Bs
p,q�R

2
� � Ḃs

p,q�R
2
� 9 Lp

�R

2
�. (24)

Moreover, the normsYfYBs
p,q�R

2
�

andYfYḂs
p,q�R

2
�

� YfYLp
�R

2
�

are equivalent.
We also consider the following time dependent homogeneous Besov spaces

Lr
�0, T ; Ḃs

p,q�R
2
�� � �f�t� > S �

h�R
2
� � YfYLr

�0,T ;Ḃs
p,q�R

2
��

� YYf��, t�YḂs
p,q�R

2
�

YLr
�0,T �

�ª� (25)

and
L̃r

�0, T ; Ḃs
p,q�R

2
�� � �f�t� > S �

h�R
2
� � YfYL̃r

�0,T ;Ḃs
p,q�R

2
��

�ª� , (26)

where

YfYL̃r
�0,T ;Ḃs

p,q�R
2
��

� �

Q

j>Z

2jsqY∆jfY
q

Lr
�0,T ;Lp

�R

2
��

�

1~q

.

We recall inequalities that are used in the paper (see for instance [3, 14, 21]).

Proposition 1. Letf > S

�

h�R
2
�.

(1) (Bernstein’s inequality) Let1 B p Bª. Letk be a nonnegative integer. Then

sup
SαS�k

Y∂α∆jfYLp
�R

2
�

B Ck2
jk
Y∆jfYLp

�R

2
�

(27)

holds for allj > Z.
(2) Let1 B p B q Bª. Then

Y∆jfYLq
�R

2
�

B C2
2j� 1

p
�

1

q
Ǳ

Y∆jfYLp
�R

2
�

(28)

holds for allj > Z. Moreover, the continuous Besov embedding

Ḃs
p1,q1

�R

2
�0 Ḃ

s�2� 1

p1
�

1

p2
Ǳ

p2,q2 �R

2
� (29)

holds for1 B p1 B p2 Bª,1 B q1 B q2 Bª ands > R.
(3) Let1 B p Bª, t C 0, α A 0. Then

Ye�tΛ
α

∆jfYLp
�R

2
�

B Ce�C
�1t2jα

Y∆jfYLp
�R

2
�

(30)

holds for all j > Z. HereΛα is the fractional Laplacian of orderα defined as a Fourier
multiplier with symbolSξSα.

(4) Let R � �R1,R2� be the Riesz transform, i.e., fork > �1,2�, Rk � ∂kΛ�1. For each
p > �1,ª�, there is a positive constantC A 0 depending only onp (independent ofj) such
that

Y∆jRfYLp
�R

2
�

B CY∆jfYLp
�R

2
�

(31)

holds for allj > Z. Hence, fors > R and1 B p, q Bª, R is bounded fromḂs
p,q�R

2
� to itself.

The following decomposition formula holds.
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Proposition 2. Letf, g > S �

h�R
2
�. Then

∆j�fg� � Q

kCj�2

∆j�Sk�1f∆kg� � Q
kCj�2

∆j�Skg∆kf�

�

Q

kCj�2

∆j�Sk�1g∆kf� � Q
kCj�2

∆j�Skf∆kg� (32)

holds for anyj > Z.

The proof is based on Bony’s paraproduct, and is presented inAppendix A.
Throughout this paperC (or Ci, i � 1,2, . . . ) denotes a positive constant that may change from

line to line in the proofs.

3. WELL-POSEDNESS INLEBESGUE SPACES

We consider the transport and nonlocal diffusion equation

∂tρ � u � ©ρ �Λρ � 0 (33)

in the whole spaceR2 , where
u � �P�ρRρ�. (34)

The initial data are
ρ�x,0� � ρ0�x�. (35)

HereP is the Leray-Hodge projector,Λ � ��∆�

1

2 is the fractional Laplacian, andR � ©Λ�1 is the
2D vector of Riesz transforms.

Definition 1. A solutionρ of the initial value problem(33)–(35) is said to be a weak solution on
�0, T � if

ρ > Lª

�0, T ;L2
�R

2
�� 9 L2

�0, T ; Ḣ
1

2
�R

2
�� (36)

andρ obeys

�ρ�t�,Φ�L2
� �ρ0,Φ�L2

�

S

t

0
�ρ,u � ©Φ�L2ds �

S

t

0
�Λ

1

2ρ,Λ
1

2Φ�L2ds � 0 (37)

for all time-independent test functionsΦ >H
5

2
�R

2
� and a.e.t > �0, T �.

For ǫ > �0,1�, let Jǫ be the standard mollifier operatorJǫf � Jǫ � f , and letρǫ be the solution of

∂tρ
ǫ
� Çuǫ

� ©ρǫ �Λρǫ � ǫ∆ρǫ � 0 (38)

where
Çuǫ

� �JǫP�ρ
ǫRρǫ� (39)

with smoothed out initial data
ρǫ0 � Jǫρ0 (40)

Remark 1. We note thatP andJǫ commutes, henceÇuǫ is divergence free.

Theorem 1. LetT A 0 be arbitrary. Letρ0 > L2
�R

2
�. Then for eachǫ > �0,1�, the mollified initial

value problem(38)–(40)has a solutionρǫ on �0, T � satisfying

1

2
Yρǫ�t�Y2

L2 �
S

t

0
YΛ

1

2ρǫ�s�Y2
L2ds B

1

2
Yρ0Y

2
L2 (41)
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for all t > �0, T �. Moreover, the sequence�ρ1~n�
ª

n�1 has a subsequence that converges strongly in
L2

�0, T ;L2
�R

2
�� and weakly inL2

�0, T ;H
1

2
�R

2
�� to a functionρ obeying

1

2
Yρ�t�Y2

L2 �
S

t

0
YΛ

1

2ρ�s�Y2
L2ds B

1

2
Yρ0Y

2
L2 (42)

for a.e.t > �0, T �. If ρ0 > L2�δ
�R

2
� for someδ A 0, thenρ is a weak solution of(33)–(35)on�0, T �.

The proof is found in Appendix B.
As a consequence of the Córdoba-Córdoba inequality [12],theLp norm of any solution of the

equation (33)–(34) is bounded by theLp norm of the initial data for anyp > �2,ª�:

Proposition 3. Letp A 2 andρ0 > Lp
�R

2
�. Supposeρ is a smooth solution of(33)–(35)on �0, T �.

Then
Yρ�t�YLp

B Yρ0YLp (43)
holds for allt > �0, T �.

Proof: We multiply (33) byρSρSp�2 and we integrate in the space variable. We obtain the differ-
ential inequality

d

dt
YρYLp

B 0. (44)

This gives (43).

Remark 2. Weak solutions also obey

Yρ��, t�YLª B Yρ0YLª (45)

a fact that can be proved by using a De Giorgi methodology[4].

Definition 2. A weak solutionρ of (33)–(35) is said to be a strong solution on�0, T � if it obeys

ρ > Lª

�0, T ; Ḣ2
�R

2
�� 9L2

�0, T ; Ḣ
5

2
�R

2
��. (46)

Theorem 2. Let ρ0 > H2
�R

2
�. Then there existsT0 A 0 depending only onYρ0YH2 such that a

unique strong solution of(33)–(35)exists on�0, T0�.

The proof is found in Appendix C.

4. EXISTENCE OFGLOBAL SOLUTIONS IN BESOV SPACES

In this section, we show the existence of a global in time solution in Besov spaces for sufficiently
small initial data. The proof uses methods of [2, 6].

Theorem 3. Let 1 B p � ª. Let ρ0 > Ḃ
2

p

p,1�R
2
� be sufficiently small. We consider the functional

spaceEp defined by

Ep � �f�t� > S
�

h�R
2
� � YfYEp

� YfY
L̃ªt Ḃ

2
p
p,1

� YfY
L̃1

t Ḃ
2
p�1

p,1

�ª¡ . (47)

Then(33)–(35)has a unique global in time solutionρ > Ep.

Proof: Let ρ�0�
� 0. For each positive integern, let ρ�n� be the solution of

∂tρ
�n�

�Λρ�n�
� �u�n�1�

� ©ρ�n�1� (48)

in R2 , where
u�n�1�

� �P�ρ�n�1�Rρ�n�1�
�, (49)



7

with initial data
ρ
�n�
0 � ρ�n�

��,0� � ρ0. (50)

We writeρ�n� in the integral form,

ρ�n�
�t� � e�tΛρ0 �

S

t

0
e��t�s�Λ© � �u�n�1�ρ�n�1�

��s�ds

� e�tΛρ0 � B�u
n�1, ρn�1� (51)

whereB is the bilinear form defined by

B�v, θ� �
S

t

0
e��t�s�Λ© � �vθ��s�ds. (52)

See [6] for a similar approach.
Step 1.Fix a positive integern. We show that

Yρ�n�
YEp

B C1Yρ0Y
Ḃ

2
p
p,1

�C2Yρ
�n�1�

Y

3
Ep
. (53)

We start by estimatinge�tΛρ0 in Ep. We apply∆j and we take theLp norm. In view of the bound
(30), we have

Ye�tΛ∆jρ0YLp
B Ce�C

�1t2j
Y∆jρ0YLp , (54)

hence
Ye�tΛρ0YEp

� Ye�tΛρ0Y
L̃ªt Ḃ

2
p
p,1

� Ye�tΛρ0Y
L̃1

t Ḃ
2
p�1

p,1

B CYρ0Y
Ḃ

2
p
p,1

. (55)

Now, we estimate the termB�u�n�1�, ρ�n�1�
� in Ep. First, we note that

YB�u�n�1�, ρ�n�1�
�YEp

B CYu�n�1�ρ�n�1�
Y

L̃1

t Ḃ
2
p�1

p,1

. (56)

Indeed, we apply∆j toB�u�n�1�, ρ�n�1�
� and we estimate. On one hand,

Y∆jB�u
�n�1�, ρ�n�1�

�YLªt Lp
B C2j \

S

t

0
e�c

�1
�t�s�2j

Y∆j�u
�n�1�ρ�n�1�

��s�YLpds\
Lªt

B C2jY∆j�u
�n�1�ρ�n�1�

�YL1

tL
p (57)

in view of Bernstein’s inequality (27) and the bound (30). Wemultiply by 2
j 2

p and we take theℓ1

norm. We obtain the bound

YB�u�n�1�, ρ�n�1�
�Y

L̃ªt Ḃ
2
p
p,1

B CYu�n�1�ρ�n�1�
Y

L̃1

t Ḃ
2
p�1

p,1

. (58)

On the other hand,

Y∆jB�u
�n�1�, ρ�n�1�

�YL1

tL
p B C \

S

t

0
2je�c

�1
�t�s�2j

Y∆j�u
�n�1�ρ�n�1�

��s�YLpds\
L1

t

B C
S

ª

0
�

S

ª

0
2je�c

�1
�t�s�2jχ

�0,t��s�dt� Y∆j�u
�n�1�ρ�n�1�

��s�YLpds

B CY∆j�u
�n�1�ρ�n�1�

�YL1

tL
p (59)

whereχE denotes the characteristic function of the setE. Multiplying by 2
j� 2

p
�1Ǳ and taking the

ℓ1 norm yields the bound

YB�u�n�1�, ρ�n�1�
�Y

L̃1

t Ḃ
2
p�1

p,1

B CYu�n�1�ρ�n�1�
Y

L̃1

t Ḃ
2
p�1

p,1

. (60)
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Combining (58) and (60), we obtain (56). Accordingly, our next goal is to show that

Yu�n�1�ρ�n�1�
Y

L̃1

t Ḃ
2
p�1

p,1

B CYρ�n�1�
Y

3
Ep (61)

which gives (53). In order to establish the bound (61), we usethe decomposition (32)

∆j�u
�n�1�ρ�n�1�

� �

Q

kCj�2

∆j�Sku
�n�1�∆kρ

�n�1�
� �

Q

kCj�2

∆j�Sk�1ρ
�n�1�∆ku

�n�1�
�. (62)

We apply theL1
tL

p norm, we use the bound

Y∆jfYLp
B CYfYLp (63)

that holds for anyf > S

�

h whereC is a positive universal constant independent ofj, and we obtain

Y∆j�u
�n�1�ρ�n�1�

�YL1

tL
p B C

Q

kCj�2

YSku
�n�1�

YLªt LªY∆kρ
�n�1�

YL1

tL
p

�C
Q

kCj�2

YSk�1ρ
�n�1�

YLªt LªY∆ku
�n�1�

YL1

tL
p. (64)

In view of Bernstein’s inequality (28), we have

YSk�1ρ
�n�1�

YLªt Lª B

Q

lBk

Y∆lρ
�n�1�

YLªt Lª B C
Q

lBk

2
l 2
p
Y∆lρ

�n�1�
YLªt Lp

B CYρ�n�1�
Y

L̃ªt Ḃ
2
p
p,1

. (65)

We show below that

YSku
�n�1�

YLªt Lª B CYρ�n�1�
Y

2

L̃ªt Ḃ
2
p
p,1

(66)

and

Y∆ku
�n�1�

YL1

tL
p B CYρ�n�1�

Y

L̃ªt Ḃ
2
p
p,1

�

Q

mCk�2

Y∆mρ
�n�1�

YL1

tL
p� . (67)

Using the bounds (66) and (67), we obtain

Y∆j�u
�n�1�ρ�n�1�

�YL1
tL

p B CYρ�n�1�
Y

2

L̃ªt Ḃ
2
p
p,1

¢

¨

¨

�

¨

¨

¤

Q

kCj�2

Y∆kρ
�n�1�

YL1
tL

p �
Q

kCj�2

Q

mCk�2

Y∆mρ
�n�1�

YL1
tL

p

£

¨

¨

§

¨

¨

¥

.

(68)

We multiply (68) by2j�
2

p
�1Ǳ and we take theℓ1 norm. In view of Young’s convolution inequality,

we have in the first term

Q

j>Z

Q

kCj�2

2
j�2

p
�1Ǳ

Y∆kρ
�n�1�

YL1

tL
p �
Q

j>Z

Q

kCj�2

2
��k�j�� 2

p
�1Ǳ

2
k�2

p
�1Ǳ

Y∆kρ
�n�1�

YL1

tL
p

B �

Q

jC�2

2
�j� 2

p
�1Ǳ

��

Q

j>Z

2
j� 2

p
�1Ǳ

Y∆jρ
�n�1�

YL1

tL
p� B CYρ�n�1�

Y

L̃1

t Ḃ
2
p�1

p,1

. (69)
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For the second summation on the right hand side of (68), we apply Fubini’s theorem and then we
estimate as in (69). Thus, we have

Q

j>Z

Q

kCj�2

Q

mCk�2

2
j� 2

p
�1Ǳ

Y∆mρ
�n�1�

YL1

tL
p

�

Q

j>Z

Q

mCj�4

Q

j�2BkBm�2

2
��m�j�� 2

p
�1Ǳ

2
m�

2

p
�1Ǳ

Y∆mρ
�n�1�

YL1

tL
p

�

Q

j>Z

Q

mCj�4

�m � j � 5�2
��m�j�� 2

p
�1Ǳ

2
m�

2

p
�1Ǳ

Y∆mρ
�n�1�

YL1

tL
p

B C
Q

j>Z

Q

mCj�4

2
��m�j�� 1

p
�

1

2
Ǳ

2
m�

2

p
�1Ǳ

Y∆mρ
�n�1�

YL1

tL
p

� 5
Q

j>Z

Q

mCj�4

2
��m�j�� 2

p
�1Ǳ

2
m�

2

p
�1Ǳ

Y∆mρ
�n�1�

YL1

tL
p

B CYρ�n�1�
Y

L̃1

t Ḃ
2
p�1

p,1

. (70)

Here, we have used the fact thatx2�x B C2�
x
2 for all x > R. Putting (69) and (70) together, we

obtain (61).
We end the proof of Step 1 by showing the estimates (66) and (67). For eachl > Z, we use again

paraproducts to decompose∆l�ρ�n�1�Rρ�n�1�
� as

∆l�ρ
�n�1�Rρ�n�1�

� �

Q

mCl�2

∆l�Sm�1ρ
�n�1�∆mRρ�n�1�

� �

Q

mCl�2

∆l�SmRρ�n�1�∆mρ
�n�1�

�. (71)

In view of the boundedness of the Riesz transform (31) and thedefinition of the Leray projector as

P � I �RaR, (72)

we bound

YSku
�n�1�

YLªt Lª B

Q

lBk�1

Y∆lu
�n�1�

YLªt Lª B C
Q

lBk�1

2
l 2
p
Y∆lu

�n�1�
YLªt Lp

B C
Q

lBk�1

2
l 2
p
Y∆l�ρ

�n�1�Rρ�n�1�
�YLªt Lp (73)

for anyp > �1,ª� and using the paraproduct decomposition (71), we obtain

YSku
�n�1�

YLªt Lª B C
Q

lBk�1

2
l 2
p
Q

mCl�2

YSm�1ρ
�n�1�

YLªt LªY∆mRρ�n�1�
YLªt Lp

�C
Q

lBk�1

2
l 2
p
Q

mCl�2

YSmRρ�n�1�
YLªt LªY∆mρ

�n�1�
YLªt Lp. (74)

We note that
YSm�1ρ

�n�1�
YLªt Lª B CYρ�n�1�

Y

L̃ªt Ḃ
2
p
p,1

(75)

as shown in (65). Moreover, in view of (31), we have

YSmRρ�n�1�
YLªt Lª B

Q

zBm�1

Y∆zRρ�n�1�
YLªt Lª B C

Q

zBm�1

2
z 2

p
Y∆zRρ�n�1�

YLªt Lp

B C
Q

zBm�1

2
z 2

p
Y∆zρ

�n�1�
YLªt Lp

B CYρ�n�1�
Y

L̃ªt Ḃ
2
p
p,1

. (76)
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Now we use the assumption thatp � ª which implies that2
p
A 0 and so we can apply Young’s

convolution inequality to obtain

YSku
�n�1�

YLªt Lª B CYρ�n�1�
Y

L̃ªt Ḃ
2
p
p,1

�

Q

lBk�1

2
l 2
p
Q

mCl�2

Y∆mρ
�n�1�

YLªt Lp
¡

� CYρ�n�1�
Y

L̃ªt Ḃ
2
p
p,1

�

Q

lBk�1

Q

mCl�2

2
��m�l� 2

p2
m 2

p
Y∆mρ

�n�1�
YLªt Lp

¡ B CYρ�n�1�
Y

2

L̃ªt Ḃ
2
p
p,1

(77)

which proves (66). We proceed to show (67). Using the paraproduct decomposition (71) and the
bound (31), we have

Y∆ku
�n�1�

YL1
tL

p B CY∆k�ρ
�n�1�Rρ�n�1�

�YL1
tL

p

B C
Q

mCk�2

YSm�1ρ
�n�1�

YLªt LªY∆mRρ�n�1�
YL1

tL
p

�C
Q

mCk�2

YSmRρ�n�1�
YLªt LªY∆mρ

�n�1�
YL1

tL
p

B CYρ�n�1�
Y

L̃ªt Ḃ
2
p
p,1

�

Q

mCk�2

Y∆mρ
�n�1�

YL1
tL

p� (78)

yielding (67). This ends the proof of Step 1.
Step 2.We show that there exists anǫ A 0 sufficiently small such that ifC1Yρ0Y

Ḃ
2
p
p,1

� ǫ, then the

sequence�ρ�n�
�

ª

n�1 converges to a unique solutionρ of (33)–(35) obeyingYρYEp
� 2ǫ.

First, choose anǫ A 0 such thatC2�2ǫ�3 � ǫ, whereC2 is the constant in (53), and suppose that
C1Yρ0Y

Ḃ
2
p
p,1

� ǫ. Then an inductive argument yields

Yρ�n�
YEp

� 2ǫ (79)

for all n C 1. Indeed,
Yρ�1�

YEp
B C1Yρ0Y

Ḃ
2
p
p,1

� ǫ � 2ǫ (80)

in view of (53). Suppose that
Yρ�n�1�

YEp
� 2ǫ. (81)

Then
Yρ�n�

YEp
� ǫ �C2�2ǫ�

3
� ǫ � ǫ � 2ǫ. (82)

Therefore, we obtain (79)
Now, we show that the sequence�ρ�n�

�

ª

n�1 is Cauchy. Indeed, the differenceρ�n�
� ρ�n�1� obeys

�ρ�n�
� ρ�n�1�

��t� �
S

t

0
e��t�s�Λ© �

�u�n�
�ρ�n�

� ρ�n�1�
� � �u�n�1�

� u�n�
�ρ�n�1�

�
�s�ds

� B�u�n�, ρ�n�
� ρ�n�1�

� � B�u�n�1�
� u�n�, ρ�n�1�

�. (83)

As in Step 1 and using (79), it can be shown that

Yρ�n�
� ρ�n�1�

YEp
B YB�u�n�, ρ�n�

� ρ�n�1�
�YEp

� YB�u�n�1�
� u�n�, ρ�n�1�

�YEp

B C�ǫ�Yρ�n�1�
� ρ�n�2�

YEp
(84)

whereC�ǫ� is a constant depending onǫ obeyingC�ǫ� � 1 for a sufficiently smallǫ. Therefore,
the sequence�ρ�n�

�

ª

n�1 is Cauchy inEp and converges to a solutionρ of (33)–(35). Uniqueness
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follows from a similar estimate to (84). This finishes the proof of Step 2. Therefore the proof of
Theorem 3 is complete.

5. ANALYTICITY OF SOLUTIONS IN BESOV SPACES

In this section, we prove that solutions of (33)–(35) are analytic in Besov spaces.

Theorem 4. Let p > �1,ª�. Let α > �0, 1
2
�. Let ρ0 > Ḃ

2

p

p,1�R
2
� be sufficiently small. Then the

unique solutionρ > Ep of (33)–(35), obtained in Theorem 3, obeyseαtΛ1ρ > Ep for all t A 0, where
Λ1 is the Fourier multiplier with symbolSξS1 � Sξ1S � Sξ2S.

Proof: The main step in the proof is to show that if

ρ�t� � e�tΛρ0 �
S

t

0
e��t�s�Λ© � �uρ��s�ds, (85)

then
YeαtΛ1ρYEp

B C3Yρ0Y
Ḃ

2
p
p,1

�C4Ye
αtΛ1ρY3Ep

. (86)

First, we note that the operatoreαtΛ1�2αtΛ is a Fourier multiplier that is bounded onLp spaces
for p > �1,ª�. The proof of this latter statement is similar to the proof ofLemma 2 in [2], and this
is based on the fact thateαtΛ1�2αtΛ is uniformly bounded by 1.

Accordingly, forj > Z, we have

YeαtΛ1e�tΛ∆jρ0YLp
� YeαtΛ1�2αtΛe�2α�1�tΛ∆jρ0YLp

B Ce�ct2
j

Y∆jρ0YLp (87)

and so
YeαtΛ1e�tΛρ0YEp

B CYρ0Y
Ḃ

2
p
p,1

. (88)

Now we estimate

eαtΛ1
B�u, ρ� � eαtΛ1

S

t

0
e��t�s�Λ© � �uρ��s�ds (89)

in Ep. We start by writingeαtΛ1
B�u, ρ� as

eαtΛ1B�u, v� �
S

t

0
eα�t�s�Λ1e�2α�t�s�Λe�2α�1��t�s�ΛeαsΛ1

© � �e�αsΛ1 ũe�αsΛ1 ρ̃��s�ds (90)

where
ũ�s� � eαsΛ1u�s� (91)

and
ρ̃�s� � eαsΛ1ρ�s�. (92)

Using the uniform boundedness of the operatoreαtΛ1�2αtΛ on Lp spaces forp > �1,ª�, Bern-
stein’s inequality, and the bound (30), we get

YeαtΛ1
B�u, v�YEp

B CYeαsΛ1
�e�αsΛ1 ũe�αsΛ1 ρ̃� Y

L̃1

t Ḃ
2
p�1

p,1

. (93)

Decomposing∆j �e�αsΛ1 ũe�αsΛ1 ρ̃� as

∆j �e
�αsΛ1 ũe�αsΛ1 ρ̃� �

Q

kCj�2

∆j ��e
�αsΛ1Skũ� �e

�αsΛ1∆kρ̃��

�

Q

kCj�2

∆j ��e
�αsΛ1Sk�1ρ̃� �e

�αsΛ1∆kũ�� , (94)
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we have

ZeαsΛ1∆j �e
�αsΛ1ũe�αsΛ1 ρ̃�Z

L1

tL
p
B C

Q

kCj�2

ZeαsΛ1
�e�αsΛ1Skũ� �e

�αsΛ1∆kρ̃�ZL1

tL
p

�C
Q

kCj�2

ZeαsΛ1
�e�αsΛ1Sk�1ρ̃� �e

�αsΛ1∆kũ�ZL1

tL
p
. (95)

It is shown in [2] that the bilinear operatorBw�f, g� defined by

Bw�f, g� � ewΛ1
�e�wΛ1fe�wΛ1g� (96)

obeys

YBw�f, g�YLp
B CYZ1

wfZ
2
wgYLp (97)

whereC A 0 is a positive constant depending only onp, Z1
w andZ2

w are bounded linear operators
onLp for p > �1,ª� such that their norms are independent ofw. For simplicity, we drop the index
w, and we writeZ1 for Z1

w andZ2 for Z2
w.

Consequently,

ZeαsΛ1∆j �e
�αsΛ1 ũe�αsΛ1 ρ̃�Z

L1
tL

p
B C

Q

kCj�2

YZ1SkũZ
2∆kρ̃YL1

tL
p

�C
Q

kCj�2

YZ1Sk�1ρ̃Z
2∆kũYL1

tL
p. (98)

Now we proceed as in Step 1 of the proof of Theorem 3. Indeed,

YZ1Sk�1ρ̃YLªt Lª B

Q

lBk

2
l 2
p
YZ1∆lρ̃YLªt Lp

B C
Q

lBk

2
l 2
p
Y∆lρ̃YLªt Lp

B CYρ̃Y
L̃ªt Ḃ

2
p
p,1

. (99)

If we show that

Y∆kũYL1

tL
p B CYρ̃Y

Lªt Ḃ
2
p
p,1

�

Q

mCk�2

Y∆mρ̃YL1

tL
p� (100)

and

YZ1SkũYLªt Lª B CYρ̃Y2

L̃ªt Ḃ
2
p
p,1

, (101)

then the rest follows as in Step 1 of Theorem 3.
Hence, we proceed to prove the bounds (100) and (101). We notethat

ũ � eαsΛ1u � eαsΛ1
P�ρRρ� � eαsΛ1

P�e�αsΛ1 ρ̃e�αsΛ1Rρ̃�. (102)

We decompose∆l�e�αsΛ1 ρ̃e�αsΛ1Rρ̃� as

∆l�e
�αsΛ1 ρ̃e�αsΛ1Rρ̃� �

Q

mCl�2

∆l ��e
�αsΛ1Sm�1ρ̃� �e

�αsΛ1∆mRρ̃��

�

Q

mCl�2

∆l ��e
�αsΛ1∆mρ̃� �e

�αsΛ1SmRρ̃�� . (103)

In view of the boundedness of the operatorsZ1 andP, we estimate

YZ1SkũYLªt Lª B C
Q

lBk�1

2
l 2
p
Y∆lũYLªt Lp

B C
Q

lBk�1

2
l 2
p
Y∆l �e

αsΛ1
�e�αsΛ1 ρ̃e�αsΛ1Rρ̃�� YLªt Lp

B C
Q

lBk�1

Q

mCl�2

2
l 2
p
YBαs�Sm�1ρ̃,∆mRρ̃�YLªt Lp

�C
Q

lBk�1

Q

mCl�2

2
l 2
p
YBαs�SmRρ̃,∆mρ̃�YLªt Lp
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whereBw�f, g� is defined in (96). This implies that

YZ1SkũYLªt Lª B C
Q

lBk�1

Q

mCl�2

2
l 2
p
Y�Z1Sm�1ρ̃��Z

2∆mRρ̃�YLªt Lp

�C
Q

lBk�1

Q

mCl�2

2
l 2
p
Y�Z1SmRρ̃��Z2∆mρ̃�YLªt Lp . (104)

Now we proceed as in (76) and (77) and we obtain (101). Finally, we estimate

Y∆kũYL1

tLp
B CY∆ke

αsΛ1
�
�e�αsΛ1 ρ̃��e�αsΛ1Rρ̃�� YL1

tL
p

B C
Q

mCk�2

YeαsΛ1
�
�e�αsΛ1Sm�1ρ̃��e

�αsΛ1∆mRρ̃�� YL1

tL
p

�C
Q

mCk�2

YeαsΛ1
�
�e�αsΛ1SmRρ̃��e�αsΛ1∆mρ̃�� YL1

tL
p

� C
Q

mCk�2

YBαs�Sm�1ρ̃,∆mRρ̃�YL1

tL
p �C

Q

mCk�2

YBαs�SmRρ̃,∆mρ̃�YL1

tL
p

B C
Q

mCk�2

YZ1Sm�1ρ̃YLªt LªYZ
2∆mRρ̃YL1

tL
p �C

Q

mCk�2

YZ1SmRρ̃YLªt LªYZ
2∆mρ̃YL1

tL
p

B CYρ̃Y
L̃ªt Ḃ

2
p
p,1

�

Q

mCk�2

Y∆mρ̃YL1

tL
p� (105)

which proves (100). This ends the proof of Theorem 4.

6. REGULARITY OF SOLUTIONS FORSMALL INITIAL DATA

In this section, we consider the regularity of solutions of (33)–(35) for small initial data.
We use the following lemma:

Lemma 1. Let j > Z, t A 0, α > �0,1�, c A 0. Then there is a positive constantC A 0 that depends
onα but does not depend onj or t such that the estimate

S

t

0
2je�c�t�s�2

j

s�αds B Ct�α (106)

holds.

Proof: We split the given integral into the sum

S

t

0
2je�c�t�s�2

j

s�αds �
S

t
2

0
2je�c�t�s�2

j

s�αds �
S

t

t
2

2je�c�t�s�2
j

s�αds. (107)

Using the fact that2je�c�t�s�2j B C�t � s��1 for all s > �0, t
2
�, we estimate

S

t
2

0
2je�c�t�s�2

j

s�αds B C
S

t
2

0
�t � s��1s�αds B Ct�1

S

t
2

0
s�αds B Cαt

�α. (108)

Using the fact thats�α B 2αt�α for all s > � t
2
, t�, we estimate

S

t

t
2

2je�c�t�s�2
j

s�αds B Cαt
�α
S

t

t
2

2je�c�t�s�2
j

ds � Cαt
�α

�1 � e�2
j�1ct

� B Cαt
�α. (109)

Adding (108) and (109), we obtain (106).
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Theorem 5. Let α > �0,1�, β A 0. Let ρ0 > Ḃ1
2,1�R

2
� 9 Ḃ

β�α
ª,ª�R

2
� be sufficiently small. Then

there is a positive constantC A 0 depending on the initial data such that the unique solutionρ of
(33)–(35)satisfies

sup
tA0

tαYρ�t�Y
Ḃ

β
ª,ª

B C. (110)

Proof: We consider the approximating initial value problem (48)–(50) whose solution is given
by

ρ�n�
�t� � e�tΛρ0 � B�u

�n�1�, ρ�n�1�
�. (111)

First, we estimate

tα2jβYe�tΛ∆jρ0YLª B Ctαe�ct2
j

2jβY∆jρ0YLª B C2�jα2jβY∆jρ0YLª B CYρ0YḂβ�α
ª,ª

(112)

in view of (30) and the boundxαe�x B C that holds for allx C 0.
We show that

sup
tA0

�tαYB�u�n�1�, ρ�n�1�
��t�Y

Ḃ
β
ª,ª

� B CYρ�n�1�
Y

2

L̃ªt Ḃ
2
p
p,1

sup
tA0

�tαYρ�n�1�
�t�Y

Ḃ
β
ª,ª

� . (113)

We start by applying∆j toB�u�n�1�, ρn�1��, we use the paraproduct decomposition

∆j�u
�n�1�ρ�n�1�

� �

Q

kCj�2

∆j�Sku
�n�1�∆kρ

�n�1�
� �

Q

kCj�2

∆j�Sk�1ρ
�n�1�∆ku

�n�1�
�, (114)

and we obtain

∆jB�u
�n�1�, ρ�n�1�

� � B1,j�u
�n�1�, ρ�n�1�

� � B2,j�u
�n�1�, ρ�n�1�

� (115)

where

B1,j�u
�n�1�, ρ�n�1�

� �

S

t

0
e��t�s�Λ© �

<

�

�

�

>

Q

kCj�2

∆j�Sku
�n�1�∆kρ

�n�1�
�

=

A

A

A

?

�s�ds, (116)

and

B2,j�u
�n�1�, ρ�n�1�

� �

S

t

0
e��t�s�Λ© �

<

�

�

�

>

Q

kCj�2

∆j�Sk�1ρ
�n�1�∆ku

�n�1�
�

=

A

A

A

?

�s�ds. (117)

In view of Bernstein’s inequality (27), the bounds (30) and (66), and Lemma 1, we estimate

2jβYB1,j�u
�n�1�, ρ�n�1�

�YLª B C2jβ2j
S

t

0
e�c�t�s�2

j
<

�

�

�

>

Q

kCj�2

YSku
�n�1�

YLªY∆kρ
�n�1�

YLª

=

A

A

A

?

ds

B CYρ�n�1�
Y

2

L̃ªt Ḃ1

2,1

¢

¨

¨

�

¨

¨

¤

S

t

0
�2je�c�t�s�2

j

s�αǱ
�

�

Q

kCj�2

2��k�j�βsα2kβY∆kρ
�n�1�

YLª
�

�

ds

£

¨

¨

§

¨

¨

¥

B CYρ�n�1�
Y

2

L̃ªt Ḃ1

2,1

sup
tA0

�tαYρ�n�1�
Y

Ḃ
β
ª,ª

�

S

t

0
2je�c�t�s�2

j

s�αds

B Ct�αYρ�n�1�
Y

2

L̃ªt Ḃ1

2,1

sup
tA0

�tαYρ�n�1�
Y

Ḃ
β
ª,ª

� , (118)

hence

tα2jβYB1,j�u
�n�1�, ρ�n�1�

�YLª B CYρ�n�1�
Y

2

L̃ªt Ḃ1

2,1

sup
tA0

�tαYρ�n�1�
Y

Ḃ
β
ª,ª

� . (119)
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Now, we estimate2jβYB2,j�u�n�1�, ρ�n�1�
�YLª . We note first that

Q

kCj�2

sα2jβY∆ku
�n�1�

YLª B C
Q

kCj�2

sα2jβY∆k�ρ
�n�1�Rρ�n�1�

�YLª

B C
Q

kCj�2

sα2jβ �
Q

lCk�2

YSl�1ρ
�n�1�

YLªY∆lRρ�n�1�
YLª�

�C
Q

kCj�2

sα2jβ �
Q

lCk�2

YSlRρ�n�1�
YLªY∆lρ

�n�1�
YLª�

B CYρ�n�1�
YL̃ªt Ḃ1

2,1
Q

kCj�2

Q

lCk�2

2��l�j�βsα2lβY∆lρ
�n�1�

YLª

� CYρ�n�1�
YL̃ªt Ḃ1

2,1
Q

lCj�4

Q

j�2BkBl�2

2��l�j�βsα2lβY∆lρ
�n�1�

YLª

� CYρ�n�1�
YL̃ªt Ḃ1

2,1
Q

lCj�4

�l � j � 5�2��l�j�βsα2lβY∆lρ
�n�1�

YLª

B CYρ�n�1�
YL̃ªt Ḃ1

2,1
sup
tA0

�tαYρ�n�1�
Y

Ḃ
β
ª,ª

� . (120)

Here, we have used the boundedness of the Leray projector in Besov spaces, the paraproduct
decomposition (71), the bound (65), Fubini’s theorem, and Young’s convolution inequality. This
implies

2jβYB2,j�u
�n�1�, ρ�n�1�

�YLª B C2jβ2j
S

t

0
e�c�t�s�2

j
<

�

�

�

>

Q

kCj�2

YSk�1ρ
�n�1�

YLªY∆ku
�n�1�

YLª

=

A

A

A

?

ds

B CYρ�n�1�
Y

2

L̃ªt Ḃ1

2,1

sup
tA0

�tαYρ�n�1�
Y

Ḃ
β
ª,ª

�

S

t

0
2je�c�t�s�2

j

s�αds

B Ct�αYρ�n�1�
Y

2

L̃ªt Ḃ1

2,1

sup
tA0

�tαYρ�n�1�
Y

Ḃ
β
ª,ª

� , (121)

hence

tα2jβYB2,j�u
�n�1�, ρ�n�1�

�YLª B CYρ�n�1�
Y

2

L̃ªt Ḃ1

2,1

sup
tA0

�tαYρ�n�1�
Y

Ḃ
β
ª,ª

� . (122)

Putting (119) and (122) together, we obtain (113). Therefore,

sup
tA0

tαYρ�n�
�t�Y

Ḃ
β
ª,ª

B C3Yρ0YḂβ�α
ª,ª

�C4Yρ
�n�1�

Y

2

L̃ªt Ḃ1

2,1

sup
tA0

�tαYρ�n�1�
�t�Y

Ḃ
β
ª,ª

� . (123)

Now, we use the smallness of the initial data and we proceed asin Theorem 3. We omit further
details.

We recall the following relationship between the inhomogeneous Besov spaceBs
ª,ª and Hölder

spaces:

Remark 3. For s > R�

�N , the inhomogeneous Besov spaceBs
ª,ª�R

2
� coincides with the Ḧolder

spaceC�s�,s��s�
�R

2
� of bounded functionsf whose derivatives of orderSαS B s are bounded and

satisfy

S∂αf�x� � ∂αf�y�S B C Sx � ySs��s� (124)

for Sx � yS B 1 (see[3]).

As a consequence, we obtain the following regularity result:
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Corollary 1. Let s C 1 be an integer. Letρ0 > Lª

�R

2
� 9 Ḃ1

2,1�R
2
� 9 Ḃ

s� 1

2

ª,ª�R
2
� be sufficiently

small. Letρ be the unique solution of(33)–(35). ThenDγρ > Lª

�R

2
� for SγS B s, and itsLª norm

is uniformly bounded in time. Moreover, forSγS B s, Dγρ is Hölder continuous with a uniform in
time Hölder bound.

Proof: In view of (24), the bound (45), and Theorem 5 applied withα � 0 andβ � s � 1
2
, we

have

Yρ�t�Y
B

s� 1
2

ª,ª

B C �Yρ�t�Y
Ḃ

s� 1
2

ª,ª

� Yρ�t�YLª  B C�1 � Yρ0YLª� (125)

whereC is a constant depending only on the initial data. Remark 3 completes the proof of Corol-
lary 1.

We consider the long time behavior of derivatives of solutions of (33)–(35) for sufficiently small
initial data in Besov spaces:

Corollary 2. Let s C 1 be an integer. Letδ > �0,1�. Letρ0 > Lª

�R

2
� 9 Ḃ1

2,1�R
2
� 9 Ḃs�δ

ª,ª�R
2
� be

sufficiently small. Letρ be the unique solution of(33)–(35). Then

lim
t�ª

�YDγρ�t�YLª � �Dγρ�t��δ� � 0 (126)

for all SγS B s, where

�Dγρ�t��δ � sup
0�Sx�ySB1

SDγρ�y� �Dγρ�x�S

Sx � ySδ
. (127)

Proof: We show thatρ��, t� > H2
�R

2
� in order to apply Remark 2. Indeed,

S

ª

0
Yρ�t�YḂ2

2,2
dt B C

S

ª

0
Yρ�t�YḂ2

2,1
dt � C

S

ª

0
Q

j>Z

22jY∆jρ�t�YL2dt

� C
Q

j>Z

22jY∆jρ�t�YL1

tL
2 � CYρYL̃1

t Ḃ
2

2,1
�ª (128)

in view of the continuous Besov embedding (29) and the monotone convergence theorem. ButB2
2,2

coincides with the Sobolev spaceH2. Thus,

Yρ�t�YH2
�ª (129)

for a.e.t > �0,ª�, and soρ��, t� > H2 for a.e.t > �0,ª�.
In view of Remark 3 and Theorem 5 applied withα �

1
2

andβ � s � δ, we obtain

YDγρ�t�YLª � �Dγρ�t��δ B CYρ�t�YBs�δ
ª,ª

B C �Yρ�t�YḂs�δ
ª,ª

� Yρ�t�YLª� B C �

1
º

t
�

Yρ0YLª

1 �CtYρ0YLª
� , (130)

where in the last inequality we used a time decay estimate [12]. Letting t �ª, we obtain (126).

7. REGULARITY OF SOLUTIONS FORARBITRARY INITIAL DATA

In this section, we prove that any solution of (33)–(35) is smooth for arbitrary initial data, pro-
vided that it satisfies a certain regularity condition.

Theorem 6. Letρ be a weak solution of(33)–(35)on �0,ª�. Let0 � t0 � t �ª. If

ρ > Lª

��t0, t�;C
δ
�R

2
��, (131)

for someδ > �0,1�, then
ρ > Cª

��t0, t� � R
2
�. (132)
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Proof: We sketch the main ideas. Let us note first that

u > Lª

��t0, t�;C
δ
�R

2
��. (133)

where
u � �P�ρRρ�. (134)

Indeed, for anys > �t0, t�, we have

Yu�s�YCδ B CYρ�s�Rρ�s�YCδ

B CYρ�s�YLªYRρ�s�YLª �CYρ�s�YLªYRρ�s�YCδ �CYRρ�s�YLªYρ�s�YCδ

B CYρ�s�Y2
Cδ (135)

in view of the boundedness of the Leray projector and Riesz transforms on the Hölder spaceCδ.
Consequently, the Hölder regularity ofρ imposed in (131) gives (133).

Next, we show that
ρ > Lª

��t0, t�; Ḃ
δ1
p,ª�R

2
� 9Cδ1

�R

2
�� (136)

and
u > Lª

��t0, t�; Ḃ
δ1
p,ª�R

2
� 9Cδ1

�R

2
�� (137)

for anyp C 2 andδ1 � δ �1 � 2
p
Ǳ. Indeed, for anys > �t0, t�, we have

Yρ�s�Y
Ḃ

δ1
p,ª

� sup
j>Z

�2δ1jY∆jρ�s�YLp
�
B sup

j>Z

�2δ1jY∆jρ�s�Y
1� 2

p

Lª Y∆jρ�s�Y
2

p

L2�

B C �Yρ�s�YḂδ
ª,ª

Ǳ

1� 2

p
Yρ�s�Y

2

p

L2 B C �Yρ�s�YCδ�
1� 2

p
Yρ�s�Y

2

p

L2 (138)

and similarly

Yu�s�Y
Ḃ

δ1
p,ª

B C �Yu�s�YḂδ
ª,ª

Ǳ

1� 2

p
Yu�s�Y

2

p

L2 B C �Yu�s�YCδ�
1� 2

p
Yρ�s�Y

4

p

L4 . (139)

The last inequality holds in view of the boundedness of the Leray projector onL2 followed by an
application of Hölder’s inequality with exponents4,4. The interpolation inequality

Yρ�s�YL4
B Yρ�s�Y

1~2

LªYρ�s�Y
1~2

L2 (140)

together with (133) and (131) gives (136) and (137).
Now, we proceed as in [11]. We apply∆j to (33), we multiply the resulting equation by

pS∆jρSp�2∆jρ, we integrate first in the space variablex > R

2 and then in time fromt0 to t. We
obtain the bound

Y∆jρ�t�YLp
B Ce�c2

j
�t�t0�

Y∆jρ�t0�YLp

�C
S

t

t0

e�c2
j
�t�s�2�1�2δ1�j

�Yρ�s�YCδ1 Yu�s�YḂδ1
p,ª

� Yu�s�YCδ1 Yρ�s�YḂδ1
p,ª

Ǳds (141)

(see [11] for details). We multiply by22δ1j and we take theℓª norm inj. This yields the bound

Yρ�t�Y
Ḃ

2δ1
p,ª

B C sup
j>Z

�2δ1je�c2
j
�t�t0�

� Yρ�t0�YḂδ1
p,ª

�C sup
j>Z

�1 � e�c2
j
�t�t0�

� sup
s>�t0,t�

�Yρ�s�YCδ1 Yu�s�YḂδ1
p,ª

� Yu�s�YCδ1 Yρ�s�YḂδ1
p,ª

� . (142)

Therefore
ρ��, t� > Ḃ2δ1

p,ª�R
2
�. (143)
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for anyp C 2. In view of the continuous Besov embedding (29), we have the continuous inclusion

Ḃ2δ1
p,ª�R

2
�0 Ḃ

2δ1�
2

p
ª,ª �R

2
� (144)

for anyp C 2. We choosep A 2�2δ
δ

so that2δ1 � 2
p
A δ1, hence

ρ��, t� > Ḃδ2
p,ª�R

2
� 9Cδ2

�R

2
� (145)

whereδ2 A δ1. In fact, the spacial regularity (145) holds at anys in �t0, t� because the pointwise-in-
time estimate (141) holds at those times as well. Now we iterate the above process infinitely many
times to upgrade the spacial regularity of the solution and we simultaneously use the PDE (33) to
upgrade their time regularity. This yields the desired smoothness (132), completing the proof of
Theorem 6.

8. PERIODIC CASE

In this section, we consider the initial value problem (33)–(35) posed on the torusT2 with
periodic boundary conditions. We assume the initial dataρ0 have zero mean. We prove existence
and regularity of solutions.

Theorem 7. Let 1 B p � ª. Let ρ0 > Ḃ
2

p

p,1�T
2
� be sufficiently small. We consider the functional

spaceEp defined by

Ep�T
2
� � �f�t� > D�

0�T
2
� � YfYEp�T

2
�

� YfY
L̃ªt Ḃ

2
p
p,1

�T

2
�

� YfY
L̃1

t Ḃ
2
p�1

p,1
�T

2
�

�ª¡ (146)

whereD�

0�T
2
� is the dual space of

D0�T
2
� � �f > Cª

�T

2
� �

S

T

2

f�x�dx � 0  .

Then(33)–(35)has a unique global in time solutionρ > Ep�T
2
�.

The proof of Theorem 7 follows from the proof of Theorem 3.
In view of the Besov embedding and Theorem 7, we conclude thatif ρ0 > Ḃ1

2,1�T
2
� is sufficiently

small, then there is a constantC A 0 depending only on the initial data such that the unique solution
ρ of (33)–(35) obeys

sup
tA0

Y©ρ�t�YL2
�T

2
�

�

S

ª

0
Y∆ρ�t�YL2

�T

2
�

dt B C. (147)

Using this latter estimate, we end this section by showing that theL2
�T

2
� norm ofΛ

1

2ρ con-
verges exponentially in time to zero.

We use the following uniform Gronwall lemma [1]:

Lemma 2. Lety�t� C 0 obey a differential inequality

d

dt
y � c1y B F1 � F �t�

with initial datumy�0� � y0 with F1 a nonnegative constant, andF �t� C 0 obeying

t�1

S

t

F �s�ds B g0e
�c2t

� F2
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wherec1, c2, g0 are positive constants andF2 is a nonnegative constant. Then

y�t� B y0e
�c1t

� g0e
c1�c

�t � 1�e�ct �
1

c1
F1 �

ec1

1 � e�c1
F2

holds withc � min �c1, c2�.

Corollary 3. Let ρ0 > Ḃ1
2,1�T

2
� be sufficiently small. Then there is a constantC A 0 depending

only on the initial data such that the unique solutionρ of (33)–(35)obeys

YΛ
1

2ρ�t�Y2L2
�T

2
�

B Ce�t (148)

for all t C 0.

Proof: We take the inner product inL2
�T

2
� of (33) withΛρ to obtain

1

2

d

dt
YΛ

1

2ρ�t�Y2
L2

�T

2
�

� YΛρ�t�Y2
L2

�T

2
�

� �

S

T

2

�u � ©ρ�Λρdx. (149)

We estimate the nonlinear term

V

S

T

2

�u � ©ρ�ΛρdxV B CYρYLª�T

2
�

YρYL4
�T

2
�

Y©ρYL4
�T

2
�

Y©ρYL2
�T

2
�

B CYρYL4
�T

2
�

Y©ρY2L4
�T

2
�

Y©ρYL2
�T

2
�

B CYρY
1

2

L2
�T

2
�

Y©ρY
5

2

L2
�T

2
�

Y∆ρYL2
�T

2
�

(150)

in view of the boundedness of the Leray projector and Riesz transforms onL4
�T

2
�, the continuous

embeddingW 1,4
�T

2
�0 Lª

�T

2
�, and the Ladyzhenskaya interpolation inequality.

SinceH1
�T

2
� is continuously embedded inH

1

2
�T

2
�, we have

YΛ
1

2ρYL2
�T

2
�

B CYΛρYL2
�T

2
�

, (151)

yielding the differential inequality

d

dt
YΛ

1

2ρYL2
�T

2
�

�C1YΛ
1

2ρYL2
�T

2
�

B C2YρY
1

2

L2
�T

2
�

Y©ρY
5

2

L2
�T

2
�

Y∆ρYL2
�T

2
�

. (152)

We note that

Yρ�t�YL2
�T

2
�

B CYρ0YL2
�T

2
�

e�ct (153)

for all t C 0. Indeed, we multiply (33) byρ and we integrate in the space variable. Then we use the
cancellation of the nonlinear term and the continuous embedding ofH

1

2
�T

2
� in L2

�T

2
� to obtain

d

dt
Yρ�t�YL2

�T

2
�

�CYρ�t�YL2
�T

2
�

B 0 (154)

which gives (153).
Now we go back to the differential inequality (152). Using the bounds (147) and (153) together

with Lemma 2, we obtain (148).
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9. SUBCRITICAL PERIODIC CASE

In this section, we consider the subcritical case where the dissipation is given byΛα for α >

�1,2�, that is, we consider the equation

∂tρ � u � ©ρ �Λαρ � 0 (155)

posed onT2, where

u � �P�ρRρ�. (156)

The initial data are given by

ρ�x,0� � ρ0�x� (157)

and have zero mean.
Global weak solutions exist:

Theorem 8. Letα > �1,2�. LetT A 0 be arbitrary. Letρ0 > L2
�T

2
�. Then(155)–(157)has a weak

solutionρ on �0, T � obeying

1

2
Yρ�t�Y2

L2
�T

2
�

�

S

t

0
YΛ

α
2 ρ�s�Y2

L2
�T

2
�

ds B
1

2
Yρ0Y

2
L2

�T

2
�

(158)

for t > �0, T �.

The proof is similar to that of Theorem 1, and so we omit the details.
We note that the regularity of the initial data imposed in thecritical case�α � 1�, namely

ρ0 > L2�δ for someδ A 0, is not required in the subcritical case in view of the fact thatρ obeys

ρ > L2
�0, T ;H

α
2
�T

2
��. (159)

The following proposition is the analogue of Proposition 3:

Proposition 4. Let α > �1,2�. Let p A 2 and ρ0 > Lp
�T

2
�. Supposeρ is a smooth solution of

(155)–(157)on �0, T �. Then

Yρ�t�YLp
�T

2
�

B Yρ0YLp
�T

2
�

(160)

holds for allt > �0, T �. Moreover, ifρ0 > Lª

�T

2
�, then

Yρ�t�YLª�T

2
�

B Yρ0YLª�T

2
�

(161)

holds for allt > �0, T �.

The solution of the initial value problem (155)–(157) with large smooth data are globally regular.

Theorem 9. Let α > �1,2�, s A 0. Let T A 0 be arbitrary. Letρ0 > Hs
�T

2
� 9 Lª

�T

2
�. Then

there are positive constantsC1, C2 andC3 depending only onYρ0YLª�T

2
�

such that the solution of
(155)–(156)with initial dataρ0 exists and satisfies

YΛsρ�t�YL2
�T

2
�

B YΛsρ0YL2
�T

2
�

eC1t (162)

and

S

t

0
YΛs�α

2 ρ�τ�Y2
L2

�T

2
�

dτ B YΛsρ0Y
2
L2

�T

2
�

�C2YΛ
sρ0Y

2
L2

�T

2
�

�eC3t
� 1� (163)

for t > �0, T �.
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Proof: Fix a smallǫ > �0,1� such thatα C ǫ � 1. We multiply (155) byΛ2sρ and we integrate in
the space variable overT2. We obtain the equation

1

2

d

dt
YΛsρY2L2

�T

2
�

� YΛs�α
2 ρY2L2

�T

2
�

� �

S

T

2

�u � ©ρ�Λ2sρdx. (164)

We estimate the nonlinear term. Integrating by parts and using Hölder’s inequality, we have

V

S

T

2

�u � ©ρ�Λ2sρdxV � V
S

T

2

Λs�α
2
© � �uρ�Λs�α

2 ρdxV

B YΛs�α
2
�1
�uρ�YL2

�T

2
�

YΛs�α
2 ρYL2

�T

2
�

. (165)

In view of the commutator estimate

YΛs
�fg�YLp

�T

2
�

B CYgYLp1
�T

2
�

YΛsfYLp2
�T

2
�

�CYΛsgYLp3
�T

2
�

YfYLp4
�T

2
�

(166)

that holds for any mean zero functionsf, g > Cª

�T

2
�, s A 0, p > �1,ª� with 1

p
�

1
p1
�

1
p2

�

1
p3
�

1
p4
, p2, p3 > �1,ª� (see [10]), we estimate

YΛs�α
2
�1
�uρ�YL2

�T

2
�

B CYuY
L

2
ǫ
�T

2
�

YΛs�α
2
�1ρY

L
2

1�ǫ
�T

2
�

�CYρYLª�T

2
�

YΛs�α
2
�1uYL2

�T

2
�

. (167)

In view of the boundedness of the Riesz transforms (and hencethe Leray projector) onLp
�T

2
�

for p > �1,ª� and Proposition 4, we bound

YuY
L

2
ǫ
�T

2
�

B CYρRρY
L

2
ǫ
�T

2
�

B CYρYLª�T

2
�

YρY
L

2
ǫ
�T

2
�

B CYρY2Lª�T

2
�

B CYρ0Y
2
Lª�T

2
�

. (168)

By the commutator estimate (166), we have

YΛs�α
2
�1uYL2

�T

2
�

B CYΛs�α
2
�1
�ρRρ�YL2

�T

2
�

B CYρYLª�T

2
�

YΛs�α
2
�1RρYL2

�T

2
�

�CYRρY
L

2
ǫ
�T

2
�

YΛs�α
2
�1ρY

L
2

1�ǫ
�T

2
�

B CYρ0YLª�T

2
�

YΛs�α
2
�1ρYL2

�T

2
�

�CYρ0YLª�T

2
�

YΛs�α
2
�1ρY

L
2

1�ǫ
�T

2
�

(169)

Hence

YΛs�α
2
�1
�uρ�YL2

�T

2
�

B CYρ0Y
2
Lª�T

2
�

YΛs�α
2
�1ρY

L
2

1�ǫ
�T

2
�

�CYρ0Y
2
Lª�T

2
�

YΛs�α
2
�1ρYL2

�T

2
�

. (170)

In view of the continuous Sobolev embedding

Hǫ
�T

2
� 0 L

2

1�ǫ
�T

2
�, (171)

we obtain the bound

YΛs�α
2
�1
�uρ�YL2

�T

2
�

B CYρ0Y
2
Lª�T

2
�

YΛs�α
2
�1�ǫρYL2

�T

2
�

�CYρ0Y
2
Lª�T

2
�

YΛs�α
2
�1ρYL2

�T

2
�

. (172)

Using the Sobolev interpolation inequality

YΛs1fYL2
�T

2
�

B CYΛs0fY1�σL2
�T

2
�

YΛs2fYσL2
�T

2
�

(173)

that holds for any mean zero functionf >Hs2
�T

2
� ands1 � �1�σ�s0 �σs2, σ > �0,1�, we estimate

YΛs�α
2
�1ρYL2

�T

2
�

B C �
YΛsρYL2

�T

2
�

�

2�α�1�

α
�
YΛs�α

2 ρYL2
�T

2
�

�

2

α
�1

(174)

and

YΛs�α
2
�1�ǫρYL2

�T

2
�

B C �
YΛsρYL2

�T

2
�

�

2�α�ǫ�1�

α
�
YΛs�α

2 ρYL2
�T

2
�

�

2�ǫ�1�

α
�1
. (175)
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Consequently,

YΛs�α
2
�1
�uρ�YL2

�T

2
�

YΛs�α
2 ρYL2

�T

2
�

B CYρ0Y
2
Lª�T

2
�

�
YΛsρYL2

�T

2
�

�

2�α�ǫ�1�

α
�
YΛs�α

2 ρYL2
�T

2
�

�

2�ǫ�1�

α

�CYρ0Y
2
Lª�T

2
�

�
YΛsρYL2

�T

2
�

�

2�α�1�

α
�
YΛs�α

2 ρYL2
�T

2
�

�

2

α . (176)

By Young’s inequality, we end up with

V

S

T

2

�u � ©ρ�Λ2sρdxV B Cρ0YΛ
sρY2L2

�T

2
�

�

1

2
YΛs�α

2 ρY2L2
�T

2
�

(177)

whereCρ0 is a constant depending on theLª norm of the initial dataρ0.
Therefore, we obtain the differential inequality,

d

dt
YΛsρY2L2

�T

2
�

� YΛs�α
2 ρY2L2

�T

2
�

B 2Cρ0YΛ
sρY2L2

�T

2
�

(178)

which gives (162) and (163).
We have shown existence of global smooth solutions in the subcritical case, provided that the

initial data is smooth enough. No smallness condition is imposed on the size of the initial data.

Remark 4. The solutions in the subcritical case are unique. This is obtained by following the
same argument as for the uniqueness of local strong solutions in the critical case (see the proof of
Theorem 2 in Appendix C).

Remark 5. The results obtained in Theorem 9 holds as well in the whole spaceR2 when the
initial data is smooth. The proof of Theorem 9 is mainly basedon commutator estimates(166)
which hold in the whole space (see[17]), the uniform boundedness of theLp norms of solutions to
the subcritical equation which is obtained inR2 (see Proposition 3 and Remark 2), and periodic
Sobolev interpolation inequalities given by(173)which, in the whole space setting, becomes

YfYHs1
�R

2
�

B CYfY1�σ
Hs0

�R

2
�

YfYσ
Hs1

�R

2
�

(179)

for f > Hs2
�R

2
� ands1 � �1 � σ�s0 � σs2, σ > �0,1�. Therefore, the differential inequality(178)

becomes
d

dt
YΛsρY2L2

�R

2
�

� YΛs�α
2 ρY2L2

�R

2
�

B C0
1YΛ

sρY2L2
�T

2
�

�C0
2 (180)

whereC0
1 andC0

2 are constants depending only on the initial data, yielding the desired bounds.

APPENDIX A. PROOF OFPROPOSITION2

In this appendix, we prove Proposition 2. Letf, g > S �

h. Bony’s paraproduct gives the decompo-
sition

fg �
Q

j>Z

Sj�1f∆jg �Q
j>Z

Sj�1g∆jf � Q

Sj�j�SB1

∆jf∆j�g. (181)

We note that

Q

Sj�j�SB1

∆jf∆j�g �Q
j>Z

∆jf∆jg �Q
j>Z

∆jf∆j�1g �Q
j>Z

∆jf∆j�1g

�

Q

j>Z

∆jf∆jg �Q
j>Z

∆jf∆j�1g �Q
j>Z

∆j�1f∆jg

�

Q

j>Z

�∆j�1f �∆jf�∆jg �Q
j>Z

∆jf∆j�1g. (182)
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This implies that
fg �

Q

j>Z

Sj�1f∆jg �Q
j>Z

Sjg∆jf. (183)

Now we apply∆j . In view of (16), we have

k B j � 2� ∆j�Skg∆kf� � 0 (184)

and
k B j � 3�∆j�Sk�1f∆kg� � 0. (185)

Indeed,

F�∆j�Skg∆kf��ξ� � Ψj�SξS�F�Skg∆kf��ξ�

� Ψj�SξS�

¢

¨

¨

�

¨

¨
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Q

lBk�1
S

R

2

Ψl�Sξ � yS�Fg�ξ � y�Ψk�SyS�Ff�y�dy
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¨

§

¨

¨

¥
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¢

¨

¨

¨

¨

�
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¨

¨

¨

¤

Q

lBk�1
S

2k

2
BSySB 2k5

4

Ψl�Sξ � yS�Fg�ξ � y�Ψk�SyS�Ff�y�dy

£

¨

¨

¨

¨

§

¨

¨

¨

¨

¥

� Ψj�SξS�Ψ̃k�ξ� (186)

where
Ψ̃k�ξ� � Q

lBk�1
S

2k

2
BSySB 2k5

4

Ψl�Sξ � yS�Fg�ξ � y�Ψk�SyS�Ff�y�dy. (187)

Fix l B k�1. Lety > R2 be such that2
k

2
B SyS B 2k5

4
andΨl�Sξ�yS� x 0. This implies thatSξ�yS B 2l5

4
,

thus

SξS B Sξ � yS � SyS B
2l5

4
�

2k5

4
B

2k�15

4
�

2k5

4
� 2k�315. (188)

Consequently, ifSξS A 2k�315, thenΨl�Sξ � yS� � 0 for all l B k � 1 and for ally satisfying2k

2
B SyS B

2k5
4

, and soΨ̃k�ξ� � 0. We conclude that the support ofΨ̃k is included in the closed ball centered
at 0 with radius2k�315. But the support ofΨj�S � S� is included in the closed annulus centered at0

with radii 2j

2
and 2j5

4
. Therefore, ifk � 1 B j � 1, then2k�315 � 2k�1 B 2j�1 and so

F�∆j�Skg∆kf�� � 0 (189)

which gives (184). The property (185) follows from a similarargument. Therefore, we obtain the
decomposition

∆j�fg� � Q

kCj�2

∆j�Sk�1f∆kg� � Q

kCj�2

∆j�Skg∆kf�. (190)

This ends the proof of Proposition 2.

APPENDIX B. PROOF OFTHEOREM 1

Proof of Theorem 1: We take theL2 inner product of (38) withρǫ and we obtain

1

2

d

dt
YρǫY2L2 � YΛ

1

2ρǫY2L2 � ǫY©ρǫY2L2 � 0. (191)

Here we used the fact thatÇuǫ is divergence free, which implies that

�Çuǫ
� ©ρǫ, ρǫ�L2

� 0. (192)
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Integrating (191) in time from0 to t, we obtain (41). Therefore, the family�ρǫ � ǫ > �0,1�� is
uniformly bounded inL2

�0, T ;H
1

2
�. Moreover, we have

S�Λρǫ,Φ�L2
S � S�Λ

1

2ρǫ,Λ
1

2Φ�L2
S B YΛ

1

2ρǫYL2
YΛ

1

2ΦYL2
B CYΛ

1

2ρǫYL2
YΦY

H
5
2
, (193)

ǫS��∆ρǫ,Φ�L2
S � ǫS�ρǫ,�∆Φ�L2

S B CYρǫYL2
YΦY

H
5
2
, (194)

and

S�Çuǫ
� ©ρǫ,Φ�L2

S � S�Çuǫρǫ,©Φ�L2
S B YÇuǫ

YL2
YρǫYL2

Y©ΦYLª B CYρǫY2L4Yρ
ǫ
YL2

YΦY
H

5
2

(195)

for all Φ > H
5

2 . Here we used the boundedness of the Riesz operator onL4, and the continuous
Sobolev embeddingH

3

2
0 Lª. Therefore, we obtain the bound

YÇuǫ
� ©ρǫY

H
�

5
2
� YΛρǫY

H
�

5
2
� ǫY∆ρǫY

H
�

5
2
B C�YρǫY2L4Yρ

ǫ
YL2

� YρǫYL2
� YΛ

1

2ρǫYL2
�. (196)

In view of the continuous embeddingH
1

2
0 L4, we conclude that the family�∂tρǫ � ǫ > �0,1��

is uniformly bounded inL1
�0, T ;H�

5

2
�. Now, we note that the inclusionH

1

2
0 L2 is compact

whereas the inclusionL2
0 H�

5

2 is continuous. Letǫn be a decreasing sequence in�0,1� con-
verging to 0. By the Aubin-Lions lemma and (41), the sequence�ρǫn�

ª

n�1 has a subsequence that
converges strongly inL2

�0, T ;L2
� and weakly inL2

�0, T ;H
1

2
� to some functionρ. By the lower

semi-continuity of the norms, we obtain (42).
For simplicity of notations, we assume thatρǫ converges toρ strongly inL2

�0, T ;L2
� and weakly

in L2
�0, T ;H

1

2
�. We note that

�ρǫ�t�,Φ�L2
� �ρ0,Φ�L2

�

S

t

0
�Çuǫ

� ©ρǫ,Φ�L2ds �
S

t

0
�Λ

1

2ρǫ,Λ
1

2Φ�L2ds � ǫ
S

t

0
�©ρǫ,©Φ�L2ds � 0

(197)
holds for allΦ > H

5

2 andt > �0, T �. Without loss of generality, we may assume thatρǫ converges
to ρ in L2 for a.e.t > �0, T �, and so

S�ρǫ�t�,Φ�L2
� �ρ�t�,Φ�L2

S B Yρǫ � ρYL2
YΦYL2

� 0 (198)

for all Φ >H
5

2 and a.e.t > �0, T �. By the weak convergence inL2
�0, T ;H

1

2
�, we obtain

V

S

t

0
�Λ

1

2ρǫ,Λ
1

2Φ�L2ds �
S

t

0
�Λ

1

2ρ,Λ
1

2Φ�L2dsV� 0 (199)

for all Φ >H
5

2 and allt > �0, T �. For the nonlinear term, we letΦ >H
5

2 , t > �0, T � and we write

S

t

0
�Çuǫ

� ©ρǫ,Φ�L2ds �
S

t

0
�u � ©ρ,Φ�L2ds

� �

S

t

0
��ρǫ � ρ�u,©Φ�L2ds �

S

t

0
��Çuǫ

� u�ρǫ,©Φ�L2ds

� I1 � I2. (200)

We note that

SI1S B CYΦY
H

5
2
S

t

0
YρY2L4Yρ

ǫ
� ρYL2ds� 0 (201)

by the Lebesgue Dominated Convergence theorem. ForI2, we split it as

I2 �
S

t

0
��JǫP�ρ�Rρǫ �Rρ���ρǫ,©Φ�L2ds �

S

t

0
��JǫP��ρ

ǫ
� ρ�Rρǫ��ρǫ,©Φ�L2ds

� I2,1 � I2,2. (202)
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In view of the boundedness of the Riesz transform onL2 and the boundedness of the Leray operator
onL4~3, we have

SI2,1S B CYΦY
H

5
2
S

t

0
YρǫYL4

YP�ρR�ρǫ � ρ��YL4~3ds

B CYΦY
H

5
2
S

t

0
YρǫYL4

YρYL4
Yρǫ � ρYL2ds

B CYΦY
H

5
2
�

S

t

0
YρǫY2L4ds�

1~2

�

S

t

0
YρY2L4Yρ

ǫ
� ρY2L2ds�

1~2

� 0 (203)

by the Lebesgue Dominated Convergence theorem.
We note that we have not yet used the assumption thatρ0 > L2�δ. It will be needed to estimate

SI2,2S. Indeed, we multiply equation (38) byρǫSρǫSδ and we integrate in the space variable. We use
the Córdoba-Córdoba inequality [12]

S

R

2

SρǫSδ�ρǫΛρǫ�dx C 0 (204)

and we obtain the differential inequality

d

dt
Yρǫ�t�YL2�δ B 0. (205)

Integrating in time from0 to t, we end up having the bound

Yρǫ�t�YL2�δ B Yρ0YL2�δ (206)

for all t > �0, T �. As a consequence,
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5
2
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2
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t

0
Yρǫ � ρY2L2ds�

δ
2�δ

�CYΦY
H

5
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Yρ0YL2�δ �

S

t

0
YρǫY2L4�

1~2

�
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0
YρY2L4ds�

2�δ
4�2δ

�

S

t

0
Yρǫ � ρY2L2ds�

δ
2�δ

� 0. (207)

Here we used the interpolation inequality

YfY
L

8�4δ
2�3δ

B CYfY
2δ
2�δ

L2 YfY
2�δ
2�δ

L4 (208)

that holds for anyf > L4.
Thereforeρ is a weak solution of (33). This ends the proof of Theorem 1.

APPENDIX C. PROOF OFTHEOREM 2

Proof of Theorem 2: We apply�∆ � Λ2 to (38) and we obtain

� ∂t∆ρǫ � Çuǫ
� ©∆ρǫ � 2©Çuǫ

©©ρǫ �∆Çuǫ
� ©ρǫ �Λ3ρǫ � ǫ∆∆ρǫ � 0 (209)

We multiply (209) by�∆ρǫ and we integrate overR2 . In view of the fact that

�Çuǫ
� ©∆ρǫ,∆ρǫ�L2

� 0, (210)
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we obtain
1

2

d

dt
Y∆ρǫY2

L2 � YΛ
5

2ρǫY2
L2 � ǫYΛ3ρǫY2

L2 � �2�©Çu
ǫ
©©ρǫ,∆ρǫ�L2

� �∆Çuǫ
� ©ρǫ,∆ρǫ�L2 . (211)

Using the product rule

YfgYHs
B CYfYHs

YgYLª �CYgYHs
YfYLª (212)

that holds for anyf, g >Hs, s A 0, we estimate

Y©Çuǫ
YL4

B CYÇuǫ
Y

H
3
2
B CYρǫRρǫY

H
3
2

B CYρǫYLªYRρǫY
H

3
2
�CYRρǫYLªYρ

ǫ
Y

H
3
2

B CYρǫY2
H

3
2

. (213)

Here, we have used the continuous embeddingH
1

2
0 L4, the fact that the Leray projector is

bounded onH
3

2 , and the boundedness of the Riesz transforms as operators from H
3

2 into Lª.
Similarly, we bound

Y∆Çuǫ
YL4

B CYρǫRρǫY
H

5
2

B CYρǫYLªYRρǫY
H

5
2
�CYRρǫYLªYRρǫY

H
5
2

B CYρǫY
H

3
2
YρǫY

H
5
2

(214)

Consequently,

1

2

d

dt
Y∆ρǫY2L2 � YΛ

5

2ρǫY2L2 B 2Y©Çuǫ
YL4

Y©©ρǫYL4
Y∆ρǫYL2

� Y∆Çuǫ
YL4

Y©ρǫYL4
Y∆ρǫYL2

B CYρǫY2
H

3
2

YρǫY
H

5
2
Y∆ρǫYL2 (215)

and by Young’s inequality, we obtain

d

dt
Y∆ρǫY2

L2 � YΛ
5

2ρǫY2
L2 B CYρǫY4

H
3
2

Y∆ρǫY2
L2 �CYρǫY2

H
3
2

YρǫYL2
Y∆ρǫYL2

B C�YρǫY6
H2 � Yρ

ǫ
Y

4
H2�. (216)

We note that

YρǫYH2
�
Z
�1 � S.S2�F�ρǫ��.�Z

L2
B CYFρǫYL2

�CY∆ρǫYL2

� CYρǫYL2
�CY∆ρǫYL2

B CYρ0YL2
�CY∆ρǫYL2 (217)

in view of Plancherel’s theorem and the uniform boundednessof ρǫ in L2 described by (42). There-
fore, we obtain the differential inequality

d

dt
Y∆ρǫY2L2 � YΛ

5

2ρǫY2L2 B CY∆ρǫY6L2 �Cρ0 (218)

whereCρ0 is a positive constant depending only onρ0 and some universal constants. This implies
that

d

dt
�
Y∆ρǫY2

L2 � 1� B C0 �Y∆ρǫY2
L2 � 1�

3
(219)

for some constantC0 depending only on the initial data. Diving both sides by�
Y∆ρǫY2

L2 � 1�
3

and
integrating in time from0 to t, we get

1

2 �Y∆ρǫ�t�Y2
L2 � 1�

2
C

1

2 �Y∆ρ0Y
2
L2 � 1�

2
�C0T0 (220)
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for all t > �0, T0�. We choose a positive timeT0 A 0 such that

T0 �
1

2C0 �Y∆ρ0Y
2
L2 � 1�

2
(221)

and we conclude that

Y∆ρǫ�t�Y2L2 B

Y∆ρ0Y
2
L2 � 1

¼

1 � 2C0T0 �Y∆ρ0Y
2
L2 � 1�

2
(222)

for all t > �0, T0�. In view of the energy inequality (218), we also have that

S

T0

0
YΛ

5

2ρǫ�t�Y2
L2dt B Γ�ρ0, T0� (223)

whereΓ�ρ0, T0� is a positive constant depending only on the initial data andT0. This shows that
�ρǫ � ǫ > �0,1�� is uniformly bounded in

Lª

�0, T ; Ḣ2
�R

2
�� 9 L2

�0, T ; Ḣ
5

2
�R

2
��. (224)

Passing to the limit on a subsequence and using the lower semi-continuity of norms, we conclude
that the weak solutionρ, obtained in Theorem 1, is strong.

For uniqueness, suppose thatρ1 andρ2 are two strong solutions of (33) on�0, T0� with the same
initial condition. Letρ � ρ1 � ρ2 andu � u1 � u2. Thenρ obeys the equation

∂tρ � u � ©ρ1 � u2 � ©ρ �Λρ � 0. (225)

We take theL2 inner product withρ and we obtain

1

2

d

dt
YρY2L2 � YΛ

1

2ρY2L2 � ��u � ©ρ1, ρ�L2 . (226)

In view of the boundedness of the Riesz transforms onL4, we have

YuYL4
B YP�ρRρ1�YL4

� YP�ρ2Rρ�YL4

B CYρYL4
YRρ1YLª � Yρ2YLªYRρYL4

B CYρYL4
�Yρ1Y

H
3
2
� Yρ2Y

H
3
2
Ǳ . (227)

Hence

S�u � ©ρ1, ρ�L2
S B YuYL4

Y©ρ1YL4
YρYL2

B

1

2
YρY2

H
1
2

�C �Yρ1Y
2

H
3
2

� Yρ2Y
2

H
3
2

Ǳ Yρ1Y
2

H
3
2

YρY2L2 . (228)

Therefore,
d

dt
YρY2L2 B K�t�YρY2L2 (229)

where
K�t� � C �Yρ1Y

2

H
3
2

� Yρ2Y
2

H
3
2

Ǳ Yρ1Y
2

H
3
2

. (230)

We note thatK�t� is time-integrable on�0, T0� sinceρ1 andρ2 belong to the spaceLª

�0, T0;H2
�R

2
��.

This shows that for eacht C 0, ρ1��, t� � ρ2��, t� a.e. inR2 , and so we obtain uniqueness. This
completes the proof of Theorem 2.
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