LONG TIME FINITE DIMENSIONALITY IN CHARGED FLUIDS

ELIE ABDO AND MIHAELA IGNATOVA

ABSTRACT. We consider long time dynamics of solutions of 2D periodic Nernst-Planck-Navier-Stokes sys-
tems forced by body charges and body forces. We show that, in the absence of body charges, but in the presence
of fluid body forces, the charge density of the ions converges exponentially in time to zero, and the ion con-
centrations converge exponentially in time to equal time independent constants. This happens while the fluid
continues to be dynamically active for all time. In the general case of body charges and body forces, the
solutions converge in time to an invariant finite dimensional compact set in phase space.

1. INTRODUCTION

Electrodiffusion of ions in fluids, described by the Nernst-Planck-Navier-Stokes (NPNS) equations [[12]],
is a broad subject, extensively studied in the chemical-physics, bio-physics and engineering literature. From
mathematical point of view, the Nernst-Planck system without added charges and without fluid possesses
global smooth solutions which converge to unique stationary states in bounded domains in two dimensions
[2, 13, [10]. These results are obtained in situations in which boundaries are impermeable to the ions, where
the relevant blocking boundary conditions require the vanishing of the normal fluxes of ions through the
boundary. The NPNS system with blocking boundary conditions and with no applied voltage at the boundary
is globally well posed in 2D [15]. Furthermore, the NPNS system was proved to have globally smooth and
stable solutions in 2D with blocking boundary conditions and nonzero applied voltage [5]. In [16], weak
solutions in three dimensions were shown to exist for homogeneous Neumann boundary conditions for the
potential. Recently, in [11]], the authors established the existence of weak solutions in the whole space,
Q = R3. All these results concern situations without forcing in which there is a unique stable stationary
solution.

Numerical simulations [[14} [17] and experiments [13]] show that instabilities occur in regimes when the
system is forced. The lack of stability was suggested to lead to chaotic, and even turbulent behavior [9],
analogous to fluid turbulence.

In this paper we consider the issue of long time dynamics of solutions of the NPNS system with forcing
of two kinds: added charges and fluid body forces. Two ionic species, with concentrations ¢; and cg, with
valences z; = 1 and z9 = —1 respectively, and with equal diffusivities D > 0, evolve according the Nernst-
Planck equations

(O +u-V)e; = DAiv(Ve; + zie; V), (1
i =1,2. The ionic species concentrations ¢;(x,t) are nonnegative functions of the two variables, position
and time ¢. The potential ® obeys the Poisson equation

-eAD=p+ N 2)

driven by the charge density
p=C1—C2 (3)
and by the added charge density N, which we take smooth and time independent. The constant € > 0
is proportional to the square of the Debye length. The velocity u of the fluid obeys the Navier-Stokes
equations
du+u-Vu-vAu+Vp=—(p+ N)VP + f 4
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with the divergence free condition
V-u=0. 5)

The variable p represents the pressure. The positive constant v is the kinematic viscosity. The body forces f
are time independent, smooth, and divergence free. We consider the NPNS system in the two dimensional
periodic domain

T? = [-7m, 7] x [-7, 7] (6)

with periodic boundary conditions.

Our main results are as follows. In the absence of forcing of any kind (f = N = 0), we prove that solutions
are global and regular. The velocity converges exponentially in time to zero, the concentrations converge
exponentially in time to equal constant values and the charge density converges exponentially in time to
zero. In the case of body forces, but in the absence of added charge densities (f # 0, N = 0), we prove that
the solutions are global, regular and the ionic concentrations still converge exponentially in time to equal
constant values, while the charge density converges exponentially in time to zero. This is interesting in
view of the fact that the Navier-Stokes evolution is forced and the velocity does not cease to be dynamically
active. In all cases of forced equations, including f # 0 and N # 0, we prove that all solutions converge in
time to a global attractor, which is an invariant compact set in phase space with finite Hausdorff and fractal
dimension.

The paper is organized as follows. Section [2]is devoted to preliminaries. We describe the asymptotic
behavior of eigenvalues of the dissipative operator A = (vA,—DA,-DA), where A is the Stokes operator
and A is the Laplacian. We recall a Gronwall lemma that gives, under suitable assumptions, exponentially
decaying bounds. In section[3] we prove, as in [6], that

foT fqyz (|Cl($)|2 + |Cz(x)|2) dzdt < oo, 7

for all T > 0 is a necessary and sufficient condition for the persistence of global regular solutions of the
NPNS system (I)—(3). Under condition (7)), the nonnegativity of the initial ionic concentrations is preserved
for all positive times. In section 4] we discuss the case where no body forces f are present in the fluid
and no added charge densities N take part in generating the electric field. We prove that the concentrations
decay exponentially in all L spaces (p € [2; 00)) independently of the velocity u, implying, together with
the exponential decay of the LP norms of u, the existence of a single point attractor. We prove further that
the solutions decay exponentially in H2. In section we consider added body forces, and we establish that
the concentrations converge exponentially to equal constant steady states, and the charge density vanishes
in the limit of large times. We address the evolution of the system in a phase space corresponding to strong
solutions (H'). We show that there exists a compact set (a ball in a the stronger norm H 2) which is an
absorbing ball. This means that starting from any initial data wg in phase space, there exists a time tg,
depending locally uniformly on the norm of the initial data in the phase space, such that solution S(t)wq
belongs to the absorbing ball for times larger than ¢{3. We study further the properties of the nonlinear
solution map S(t) corresponding to the NPNS system. We establish Lipschitz continuity of S(¢) in various
norms, including a smoothing property for positive times (see Theorem [5). We prove the injectivity of the
solution map S(¢) in Appendix A. Exponential decay of volume elements is proved in Appendix B. The
existence of a finite dimensional global attractor is thus established for the case IV = 0, f # 0. The global
attractor is a set which is invariant under the solution map, and such that all solutions converge to it as time
tends to infinity. In section [6] we treat the general case with an added charge density N. In this case the
concentrations and the charge density are no longer convergent in time, but we still obtain the properties of
existence of a compact absorbing ball, Lipschitz continuity and smoothing properties of the solution map.
The injectivity and decay of volume elements are valid as well, and we obtain the existence of a global
attractor with finite Hausdorff and fractal dimension.



2. PRELIMINARIES
We consider the Hilbert space
H=Heo L’ oL’ (8)
where H is the space of L? periodic vector fields which are divergence free and have mean zero. We define

Aw = (vAu,-DAcy,-DAcs) 9

where A is the Laplacian operator with periodic boundary conditions on T2, and A = P(~A) is the Stokes
operator. Here, P denotes the Leray-Hopf projector. We recall that P and —A commute on T2. The domain
of definition of A is

D(A)=(H?’nH)e H? ® H>. (10)

By the spectral theorem for Hilbert spaces, and since O is not an eigenvalue, there is an orthonormal ba-
sis of ‘H formed by a sequence of eigenvectors wy of A with corresponding eigenvalues p counted with
multiplicity such that O < p1 < pg <-++ < g — oo.

Proposition 1. There exists a constant C > 0 such that i, > Ck for all k > 1.

Proof. We denote by {)\;} the eigenvalues of —A with periodic boundary conditions on T? counted with
multiplicity, 0 < A\; < Ap <.... There exists a constant ¢ > 0 such that j < c\; for all j € N, and {v\;} and
{DA;} are the eigenvalues of ¥ A and D(-A) respectively counted with multiplicity. We write

{,uil’i:1,...,N}:{I/)\iiizl,...,j}U{D)\iiiZ1,...,/{?} (11)

and we note that if uy = vA;, then j < Zun, whereas if uy = DAy, then k < Suy. Consequently,
N=j+k<c (% + %) un, which completes the proof of the lemma.

We use the following Poincaré inequality for L? spaces [8]|:

Proposition 2. Let p=2m, m > 1,0 < o < 2, and let g € C*® have zero mean on T?. Then
_ 1
€ @A (@)dw > SN 72 + Alals (12)

holds, with an explicit constant A > 0, which is independent of p.
We recall a uniform Gronwall lemma [[1]].

Lemma 1. Let y(t) > 0 obey a differential inequality

ey <P+ F(1)

—y+c1y <

d ty 1Y 1

with initial datum y(0) = yo with F a nonnegative constant, and F(t) > 0 obeying

t+1

f F(s)ds < goe™ " + Fy
t

where c1, ca, go are positive constants and Fy is a nonnegative constant. Then

et

1
y(t) < yoe 1t + goe TE(t + 1)€_Ct +—F + 2

c1 l-ea

holds with ¢ = min{c1, ca}.
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3. EXISTENCE AND UNIQUENESS OF SOLUTIONS
We consider the system

ou+u-Vu+Vp=vAu-(p+ N)VP + f

V-u=0
p=Cc—C2

13
-eAD=p+ N (13)

Oic1 +u-Vep = DAcp + DV - (01V<I>)
Orca +u-Veg = DAcy — DV - (o VD)

in T2 x [0, c0), where v, D, ¢ are positive constants. The body forces f are smooth, divergence free, time
independent, and have mean zero. The added charge density NV is smooth and time independent. We assume
that the initial fluid velocity u( has mean zero. We also assume that the initial concentrations ¢; (x,0) and
c2(x,0) have space averages ¢; and ¢o satisfying

G-c1=N (14)
where N is the space average of the charge density N.

Remark 1. We note that p maintains a space average equal to —N whereas v maintains a space average
equal to zero for all t > 0. This follows by integrating the equations satisfied by p and w and by using

1 1
f(p FN)VD = - f(p + N)VA2(p+N)=—= f Ao+ NYRA YV (p+ NY=0  (I5)
€ €
where the last equality holds because the Riesz operator R = VA~ is antisymmetric.

We use the following convention regarding constants: we denote by C' a positive constant that might
depend on the parameters of the problem or universal constants, C'y a positive constant depending, in
addition, on the charge density N. Following the same pattern, we denote by C'y ¢ a constant depending on
N and f. These constants may change from line to line along the proofs.

Theorem 1. (Local Solution) Suppose uy € H' and ¢;(0) € L. Then, there exists Ty depending on
|uol g1, ||ci(0)||z2 and the parameters of the problem such that system (13) has a unique solution such
that w e L (0,T; HY) n L2(0,T; H?) and c; € L= (0,T; L*) n L*(0,T; H') on [0, Tp].

Proof. We start by taking the L? inner product of the equation satisfied by u with —Awu. We use the identity

Tr(GTG*)=0 (16)
for the two-by-two traceless matrix GG with entries G;; = %, and we obtain
J
1d 9 9
§EHVU||L2+1/HAuHL2 =f(p+N)V<I>-Au—ffAu. (17)

In view of Holder’s, Ladyzhenskaya’s, Poincaré’s, and Young’s inequalities, we have

[+ N)Ve- Aus o+ Nipo] 901 | Au
< ClAulgallolze + INge]lol pa + V] 10]

v D
< 1AulZz + Z1VplLe + Clolz + Cn. (18)
and consequently, we obtain the differential inequality

d D
SVl +viAulds < T19pl3 + Clplia + Cng (19



Let 0 = c1 + c2. Then, o and p obey the system

{ata +u-Vo=DAo+ DV-(pV®)

(20)
Ohp+u-Vp=DAp+DV-(cVP).

Taking the L? inner product of the first equation with o and of the second equation with p, adding them, and
noting that

‘f pADc

by Ladyzhenskaya’s and Young’s inequalities, we obtain the differential inequality

D
<Clplrslolpallp+ N2 < 5[||Vplliz +|volZ]+ Cloliz +Clolia+Cn - 2D)

d
Z(lolzz+lplzz) + D(IVolLz + [Vel2) < Clllolzs + lplz21+ Cn- (22)
Let
M(t) = [Vulze + lolzz + o]z (23)
Adding (22) to (19), we obtain
D
M'(t) + 5(|\V<T(t)\|%2 +[Vp()[72) +v[Au(t)|72 < OM(1)* + Cy g (24)

This latter differential inequality gives short time control of the desired norms. For uniqueness, suppose
(u1,ct,cd) and (ug, c2, c3) are two solutions of (I3). Let p1 = ¢l —cd, po = 2 —c2, 01 = cl +¢b, 09 = 3 + 3.
We write u = u; —ug, p = p1 — p2 and o0 = 01 — 02. Then u, p and o obey the system

Opu +u1 - Vuy —ug - Vug + V(p1 — p2) = vAu — [p1 VP — po Vs ]
(9,5,0+U1'Vp1—UQ'VpQ=DA,0+DV'(O'1V<I)1—O'2V(I)2) 25)
0o +uy-Vor—ug-Voa=DAc+ DV - (p1 VP — paVP2)

We take the L2 inner product of the first equation of (25)) with u to obtain
B dt HU”Lz +v|Vul7. = / (ur-Vui —ug - Vug) -u dr - f (p1VP1 = p2VP2) -udx.  (26)
We estimate the term

f(urVul—uQ-Vug)-ud:r‘:‘f[u-Vu1+u2-Vu]-udx

3/2 1/2 1/2 1/2
< Ollull 2 [V ul 5 9 |5 A @7)
using Ladyzhenskaya’s inequality. In view of elliptic regularity
|V L= < Clpl s, (28)

we have

‘/- (p1V‘I>1 - pQVCDg) U dw‘ = ‘/ [pV(I)l + pzvq)] U d.’L“

1/2

Vol ul 2] 29)

Now, we take the L? inner product of the second equation of (23)) with p, and we get

<CMVeLL=lplzlulrz + o2l 2ol 2

2dth“L2+DHVp“L2_ f(ul Vp1—ug - Vﬂ2)P+D[V (01V®1 — 02V D2)p. (30)
‘We have

U(u1-Vp1—U2-Vp2)p‘=‘f[u'VpﬁuQ'Vp]p‘

1/2 1/2 1/2 1/2
<C|Vpi| 2l L vl 1ol H2 v ol 2o 31)
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and

1/2

3/2
[ 9 (191 - 0290)p| < C [Vl iz Volse + loulalol Vo). G2)

Finally, we take the L? inner product of the third equation of (23] with & to obtain

1d
—7\\0\\%2 +D||VU||%2 :—f(ul'VU1—uQ-V02)U+D/V'(P1V<I>1—ng(I’Q)U. (33)

We estimate the first term on the right hand side of as in (31)). For the second term, as in (32)), we have

1/2 1/2

|[ 9+ (01981 - p2902) do| < C[ 1901 Iplal Tolse + Ipalialol 190151901 52] - 34

Putting (26)—(34) together, and applying Young’s inequality, we obtain a differential inequality of the form

d
pn [lul?z + Ipl7> + loliz] < CO®) [lulZ> + o172 + lol72] (35)
where
C ) = 2/3 A 2/3 2 2 N 2[ 4 4 1 36
() = [Vur] 5 [Aui]}s + [Vorlze + [Voul gz + o1 + Nlgs + lo2] 72 + [ p2] 72 + 1. (36)
Since
t
f C(s)ds < oo. 37)
0

for any ¢ € [0,7p], we obtain uniqueness.

Theorem [1| shows existence of local solutions. The calculations can be done rigorously using Galerkin
approximations. Namely, we consider an orthonormal basis of L? consisting of the eigenfunctions {® ket
of the Stokes operator

- A®, +VE, = up Py (38)

with periodic boundary condition on T2, and such that
V- -®,=0 VkeN. (39)

The functions ®;, are C'*, divergence free, and have mean zero. We also consider an orthonormal basis of
L? consisting of the eigenfunctions {wp} oy of the Laplacian operator

- Awk = )\k’wk (40)

with periodic boundary condition on T2. The functions wy, are C'*° and have mean zero. Let

n
tn = P = 3 (u, @) 1 P (4D
k=1
and
) n n
C; =P,c; = Z(ci,wk)szk +¢; = Z(Ci,wk)szk 42)
k=1 k=0

be the Galerkin approximations of u and ¢; for i € {1,2}. Here, ¢; is the constant average of c; over T2, and
wg = 1/27w. We fix m and n, and we replace u, ¢; and ¢z in by uy,,ct and 2 respectively. We test the
equation for u,, with each of the functions ®; and the equations for c,ll and cfl with each of the functions w;.
This gives a system of nonlinear ODE’s for the coefficients of the Galerkin approximations. A solution of
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this latter system exists if it is bounded in some norm. To show that, we multiply the equations of this latter
system by ®; and w; correspondingly and we sum. We obtain the approximate system

Oty + Py (up, - Vuy) — vAu, = =Pp((pn + PoN)V®P,) + P, f

orct + P (up - Vel) = DAcL = DP,(V - (¢ v®,))

012 + P (up - V) — DAC? = DP,(V - (2V®,)) (43)
-eAD, = p, + P, N

Pn = 6711 - 0721

with u,,(0) = P,ug, c,(0) = Phc;(0),4 = 1,2. Since the ®;’s and the wy’s are C'*°, the Galerkin appoxi-
mants are smooth functions, and so we can find a priori estimates by taking suitable scalar products in L?
and integrating in time. Then, we pass to the limit via the Aubin-Lions lemma.

Theorem 2. Let ug € H' and ¢;(0) € H'. Let T > 0. Suppose (u,c1,c) solves on the interval [0,T]
with

T
[ Uer®l + lea()22)dt < oo. (44)
0

Then, uwe L*®(0,T; H') n L?(0,T; H?) and c¢; € L=(0,T; H') n L*(0,T, H?).

Proof. The following calculations can be done rigorously using Galerkin approximations.
The differential inequality (22)) gives

d
T olze +lol72) < ClolLz + Ipl72)* + Cn. (45)

Thus, under the assumption (@4)), we obtain that ¢; € L°°(0,T; L?)nL?(0,T; H'). Moreover, the differential
inequality (T9) allows us to conclude that v € L= (0,T; H') n L*(0,T; H?).

Now, we taking the L? inner product of the equation satisfied by p in ([20) with —~Ap, and we obtain the
equation

1d
5%IIWIIQLQ+DHA/}H%2 =f(u-Vp)Ap—DfV~(UV¢>)Ap- (46)
We estimate
1
UGA@AP < ZIIApII%Q +Clo|72|vel7: + C|Vpli + Cn, 47)
1
| [ (vo-v@)ap| < 11801 + Il + Clvalts + O (48)
and
Ap| = D1 apl2s + Cvul? 2 49
(u-Vp)Ap|=| | VuVpVp|< 4|| plize + ClVul72[Vpl 7. (49)

where we used elliptic regularity together with Ladyzhenskaya’s inequality and Poincaré’s inequality applied
to the mean zero function p + N.
Finally, we take the L? inner product of the equation obeyed by ¢ in with —Ao to get

1d
§£||Va||%2 +D|Ac|3, = [(u-VU)AJ —D[ V- (pVP®)Ac (50)
and proceeding in the same fashion as above, we obtain
1
|/ a2 < 11803 + Clolls + CIVplLe + O (51)

1
U(Vp- V@)Aa‘ < 1180]2 + CITplL + Cx (52)
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and
D
‘[(’LL'VU)AU < ZHAJH%Z+C||Vu||%2HVUH%2. (53)

Putting (#6)—(53) together, we conclude that ¢; € L>(0,T; H') n L?(0,T; H*) with bounds depending
on the initial data and 7.

Remark 2. Note that if we assume that uwy € H? and c;(0) € H?, then the regularity of the solutions is
upgraded to u € L= (0, To; H?) n L*(0,To; H?) and c; € L= (0, Ty; H?) n L(0, Ty, H?).

Remark 3. Under the conditions of Theorem 2] if ¢;(0) > 0, then c;(t) > 0 for 0 <t < T (see [3)).
4. NPNS SYSTEM WITHOUT BODY FORCES NOR CHARGE DENSITIES

In this section, we treat the case where f = N = 0. We consider the system

Ou+u-Vu+Vp=vAu-pvVd

V-u=0
=c1-c
N 4

dc1 +u-Vey = DAcy + DV - (1 V®)
8t02 +u-Ver = DACQ -DV- (CQV(I))

in T2 x [0, 00). We prove global regularity and asymptotic behavior of solutions. We start with a priori L?
bounds.

Proposition 3. Let ug € H,c;(0) € L2 We assume that c;(t) > 0 holds for all t > 0. Then, there exists an
absolute constant C > 0 such that

lo(t) =72 + lp(t)72 < (2llool32 + 25172 + [ pol72)e > (55)
holds for all t > 0. Moreover,
t+T 1 1
(I90) 132 + 190 (B2 + Zlo()IEs ) ds < 5 @loole + 2101 + [pol3)Te P (56)

i
holds for any t > 0,T > 0.

Proof. We recall that o and p obey

{3,50 +u-Vo=DAo+DV-(pvVd)

57
Op+u-Vp=DAp+DV-(cVP). (57)

We take the L? inner product of the first equation of system with o and of the second equation with p,

we add them and we use the fact that
1
pr@a: _Z /U(p)2 (58)
€

and that ¢; > 0 for 7 = 1, 2, to obtain the differential inequality

d _ 2D

o=l + 1pIR2) + 2D(Ivo 12 + [9pl32) + 22 ol <0. (59)
In view of Poincaré’s inequality, we get (55). Going back to (39) and integrating, we obtain (56).

Theorem 3. Let ug € H' be divergence free, and let c¢;(0) € H' be nonnegative c;(0) > 0. Let T >
0. Then there exists a unique solution (u,cy,c2) satisfying w € L®(0,T; H') n L2(0,T; H?) and ¢; €
L>®(0,T; HY) n L*(0,T, H?). Moreover c;(t) > 0 holds on [0,T7].
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Proof. By the local existence theorem (Theorem [I)) there exists 7y > 0 depending only on the norms of
initial data in H' such that the solution exists and belongs to H L The condition (44) holds, and therefore,
by Remarkci(t) > 0. The inequality is valid on [0, 7y ]. By Theoremthe solution is bounded in H!.
We apply the local existence theorem again, starting from 79, and deduce that the solution can be extended
for Ty > Ty. The inequality holds on [0,7}]. Because the inequality holds as long as ¢; > 0,
reasoning by contradiction we see that the solution extends to the whole interval [0, T'].

Corollary 1. Under the assumptions of Proposition [3] there exists a positive constant a = a(D,v) depending
on D and v, and a positive constant A = A(|po| 12, |oo| 2, [|wo| r2) depending on | po| 12, |ooll 12, |uoll 12,
the parameters of the problem and universal constants, such that

Ju(t)] 2 < Ae™ (60)
holds for all t > 0.

Proof. We take the L? inner product of the first equation in (54) with u, and we get

1d 9 9
sorlulfs +vivulfs = - [ pve-u. (61)
We estimate
pr’-udfﬂ <|plzzVe| L= llulz2 < Clipl 2ol pslul L2 (62)

and thus, we obtain the differential inequality

d
o lullzz + viulzz < Clol e ol e (63)
By Proposition [3|and Lemmal I} using (56), we obtain (60).

Remark 4. In the case f = N =0, the global attractor exists and is the singleton (0,5/2,5/2). That is, for
all initial data, the solution (u, cy,c2) converges to (0,5/2,5/2).

Proposition 4. Let ug € H L and ¢i(0) e H L Let p > 2. Then, there exist positive constants ai,as de-
pending on D, €, &, and \ (the constant in Proposition @) and positive constants CY (| po| v, |00 2) and
CY(llool v [ poll z2) depending on the corresponding initial data, &, p and universal constants, such that

lp(®) e < CYe™? (64)

and
lo(t) =&)L < Che ! (65)
hold for all t > 0.

Proof. The equation for p is equivalent to
Dé
Bip+u-Vp+ —p-DAp=DV-((0-5)VP). (66)
€
Taking the L? inner product of equation (66) with p|p|P~2 gives
1d D& _ _ _
Sl = el + D=1 [ 9oLl e =-D(p-1) [ (0 -a)9e P (67
By Holder’s inequality with exponents 2, p, 2p/(p-2), followed by Young’s inequality, we get
_ — p=2 _ p=2
| [ =)V 1o 20p| < [Vl 16l Vol 2l = sl =] 2
L2012, + Live)2 12 =2 68
< Sllel= vplze + SIVeIL~ o = ol Lol ol (68)
In view of the Gagliardo-Nirenberg inequality, we have

p=2 2
lo=alce <Cpllo =& o -5}, (69)
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where C), is a constant that depends on p. Therefore, we get the differential inequality

2DG | 9 2 9 e 2 4
lolze < Gy D(p = DIVe[Lxlo =l o -al7.. (70)

d, 2
JR— + —_—
Zlolts + =
If p = 3, then elliptic regularity, an application of Young’s inequality with exponents 3, 3/2 and Poincaré
inequality imply that

2 4
2 —1|3 — 1|3 3 — 2 — 12
[Ve[Lelo~alflo=al}. <C(lplzalo -aliz + [Volialo -al7e). (1)

In view of (56), and Lemmal(l] we obtain (64) for p = 3.
Now, we go back to the differential inequality (70). We estimate

|2 s —*%<C’ 2 2 72
IVO|<llo=al 4" lo-al7. <Clplgs|vVeli. (72)

where we have used elliptic regularity and Poincaré’s inequality. Therefore, and an application of
Lemmal[I| give (64) for any p > 2.
Next, we note that the equation satisfied by o — & is given by

O(c-d)+u-V(oc-0)=DA(c-7)+DV-(pVP). (73)
We take the L? inner product of equation with (o — )|o — 7[P~2 and we get the equation
o lo-al;,-D f lo - &P (0 -5)A(0c - 5)dx = -D f pv®-V((o-d)o-aPH)dx (74
p
By Holder’s inequality with exponents 2, p, 2p/(p-2), followed by Young’s inequality, we obtain

U VG- V((0 - 5o - 57 2)da

1 _p=2 _ 1 ipe9
< (- 3llo =% (o - ) 2 + 31V Iolslo - o117 .

p—z
2

_p=2 _ b2 _
<= DIVe|r=lplzello ol | 2 llo-ol= V(e =)

Thus, we have the differential inequality
_ D(p-1) _ - D(p-1) -2
o =olt,+ ZEL [ 190 -l - ot e s ZED V0l ol o - ol (5)
We note that

D@p-1) [ [9(o-a)Plo-ade=-D [ o=t (e -5)A(c-5) > DAlo-al},  (T6)

if p is an even number greater than 2. This follows from Proposition[2] Thus, for any even number p > 2,

d _ _
o= oZ» + DAlo ~al7s < D(p = 1)|pl7alpls- (7

In view of Lemmal|I] we obtain (63) for any even number p > 2. An L” estimate when p is not even can be
obtained by an application of Holder’s inequality.

Proposition 5. Let ug € H?, ¢;(0) € H. Then, there exist positive constants c3, cy, s, cg depending on D, €

and v, and positive constants Cs, Cy, Cy, Cg depending on the initial data ||uo| g2, |c1(0)] g2, [|c2(0)| 72,
o and universal constants, such that
[Vu(t)|2 < Cse™, (78)
Vo) |72 + [Vo(t)|72 < Cae™, (79
| Au(t) |72 < Cse™, (80)
and
[8p®)]172 + A0 (t)[72 < Coe™! (81)

hold for all t > 0.
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Proof. We take the L? inner product of the equation satisfied by u in (54) with —Awu, and we apply Holder’s
and Young’s inequalities to get

d
T IVulze +viAulze < Clolzs ol (82)

and so we obtain by an application of Lemmall]
Now, we take the L? inner product of equation (66) obeyed by p with —Ap and we estimate

| [ (o= r8080| < Claplialol F19 01 N - o1 2 1wol (83)
| [ (vo-v®)80| < Claplavolialol o (84)

and
[ )0l <CIvol 1201 E I Tule (85)

in view of Ladyzhenskaya’s inequality. This gives
d 4 _
—Volzz + DIAplL < C(pl7 + [Vulz2)[VelLe + (lolLs + lo - 5l72)velLe]. @6)
Next, we take the L? inner product of the equation satisfied by &, and proceeding as above, we obtain
d 2 2 2 2 2 4 2
—Ivale + DIAclz. < C[(plze + 1ol Vol L2 + [ Vul 12 Volz2]. (87)

Adding to (86) and using (56), we obtain (79).
Then, we apply —A to the equation obeyed by v in (54) and we take the L? inner product of the resulting
equation with —Awu. We obtain

5 dt L) Aul2 + vV Aul2s = f Alu-Vu) - Au- f A(pV®) - Au. (88)
In view of Ladyzehsnkaya’s inequality, we have
’f A(u-Vu) - Au| < C|VAu| 2| Vu| L2 | Au| 2. (89)
Moreover,
‘f A(pv®) - Au| < C[VAul 2(llpl 2 Vol 2 + ol sV el L2)- (90)
Here we have used the fact that the Riesz transforms are bounded in L%, so
1 _
[99@] L1 = ZIVVAp] s < Clp] 1a- 1)
Consequently, we obtain
d
EHAUIIiz +v|VAu|T < C[|Vulfz|Auliz + 01721V ol 72 + [l 7s 1Vl 72]- ©2)

In view of (82) and Lemmal([l] we deduce (80).
Finally, we apply —A to the equations satisfied by p and o in and we take the L? inner product of the
resulting equations with —Ap and —Ao respectively. We obtain

D& _
thHAp”LQ - IIApHiﬁDHVApII%z=DfAV‘((U—U)WI))Ap—fA(u-Vp)Ap 93)
and
1d
5£||AJH%Q+D||VAU||%2=DfAV-(,OVCD)AU—/A(U-VJ)AU. (94)
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We estimate

\ [ A Vo)A < 1980l [ul 14| Tl
1/2 1/2 1/2 1/2
< OV APl 2 | Vul 1 Aul 21V ol 2 1 Aol 93)
and similarly
| [ A-vo)ao] < Clvaal el vulFlaul 2 1vol} 21 A0 7. %)

Now, we have

‘f A((o - 5)AD)Ap

<[vApl2 lIvolpa[A®] s + o - o] 14| VAR 4]

1/2 1/2 1/2 1/2
<CIVAp| 2 [IVal Z1acl L Ivel: + Vol 2l Vol F1asl R ©D
whereas

‘f A(V(e-a)-V®)Ap| < [VAp[ 12 [|VVo] 12| VO| L= + [V L4 [VVP] 4]

1/2 1/2
<C|VApl2 [|1A0]2llpla + Vol 1A 2 Vol ] ©8)
Here, we have used the fact that the Riesz transforms are bounded in L2, and so
IVVo|p2 = [VAT' VAT A2 < C|Ac| 2 99)
Similarly, we have the bounds
1/2 1/2 1/2 1/2
\ [ Apa®)ac| < Clvacl (191180110l 2 + 19pl 1ol 18015 ] (100)

and

U A(Vp-V®)Ac

Putting (93)—(101) together, and applying Young’s and Poincaré’s inequalities, we have the differential
inequality

<CIvAaL: [[1Apl 2ol s + 19015 1AL 190l 12 (101)

d
(180152 + [Ac|L2) + D(IVAI L2 + [VA0| )
<ClUAulfz +[VplZe + [Vol7) [ApNZ: + (1Au]z + |Vpl72) A 7] (102)

Consequently, (81)) follows from (86), (87), and Lemmal[I]
We denote by C* the space of y-Holder continuous functions on T? with the norm

V\X)—7v
||U||CO«W = HUHL‘” + sup M (103)
x,yeT2 x+y |$ - yh

Corollary 2. Let ug € H?, ci(0)e H 2. Then, there exists a positive constant cg depending on D, €, v, and a
positive constant Cy depending on |ug|| 2, ||ci(0)| z2, |ci(0)|| 72, & and universal constants, such that

[u(®)]lcoase + | p(E) | coase + [0 () = ) o2 < Cge 8! (104)
holds for all t > 0.
Proof. The estimate (104)) follows from the bound
[0l coase < Clolwra < Cllolpa + [ Vol 2] < CLIo| 2 |w0 7 + Vo i Av| 2], (105)

which holds for all v € W14(T?) with mean zero, and from Proposition l
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Remark 5. In Proposition 4| we assumed that ug € H',c;(0) € H' which guarantee by Theorem |3| the
global existence of solutions and the nonnegativity of the concentrations c;, and obtained the exponential
decay of the LP norm of p and o — &. In Corollary[2| we have assumed higher regularity of the initial data to

get the exponential decay of the L™ norm of u, p and o — 6. However, if we assume in this latter corollary
that the initial data are only in H*, then from (86), (87), and (82)) we deduce the existence of tq such that

| Au(to)|22 + [Ap(to) |22 + |Aa(to) |32 < 0o (106)

and so we obtain (81)) and for all t > ty. We also note that the constants CY and C% in Proposition
are independent of u, depending only on the LP norm of the ¢1(0) and c5(0), whereas the constants Cy and
Cg in Proposition depend on the H? norm of all initial data.

5. ADDED BODY FORCES

In this section, we consider the Navier-Stokes equations driven the electrical force and a smooth, mean
zero, divergence free body force,

Ou+u-Vu+Vp=vAu-pVd + f

V-u=0
’_):AC;_:C; (107)

ey +u-Vey = DAcy + DV - (1 V®)
8t02 +u-Veo = DACQ -DV- (CQV(I))

in T? x [0, o), with ug, ¢1(0),c2(0) € H'. We assume that uo has mean zero, and ¢ (0) and c2(0) have
equal mean. We take ¢;(0) > 0, and by Theorem [3] which is valid in this case as well, the concentrations ¢;
are nonnegative for all time ¢ > 0.

Proposition 6. Let p > 2. ug,c1(0),co(0) € H! There exist positive constants ay, as depending on D, ¢, &,
and X (the constant in Proposition[2)), and positive constants C% (|| po| e, | o0] z2) and CY(|loo| e, | po £2)
depending on the corresponding initial data, &, p and universal constants, such that

lp(t) ] L» < CTe™ (108)

and
lo(t) = e < Chem2 (109)
hold for all t > 0. Furthermore,
t+T

1 1 _ _
L (199) 2 + 190 () + Z1p() s ) ds < 55 Clol e + 2ol + [ol3)Te 27 110)
t

holds for any t > 0,T > 0.

The proof follows along the lines of the proofs of Propositions [3|and 4] Indeed, multiplying the p and
o — & equations by p|p|P~2 and (o - 7)|o — &|P~? respectively, the terms involving u cancel out and we
conclude that the estimates for the LP norms of p and o and hold for any p > 2. In particular,
is satisfied.

The following proposition shows that adding a body force to the Navier-Stokes equation does not change
the exponential decay of the H2 norms of p and ¢ — & but results in the velocity u being bounded in H?2.

Proposition 7. Let ug € H?,¢;(0) € H?. Then, there exist positive constants cj, c}, ¢k, cs depending on D,
e and v, and positive constants C§ and Cf, depending on the initial data |uo| 2, [c1(0)] g2, |c2(0)| g2 and
&, and positive constants Cy and C§; depending in addition on the forces f, and positive constants R3 and
Ry depending on f such that

|Vu(t)|3: < Cie " + Rs, (111)
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V()32 + Vo (t) |72 < Cle™, (112)
| Au(t)]2, < Che 5t + Ry, (113)
and
| Ap()]32 + [Ac(t)]F < Ches" (114)
hold for all t > 0.

Moreover, there exists a positive constant L > 0 depending on |uo|| g1, c1(0)| g1, |c2(0)| g1, f and
universal constants such that

t
[ Uau()12 + 18p() 3 + |Aa(s)[32)ds < L (115)
0

forallt > 0.

We note that the estimate (TT3)) requires only that ug, c1(0),c2(0) € H'. No additional regularity of the
initial data is required.
The proof is similar to the proof of Proposition[5] We omit the details.

Corollary 3. Let ug € H?,¢;(0) € H2 Then, there exist positive constants ¢§ and ¢ depending on D e, v,
and a positive constant C§ depending on |uo| gz, [ ci(0)| g2, |ci(0)] g2, and &, a positive constant Cy
depending in addition on the body forces f, and a positive constant Ry depending on f such that

[ull oz < Cée‘cét + Ry (116)

and
[o() sz + [0 (t) = Tl goare < Coe™®" (117)
holds for all t > 0.

This follows from Proposition[7] see the proof of Corollary [2]

Theorem 4. (Absorbing Ball) Let ug, c1(0),c2(0) € H' such that ug and (cy — c2)(0) have mean zero.
Suppose that (u, c1, co) solves (107). Then, there exists an R > 0 depending on f, and ty > 0 depending on
luo| g1, [€1(0) | 1, [|c2(0) | g1 and the parameters of the problem, such that

[Au(®) 72 + 1At ()72 + [Aca(t) 72 <R (118)
holds for all t > t.
Proof. In view of equation (I13), there exists 7 € [0, 1] such that

|Au(to)lzz + [ Ap(to) |72 + Ao (to)] 12 < L. (119)
Thus, the result follows from equations (113), (114), and from the parallelogram law
[2p1%: +[Ac|72 = 2] Act |72 + 2| Aca 72 (120)

LetV=H'nH®H'® H' c H. Let V' be the convex subset of ) consisting of vectors (u, c1,c2) such
that u is divergence free with mean zero and ¢; > 0, ¢z > 0 a.e. with [ ¢; = [ ¢o. Let
St): V' =V (121)
be the solution map
S(t)(uo, c1(0),¢2(0)) = (u(t), cr(t), c2(t)) (122)
corresponding to system (I07). As a consequence of Theorem [3] because the solution is absolutely con-

tinuous as a function of time with values in V', it follows that S(t) is well-defined on V' for every ¢ > 0.
Moreover, the uniqueness of solutions implies that

S(t+s)wy=S(t)(S(s)wp) (123)
forall t,s > 0, i.e., S(¢) is a semigroup. We proceed to investigate other properties of the map S(t).
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We consider the natural topology on H
lwl3; = [ul7z + lerl7z + leal 72 (124)
and the natural topology on )’
lwlr = fulF + lerlFr + lealZa- (125)
We address the continuity of the map S(t).
Theorem 5. (Continuity) Let w{ = (u1(0),c}(0),c3(0)),w§ = (u2(0),c3(0),c3(0)) € V. Lett > 0.

There exist constants K1 (t), Ko(t) and K3(t), locally uniformly bounded as functions of t > 0, and locally
bounded as initial data w?,w) are varied in V', such that S(t) is Lipschitz continuous in H obeying

[S()yw? = St)ws 3, < K (t) |wi — w33, (126)
S(t) is Lipschitz continuous in V' obeying

|S()w? = S()w 3 < Ka(t) wy —wy [, (127)
and S(t) is Lipschitz continuous for t > 0 from H to V' obeying

tIS(#yw = S(tyws | < Ka(t) |wr - wyl,. (128)

Proof. We write S(t)w? = (u1(t),cl(t),ci(t)) and S(t)w = (ua(t),c3(t),c3(t)). Let p1 = ¢l - cl,
02 :C%—c%,al =c%+c§,02=c%+c%.Wewriteu=u1—u2,p=p1—,02 and o = 01 — 09.

We note that u, p and o obey system (25). Following the proof of uniqueness in Theorem I we obtain a
differential inequality of the form

d
= Ul + ol + lolze] + vIvul Lz + DIVoli. + DIVolze < k() [lulze + ol + lolze] (129)

where
2/3 2/3

k() = CLIvu 7218w |75 + Vo2 + Vo1 132 + o135 + ol 12 + [pal 12 + 1], (130)

Letting
t
Kq(t) = 4exp{[ kl(s)ds}, (131)
0

we obtain (126)).

Now, we take the L? inner product of the three equations of system (Z5) with ~Au, —Ap and ~Ac
respectively, and we add them. We obtain the differential inequality

d 2 2 2 2 2 2
2 [IVulze + 19ol72 + |Volia] + v|AulZ: + D[Ap| 72 + D] Ad]7

<C [||u1 “Vui —usg- VuQH%Q + |ur- Vo1 —ug- szH% + |uy - Vor —ug - VJgH%g]
+C[|p1V®1 = p2V @72 + |V (01VP1 = 02V ) |72 + [V - (p1 VP — p2V o) [72] . (132)

We estimate

Jut - Vur = ug - Vug |32 = u- Vg + ug - Vul72 < O[|Vur [ Fa] Vul 7z + |uz|Ze | Vu| 7], (133)

lut - Vp1 =z Vpaliz = [u-Vpr +uz-Vpl72 < C[|Vpr]Fal Vul 7z + |uz)Ze | Vol 7 2] (134)
and

Jui - Vo1 —uz- Voo 7z = |u-Vor +uz - Vo |7, < C[|Vor|74|Vul7s + uz| [ Vol7-] (135)

using Poincaré and Ladyzhenskaya’s interpolation inequalities. Using in addition elliptic regularity, we have

|01V ®1 = 2V @272 = [V D1+ p2V P72 < O VP17 + o217Vl 22 (136)
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We also estimate
|V - (o1VP - UQV(I)Q)H%Q = HO’A‘I)l +03A® + Vo VP +Voy - V(I)Hig
<Cllpili=lolz + V@1l Vol 72]
+C(lo2lie + [ Vol72) Vol (137)
and
[V (p1V®1 = paV®2) |72 = [ pA®1 + p2Ad + V- VD1 + Vg - VO 75
<Cllpili= +lp2li= + V@117~ + Vo2l 711 Vol 7. (138)
In view of (129), we obtain a differential inequality of the form

d

a[IIUH%n + o3 + lol7n] < kW) [ul i + o7 + o7 ] (139)
where

ka(t) = k1 (t) + C[|Vur |34 + Vo174 + [ Vo7 + [ V2|72 + [ Vor 7]

+ Clluglie + lo2l7 + [ 02l 71. (140)

Letting
t
Ks(t) = 4exp{/ kg(s)ds}, (141)
0

we obtain (127)).

The derivation of (128) is a little different. The sum of the equations resulting from taking L? inner
product of the u, p and o equations with —Awu, —Ap and —Aoc respectively gives

1d
5 7 vulie + 19ol52 + [Volz2] + vl Aulzz + DI Apl7z + D] Ac|

:/(U'VUl+’LL2‘VU)’AU+[(U’VP1+U2'vp)Ap+[(U‘VUl+U2'VU)AU
+f(pVCI)l+p2V<I>)-Au—D/(V-(UV<I>1+02V<I>))Ap—Df(V-(pV<I)1 + VD)) Ac.  (142)

In order to get (128)), we let w(t) = (u(t), p(t),o(t)), and we show that w obeys a differential inequality
of the type

d
Sl < Zi@®lwli + Zo (@) w]i: (143)
such that
[w(®)]72 < Zs()[wollZ (144)
and
t
[ () 3ads < C(Za() + 1) o3 (145)
0

where Z1(t), Z3(t) and Z,(t) are locally bounded functions in time, Z(¢) is a locally integrable function
in time, and C' is a positive constant. Then, multiplying by ¢ and integrating by parts in time from 0O to
t, we obtain
tlw(®) 7 < C'(Z5(t) + 1) w72 (146)
where Z5(t) is a locally bounded function in time, and C’ > 0 is a positive constant.
We start by integrating (129). Using (126)), we obtain

[ Ava() B + 190(5)[2 + [Vo(s)[32)ds < €
0

t
1+ f kl(s)Kl(s)ds] Jwd w2, (147)
0
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This is the analogue of (143]). Then, we estimate

[ Y+ wn- vu) - Aa| < Clul 19l Ve )7 | Au 1 Al

+ Clluz |2 1 Vus | L2 |Vl 2| A3, (148)

|/ Vor+ w9 Ag| < Clul 2 Ival 1o} 21 01121801

+ Clluz | 1 Vus| L2 1Vl 2 1 Ap |27 (149)
and

|[ (Vo +ua-90) o] < Clull 2 19ul 19 1 A0 1 A

+ Cluz| Y2 1 Vus | F2 Vo | 2 |1 Ac] 2. (150)
In view of the fact that
IV®| s <Clp| L2, (151)
we have
\ / (pV®1 + p2V®) - Aul < O p1 |13 ol 12| Au| 12 + |p2 ] sl o]l 12 | A 2] (152)
Moreover,
1/2 1/2
’f (V- (oV®; +0298))Ap| < CLa| [V 22191 12 + ozl e [ ol 211 Ap] 12
+ CllpillsVel 2 + Vool 2|Vl 211 Ap) 12 (153)
and

<Clvpl2lVpilrz + [p2l z=lpl 2]l Ac] 12

+Cllprl s Volrz + Vo2l 2| Vel 2]l Ac] z2. (154)
We apply Young’s inequality and we use (129)) to obtain

| [ (- (v + mya)as

Tl + 1ol + lol3]

<Clhky+ [Vur |2 | Aw |72 + [Vor] 72120172 + [Vorl 72 Ao 72 ul 7

+Clky+ [ Vprl72 + 1Vp2l 72 + o2l + o2l 2= 1C1 072 + [o]172)

+ C(L+|Vualzz + |Vpr1l72 + | VpalZa + [ Voo T2) (IVul 72 + [Vol72 + |Vo[72).  (155)
This is a differential inequality of type (143), with w(t) = (u(t), p(t),o(t)) satisfying and (145).

Therefore, we obtain (128).
We proceed to show that the solution map S(t) is injective on V'.

Theorem 6. (Backward Uniqueness) Let w?,w) € V'. If there exists T > 0 such that S(T)w? = S(T)w9,
0_,,0

then wj = ws.

The proof is given in Appendix A below.

Now, we fix M > 0, and we let V) to be the subset of V' consisting of vectors (u,cy,c2) such that
u is divergence free with mean zero and c; and cy are nonnegative functions a.e. with equal space av-
erages less than or equal to M. As a consequence of Theorem {4 there exists R; > 0 depending only
on f such that for any initial data wg = (ug,c1(0),c2(0)) € Vyy, there exists tg > 0 depending on
luo| g1, [€1(0) | 71, |c2(0) ] g1 and the parameters of the problem such that

S(t)’wo € B% = {w = (U,Cl,Cg) eV ||u||H2 + HCl —51||H2 + ”62 - EQHH2 < Rl} (156)
holds for all £ > ¢g.
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Remark 6. We note that there exists T' > 0 depending only on Ry and M and the parameters of the problem
such that

S(t)By. < BY (157)
forallt>T.

Remark 7. B% is compact in H because the space averages of all the concentrations cy and cs such that
(u,c1,c2) € Vr are uniformly bounded by M.

Remark 8. The set V) is convex. Consequently, B% is a convex set, and so it is connected.

The properties of the map S(¢) listed and proved above, together with the connectedness and compactness
properties of B’M1 , imply the existence of a global attractor.

Theorem 7. (Global Attractor) Let
X = S()Bx, (158)
t>0
Then:
(a) Xy is compact in H.
(b) S(t) X=Xy forallt > 0.
(¢c) If Z is bounded in Vyy in the norm of of V, and S(t)Z = Z for all t > 0, then Z c X .
(d) Forevery wg € Vy, thj?o disty (S(t)wo, Xar) = 0.

(e) Xr is connected.

The proof is omitted and follows the proof of the analogous result in [4].

We end this section by showing that X, has finite fractal dimension. The abstract formulation of the
system is
Ou+ vAu + B(u,u) + P(pv®) = f,
01 +u-Vey - DAcp — DV - (1 V®) =0,

Orca +u-Veg — DAco + DV - (coV®) =0, (159)
—eAd = p,
p=C—-C2

where P is the Leray-Hopf projector, A = P(-A) is the Stokes operator, and B(u,v) = P(u.Vv).
We consider a solution @ = S(t)wy = (U(t),c1(t),c(t)) of (I59) with initial data @y in B]]‘_{Il. We
consider the linearization of S(¢) along w(t)

wo = w(t) = S (t,@W)wo (160)
viewed as an operator on H. The function w(t) = (u(t),c1(t), c2(t)) solves
Oyw + Aw + L(@W)w =0 (161)
where
Aw = (vAu,-DAcy,-DAcs) (162)
and
L(@)w = (L1 (@)w, Le(@)w, Ls(@)w) (163)
with _
Ly(@)w = B(T,u) + B(u,T) + P(pv + pya)), (164)
Ly(@)w=u-V& +T-Ve, - DV - (1 VP + VD), (165)
Ly(W)w=u-Ve +T-Veg + DV - (caVP + G VD). (166)

We consider the scalar product in A" given by

(W1 Ao AWy Y1 A s Ay Ay = det (Wi, Yj) 1 (167)



19

and the volume elements given by
Va(t) = [wi(t) Ao Awn (8) | ann- (168)
We note that the monomial w1 () A ... A wy,(t) evolves according to the equation
O(wi(B) Ao Awp () + (A+ L(W) )n(wi(t) Ao Awp(t)) =0 (169)
where
(A+ L(@))n(wi(t) A veo Awn(8)) = (A+ L(D))wi A oo Awp + oo + w1 A oo A (A + L(@) )wy,.  (170)

Thus, the volume element evolves according to the ODE

%Vn+Trace((A+L({E))Qn)Vn -0 (171)

where (), is the orthogonal projection in H onto the linear space spanned by the vectors wy, ..., wy.

Theorem 8. (Decay of Volume Elements) There exists a positive integer Ngy depending on Ry and M such
that for any @y € Br,, and for any n > Ny, and for any w1(0), ..., w,(0) € H

1S (t, @)w1(0) A ... AS"(t,@)wn (0)[ any < Vi (0)e ™ (172)
holds for any t > tg with ty depending on R.

The proof is given in Appendix B.
As a consequence, and following the proof of the similar result in [4], we conclude that

Theorem 9. The global attractor X s has a finite fractal dimension in ‘H.
We end this section with the following result:
Theorem 10. The global attractor X y; has a finite fractal dimension in V.

Proof. Since Blj\{l is bounded in H?, we conclude by Rellich compactness theorem that S (t)B%1 is compact
in V for all ¢t > T, see Remark [6| Hence, the property (I128), together with the fact that X/ has a finite
fractal dimension in H, allows us to conclude that X, has a finite fractal dimension in V.

6. ADDED BODY FORCES AND ADDED CHARGE DENSITY

In this section, we consider the general case

Ou+u-Vu+Vp=vAu-(p+ N)VP + f

V-u=0
p=CL—-C2

173
-eADP=p+ N (173)

Oic1 +u-Vey = DAcy + DV - (1 VD)
Oico +u-Veg = DAcy — DV - (CQV@)

where the body forces f are smooth, divergence-free, time independent, and have mean zero, and the added
charge density N is smooth and time independent. We assume that uy has mean zero, and that the initial
concentrations c1(z,0) and ca(,0) have space averages ¢; and ¢ satisfying éa—¢; = N. We consider initial
data (ug,c1(0),c2(0)) € H'. We also assume that the initial concentrations are nonnegative functions and
we recall that this property is preserved for all positive times ¢ by Theorem (3] which holds in this case as
well.
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Proposition 8. Let ug € H and c;(0) € L? . Then, there exists C > 0 such that

lo(t) =507 + 1o(t) = Al 72 < (loo = |72 + [ po = pl72)e ™" + 172 + CIN| s (174)
holds for all t > 0. Moreover,
t+T

1 1 _ _ -
S (19612 + 190() 32 + £l ) ds <75 (o =132 + I = pl)e ™

+O(T+1)(|o]Z2 + IN]30) (175)
holds for any t > 0,T > 0.
Proof. We recall that o and p obey

{&ga +u-Vo=DAo+ DV-(pV®)

176
Op+u-Vp=DAp+DV-(cV®). (176)

We take the L2 inner product of the equations obeyed by o and p with o and p respectively, we add, and use
the fact that

1 1
pr@U:——fJ(p)Q——/NpU 177)
€ €
to get the equation
1d D D
S lol3: + Ip13:) + D(Vel3 +19pl32) + = [ o(p)? === [ Npo. (178)

We estimate

D D D ,
<= [Nlwslplrslolze < lolzs + Zlolzs + CINILs

D
2 f e
€

D D D
< lelzs + < lo=alz: + 1oz + CIN| e (179)
2¢ 2 2
in view of Holder’s and Young’s inequalities. We obtain the differential inequality
1d _ _ D D D, _
57 - o7+ lp-pl72) + E(IIVUIIiz +|Vpl72) + lep\\ia < Ellalliz +C| N s. (180)

In view of Poincaré inequality, we get
d 2 12 12 12 2 6
o =alza +1p=plL2) + D(lo = a1z + o= plL2) < DI|zz + CIN] . (181)

This gives (I74). Integrating (I80), we obtain (I73).

Proposition 9. Let uy € H',¢;(0) € H'. Then, there exist positive constants My, Mo, M3, My and M
depending on the initial data and the parameters of the problem, and positive constants £1,&s, and &3
depending on f, N and & such that

[VulZe < Mi(IVuol 2, lool iz, lpoll 2)e™" + &(f, N, 3), (182)
lo17s < Ma(llpol s, ool 2)e ™ + &a(f, N, 7), (183)
and
[Vpl72 +1VolZz < Ms(IVpol 2, Vool 2, ool s, [Vuoll r2)e™ + &(f,N,0)  (184)
hold for any t > 0. Moreover,
t+T

f(HAplliz+ |Aa]Z2)ds < Ma(|Vpoll 2, Vool 2, ool s, Vol 12)e™ + & (f, N, &) (T +1) (185)
t
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and
t+T

f | Aulfzds < Ms(|Vuol 2, [o0] 22, [ ol L2 )e ™" + & (f, N, &) (T +1) (186)
¢
hold for anyt >0, T > 0.

Proof. The proof is similar to that of Proposition We briefly sketch the main ideas. Taking the L? inner
product of the u-equation with —Auw leads to the differential inequality

d
5\\WH%2 +v|AulZ < Cllplge + Clplzs + Cry. (187)

An application of Lemma[T] gives (I86). Integrating gives (186).
Taking the L? inner product of the p-equation (66)) with p|p| and estimating the resulting terms gives

1d
2 dt

D& _12/3 _14/3
lplzs + = lol7s < Clo = al7ilo - o135 el 7o + Cv

<Clpl3s +C|volizlo -] 72+ Cn. (188)

Thus, Lemmal|I| gives (I83).
Finally, taking the L? inner product of the p-equation and of the o-equation with —Ap and —Ac
respectively, adding the resulting equations, and estimating the obtained terms give the differential inequality

d
S (IVolze + [VolLa) + DAL= + [AclTz) < CUIVulze + |ol7s) (19l L2 + [Vo72)
+Clo-al7:1volz
+Clplz21vpl7: + Cn (189)
Lemmal [I| gives (I84). Integrating (189) gives (I85].

Proposition 10. Let ug € H?,c;(0) € H?. Then, there exist positive constants Mg and My depending on
the initial data and the parameters of the problem, and positive constants £, and &5 depending on f, N and
o such that

| Aul7> < M([|Auol 2, [ Vool r2, Vool r2)e ™ + &a(f, N, 5) (190)
and
[Apl72 + [ Ap]72 < Mr(|Apol 2, | Avo] 2, [Vuol z2)e P! + &5 (f, N, 5) (191)
hold for all t > 0.

Proof. The proof follows the derivation of and (8T) in Proposition[5] We omit the details.
" . . .
Let V' be the convex subset of V = H' @ H @ H' @ H! consisting of vectors (u, c1,c2) such that v is
divergence free with mean zero and c; and co are non-negative functions a.e. whose difference has a space

average equal to —/N. We define the solution map
o@): V' » V" (192)
corresponding to system by
O(t)(uo,c1(0),c2(0)) = (u(t),c1(t), ca(t)). (193)

For each M > 0, we consider the convex subset V), of V' consisting of vectors (u, ¢, c2) such that u is
divergence free with mean zero and c; and cp are non-negative functions a.e. whose space averages are less
than or equal to M and whose difference has a space average equal to —N. By Proposition there exists
Ry > 0 depending on the body forces f, the added charge density /N, and the positive constant M, such that
for any wo = (ug, c1(0),c2(0)) € V. there exists ¢, > 0 depending on ||ug | g1, [¢1(0)| g1, [c2(0) | 1 such
that

O(t)wy € B]A{/[Q = {w = (u,c1,c0) € Vit |ull gz + er = 1l g2 + |co — G| g2 < Rg} (194)
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for all ¢ > ¢{. We note that the map O(t) has the same properties as the map S(t), namely the existence
of a compact absorbing ball, continuity properties (cf. Theorem [5)) and injectivity (cf. Theorem [6)). The
existence of a global attractor is proved as in Theorem [/|and its finite dimensionality follows from decay of
volume elements (Theorem [§)) like in Theorems [0 and [T0] The proofs of these theorems are similar to the
proofs of the respective results for NV = 0, and are omitted.

Theorem 11. There exists a global attractor X which is compact in V" and has finite fractal dimension,
such that
1tlim disty(O(t)wy, X) =0 (195)

holds uniformly for wg in bounded sets in V"

7. APPENDIX A
We give the proof of the backward uniqueness property of the solution map S(t).
Letw(t) = S(t)w}-S()wh = (u(t), c1(t), c2(t)) and @(t) = 5(S(H)wi+S(H)wh) = (@(t), 71 (1), %(1)).
Letp=ci—co, p=C1 -0, ®=2A2pand & = 1A72p.
We note that w(t) obeys the equation

ow + Aw + L(W)w =0 (196)
where

Aw = (vAu,-DAcy,—DAcs) (197)

and
L(w)w = (L1(@0)w, Lay(W)w, Ls(W)w) (198)

with
Li(@)w = B(U,u) + B(u, ) + P(pV P + pVP)), (199)
Lo(W)w =u-V& +T- Ve, — DV - (e1VD +E VD), (200)
Ly(W)w=u -V +T-Veg + DV - (c2VP + G VD). (201)

We consider the evolution of the norm

Eo = ul?2 + ler|Z2 + leal 72 = Jw]F (202)

obtained by taking the inner product in H of equation (196)) with (u, 1, c2) = w, and we note that Ey obeys
the equation

1d
EEEO + E1 + (L(”[E)w, w)H =0 (203)
where )
Ei = v|A2ul}y + D[Ver|7s + D|Ver| 72 = (w, Aw)y. (204)

‘We observe that

1d, (1) B (L@ww)
2dt log(Eo) "B By (205)
Let )
Y (t) = log [ — 2
(1) =1og () (206)
and so _
Ldy iy B, (L@ w)y (207)

— +

2dt Ey Ey

We proceed to show that Y'(¢) cannot reach the value +oo in finite time. We start by noting that the
derivative of E;/Ey obeys

dE]_ _ -1
R R ) N Sl Iy N g Sl 5 MR Sl 74 208
dtEy, 0 dt " 0B8R0 = B0 T B (208)
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Taking the inner product of equation (T96)) in H with Aw leads to

S B+ [ Awl, + (L(@)w, Aw) =0 (209

which implies that

1d B _ | Awly + (L@)w, Aw)y By ( By + (L(@)w, w)y 210)
2dt Ey Ey Ey Ey
Since
E2 | Awl3 B\ w |
B Ho_ (A__) ol @11)
EO E() E() EO ”
we obtain i
1 | _ B _ _ B
Yy ~Eg' (A= E1 By w|f - Byt (L(@)w, (A- E1 By ) w),, . (212)
Now, we claim that
|(L(@)w,w)y| < Ai1(t)Er + Ao(t)Eo (213)
with
T
f(Ao(t) + Ay (1))dt < oo. 214)

0
To prove this claim, we note first that

(B(W,u),u)rz = (W Ver,er) e = (U Veg, ¢2) 2 = 0. (215)
Since u has mean zero, an application of Ladyzhenskaya’s inequality followed by Poincaré’s inequality
gives
(B(w,@),u) 2| < [V 2 |ul 7 < CIVE] 2| Va7 < C|VE] 2 By (216)
Using in addition elliptic regularity and the fact that p has mean zero, we obtain
(P(pV® + V@), u) 2| < [l ool s VR L2 + [l 2|71 L2 [ VR s
<Clvul2([Ver|pz + [ Veal 22) (VR 22 + [P £2)

<C(1+[v®|7 + |7172) Br. 217)

Now, we estimate
(u- Ve, e1) e = [(u-Ver, @) 2| < C|Vul 2| Ver | g2 [@ | o < C(1+ [@1]74) En, (218)
(u- V&, c2) 2| < C(1+ [E)|74) B, (219)

(V- (a1V@ +E1V®), c1) 2] < C(Jler| 2 [ VR L [ Ver | 2 + @ 2| Ver | 2 (| Ve | 2 + [ Vea| £2))
<O(|V®[ e + Gl + |G )72 + 1) By + Eg (220)
and

(V- (2V®+EV®), c2) 2] < C| VO[T + [Ell 2 + [@2]| 72 + 1) Er + Eg (221)

This ends the proof of the first claim.
Next, we claim that
| L(@)w3; < Bi(t)E1 + Bo(t) Eo (222)
with

T
/(Bo(t) 1 By (1))dt < oo. (223)
0
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Since u and p have mean zero, then elliptic regularity together with an application of Holder, Ladyzhen-
skaya, Poincaré and Young inequalities gives

| B(@,u) + B(u,W)|32 < C(JU| | Vuliz + |Vl |VE74) < C([E)7 + | VE|7) B, (224)
IP(pv® + pV@)|7. < C(|Vpl72 V@[T + 71721 V0l72) < CIVR|T= + [7172) Er, (225)
lu- Ve +T- Ver |72 < C(|Vul 72| Va7 + [T 7= [Ver]72) < CIVE[7a + [T 7<) Er, (226)
lu- Ve +T-Vey|32 < C(IVE|74 + [Tl =) En, (227)

V- (c1VP+E VD) [2s = [e1AD + Ve VO + G AD + VE V|2,
<C(lerl 2 Verl 2171 12 1VP] 2 + Ve 32 V@7 )
+ C([@l3alpl 2l Vol 2 + Va2l vel72)
<CPI VAT + [V®] 7w + 1174 + | VELI72) B + Eo, (228)
and
|V (2@ +2@V@)[72 < OUA72 VA2 + [VE[7 + [@2]74 + [VE[72) Er + Eo. (229)

Thus, the second claim is proved.
As a consequence of the above claims and Schwarz inequality, we deduce the differential inequalities

d Ey Eq
—— < 2B1(t)— +2Bg(t 230
T B S2BiD 5+ 2B0() (230)
and
d Eq
—Y(t) < (241(t) + 1) = + 2A0(¢) (231)
dt Ey

which imply that Y (¢) € L*(0,7"). This ends the proof.

8. APPENDIX B

We give the proof of the exponential decay of volume elements.

1 .2

For each ¢, choose an orthonormal basis b; = (v;, r;, ;) of the linear span of wy, ..., w,. Then

i=1 i=1
‘We note that

n n
Trace(AQn) = . (Ab;, b))y = Y. [(vAvs, v;) 3 + (-DAr} 1} 2 + (-DAT?,T?)LQ] > 1+ iy (233)
i=1 i=1
where p; are eigenvalues of A in 7. By Proposition[l] there exists a constant C' such that u; > Ck for all
k > 1. It follows that Trace(AQ,,) > Cyn? for some positive constant Cj.
Let p; = r} —r? and ®; = LA"2p;. In view of Hélder’s inequality, Ladyzhenskaya’s inequality, elliptic
regularity and the fact that [ b; |3, = 1 for all i, we have the bounds

7

n n 1/2
S (B, @), 0:) 2| < il 24| V] 2 < C| V| L2/ (Z | vv; ||%z) : (234)

i=1 i=1 i=1
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S (P(piVE+pVD;), b) 12
i=1

n

<S> (198l lpill 2101l 2 + [V Dill oo 171 12101 2)
i=1

- £ 1 2

> 218 1~ + ClA (It o + 72 24))

=1

- 1)1/2 2)11/2
z(zuvcﬁuw + Cpl 2| Vri 112 + Cl7l 2| wr? 1)

n 1/4 n 1/4
<2|V®| peon + C| 7] 2n/* !(Z |vr; \%2) + (Z HW?%z) ] (235)
=1 =1

1/2 1/2
Ve ) a| € 3l Va2 < 3 Clvos Y2 wrd | 2| | e
=1 1=1
n 1/4 s 1/4
scivaln®(Sivalis) (S 1v:) 230
=1 =1
and
w 2 1/2 & 2 1/4 > 212 1/4
S 01+ V2, 12) 2| < C19 o (zrwinm) (z||m2) . 237)
=1 =1 1=1

Now, using the triangle inequality, we have

Mz

[ (V- (7“ VP + 7 VP, )»Tz)LQJF(V (7‘ VP + &V, ),’I"Z)LZ]

=
Il
—_

M:

[(r v, Vrl)Lz —(r v, vr; )Lg]

=.
]
—_

M=

+ [((cl—cl)VCI%,Vr )L2 - ((Ez—zg)v(bi,VT?)Lz +(EV(I)Z',V(T1~1—T‘Z-2))L2] (238)

,_n

i=

where ¢ = ¢ = Co, and using the same inequalities as above, we obtain

n
<O IVl vril e + [V V7] 2]
i=1

n 1/2 n 1/2
< VB = [(2 jvr! ||%2) . (Z ||w?||%2) ] (239)
=1 =1

n
[(riv®,Vr}) 2= (r}V®, vrl) 2]
=1

and
n 1 _

< NVri 2|V i =21 - @ 2
i=1

n
1/2 1/2\ ||~ =
< S CIv el Vol IE ~Fil g2 < 3 CIvrtle (19122 + |9r2122) [ -
i=1 =1

Z((El —’E’l)V(I)Z‘, VT’Z-l)Lz

n 3/4 n 1/4 / 1/2
n”‘*llaa—?:'uz(lew%!%2) +0n1/4||a—aup(zwrf2) (er}i?) o)
=1

i=1 i=1
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n

3/4
<Cn'E -3 e (Z ||V7“z‘23:2)
i=1

n
SN (@ - &)V, Vi) 2
=1

" 14 4 1/2

- On' - (z v 2) (z ||w§ia) o)
=1 =1

and

n

Z(EV‘I%‘,V(T} —72)) 12
-1

n E B n
=3 ;HVA Ll =132 < S Cc|r} -1} < 4Cen. (242)
=1 =1

Since @y € B}]\é, there exists ¢ depending on R; such that @W(t) = S(t)wy € B]]‘Dﬁ for all ¢ > .
Combining the bounds (234)—(242) and applying Young’s inequality give

t
% / Trace((A + L(@))Qy)ds > %LTrace(AQn) - Cien - CyC(Ry)n
0

1
ZR(ZCQTZ—Clé—CQC(Rl)) (243)

for all t > ty. Here, Cq,C5 are universal positive constants, C'(R1) is a constant depending on Ry, and
0 < ¢ < M. Thus, choosing

nz§u+QM+@am» (244)
0

ends the proof.
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