LONG TIME DYNAMICS OF A MODEL OF ELECTROCONVECTION
ELIE ABDO AND MIHAELA IGNATOVA

ABSTRACT. We study a model of electroconvection in which a two dimensional viscous fluid caries
electrical charges and interacts with them. The system has global solutions, but in general the
solutions do not have bounded mean. Tracking the mean, we associate to each solution a mean zero
frame and show that in the mean zero frame the system has a compact, finite dimensional global
attractor. If the fluid is forced only by electrical forces and no other body forces are present, then the
attractor reduces to one point.

1. INTRODUCTION

We consider an electroconvection model that describes the evolution of a surface charge density
interacting with a two dimensional fluid. The model was used in theoretical and numerical studies
related to experiments of electroconvection in thin smectic layers of liquid crystals ([9], [13]]).
Analogies with Rayleigh-Bénard convection motivated the physical studies ([12]]).

The surface charge density g = ¢(x,t) is a real valued function of position x and time ¢. Its
evolution is a continuity equation, with the current density J given by the sum of the Ohmic density
o E, with E the electric field, and the advective current density qu, where « is the velocity of the
fluid. Magnetic effects are neglected and the electric field £ is the gradient of a potential. The
restriction to a two dimensional region results in a nonlocal relation between the surface charge
density and the divergence of the electrical field ([2], [12], [13]). The evolution of the surface
charge density is given by

Oq+v-J=0 (1)
where the current density J is given by
J=0FE+qu (2)
with o a constant conductivity, and the electric field given by
E=-vd-vAlg. 3)

Here @ is a given smooth function which represents the restriction to the surface of the potential due
to the applied voltage, and A~'q (with A the square root of the two dimensional spatially periodic
Laplacian) is the restriction to the surface of the potential due to the surface density charge ¢. The
equation is coupled to the incompressible Navier-Stokes system

ou+u-Vu+Vp-Au=qE+f, V-u=0, 4)

where f are body forces in the fluid. In this paper we consider two dimensional periodic boundary
conditions. The potential ¢ and forces f are time independent and smooth.

The global existence of regular solutions of this system with homogeneous Dirichlet boundary
conditions was established in [2]. In this work we focus on long time dynamics. The long time
dynamics of dissipative partial differential equations has been investigated by many authors. The
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two dimensional forced Navier-Stokes equations are known to possess global finite dimensional
attractors ([3], [4], and references therein). The long time behavior of various types of dissipative
PDE has been studied extensively ([1], [7], [8]], [10], [11]). Closer to the present system, the study
of long time dynamics of the critical dissipative SQG system with fractional Laplacian dissipation
and the existence of a finite dimensional global attractor were done in [3].

We investigate the system (1)), (2), (3), @). This has weak solutions in L? (Theorem [1)) which,
however, are not known to be unique. After any positive time, weak solutions become strong, and
strong solutions exist globally and are unique (Theorem [2). Our main result is the existence of
a global attractor X which is compact in a natural phase space of strong solutions and has finite
fractal dimension. In order to establish the existence of the attractor we need to account for the
fact that spatial averages of the velocity are time dependent, and might grow in time, driven by the
integral [ qV®. This integral does not vanish in general, nor is it time integrable. The remarkable
property of the system is that the spatial average of velocity can be tracked, or “moded” out, and the
resulting system has a compact global attractor. In this mean zero frame, the initial value problem
for the system is solved by a nonlinear semigroup S(¢) which has a compact absorbing ball, is
Lipschitz continuous in various norms, is injective, and high dimensional volume elements carried
by its flow decay in phase space.

The paper is organized as follows. In Section [2] we gather preliminaries concerning the dissipa-
tive operators. A lower bound, in the spirit of [6], Proposition[2] is proved in Appendix A. Commu-
tator estimates (Proposition [3)) and a uniform Gronwall lemma for exponential decay (Lemma 1)
are also proved in this section. Section [3|is devoted to basic PDE results: existence of weak solu-
tions, existence and uniqueness of strong solutions. Here we also prove uniform long time bounds
for various norms of the solutions, which have the feature that the initial data contributions to them
decay exponentially, leaving only contributions coming from the steady forces. The passage to
the mean zero frame is described in Section 4§} The absorbing ball for the nonlinear semigroup is
described in Section [5} In Section [6] continuity properties of the semigroup are established, and
Section [/|is devoted to the proof of backward uniqueness. Decay of volume elements is proved in
Section [§] In Section [9] we prove the finite dimensionality of the attractor for general fluid body
forces f. We also show that in the absence of body forces in the fluid, the system has a unique
globally attracting steady solution in the mean zero frame. In this case, in the original variables,
the fluid’s spatial average velocity has a finite limit in infinite time.

2. PRELIMINARIES

We denote functions spaces of spatially periodic functions on the torus without distinct notation
for vector valued functions. We write the Fourier series for mean zero velocities u as

U= Z ujeij"’” )

jez2\{0}
with u; € C2. The reality condition for the series is u; = u_;. The divergence-free condition is
J-uj=0. (6)

For s € R, the fractional Laplacian A* applied to a mean zero scalar function ¢ is defined as a
Fourier multiplier with symbol |k|*, that is, for ¢ given by

q= >, ae™, (7N
keZ2~{0}



we have that
Asq = Z |k|*qret™ ™. (8)

keZ2~{0}

The Stokes operator P(-A) is denoted by A. It is defined on Fourier series by

P(-Au) =Au= Y |jPP;(u;)e’* )
jeZ2~{0}
where
Pu= Y Pj(u;)e’” (10)
jeZ2~{0}

is the Leray-Hodge projector and

E@ﬁv%wmﬁ (11)

is the projector in C? orthogonal on the unit vector é—‘ We consider the Hilbert space H
H=HeolL? (12)

where H is the Hilbert space of L? periodic vector fields which are mean zero and divergence-free,
H =P(L?). The scalar product in # is denoted (-; -):

((UDQI); (U27QQ)) = sz(m “Ug + C]1Q2)d95- (13)

As all spatial integrals are on T2, we denote them simply by /. We consider the operator .4 defined
on H by

Aw = (Au, Aq) (14)
where w = (u, ¢). The domain of definition of A is
D(A)=(H*nH)e H'. (15)

The spaces H ¢ for mean zero functions or vectors are the same as the homogeneous Sobolev spaces
H#(T?). They are the closure of the space of zero-average functions in C*(T?) under the norm

|6 25 = [A°D] L2 (16)

The operator
A:D(A) cH - H (17)

is positive and selfadjoint. There is an orthonormal basis of the Hilbert space H formed by a
sequence wy of eigenvectors,

Awk = UpWy. (18)

The set of eigenvalues is precisely the union of the eigenvalues of A and those of A, counted with
their multiplicities. The multiplicity of an eigenvalue A of A is the same as the multiplicity of
the same eigenvalue )\ considered as an eigenvalue of the scalar Laplacian with periodic boundary
conditions on [0, 27] x [0, 27]. This follows from the fact that in two dimensions we can uniquely
associate a stream function to each eigenfunction of the Stokes operator A. It can be shown that
the eigenvalues i, obey 0 < 117 < ... i < ... and that there exists a constant Cy such that

> CopnVk 19)



4 ELIE ABDO AND MIHAELA IGNATOVA

holds for all £ > 1. If we denote the eigenvalues of A counted with multiplicity by 0 < A\; < Ag--- <
A; < ... and those of A, counted also with multiplicity as 0 < ry < ry--- <7; < ... then we have
Jj<aAjand k < czrz with c;, co positive constants. Assuming that

(il i=1,. NY={N|i=1... j}u{r|i=1,. .. k)

if 1y = A; it follows that j < ¢y and if puy = 7y it follows that k < cop?;,. Because N = j + k it
follows that N < ¢y pun + copt3y < (c1 + ¢2) 113, because fuy > 1, and thus (19) follows.

For p € [1,00] we denote by Wer = WsP(T?) the space of mean-zero LP(T?) functions ¢,
which can be written as ¢ = A~*1), with mean zero v € LP. This is normed by | ¢|ws» = [|A%] r».
The spaces H* are the same as /%2, We recall that the Riesz transforms R = (R;, Ry) for periodic
functions are defined as multipliers

(R;q)r. = Z]_k;]|q’“’ keZ*~{0}, j=1,2, (20)

and they are bounded operators in L?, 1 < p < oo.

The fractional Laplacian has certain lower bounds in L? spaces which we are going to use. A
Poincaré inequality in LP spaces is given in [S] in the following proposition

Proposition 1. Let p=2m, m>1, 0 < a < 2, and let g € C* have zero mean on T?. Then

1
Jo @A a@de s LR+ Al a1
holds, with an explicit constant \ > 0, which is independent of p.

Proposition 2. The inequality
2 8
[ va-Avade > clalf|val’, 22)

holds for q € Hs.

This inequality is based on [6], [S]. For completeness, the proof is given in Appendix A.
The following commutator estimates are needed in the sequel.

Proposition 3. Letuwe H>nH and g€ H*®. Let s€ (-1,1) andlet0 < o < 1 with s+a < 1. Then
the commutator [A*,u - V] obeys the inequality

I[A%, w- V]2 < Csluli—a |[A*q] 12 (23)
where
[ulica = D 11"yl (24)
jeZ~{0}

Proof. The function ¢ = [A%,u- V] g has the Fourier expansion
dr=1 Y, (uj-k)ae(|lI° - k[*). (25)
j+k=l
In view of the fact that u,; - j = 0 we have u; - k = —u; - [ and therefore
|w; - k| < |u;| min{|l], |k}

If s is negative then we write
I L el U
U =l = S
[kl
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with r = |s|, and we estimate for positive numbers m < M and exponent 0 < r < 1 using the
conjugate powers:

(M™=m"Y(M* +m*") = M —m+M™m" —m" M <2(M -m).

We denote by M = max{|l|, |k|}, m = min{|l|,|k|}. For s < 0, using the triangle inequality M —m <
lj| < 2M, we obtain that

Mrmr(Qj(/[n‘lj—‘j_,_ml—r) < 21+‘)‘mj\;"'M“ = 9l+ayy-—r+a (%)1_(1 = 9l+a | [-r+a (%)(1_T) < 21+a|k|—r+a
and therefore
S S 2m|j| ol gl1l—a S+
g ) = W) < ey llan] < 2 o

Similarly for s > 0 we obtain with s =7

2 o 1-r-«
Mlj:l_[—jlnl_r < 21+amMa+r—1 — 21+amr+cx (%) < 21+a|k|s+a
and thus omljl
s s myj al | l-a.|s+a
|(uj - k) (|1 = [&]7)] < WMHQH < 20|k [w;llgk|-

The proof is concluded by noting that the ¢5(Z?) norm of the sequence ¢, is bounded by the product
of the ¢1(Z?) norm of the sequence |j|'~*|u;| and the ¢5(Z?) norm of the sequence |k|**2|qy|.
We need also a uniform Gronwall lemma.

Lemma 1. Let y(t) > 0 obey a differential inequality

d
Ey+clyg Fi+ F(t) (26)
with initial datum y(0) = yo, with F a positive constant and F'(t) > 0 obeying
t+1
[ F(s)ds < goe~** + F 27)
t

where cy, cs, go, Fo are positive constants. Then
ect
l1-e

1
y(t) < yoe M + goe T (t+ 1)e™ + —F) + F, (28)
(&1

holds with ¢ = min{cy, c3}.

The main point of the lemma is that the constants y, and g, are multiplied by exponentially
decaying factors.
Proof. Integrating, we have

1 t
y(t) <yoe '+ —F) + f e~ (=) F(5)ds, (29)
C1 0

and, taking N to be the integer part of ¢, i.e. t € [N, N + 1), we have
t N k+1
f eI P (s)ds <y etk f F(s)ds
0 i k

N
< e Z e~ 1Nk (goeme2k 1 7))
k=0

el
l-ea

< 1 (N + 1)emminferealV gy o Es. 30)



6 ELIE ABDO AND MIHAELA IGNATOVA

Note that .
€€l (N + 1)6—m1n{017CQ}N < €c1+c(t + l)e—ct < C’ye—'yt

for v < ¢ =min{cy, ¢ }.
3. PDE: EXISTENCE AND UNIQUENESS OF SOLUTIONS

We consider the system
Oq+u-Vqg+Ag=Ad
Ou+u-Vu—Au+Vp=—-qRq—qV® + f (31)
V-u=0.
The unknowns u, ¢ are periodic in space. We consider smooth, mean zero, divergence-free body
forces f, and smooth potential . The body forces and the potential are time independent. We

discuss first a class of weak solutions. The equations (31)) are meant in distribution sense, assuming
that ¢ € L>(0,7"; L?) and u is divergence-free and belongs to L>(0,7"; L?).

Theorem 1. Weak solutions. Ler ug € L? be divergence-free, let qo € L? with [ qo =0, and let T >
0 be arbitrary. There exists a weak solution (u,q) of the system satisfying u € L>(0,T; L?) n
L2(0,T;H') and g € L=(0,T; L?) n L?(0,T; H%). Moreover the following inequalities hold a.e.
in0<t<T,

t 1 t
la®) 2+ [ 1A2q) < llgol3> + | [AZ®[2,, (32)
0 0
1
lg(®) ]2 < llgofl 2™ + XHAQDHL% (33)
and
1 t
Ju() 72 + 1A72 (q(t) - Q)72 + fo (la(s) - QI7 + I vVu(s)[37.) ds
1 t
<Nl + 185 a0 = @)1 + [ 1A Fl3adt, (34)
where () is defined by
Q = —AD. (35)
Furthermore,
2 2 e 2 1 T 2
el < Claolis + € [ [at@fuds+ £ [ s|ae|.ds (36)
and

) T T
U < ol + 1A Hao - Qe+ [ 1A flReds + C [ s(If 12 + QUL ds

T 1 ,T t
cCflals+ [ IA30Lds+ 5 [ slaeizas|(lalz+ [TIATR1ds) @7
hold t-a.e. in [0,T].

Proof. We consider a viscous approximation of the system with smoothed out initial data. For
0 <e <1, welet J. be a standard mollifier operator, and we consider the system
O +uf - Vgt + Agc — eAqc = AP
Opus + u - Vut — Auc + Vpt = —¢*Rq¢¢ — ¢°VP + f, (38)
V-ut=0
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with ¢f = Jeqo, uf = Jcup. For fixed positive € this system has global smooth solutions for ¢ > 0, a
fact that can be proved using a number of different methods. We provide a priori bounds and pass
to the limit € — 0.

We note that the mean of ¢¢ is zero, and therefore we can use the Poincaré inequality (21).
Multiplying the first equation of system . by (¢°)P~1, with p > 2 even, and integrating, we
obtain, by using u¢ is divergence-free, the non-negativity of the integral involving the Laplacian,
(21), and a Holder inequality that

1
]—D@qul\’ip + Alg“Ize <

[ aa(ey | <l 1A, (39)

Thus the LP norms of ¢¢ obey diffferential inequalities
Al a e + Mg Nr < |AP] 1 (40)
The L2(0,T; H%) norm of q6 is bounded using

S olaa+ [ g <IATRLafAlg e

and integrating in time, leading to

€ t 1 € t 3
o)l + [ AR < ool + [ 1A, @n

A cancellation is used to obtain bounds for u¢ in L2. We take the scalar product in L? with u¢ in
the second equation, and in the first equation we mutiply by A~'(¢¢ — ()) and integrate. We obtain

1d
Sl B4 [vu2 < [ feu= [ g Ria - Q)

and

SN - QL+ I - @< [ au Bl -@)+e [ aaQ

Adding we obtain

2dt

e + 1A (0 = Q) | + IVl + 1 (0" - Q)
<Al valie ve [ aaQ “2)

Q‘lg‘

1
2

and consequently
O + A0 ) - QW+ [ (19T + 10 - QI ) s
<Juole + 1A a0 - Qe+ [ (I 13 + @IAQI + 2 A2QI)ds. @)
Now, from we deduce
SHa O+ Ml < 5181+ a0 (@)
and in view of the embedding 3¢ L*and |i we deduce

t 1 t
eI < Claoe+ C [ 1A @Rds 4 [Csea0ds. @)
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We take the second equation of (38)), multiply by —Awuc and integrate in space. We use the identity
Tr(MTM?) =0,

valid for any two-by-two traceless matrix M, which follows because M? is a multiple of the

identity matrix. We use this identity in our case for a matrix M with entries M;; = 37“5, and
obtain
%%IWH%Q Atz = [ 1f - Ria - Q) (-Au) (46)
and thus
CAvu I + 182 < 1f - (g~ Q) @)

We multiply by ¢ and integrate in time
t t t
Hvu@ler [ slauPas< [ 19u()BadsC [ s (1713 + [0 ()L + [QIL:) ds. @8)
In view of (1), and (@3] we obtain
t 1
HTu @O+ [ slduPds < Juol3s + 1A (a0 - Q)13 (49)

t 1 t
o (I 1+ IAQI + 2643 QI s+ © [ (113 + QUL ds

T T 1 t
cCflwlte+ [ IaRRds s [ s Sja0as (lals + [ 1ATBIRds).

These inequalities are used to pass to the limit. From @I)) and (43)) it folllows that ¢¢ is bounded
in L2(0,T; H %) and u¢ is bounded in L2(0,7; H') on any sequence € - 0. The equation and
the Aubin-Lions lemma imply that there exist ¢ € L2(0,T; Hz) and u € L2(0, T; H') such that

T
tim [l = w3+ 4 () - a(®) ) dt =0, (50)

and, without loss of generality,
lim (JJu(¢) = u(t) |72 + lg°(t) = a(t)[72) =0, t-ae. in [0,T]. (51)

At each t where ¢¢(t) — ¢(t) strongly in L? it follows that ¢¢(¢) converges weakly to ¢(t) in L?,
and therefore, by the weak lower semicontinuity of the L* norm, we have

lg() |+ <liminf g ()10, t-ae. in [0,7]. (52)

Similarly, at any ¢ where u¢(¢) converges strongly in L? to u<(t), the gradient Vu<(t) converges
weakly in L? to Vu. Therefore, by the weak lower semicontinuity of the L? norm

|Vu(t)|3. <liminf [Vus(t)[z2, t-ae. in [0,7T]. (53)

The inequalities (45]) and @9) thus yield (36) and in the limit ¢ — 0. The fact that ¢ and
u obtained in the limit solve weakly the system (31)) follows by testing the system (31)) by test
functions and passing to the limit. The proof of Theorem [I]is complete.

Remark 1. Weak solutions are not known to be unique. The inequalities (36) and show that
for any tg > 0 the weak solutions become more regular, u(ty) € H', q(to) € L* with quantitative
bounds. This level of regularity generates strong solutions which are unique, as shown in the next
theorem.
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Theorem 2. Strong solutions. Let uy € H' be divergence-free, let qy € L* have mean zero, and
let T be arbitrary. There exists a unique solution (u,q) of the system with initial data (ug, qo)
such thatu € L>=(0,T; HY)nL?(0,T; H?) is divergence-free and q € L>(0,T; L*)nL?(0, T} H:z ).

Moreover,

1
la(@) s < 1a(0) €™ + TIAPR] s, (54)
[Vu(®)[72 < [Vuol 2™ + Cllgolzae™ + Cx (1f 172 + 1QU 74 + 1AR]74) (55)
with 0 < v <min{1, 4\}, and
T
fo [AulZz < [VuolZe + Cyllgolza + ONT (117 + [Ql7a + [AR[ 7). (56)

hold.

Proof. We provide a priori bounds directly on the equations of (31)). Their justification can be done
using a viscous approximation of the ¢ equation. The differential inequality

Ocllg()llzs + Ma(@) | za < |AP| L (57)
is obtained as above, and yields

B 1
la(®)] 24 < |q(0)[ zae™ + X||A(I>||L4~ (58)

The differential inequality

d
ZIvuli: +1Auli: <|f - qR(a- Q)7 < C (If 172 + QI + lal:) (59)

is obtained like the inequality above. Because the gradient has mean zero, we have a Poincaré
inequality for the gradient
|Aule 2 [Vulz. (60)
and, using it, we obtain
[Vu(®)|Z: < [Vuolfae™ + Cylqolzae ™ + Ox (IF 172 + 1QIZa + [AP] 7)., (61)
with 0 < v < min{1,4A}. This follows from (58) because

. t
fo e (79) (e g4, + A\ AB2, ) ds < gof4ue”t fo eIV ds + A AP 7.

Returning to (59) we deduce

T
fo [AulFadt < |[VuolZa + Csllaol7e + CT ([f172 + 1QU7s + [A®] ). (62)

For the proof of uniqueness we take two solutions (u1,¢;) and (us, g2) of and we write ¢ =
G2 — q1, u = us — uy. The differences obey the equations
Oq+Ag+u-Vg+u-Vg+u-vg =0, (63)

and
Ou+ug - Vu+u-Vu, +Vp—- Au+ ¢ Rg+ qRq + qRg1 — qRQ = 0. (64)
We multiply by Alq, by u and integrate. The cubic terms cancel

[(u-Vq)A’1q+[qRq-u:O
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and the ¢, terms cancel as well

f(u-Vql)A‘1q+[q1Rq-u:O,

and we are left with
1d
2dt

:/qul-Rq—fu-Vul-u+fq(R(Q—Q1)-u. (66)

‘fu-Vul-u

f q(R(Q - 1) u| < Cllal2|Q = qrf palul 7. | Vul 7. (68)

using L* bounds for u and the Ladyzhenskaya interpolation inequality. The first term in the right
hand side of (66) can be written adding and subtracting zero as

(1A%l + ful ) + [vule + ol (65)

We estimate

< Cllul g2 |Vul 2 [Vus | 22 (67)

and

‘f qui - Rg| = U L V q) A2q (69)
and using Proposition with s = —5 and o = 5 we obtain
[ qwn- Rl < Cluy lal 212" al (10)
Using Young inequalities in (67), and we obtain from (66),
d _1 _1
= I3k + Juls] < € (vl + 1Q - @) fulda + Clun R 1A a3 (71)
Using the bound
[ur]s < O Auq 2 (72)
for u; we obtain uniqueness from the fact that
T
[ e+ JaL)de < oo 73)

This concludes the proof of Theorem

Remark 2. The proof of uniqueness shows that we have weak-strong uniqueness: Strong solutions
are unique among the larger class of weak solutions.

Remark 3. We have
t+T
ft | Au(s)]72ds < [Vuol 77+ Cy ol 1ae™™ + C(A+T) (1132 + Q174 + |AR]74) . (74)

This is obtained by applying @) on the interval [t,t + T'| and using the bounds and for
the terms involving the “initial” time t.

Proposition 4. The H 3 norm of the q component of strong solutions is locally uniformly bounded
and their H' norm is locally uniformly square integrable in time. Moreover, for any 2 < p < oo, p
even,

1
la(@)l2r < lgolpoe™ + AR 1o (75)
holds for all t.



11

Proof. The bound @) holds for strong solutions. In view of it, for ¢ > ¢, > 0 we consider the
evolution of | A2q| 2. We have

1 d 1 1 1
5o IARal2 + I8g2, = [ aQag- [ ([A%u-v]d) ke (76)

We use Proposition (3| with s = % and o = % and for u, and deduce, after using a Young
inequality that

d 1 1
JrIA2alie + 1Aqlze < [AQIL: + ClAulLa | A2l (77
Therefore the bound implies
[A%ql3 < O TIAQIE: + A% q(to) 3. | exp K (78)
with K given by
K = |[Vuo|7: + Cilgol 74 + CT (1 £172 + QU7 + [ A2] 7.) (79)

and consequently

t 1 1
[ 1802 < TIAQIE: + O [TIAQE + [Aq(to)2:] K exp I + [Afq(to)[3.  (80)
0

hold forO <ty <t <T.
The L? bound follows from the uniform Poincaré inequality and the fact that v is
divergence-free.

Remark 4. The quantitative bound shows that there exists t, € [to, to+T] such that q(t1) € HY,
with a quantitative bound on its H' norm.

Proposition 5. Let uy € H! be divergence-free and qo € H' have mean zero. Then |Vq(t)| 12 can
be bounded as

IVa(®) 12 < O 11+ [Vaolzz + ol o2 + [Vuo| 2] e + Ri (@, f) (81)

where ¢ > 0 is an explicit positive number and R1(®, f) is an explicit function of norms of ® and
f. Moreover

t+T .
ft [AZq(s)|22ds < CT1+ |Vaoll 2 + lgollza + | Vuol2]'C € + Ro(®, f)  (82)

with co > 0 and Ry(®, f) an explicit function of the norms of ® and f. Moreover, if ug € H? we
have

[Au(t) g2 < C[1+[Vaol 2 + laolls + [ Auoll 2] €7 + Ry (@, f) (83)
with c3 > 0 and R3(®, f) and explicit function of the norms of ® and f.

Proof. We take the first equation of obeyed by ¢, multiply by —Agq and integrate. We obtain
1d
SSIvaI%+ [((Ava)ve= [ AQ(-20)- [(vava)ve (84)
We bound

| [ 2a(-20)| < [2Ql 1Al )

and we bound

‘ [ (vuva)vg

< |Vul o 9al?;. (86)
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Using (22)) and a Young inequality we deduce
SVl + clA bl < CIAQI + Clall Tul. )
In view of the Ladyzhenskaya inequality
[Vulze < Clvuli: | AulZ, (88)
and the inequalities (53), (74), it follows that the function

F(t) = g7 Vu()[ 7.

obeys the assumptions of the uniform Gronwall lemma, Lemma [I] The result (81)) then follows
using Lemma [1|for y(t) = [V¢|2.. The inequality follows then by integrating in time (87).
For the bound (83) we apply —A to the equation obeyed by u. We obtain
1d
Sl dulls+ [Vaul. = - [ Aw-vu)au+ [ V((Ra-@Q)-Nvdu.  (89)

After a cancellation due to the divergence-free condition, we have

‘/ A(u-Vu)Au

Here we also used L* norms of the second order derivatives of v and Ladyzhenskaya interpolation
inequality. We have also

‘f V(g(R(¢-Q) - f)VAu
<C(Ivals (lgles + Q) ze) + VRl Lallglzs + [V flL2) | VAU L2 o1

< Clvul | Aul 2| VAu] 2. (90)

Using the embedding H? c L* for V¢, we obtain

d 2 2

E”AUHL2 + | VA,

3 3
<C|IvulZl Aul?: + (1A%ql3. + [VQIE) a3, + 1A Ral2 Q13 + [V £13.]. 92
In view of (33)), (74)), (73), we have that the function
3
F(t) = [Vul7: | AulF: + 1A2q12: (lal7a + 1Q17:) + [VQIZalalzs + 1V £17

obeys the assumptions of Lemma |l The inequality then follows from this lemma applied to
y(t) = [Au|7..

4. THE MEAN ZERO FRAME
The second equation in does not maintain a bounded average velocity u. Decomposing
u=v+u(t) (93)
where v = v(t) € R? is the average of u(t), i.e.

u=v+ Y ue’? (94)

jeZ2~{0}



13

we can rewrite the system (31)) as
4u=-(2m)? [ qva,
Oq+(w+u) -Vg+Ag=Ad
O + (v+u') - Vu' = Au' + Vp = —qRq - qV® + (21)2 [ (qV®) + f
V-u'=0

95)

where we used the fact that R is antisymmetric and f has mean zero. Given a solution of (93), we
compute the displacement

t
0t) = f v(s)ds (96)
0
and define the change of variables
t
X(x,t):a:Jrf v(s) =x+L(t) 97)
0
with inverse
Y(y,t)=y-L(1) (98)
and note that p
@F(mé(t),t) = (O +v(t)-V)F o X(t). (99)
Introducing the variables
u(y,t) =u'(Y(y,t),1) (100)
and
a(y,t) =q(Y(y,t),1) (101)
i.e.
w'(z,t) =u(x+L(t),t) =TUo X, q(z,t)=q(x+L(t),t)=Go X (102)
we obtain the equations
QG +U-Vi+AG=AD (103)
and
O+ Vil — AT+ VP = —aRq—av%+(2w)—2fqv$+f (104)

together with the divergence-free condition V - 7 = 0. We used the translation invariance of the
operators involved, and we used the notation

F(y,t)=F(Y(y,1),t) (105)

The new variables are still periodic in space with period 27 in each direction. The average of  is
Zero.

We note also that we can recover the solution (u, ¢) from the solution (7, ) with the same initial
data by the change of variables (102)) and where v(t) is computed as

d ~
Sty = -(2m) f v, (106)
The two systems are equivalent, solution by solution. Dropping tildes we consider the system
Oqg+u-Vg+Ag=Ad
du+u-Vu-Au+Vp=-qRg—qVd+ (2m)2 [(¢VP) + f (107)
V-u=0
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in which both u and ¢ have mean zero. This is the system for which we can show that solutions
have a finite dimensional attractor.

5. LONG TIME DYNAMICS

We are concerned with the long time behavior of solutions of in the mean zero frame (107).
Summarizing the results of Section 3] we know that solutions (u(z,t),q(x,t)) of the system
with initial data in L? exist globally, and they become strong at positive times. Strong solutions are
unique, and have additional properties. We consider the subset } c ‘H where H is defined in (12))

V=H'nHe L (108)

and study the evolution of solutions (u(t),¢(t)) of (107) with initial data wg = (ug,qo) € V. The
solution map

S(t) (o, q0) = (u(t), q(?)) (109)
is a semigroup
S(t):Ve~H, (110)
S(t+s)wy=S(t)(S(s)wp) (111)
for ¢, s > 0. The abstract formulation of the system (107) is
O+ Au+ B(u,u) + P(gR(g-Q)) = f. i)
Ohq+Ag+u-Vqg=AQ
where
B(u,v) =P(u- Vo), (113)
and () = —A®, as before. Note that, in view of
u=Pu (114)

and the fact that —-A commutes with P in the periodic case, we have
Au = -Au. (115)

Theorem |l|implies that there exist weak solutions of (112) with initial data in . If the initial data
are in V the solutions are strong, unique and have additional properties.

Proposition 6. There exists a constant Ry depending on ® and f, such that for any wq = (ug, qo) €
V), there exists ty depending only on ||ug| g1 and | qo| s such that the strong solution (u(t),q(t)) =

S(t)wo of (I07) with initial data wy = (uo, qo) satisfies
[u(@) [ + g ()]s < Ro (116)
forallt >t
Proof. Because u has mean zero we have the Poincaré inequality
[u(®)]7: < Va7 (117)
The result follows from (55]) and because of the translation invariance of norms
[Vulgz = |V(we X)|2,  lalr = lgo XL, (118)
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Proposition 7. There exists Ry depending only on ® and f, and t; > 0 depending only on Ry and
Ry such that for any wq = (ug, qo) € V satsfying

|uo | gt + |qo s < Ro (119)
we have
1
[A2q(t:) ]2 < By (120)
and
1 t1+T 9 9 9
= [ (18ul gl ae < B (121)
for any T' > 0. There exists t5 > tq, depending on Ry such that
|[Au(tz) |72 + [Aq(t2) 7. < By (122)
holds.

Proof. The bound on |Azq(t1) |2 follows from

t
[ 1ARa(s) ads < Lol + tlA D2, (123)

(see (1)) and the Chebyshev inequality. The inequality (I21]) follows from (56) and (80). The
existence of ¢, for which (122) is true follows from (121).

Theorem 3. Absorbing ball. There exists Ry depending only on ® an f such that, for any initial
data wy = (ug,qo) €V, there exists t3 > 0 depending only on the norms |ug| g1, ||qo| L+ and on Ry
such that, for any t > t5

lu(®) a2 + gl < R (124)
holds for t > ts, i.e.
S(t)’wOEKRZ :{wEV| HUHH2+ HqHHl SRQ} (125)
holds for t > ts.
Proof. By Proposition [ and Proposition 7] above there exists R; depending on f and ® and ¢5 > 0

depending on the norms |ug| 1 and ||gol 4 such that |u(ts)|zz + |¢(t2) |z < Ri. Then the result
follows from Proposition [3]

6. CONTINUITY PROPERTIES OF THE SOLUTION MAP
In addition to the topology of H with norm
Jwlz = lulZ> + lqlZ2 (126)
we consider the natural topology of V which is a Banach space on its own, with norm
[wl = lullf + lalLs (127)

Theorem 4. Continuity. Let w9 = (u,¢?) € V and w§ = (u3,¢9) € V. Let t > 0. There exist
constants C(t), C1(t), and Cy(t) locally uniformly bounded above as functions of t > 0 and
locally bounded as initial data w9, w) are varied in'V, such that S(t) is Lipschitz continuous in H,
obeying

[S()wr = S(B)wh ]l < C(E)wf = wha, (128)
S(t) is Lipschitz continuous in 'V, obeying

|S(t)w - S(E)wly < Ci(t) [w) - wily, (129)
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and S(t) is Lipschitz continuous for t > 0 from H to V), obeying
VEIS ()} = S(tywdy < Cao(t)w? = ws . (130)

Proof. We take the two solutions of (112) w; = S(t)w? = (u1(t),q1(t)) and wy = S(¢t)w) =
(ua(t), g2(t)) and denote w(t) = S(t)wy - S(t)w) = (ua(t) —ui(t), ¢2(t) —¢1(t)) and w = (w,q) =
2(S(t)w? + S(t)wy). Then w(t) satisfies the system

Ou+ Au+ B(u,u) + B(u,u) + P(qR(q- Q) + qRq) =0, (131)
Ohq+ANg+u-Vg+u-vg=0.
‘We obtain

d 1 _ _ _
SO+ [Vulis + 14215, < COValL + [alL. + 1Q15 + [Valz) lw®ln - (132)

|fu~V§q

and interpolation. Thus (128]) holds with

t
c@) =exp{C [ (vl + [alE + 1QI3: + | vals) ds) (133)

which is a locally uniformly bounded function of time and initial data w?, w3 € V.
The evolution of the norm the H' norm of u is obtained from the identity ([4])

by using estimates

<[Vl e2lgl s zs

(B(w,u) + B(u,u), Au)g = —(B(u,u), Au) g (134)
which yields
1d, 1 _ _ _
5ol Al + | Auly = (B(u,u), ATy - (P(aR(T - Q) +TRa), Aw)  (135)
and results in
d .1 iR Al _
1Az ully + | Aulyy < Cl ATl [ul i AZuly + C (a1 5 + Q1T lal s (136)
The L* norm of ¢ evolves according to
1d _
;laﬂczl\iwfq?’f\w/ﬂuw) =0 (137)
The inequality 21| and the embedding H 2 ¢ L* results in
| aaq>clalis (138)
and using the embedding H' c L?® we deduce
f ¢*(uvg)| < g3l s Va2 < Cllal}s | A2 ul | V] 12, (139)
and therefore,
d 1 _
glalie < ClAzuly [ val .. (140)

Putting these together we obtain

d 1 _, & _ — 1
S 1Akttt < © (A7 + a2+ 1QIR. + vl ) [IAbalts + lalt]
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Thus (129) holds with
t 4
ci(t) =exp{C [ (1471 + [l + 1QU + I¥all: ) ds) (142

which is a locally uniformly bounded function of ¢ > 0 and initial data w?, w9 in V.
For the Lipschitz continuity from # to V, we estimate slightly differently in (135]),

d., 1 .4 2 1 4 _ _
%HA?UH?{ + | Aullf; < ClAT) g lulf | Azul f + C )7~ + | Rql7 + |RQIT =] lql3.-  (143)

Using the inequality | Aul;|u] g > |A2]2 and a Young inequality, we obtain

C1ARuly + Sl Al < CLATR July + C 1213 + 1Rl + IRQIE=TIal3s (144
Integrating in time in (132) and using (128) we have
[ (14501 + 1A3()]32) ds < C o) o (145)
with .
C=1+C [ O+ [+ QI3 + |ValL:)ds (146)
Multiplying (I44) by ¢, using (145) and (I128) we obtain
Hl AR u(t)[3; < Ca () |wol (147)

with C3(¢) an explicit function of time which is locally uniformly bounded for ¢ > 0, and locally
bounded as initial data w{,w§ vary in V. Returning to (139) but estimating differently, using the
Holder inequality with exponents 2,4, 4 and then interpolation, we obatin

_ LAl 13 io=
f ¢*(uv)| < Cllalzslal calulF 1Az ul £ V] s (148)
and therefore, from (137]) we obtain after a Young inequality and use of (138)),

d 1 _

glalze < ClulalAzul s | Vel .. (149)
Multiplying |b by ¢, integrating in time, and using lb the embedding H 2 c L*and ID we
obtain

tla()|7s < Ca(t)wol% (150)
with Cy(t) an explicit function of time which locally uniformly bounded for ¢ > 0, and locally
bounded as initial data w{, w3 vary in V. From (147)) and (150) we obtain (130).

7. BACKWARD UNIQUENESS

Theorem 5. Backward uniqueness. Let w?, w$ be two initial data in V. For any T > 0, if
S(T)w? = S(T)w), then w? = w).

Proof. We use the notation of the proof of Theorem 4] The difference w(t) obeys (131)). We can
write this abstractly as
Jw+ Aw + L(w)w =0 (151)
where w = (u,q), w = (4,q), and
L@@)w = (L (@)w, Ly(W)w), with
Li(w)w = B(u,u) + B(u,u) + P(¢R(q- Q) +qRq), and (152)
Ly(w)w =u-Vqg+u-vVq
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Let us consider the evolution of the norm

Eo = ul7> + lal?

(153)

obtained by taking the scalar product in H of the equation (151 with (u, A~1q) = (I& A=) w = Bw.

The operator
B=TeA™"
is selfadjoint and commutes with .A. We obtain

%%EO + By + (L(w)w, Bw)y = 0
where
Er = [Azul} + [q]3s = (w, ABw)y,.
Now we denote by
"

and observe that

1d 1
5310 () = (L@ 8o

where

-

¢=FE,*w.
Let us consider the function .
Y(t) =1 —
(1) 1og ().

and so we have
1d

5Ey(t) =p+ (L(w)p, Bo)y.

(154)

(155)

(156)

(157)

(158)

(159)

(160)

(161)

The aim is to show that Y (¢) cannot reach the value +oo in finite time. To this end we take the

derivative of 1 and note

d d d d d

—u=FEy'—E, - p—log By = Eg' —Ey + p—Y.

e T T T e T
We have 1 d

iaEl + (w, A2Bw)y + (L(w)w, ABw)y = 0.
which implies that

d _
Ey' B = =2(0, ABo)y - 2(L(W)6, ABY)n

and therefore
1d

~— = (0, A2Bd)y — (L(W)d, ABp) 3 + 1 (11 + (L(W) b, B) i) -

2dt
Let us note that

w= (A¢7 B¢)’H
and if we introduce the scalar product in H defined by
(CL, b)B = (0’7 Bb)'H
then we see that

|6l =1

(162)

(163)

(164)

(165)

(166)

(167)

(168)
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and
(A0, 0)5 = p* = [ (A= p)o (169)
hold. The equation (I65) becomes
1d _
st = I A=m8lE = (L(@)o, (A= p)o)s. (170)
Let us note also that (I61)) can be written as
1d _
57 Y @) =+ (L(@)¢,0)s. (171)

This is a general structure, we could have used any postive selfadjoint operator B which com-
mutes with A, and it did really not matter what L(w) or A were. Our choice is of course motivated
by the properties of the latter, but some general features already can be taken advantage of.

We compute in our case

_ 1 _ _ _
(L@ 0)s = - | (B wu+ [ @R@G-Q)-u-qu-Royde| 72
where we used the cancellation of the terms involving qu - Rq and (u - V@) A~'q. The estimate
(L(w)¢, d)5 < Ko(t)p (173)
with
Ko(t) = Cl|Au]m + | R(7 - Q) =] (174)
holds, and
T
f Ko(t)dt < oo (175)
0
holds as well (see and (73)). If we decompose
L(w)p =T+ Tr¢ (176)
where
1716l < K*(8)[ A265 (177)

then the contribution coming from 77 can be estimated using the Schwartz inequality in the term
(Th¢, (A - 1)9)gs, and we obtain that

d
gt < IA =l + K2 () = 2Tod, (A= 1)) (178)
The bound (177)) means that the velocity component of 73w is bounded from H! x L? to L? and

the second component is bounded from H'! x L2 to H 2. The requirement ll is satisfied in our
case by

Tiw = (L1 (W)w,u- Vq). (179)
Indeed, (1777) holds, i.e.
s (@)l + 1474 - IR < K20 [ AFulfy + ol (180
with
1 1
K(®) = €| 1471 + |R@ = Q= + [l + |71 1771- | (181

It remains to examine what happens to 75,
Tow =(0,7-Vq) (182)
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which does not satisfy (177). Its contribution to the evolution of y in is
2ATe6, (A= p)d)s = 285" [ (@ T (A-p)A g==2E5" [ (@-vp)A . (183)

In view of the fact that

[ @vaata=- [ atgfa-v.ai]g (184)
and Propositionwith s = —% and « = 0, we have
- 2(Tao, (A~ 1)d)5 < C[ap. (185)
Thus, putting together the bounds (178)) and (185] we obtain
d _
S CE2 () + [a])p (186)
and because .
[ (K(t) + [@]))dt < oo (187)
0

it follows that £(¢) is locally bounded in time. From the bounds (173)) and (175)) it follows that
Y (t) is locally bounded.
8. DECAY OF VOLUME ELEMENTS

We consider a solution w = S(t)w of (112) with initial data in the absorbing ball wy € Kg, =
{weV| |u|gz + |q|m < Ra}. We consider the linearization of S(t) along w(t),

wo ~ w(t) = S'(t, w)wy (188)
viewed as an operator in 7. The function w(t) solves
Jw + Aw + L(w)w =0 (189)

with initial data w,. We denote w = (u,q), w = (u,q), and

L(w)w = (Ly(w)w, Ly(w)w), with
Li(w)w = B(u,u) + B(u,u) + P(¢R(7- Q) + qRq), and (190)
Ly(W)w =u-Vq+u-Vq.

The volume elements associated to it are the norms in A" H. The scalar product in AN H is
(Wi A AWN;YL A AYN) AN 5 = det (w3, Y5) 4, (191)
and the volume elements are norms
V() = [wi(t) A cwn ()| an gy (192)
where
wi(t) = §'(t,w)wi(0) (193)

are the images under the linearization of N linearly independent vectors. The monomial wy(t) A
-+~ Awy (t) evolves according to

O (wi(t) A---nwn(t)) + (A+ L(w))n (wi(t) A= Awn(t)) =0 (194)
with
(A+L(w))n(wi(t) A Awy(t)) = (A+ L(W)))wi A Awy +---+wy A A(A+ L(w) )wn (195)
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and, as a consequence, the volume element evolves according to
d
EVN(t) + Trace ((A+ L(w))Qn) Vi (t) =0 (196)

where () is orthogonal projection in 4 onto the linear subspace spanned by the vectors w;, 1 <7 <
N. These are calculations which parallel well known calculations for the Navier-Stokes equations

([31, [4]).

The volume element Viy(t) decays if IV is large enough, as specified in the following theorem.

Theorem 6. There exists a constant M depending on Ry and norms of ® and of [ such that, for
any initial data W in the absorbing ball Kg,, for any N > M, and any initial data w,(0), w2(0),
..wn(0) in H, we have that

3
157 (¢, w) w1 (0) A=+ A S (¢, 0)wy (0) | v g, < Vi (0)e N (197)
holds for t > ty, with ty depending on R,.

Proof. The trace in (196)) is computed as follows. At each instant of time ¢ we choose an orthonor-
mal basis ¢; = (v;, ;) of the linear span of w1, ...wy. Then

N N
Trace ((A+ L(W))Qn) = 2 (Adi, &) + ) (L(W) i, 6i)n- (198)
i=1 i=1
Now N N
Trace(AQN) = Z(A¢’7¢Z)H = Z [(AUZ-,UZ')H + (ATi,T’i)L2] > M1+ ... uN, (199)
i=1 i=1
and

N

Y (L(W) i, i) =), [(B(Uz‘ﬂ):vi)H + (P(riR(q - Q) +qRr;), vi)m + [(Ui : V@)Ti] . (200)

i=1 i=1
On one hand we have a lower bound
N

Z(Adwz 2 3 [1A3uilly +elrila). 201)

i=1
and on the other hand we have the upper bound

N
> (L(@) i, di) (202)
=1

N . 1 _ _ 1 1 1
<C), [||VUI|L2 lvill | Az g + (gl 2o + QL) 7ill Lo flvs] 2 + [Vl 22 IviléllAwillélnllm] :
i=1
Applying Schwartz inequalities in the first two terms in the right hand side of (202)), and a Holder
inequality in R with exponents 4,4, 2 in the last term, followed by Young inequalities, we deduce
after taking advantage of (201) that

(L(w)¢za ¢Z)H

=1

N
Trace(AQN) +O(Ivaliz + a7 + 1QI7: + Ivaliz) X luilh.  (203)
-1
Because of the normalization |v;|[% + |rs]|2, = [¢;]3, = 1 we obtain

Z(L(w)¢z7¢z)H Trace(AQN) +ON (Ivalz: + @7 + Q17 + Ivalz.) . (204)
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Let us note that, in view of the fact that K, is an absorbing ball, we have

1 rT _ _ _
sup [ (Vs + 713 + QI + [Vali) di < C(Ra) (205)
with C(R;) a nondecreasing function of Ry. From (19) we have
p1+---+/LN20N%, (206)
and, in view of (196)), (198)), (199) and (204) we see that if
Nz > 8¢ 'CC(R,) (207)

then Vv (t) decays exponentially,
3
Vi (t) < Vn(0)e™eV?! (208)

for ¢t > 1, with ¢y depending on R,. Therefore the proof is complete.

9. GLOBAL ATTRACTOR

The properties of S(t) of existence of a compact absorbing ball K g, (Theorem , continuity in
H (Theorem [)), backward uniqueness (Theorem [5) imply the existence of a global attractor.

Theorem 7. Let
X = ﬂS(t)KR2 (209)

t>0
where S(t) is the semigroup solving and Kg, is the absorbing ball . Then:
(1) X is compactin H.
(i) S(t)X = X forallt > 0.
(iii) If Z is bounded in'V in the norm of of V, and S(t)Z = Z for all t > 0, then Z c X.
(iv) Forevery wy eV, tlgg disty (S (t)wgy, X) = 0.
(v) X is connected.

The proof of this result follows verbatim the proof of the analogous result in [4]. If the body
forces vanish, then the attractor is particularly simple, it is a singleton.

Theorem 8. Let f = 0. Then the attractor is a singleton, formed with the unique, globally attract-
ing steady solution wq = (0,Q),
X ={wg}. (210)

Proof. We take the scalar product in H of the first equation of (112)) with u, we take the scalar
product in L? of the second equation with A~!(¢ — @)) and add. The terms

(P(gR(q-Q)),u)u + (u- Vg, A" (= Q)12 =0 (211)
cancel, and we obtain
1d 1 1
57 (el + 1A (g = Q)2 ) + |43 ulfy + la - QI = 0. 212)

Because of the Poincaré inequality we obtain exponential decay of the distance to wg, first in
H x H™% and then in . The latter follows because

1d 1

S g QI+ A (g - Q) = - [ qu vQdr < Jululal| V@ @13)

and ||¢|| .2 is bounded in time, while ||u| ; decays exponentially by (212), and therefore, from (213))
we obtain the exponential convergence of w to wg in H. This concludes the proof.
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Remark 5. When f = 0, returning to the nonzero mean velocity frame we see that the average
velocity converges in time. Indeed, its time derivative, given in ({I06)), obeys

So]= e [a-@veds

because [ QVPdx = 0. The right hand side of (214)) belongs to L'(0, 00) by 212).

(214)

Employing methods initiated in [3]] and used in many subsequent works, Theorem [6| implies
Theorem 9. The global attractor X has finite fractal dimension
Dy(X)<M (215)
where M depends only on norms of f and .

The fractal dimension is defined as
log N3 ()

lim ﬁl_l}g log(%) (216)
where Ny () is the minimal number of balls in # of radii r needed to cover X.
Theorem 10. The global attractor X has finite fractal dimension

Dy(X) = Dy(X). 217)

Proof. If B; c H are a family of balls in H of radii p and centers w; that cover X, then, because of
the invariance S(¢) X = X, the sets S(t)B; cover X. Now because of the continuity (130, the sets

S(t)B; are included in balls in V of radii ¢~2C5(¢)p = r. Therefore

N (r) < Ny(r) < Ny(VICo(t)™'r). (218)

Fixing ¢ > 0 we obtain
g ST e S 19

10. APPENDIX A
We give here the proof of Proposition 2| We recall the pointwise identity ([S])
Vo(e) - AVa(r) = SAP)() + 5 Dla)(e) (220)
where
D[q](x) = cP.V. / [va(x) —|yV’g($ i y)de, (221)
R2

with ¢ a universal constant. We abused notation and wrote ¢ for the periodic extension of ¢, as a
function defined on all R2.

We consider a cutoff function ¥ : [0, 00) — [0, 00 ), which is smooth, non-decreasing, identically
1 on [2, 00), vanishes on [0, 1] and obeys |¥’| < 3.
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For [ > 0 to be determined, we have

D[q](x) > ¢ |VQ(I) - VQ(J?'Fy)'Q\IJ(M)dy

2 lyl? !
Va(@)l? - 294(x) - Va(z +y) , (1o
ZC@[ WE \I/(T)dy
>qvm¢W{[rFm/z z_/‘ﬂ“”%§$+ww(bﬁdy
lylst g=1
|Vf1( ) ly]
S - caman3, [ o[v (e (7)) | o

Now

[IQ(w+y)I‘V(% (|y|))’dy
=Yz [ |q(x+y)||v<ly\3\ll(llﬂ))|dy

Qo+2mj ' (222)
= ZjEZQQ[O |q(l’ + y)| |v (|y—27rj\3 v (|y—?ﬂ']|))| dy
<k(Dlglzs,
where Qo = [-m, 7] x [-7, 7] and
_ L (=2 T
o gLl o

The contribution of the term corresponding to j = 0 in the sum is of the order I3 for small [ and
U =1for j#0and[< 7. We obtain

k() <C(I73 + 1), (224)
for all 0 < [ < %, and hence have from (222)
D[q)(x) 2 [Vq(@) (sl [Vq(z)] - e2k(D)) ]l 24). (225)
We may choose
Cesllglus\"
[ = min (QM) .l (226)
a|vg(z)) 4
and deduce the pointwise inequality
Dlq](x) > —= HQHL Va()[" - eslall2 (227)

with c3 a positive absolute constant. Indeed, if 2?7;”;2' zL)‘" < 7 then the inequality follows directly

because |V¢(x)|is bounded by a constant multiple of the || qH 4 norm, and if the opposite inequality
holds, we obtain

4 -2 8 4 -2 8
Dlq](x) > ZHCJIILEIW(INS - Clva(@)llq)zs > ZIIQHLEIVCI(MB - cslql7a
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because % is bounded below. Integrating we obtain
Ciy -2 8
claly+ [ vaAva> Halilvals. (228)
We also know that
[ varva> csfgls (229)
and therefore , .
[ varvaz colal i 1val (230)

follows with cg = -~ and thus (22) holds.

e
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