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1. INTRODUCTION

The LP-estimates for the second derivatives of solutions to second order elliptic non-
divergence equations of the form trace(A(x)D*u(x)) = f(x), where the matrix A(x) is
uniformly elliptic in a domain Q C R", that is, A|£]* < (A(x)&, &) < AJ€)? for all x € Q and
¢ € R", were derived in the 50’s as a consequence of the Calderén-Zygmund theory of
singular integrals. More precisely, if A(x) is continuous in €2, then for any domain Q" € Q
and any 1 < p < oo we have

(1.1) ||D2u||LP(Q’) < C(||M||LP(Q) + ||f||LP(Q)),

where C is a constant depending only on n, p, 4, A, dist(Q’, 9Q2) and the modulus of con-
tinuity of the matrix A(x), see [GT83, Chapter 9].

If the coefficient matrix A is uniformly elliptic and only measurable, then it was dis-
covered by Lin [L.86] that the inequality

(1.2) ID*ullr@r) < Cllull=) + 111l

holds true for some p > 0, possibly small, and C > 0 depending only on n, A, A, dist(€’, 9Q),
and it is false for any p. An estimate similar to (1.2) was discovered by Evans [E85] for
fully nonlinear uniformly elliptic equations of the form F(D?u) = 0.

Recently, Caffarelli proved that if u is convex in Q2 convex normalized, f is continuous
with0 < A < f < A in , and u solves the Monge—Ampere equation det D*u = f with
u = 0 on 0Q, then ||D2u||LP(Q’) < C for all p > 0 with a constant C depending only on
n, p, 4, A, dist(2’, 0Q)), and the modulus of continuity of f, see [C] and [G01, Chapter 6].

In this paper we consider the linearized Monge—Ampere operator. We stress that this
operator is in general not uniformly elliptic in Q. More precisely, let Q C R” be a strictly
convex domain and ¢ € C*(Q) be a convex function such that A < detD?*¢ < A in Q. The
linearized Monge—Ampere equation is

(1.3) Lou = trace(®D*u) = f
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where @ = (detD?¢)(D*¢)~! is the matrix of cofactors of D?>¢. A theory for this equation
has been developed in [CG97] where, in particular, Harnack’s inequality is proved. Ap-
plications of this theory include the solution of a problem in affine differential geometry,
see [TWO00].

The purpose in this paper is to study the L” integrability of second derivatives of solu-
tions to the equation (1.3). The main result of the paper, Theorem 6.3, is that there exist
p > 0and C > 0 depending only on n, A4, A,and dist(€)’, Q) such that

(1.4) ID?ull @y < Cllullzo@) + I f 1)

for all solutions u € C*(Q) of equation (1.3). In addition, the estimate (1.4) is false for all
p > 0. Indeed, we show in Section 8 that given p > 1, there exist A(p) and A(p) and a
sequence ¢, € C*(Q) such that ¢ = 0 on 0Q and A < detD*¢, < A for each n and such
that ||D2¢,,||Lp(36(0)) — 00 as n — 0o,

One important element in the analysis of equation (1.3) is the fact that Ly¢ =~ 1 which
means that the function ¢ takes the role that quadratic polynomials take on a uniformly
elliptic equation. The analogous sets to Euclidean balls in this setting are the level sets of
the function ¢ which are called sections. The main idea to prove our result is to separate
the problem into two main steps. The first step is to estimate the measure of the set of
points where a solution # can be approximated by quadratic polynomials in which the
quadratic term is defined by the quasidistance given by the sections of ¢(see Definition
3.2); a covering theorem with sections is crucial in this step. The second step consists
of estimating the measure of the set of points where the quasidistance is dominated by
Euclidean distance; this step deals only with the convex function ¢.

To prove our theorem we introduce the sets Gy (u#) given in Definition 3.5 in terms
of the quasidistance d which takes into account the behavior of ¢ in different directions.
Once we define these sets, a difficulty comes from deciding the size of the neighborhood
in which we want the inequality in the definition of Gy (u) to hold. To estimate D?u(xy) it
is enough to have |u(x) — u(xy) — V(1) (x0)(x — x0)| < Md(x, x0)? for all x in a neighborhood
of x( but it is important to specify this neighborhood since eventually we have to compare
G (u) with G ,(u); in particular this becomes important in the hypothesis of Lemma 4.2.

Our proof uses the method developed by Caffarelli [C] to establish the W>”-estimates
for the Monge—Ampere equation, see also [G01, Chapter 6]. Some of these ideas are also
used in the W?P-estimates for nonlinear elliptic equations in Caffarelli and Cabré’s book
[CCI5] from where some of the notation is borrowed.

The method of proof differs considerably from the classical W>”-estimates as in Gilbarg
and Trudinger [GT83]] as well as the estimates of Lin and Evans. Gilbarg and Trudinger
proof’s uses perturbation arguments and is based on the inequality || D?u|| @ < CllAul|rr )
for u € Wg ?(Q). The ellipticity of the operator L and the modulus of continuity of the
coeflicients of L are essential in that proof; these two elements are not present in our
setting.

A hypothesis requires that 1 < detD?¢ < A and our method does not seem to give
information about the relation between the best exponent p for which our theorem holds
the constants A and A. A conjecture is that if |detD?*¢ — 1| < e, then the integrability

exponent p(e) in (1.4) tends to oo as € — 0. It is true that if |det D’¢ — 1| < e with ¢ = 0
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on 0Q normalized, then [|D*¢||1»q,,,) < C where p(€) tends to oo as € tends to 0. In some
sense this says that the “ellipticity becomes better” when det D¢ is closer to one but it
does not seem to give information on the modulus of continuity of the coefficients of our
equation.

The organization of the paper is the following. In Section 2 we introduce all the pre-
liminary material. Section 3/contains the main definitions and the second step mentioned
above is proved. Section 4 contains the proof of the density lemmas needed later. In
Section 5 we prove the main result for the homogeneous case, and Section 6 contains the
non-homogeneous case. Section |7 contains the proof of an inequality used in Section 3,
and Section 8 contains the examples mentioned in this Introduction.

2. PRELIMINARY RESULTS

In this section we list the results about sections and normalization that are relevant for
what follows.

Given a function ¢ : Q — R, d¢ denotes the subdifferential of ¢. The Monge-Ampere
measure associated with ¢ is

(2.5) H(E) = Mp(E) = |04(E)|,
for all Borel subsets E C Q. In case ¢ is convex and C*(Q), we have
2.6) p0(E) = [ dex Do)y

E

A convex normalized domain is a strictly convex domain Q C R” such that B, (0) C
Q C Bi(0). If S is any convex set with nonempty interior, there exists an ellipsoid E
such that a,E € § C E and hence, there exists an affine transformation 7" such that
B, (0) € T(S) € B(0).

A section of the convex function ¢ € C'(Q) is defined by

2.7) Ss(x, 1) ={x € Q: ¢(x) <P(X) + V(%) - (x — X) + 1},

where V denotes the standard gradient.
Given 0 < a < 1 we define the sections at the minimum to be the sets

Q, ={xeQ: ¢(x) < (1 —a)mingep}.

The next five results about sections hold under the assumption that ¢ € C*(Q) is a convex
function such that A < det(D*¢) < A and ¢ = 0 on dQ where Q is a convex normalized
domain. These results can be found in [G01, Chapters 3 and 5].

Lemma 2.1. For each 0 < a < 1 there exists n depending only on a, A and A such that
forall x € Q, and for all t <n, we have S 4(x,1) € Q.

Lemma 2.1/ is crucial in two ways for our result. First, because as we mentioned in
the introduction, it allows for sections to take the role of Euclidean balls and certain very
important sets are defined using sections. Second, because the exponent p appearing in
our main theorem depends on the constant 7 of this lemma.
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It is also important to remark that Lemma 2.1 holds under weaker assumptions on the
function ¢ but certain regularity of ¢ is required on 0Q as examples of Pogorelov show;
see [GO1, Chapter 5]. We will only use this lemma as stated.

The following four lemmas hold for sections which a priori are known to be compactly
contained in Q.

Lemma 2.2 (Engulfing property). There exists 6 such that if x € S4(y,t) then S 4(y,1) C
S 4(x, 01).

The following Lemma is used for an iteration argument in Sections S and 6.

Lemma 2.3. Suppose a <  and x € Q, then S 4(x, Co(B — @)”) C Qg for some Cy and y
depending only on A and A.

Lemma 2.4. There exists constants C| and C, depending only on n, A and A\ such that
Ci 1"* < IS 4(x, 0| < Cy 1",

Lemma 2.4/says that the measure of any section depends essentially on the parameter ¢
and is comparable to the measure of an Euclidean ball of radius v/1. However, a section
may look like an ellipsoid in which the ratio between the longest axes and the shortest
axes goes to infinity as the parameter ¢ goes to 0. In other words, the eccentricity of a
section is not bounded by constants depending only on 4, A, and n.

The following lemma is a simple consequence of Lemma 2.4:

Lemma 2.5. Given 0 < a < 1 there exists 0 < € < 1 depending only on A,A and n such
that (1 — e)u(S 4(x, 1)) < u(S 4(x, at)) for any section S 4(x,1) € Q.

We will also need the following observation about normalization. Let S 4(X, ) be a
section and let 7 normalize S 4(%,7). Let #(y) = +¢(T'y). We then have T(S 4(%,1)) =

S5(Tx, 1) and detD*¢(y) = detD?¢(T~'y). Since B,,(0) C T(S 4(%,1) S B;(0)

t|det I'%
C C

,it follows that 71 < |detT|% < 72 where C; and C, depend on A4,A and n. Hence,

A < detD?$(y) < A" on S3(T#, 1). Letting y(y) = d(y) — ¢ — V(@) - (v — ) — 1 where

Tx =ywehavey =00ndS;(y,1)and A < detD*y < A'. In particular, Lemma 2.1 holds

for .
Next, we state a covering lemma for sections, which is in [G01, Chapter 6].

Lemma 2.6. Let A C Q and suppose that for each x € A a section S 4(x,t) € Q is given
such that t is bounded by a fixed number n. Then, there exists a countable subfamily
{S ¢(xk, 1) )i with the following properties:

(1) A C Uk S g(xx, 1), and
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(2) for 0 < € < €(n, A, A) we have that the family {S 4(xi, (1 — €)tp)}x has bounded
overlaps, more precisely,

1
ZXSqﬁ(Xk,(l—e)tk)(x) <C log -
k €

where C depends also on n,A,and A and y g denotes the characteristic function of
the set E.

The next lemma is of fundamental importance in setting up an iteration argument, and
it complements the previous lemma. Its proof is in [CG9Y7].

Lemma 2.7. Let O C Q and 0 < € < 1. Suppose that for each x € O, there exists a section

Sy(x,t,) C Qwitht, < and
H(S (x, 1) N O)

H(S p(x, 1))
Then, there exists a countable subfamily of sections {S 4(xi, ti)} and 0 < 6(e) < 1 such

that O C |y S 3(xx, 1) and p(O) < 6(€) u(Uy S ¢ (X, 1))

We now define and state a theorem for the maximal function that will be used in Section
6.

Definition 2.8. For x € Q,,, define

1
M = _— d )
L () (%) fiz)lfzu(S,,s(x, D s, | fO)ldu(y)

Theorem 2.9. There exists a constant C depending on A and A such that

C
ﬁMer%:AhUX@>ﬁDSExngww@)

Proof. Let Ag = {x € Q,, : M,(f)(x) > ). For each x € Ag, there exists #, < 19/2 such
that

1
_ d, > B.
S 1) Jsens lfDldu(y) = B

Consider the family S 4(x, 2¢,)). By Lemma 2.6, there exists a countable subfamily
{8 y(xx, 261} such that Ag C | S 4(xi, 211) and such that 3y x,q.1-e2:0(X) < C log % for

every € < €.
We have
HAR) < )" (S 53, 20)) < C D (S o5t (1 = €02).
k k
Also,
1
< — lfO)l dp(y)
H(S ¢(Xks 1)) J sy TNty

<C !
H(S p(xi, (1 = €)28)) Sy x1-e200)

lfFOD)l dp(y).



W2P_ESTIMATES 6

Therefore,
BUS o, (1 = €20)) < € f O du).
S ¢ (x,(1-€)21x)
Hence,
1 C
Ag) < =C S ,(1—-€)2 < — d
HAp) < 5 ;ﬁﬂ( o (1= €)21) ﬁzkl fs . IFO) du(y)

C C
== Z f)(s¢(xk,(1—e)2zk)()’)|f()’)|dﬂ()’) == f ZXS¢(xk,(l—e)2tk)(y)|f(y)|dﬂ(y)
B <4 Ja B Ja4

C log!
< f If O du(y).
B Q

<

3. MAIN DEFINITIONS

In this section we define the quasidistance given by the sections of ¢ and using this
quasidistance we define the sets where the solution u is touched from above and below by
certain polynomials. We also prove in this section a lemma for solutions to the Monge—
Ampere equation which is the second step mentioned in the introduction.

First, we begin with a simple lemma that is used repeatedly in our calculations.

Lemma 3.1. Let Q be a bounded domain, ¢ € C*(Q) convex with det D*¢(x) > 0 for
x € Q; andu € CHQ). Let w = u + ¢, [(w) the convex envelope of w, and the contact set
C={xeQ:wkx)=TWw)(x)}. Suppose E C C and F C Q be measurable sets such that
0p(F) C OW(E).

Then

1 Lyu(x) "\ )

Proof. We have

Mp(F) < Mw(E) < f det D*w(x) dx
E
3 f det ®(x) det D*w(x)
E

det O(x) dx

1

1
T nt Jp det®d(x)

1 1 .
- fE @D (trace (@(x)(D*u(x) + D*¢(x))))" dx

(trace (CD(x)D2w(x)))n dx

_1 1 o
o fE (det D2 (x)y"! (Lou(x) + n det D*¢())" dx,

and (3.1) follows. O
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3.1. A quasi-metric. Let Q be a convex normalized domain in R", ¢ € C*(Q) convex,
$p=00n0Q,0<A<detD*p < AinQ.

Definition 3.2. Let S 4(xo,10) € Q. Given x € S 4(xo,10) we define
(3.2) d(x,x0)* = inf{r: x € S 4(x0, 1)}
Remark 3.3. If ¢ € C!(Q), then d(x, x9)* = ¢(x) — ¢(x9) — V(xp) - (x — Xp).

Lemma 3.4. The function d in Definition 3.2l satisfies:

(@) d(x,y)* < 0(d(x,2)* + d(y,z)*) whenever all are defined.
(b) If S 4(x,m0) € Q, then d(x, %)% is a convex function of x on the set S #(X,10).

Proof. (a) Let x € §4(z,11),y € Sy(z,12) and t = max{t;, 1,}. Since y € §4(z, 1), we have by
the engulfing property S 4(z,1) C S4(y,01); and x € S 4(z,11) C S4(z,1) C S4(y, 0f). Hence
d(x,y)* < 60t < 6(t; + 1,), and so

d(x,y)* <0 inf{t; + 1 : x € Sy(z,11),y € S y(z, 12)}
= 0(inf(r) : x € Sy(z. 1)} +1inflty : y € S 4z, 1)})
= 0(d(x.2)* + d(y.2)).

Notice that if x,y € S 4(z,0) and 66 < n,, then d(x, y)? is defined because x € S 4(y, 00).
(b) Let x1, x, € §4(X,1m0) and 0 < A < 1. We have

d(Ax; + (1 = Dxy, X)* = inf{t : Ax; + (1 = Dx; € S (X, 0}

Suppose x; € §4(X, 1) and x, € S 4(X, 12), and let Y(x) = ¢(x) — ¢(X) — Vp(X) - (x — X). The
function ¢ is convex and so

Ydx; + (1 = Dxz) < W(xy) + (1 = DY(x2) < Aty + (1 = Dy
Then Ax; + (1 — D)xy € §4(x, Aty + (1 — D)r,) and
inf{z : Ax; + (1 = D)xy € Sy(x, 0} < Aty + (1 = Dty
Since t; and ¢, are arbitrary, we get
inf{z : Ax; + (1 = D)x, € S4(%, 1)}
< Ainff{t : x; € Sy(x, 0} + (1 — D) inf{t : x; € S 4(X, D)};
that is,
d(Ax; + (1 = Dx2, %) < Ad(x1, )7 + (1 = D) d(x, %)
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3.2. Spaces. For the following definitions we fix 0 < @y < 1 once and for all.

Definition 3.5. Given u € C*(Q), 0 < ay < 1, M > 1, 0 the engulfing constant, and
6> /M < n(ap), we define

Gi(u) = (% € Qu : u(x) < u(x) + Vu(®) - (x — %) + Md(x, X)%,
Vx € S 4(%, 62/ M)};

Gym) ={x € Qy, : u(x) > u(x) + Vu(x) - (x —x) — M d(x, %)%,
Vx € S 4(%, 62/ M)};

and

Gy(u) = Gy, (u) N Gyy(u).
3.3. A Lemma for the Monge-Ampere equation.

Lemma 3.6. Let Q be a normalized convex domain, ¢ € C*(Q) with ¢ = 0 on 6Q, and
0<detD’¢ <AinQ.Let0<ay<a; <1and

Gu(9) = {X € Qo - p(X) < P(X) + V() - (x = D) + Mx = T, Vx € Q).

Then

. 1
Q0 \ Ghin(@)] < (1 o 1)n) Qe

r+1
where M(t) = ( il )A””C(al) and forall 0 < t < 1.

Proof. Let w be the solution to det D>w = 1 in Q with w = 0 on dQ. It follows from
Pogorelov’s estimate, [G01, inequality (4.2.6)], that

gé(al)(w) =Q
We have that det D*(A'"w) = A > det D*¢. Then by the comparison principle, [G01
Theorem 1.4.6], A'"w < ¢ in Q, and so —w/2 > —¢/(2A'") > 0. Consequently, 5 >
- m > win Q.
(x) w(x)
Let vi(x) = t(w(x) - 2¢A1/”) (1- )— Then
() w
<w- <v, < —
MEWT A ==Y

for 0 <t < 1. Let I'(v,) be the convex envelope of v, in €, and C; be the set of contact
points, C; = {x € Q : I'(v))(x) = v/(x)}. Then w < T'(v;) < v, < w/2, and so V(w/2)(Q2) C
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o' (v))(Q), by [GO01, Lemma 1.4.1]. Therefore
IVw/2)(Q)] <[0T (v )(Q)] = [0T (v)(C)) by Lemma(7.2

sL[((M(%w))”"—<M<2;m>>”")+)" o
T sor] o
<icl ( * 1) ,

+1
by Theorem 7.1 since v,(x) = ( ) w(x) — tzgiil/)l Hence we obtain
Ql <Gyl
e sl
This implies [Q,, \ C/| < (1 - i 1)n) |Q,,], and since C, N Q,, C Q,, N g;m)(qﬁ), we
obtain the desired estimate. O

Notice that if 0 < @y < a@; < 1, then dist(€,,, 0€Q,,) < C(ay, a;). Hence if x € Q,,,
then the Euclidean ball B ;4(X) C Q,, for 1 < (BC(ao, a1))*.

Lemma 3.7. Let
(3.3) Ap = {x € Qo 1 By p(x) C Sy(x,1), Vi<,
where 17y < min{n(ao), (BC(ay, a1))?}. Then we have

Gp(9) C Ap.

Proof. Let % € ;;2(¢), and let x € B ;; 5(%). We have ¢(x) < ¢(X)+Vp(X)-(x—X)+S%|x—X>
for each x € Q,,. By the choice of 179, we have B ;/5(X) C Q,,. Then ¢(x) < ¢(X)+ V(%)
(x — X) +1, thatis, x € S4(X, 1) and so X € Ag. O
Remark 3.8. From Lemma 3.7, Q,, \ Ag C Q,, \ gz(qb), and therefore

C(n, A, ap)
(3.4) 1 Q0 \ Ap) < Q0 \ G (#) < Al \ G (B)] < ﬁ—zo
by Lemma 3.6.

Remark 3.9. If x € Ay, then d(x, X)* < B%|x — x|* for all x € S 4(X, ).
Indeed, we have B ;/5(X) C S4(, 1) for all 7 < no. If x € S4(%,10), then

{t:x€Byp0}ci{r:xeSyxnl
and so, inf{7 : x € S4(x, 1)} < inf{z : x € B ;5(%)}. Consequently, d(x, %)? < B2x — X%
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Remark 3.10. We have
Ap N Gyu) C {x € Quy ¢ IDiju(x)| < B°, fori, j=1,---,n},
for each S8 such that 6?/8 < n(ay).
In fact, if X € Ag N Gg(u), then
—Bd(x, %)* < u(x) — u(%) — Vu(x) - (x — %) < Bd(x, %)
for all x € S 4(x,6*/B). Since % € Ag, by the previous remark d(x, ¥)* < 5%|x — &> we get
—Bx = x* < u(x) — u(x) — Vu(x) - (x — X) < B°|x — x*

for each x € S 4(x,6*/B), and so |D;u(x)| < .

If 0 < a < ), then from Remark 3.10 we have that
{x € Q, : IDju(x)| > B} = Qu \ {x € Q, : |IDjju(x)| < B}
C Q, \ (AsNGy(w)),  where 6°/B < n(ap)
(3.5) C (o \ Ap) U (Q0 \ Gp(u)).

4. DeNsITY LEMMAS

In this section we prove two density lemmas that will be used in Sections 5 and 6/ to
prove the decay of u(€2, \ Gg(u)) for g large.

Lemma 4.1. Let Q be a normalized convex domain, ¢ € C*(Q), ¢ = 0 on 6Q, and
A< detD*¢ < A. Suppose u € C*(Q), 0 <u <1, and Lyu = 0 in Q.

1
Then for each € > 0 there exists 6(€) > 0 such that if M > m, then we have
€

4.1 MG g, () NS y(X0, 70)) > (1 = €) (S y(x0, 10)),

for all sections S 4(xo, t9) C Qq, With ty < 10/6.
Proof. Let T normalize the section S 4(xo, o). Let
50)= Ty =T
U(y) = ¢) — (o) — V(yo) - (v — o) — 1,
and  @(y) = u(T'y).

We have T(S 4(xo, 1)) = S3(v, 1) = Q is normalized, = 0 on 9Q, and ' < det D*y <
A’ in Q by the observation after lemma 2.5. For each 0 < @ < 1 there exists n(a)
such that if y € Q,, then S v, n(a)) CC Q by Lemma 2.1. Therefore if y € Q,, then

v + V@) - (v —5) + n(a) <0forally € Q.
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Let wo(y) = n(@)ii(y) + ¥(y), and let y, be the convex envelope of w, in Q, and
C,=1{ye Q: wo(y) = ¥o(y), and 3 ¢, supporting hyperplane to y, at y with £, < 0 in Q).
Claim 1. Vi(Q,) C Vw,(C.).

To prove this claim, let y € Q, and

6 = max{y(®) + VUG) - (v = ) +1(@) = way) : y € )
=y + V@) - (" =) +n(@) - w. (),

for some y* € Q. Notice that y* € Q. Because since y € 5, we have 6 > ¥(y) + n(a) —
wo () = n(a)(1 —i(y)) > 0. And if y* € dQ, then we would have § < —w,(y*) < 0, which
is contradictory. Therefore
Y3+ V() - 0" = 5) + n(@) = wo (") Z Y () + V() - (v = ) + n(@) — wa(y)

for all y € Q, that is,

Wa(y) 2 Wa(y*) + V',[/()_/) ' (y - y*)’
for all y € Q. Since w,(y*) + Vi(¥) - (y — y*) is convex as a function of y, we have that

Wa(¥) = Ya(¥) 2 wa(y") + VY () - (v — "),
and so wo(y") = ¥ (y"). Also wo(y*) + VY (3) - (y = y") = ¥(3) + VY () - =) + (@) =6 <
—6 < 0in Q, and therefore Vi/(3) € Vw,(C,). This proves claim 1.
We have D*¢(y) = % (T D*§(T'y)T7!, so
(D) = 15T (DT 'y) "' T".

Also D%i(y) = (T™VY D*w(T~'y) T~". If ®(y) is the matrix of cofactors of D*¢(y), i.e.,
d(y) = (D*¢(y))™" det D*¢(y), then

L;ii(y) = trace(®(y) D*i(y)) = 0
in Q. Applying Lemma 3.1/ with u ~» n(@)ii, ¢ ~ ¥, E = Cq, F = Q,, we get

f det D*¢(y) dy < f det D*¢(y) dy.
Q. Cq

We also have

det D*3(y) = det D*¢(T"'y),

1y | det T|?
and hence

f det D’¢(T"'y)dy < f det D*¢(T'y) dy.
Qo

Cll/
We have Q, = T(S #(Xo, aty)) and for now suppose

Co CT(A),
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where A is a set that will be determined. Then
f det D*¢(x) dx < f det D*¢(x) dx,
S¢,(x0 aty) A
that is,

(4.2) H(S ¢(x0, tp)) < p(A).

Claim2.C,cT (S #(X0, 1) N GI/(U(Q) to)(u)) , for all a sufficiently close to one.
Proof of Claim 2. Let y € C,. Then y = T'x for some X € S 4(xo, fp) and

(4.3) n(@)i(y) + y(y) = £(y), for all y € T(S 4(xo, %))
with equality at y = y, for some ¢ affine with £ < 0 in T'(S 4(xo, fp)). We now claim that
(4.4) $(x) < F(X) + VP(X) - (x — X) + d(x, X)°,

for all x € §4(X,10). Indeed, let x € S 4(%, ). Then ¢(x) — (¢(X) + Vé(X) - (x — X)) < ¢, and
hence

d(x) — (@(%) + Vop(%) - (x — X)) < inf{t : x € S 4(X, 1)} = d(x, %)%
This proves (4.4).
Recall that ¢(y) = —¢(T 'y) where T normalizes S #(X0,%0). Also S 4(xo, %) C €,, and

X € Sy4(xo0,10), s0 X e Qg and S 4(X,10) € Q. And from (4.4), if x € §4(x, 1), then
#(x) < ¢(X) + V(%) - (x — X) + d(x, X)*>. Consequently,

~ ~ ~ 1
4.5) o) < ¢6(G) + Vo) - (v =) + T d(T™'y, T7'5)?,

for all y € T(S4(x,1n9)). On the other hand, by definition of é and y, the inequality (4.5)
is equivalent to

1 ~ 1
() <Y + V) - (-5 + - d(T™'y, T7'9)? = G;(y) + o d(T™'y, Ty

for all y € T(S,(x,n0)), with equality at y = T'x. Notice that by engulfing and since
to < 1mo/6, we have S 4(xo, fp) C S 4(X, 0ty) C S 4(X, n0), and hence by (4.3) we get

~ 1 B L
M@AR) 2 () = GO) = - d(T 'y, T7'5)7,
for all y € T(S 4(xo, o)) with equality for y = y. Let
~ 1 B i
8 =€) - &0 - o ATy, T7'y),
fory € T(S 4(X,10)), and

B ={y € T(Sy(x,10)) : g(y) = O}.
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If y € OT(S 4(x0, 1)) then £(y) < 0 and so g(y) < —&5(y) — — d(T v, T71'9)? < —y(y) =

and therefore BN 0T (S 4(xo, %)) = 0, and since, by Lemma 3 4(b), g is concave, it follows
that B is connected. Hence B C T'(S 4(xo, fp)). This implies that

(4.6) n(@) a(y) = g(v),

for each y € T(S 4(x, n9)) with equality at y = y. Because we have that n(a)ii(y) > g(y) for
eachy € T(S 4(x0, 1)), and if y € T(S 4(X,170)) \ T(S 4(x0, %)), theny ¢ B and so g(y) <0 <
n(a)ii(y), that is, (4.6) follows. Since ¢ is a supporting hyperplane to n(a) ii(y) + ¢(y) at y,
we then get

Ty, T7'9)7,

1
fon(a@)
forally € T(S 4(X,n)).

Hence we have proved that for each 0 < @ < 1 we have

Co CY € T(Sy(x0,10)) = a(y) = @(y) + Vii(y) - (y = y) = d(T™'y, T7'5)?,

Yy € T(S 4(X,n0)), where y = T'x}.

1
ton(a)

Since ii(y) = u(T~'y), it follows that

c,cT (S ¢(X0, fo) N Gl—/tofl(a’)(u)) ’

as long as t, n(a) 8> < 1, (as required to define the set G with the definition 3.5) and for
to8 < no. Notice that since 7(a) — 0 as @ — 1, the condition #, n(a) 6> < n, is always
satisfied for @ close to one. This completes the proof of claim 2.

To complete the proof of the lemma, we notice that from Lemma 2.5, given € > 0 there
exists @ = a(e) sufficiently close to one such that

(1 = e)u(S 4(x0, 1)) < p(S y(x0, at0)),

for all sections S 4(xo, fp) compactly contained in Q. This inequality combined with (4.2)
1

8o nae)

and Claim 2 yields the desired result with M > m|

Lemma 4.2. Let Q be a normalized convex domain, ¢ € C*(Q), ¢ = 0 on 0Q, and
A < det D*¢p < A. Suppose u € C*(Q), and Lyu = 0 in Q.
1
Then for each € > O there exists 6(€) > 0 such that if M > m and S 4(xo, 1) NG (u) #
€

0, then we have

4.7) (G (1) NS y(x0,20)) > (1 — €) u(S 4(x0, o)),
where tg < 1/4, S 4(x0, o) C Qo and 68* /1 < no.
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1
A

=

Proof. Let S 4(x0, 1)) C Qq,, to < 0

S 4(x0, 1), and set

< —, and let X € S 4(xo, %) N G,(u). Let T normalize

|

3 1
¢(y) = 5¢(T_1}’)’ Yo = TX(),
Y(y) = ) — ¢(vo) — Vo) - (v — yo) — 1,

1
and  @(y) = -~ w(T™'y).
0
We have as in Lemma 4.1 that 7'(S 4(xo, 1)) = S3(yo, 1) = Q is normalized, Y =0on oQ,
and A’ < det D>y < A’ in Q.
Lety = Tx. Since X € S 4(xo, 1) N Ga(u), we have
—Ad(x, %) < u(x) — u(x) - Vu(x) - (x — %) < 1d(x, ¥)°,
for all x € S,4(x,6%/1). Hence changing variables we get
d(T—l ,T_l_)2 _ o - _ d(T—l ’T—l—)Z
AT <) A0 - VA (=) S A
0
for all y € T(S 4(x,6*/2)).
Since X € §4(xo,1%), we have S 4(xo,%) C S4(X,01) by the engulfing property. So,
if x € S4(x0,1), then d(x, ¥)* < 61y, and consequently d(T 'y, T~'y)* < 61, for all y €
T'(S 4(x0, 19)). Also since 1y < 1/4, we have S 4(xo, tp) C S 4(X, 6?/2). Then

—A0 < i(y) — u(y) — Vi) - (y = y) < 46,

(4.8) -

and if we set
_ i) -~ uG) ~- Va@) - (0 —y) + 40

v0) 20

then0 < v < 1in Q.
Let 0 < @ < 1. There exists' () > 0 such that if j € Q,, then

Y@ + V) - (v - y) +n(@)@ + 1/2) <0,
forally € Q.
Define
wo(y) = n(a@)v(y) + ¥ (y).

We have ¢ < w, < (@) + ¢ in Q. Let y,, be the convex envelope of w, in Q, and
C,.={ye Q: Wwo(¥) = vo(y), and 3 & supporting hyperplane to y, aty,
with €5 < —n(@)(@ — 1/2) in Q}.
Claim 1. Vy/(Q,) € Vw,(C,).

Notice this 7() is the 5(e) from lemma 2.1 divided by 6 + i
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Proof of Claim 2. Let y € Q,, and
6 = max{y() + VY G) - 0= 3) + (@) = wa() 1 y € Q.
We have 6 > y(y) — w,(y) = n(a)(1 —v(y)) = 0, and if y € 0Q, then we have
() + Vi (§) - (v = §) + n(a) = wa(y) < 0.

Therefore there exists y* € Q such that

6=y + V(@) - (" =) +n@) —w (")
2y + YY) - (v =) + (@) — wa(y),
for all y € Q. Hence
Wa(y) 2 Wa(y*) + Vlﬁ@) ' (y - y*)a
for all y € Q. Also notice that
Wwa(V) + VY (@) - 0 = ¥) =@ + VWYG) - v =) + n(@) -6
SY@) + V@) - (v = §) + n(e) < —n(a)(@ - 1/2),
for all y € Q. This proves Claim 1.
Proceeding as in Lemma 4.1, we have
f det D’¢(T'y) dy < f det D*¢(T'y) dy.
Q. Ca
We have Q, = T(S #(X0, atp)). If we assume that

4.9) C,CT(A),

where A is a set to be determined, then we have

f det D*¢(x) dx < f det D*¢(x) dx,
S¢(x0,at0) A
that is,

(4.10) H(S y(x0, atp)) < p(A).

‘We next determine A.

Claim 2. The inequality (4.9) holds with A = §,(xo, 1) N G,,(u), for M sufficiently

26
large, M > —.
n(a) ,
Proof of Claim 2. Let ¥ € C,. There exists ¢ affine such that n(a)v(y) + ¢(y) > €(y) for

all y € T(S 4(x0, 1)), and with equality at §, and £ < —n(a)(@ — 1/2) in T(S 4(xo, 1p)). Here
= TXx for X € §4(x0,1), S4(X,1m0) € Q, and we have as in Lemma 4.1 (see proof the of
(4.5)) that

~ 1
w(y) < G(y) + - d(T™'y, T3y,
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for all y € T(S 4(X, n9)) with equality at §, and where {75, is affine given by
GO) =y + VWG - (- ).

Therefore

@.11) D@ > €)= B(0) = - d(T . T3

for each y € T(S 4(x0, %)), and with equality at y = ¥, because S 4(xo, %) C S4(%, 0fg) C
S¢()~C, 7]0) for 6ty < No-

Define
$0) = €0) - B0) - %d(T—ly, 7157,
We have from (4.8))
g TS TS
2() = @ = n(@) "

Our goal is to extend the inequality (4.11) to the set T (S 4(X, 6% /(AM))), for some M suffi-
ciently large. Notice that since X, X € S 4(xo, #p) and 1, < 1/4, by engulfing

S (X0, 10) C S4(%, 0t9) C Sy(x,0/2),
and

S (X0, 1) C S 4(X,01y) C S4(X,0/1).
Hence x € S 4(%, 6/ 1), and again by engulfing S 4(%, 6/1) C S 4(*, 6?/1) and therefore
(4.12) S o(%, 6 /(AM)) C S 5(%,6/2) C S 4(%,6%/2)

for M > 6. Therefore to achieve our goal, it is enough to extend the inequality (4.11) to
T(S 4(x,6%/2)); notice that S 4(%,6%/1) € Q.
Let
Ad(T Yy, T719)?
- .
210

A0

B ={y € T(Sy(x,6°/0) : &) = n(a)

We claim that

(4.13) B C T(S 4(x0, 1))-
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We first prove that

BC{yeT(S4x,6/Q):

0= —L(y) + () + (1 (1 -~ @)) d(T™ 'y, T7'5)* + n(a )(1 _o)
(4.14) - B.
If y € B, then
0> ~l0) +5O) + %d(T_ly, 15y - ”(Z) ATy, T™'5) + 77(201)

On the other hand, from Lemma 3.4(a)

n(a) d(T~'y, T"'y)? < n(@) (dT 'y, T"'5)? N d(T'y, T'$)?
20 0 =2 to fo '

Since d(T~'y, T~'$)? < 61, we get that y € B, and (4.14) follows.
Since n(a)/2 < 1, we have that the function

e+ 50+ {1 (1= 552)) da a2 -0

is convex and hence B is connected. Notice that we have S o(X, /1) c S o(%, /) c
S 5(%,m0) for 83/ < ny, and so d(T~'y, T~'§)? is defined for y € T(S 4(X, 68*/2)).
Second, we shall prove that

(4.15) B C T(S 4(x0, 1))
We begin showing that

(4.16) BN AT (S y(x0,19)) = 0
Suppose y € 9T (S 4(xo, fp)) then we claim that

(4.17) — () + &) + ( : (1 - @)) d(T™'y, T7'9)* + n(a )(1 -6) > 0.

- 1
Recall that £ < ~(a)(@ ~ 1/2) in T(S (50, 10)). and ) + —d(T ™'y, T™'$) 2 4() = 0
0

Since S 5(xo0,%0) C S 4(X, 0tp), we have d(T~'y, T'5)* < 61y. Hence (4.17) follows, and
therefore (4.16) holds. Since ¥ € BN T(S #(X0, 1p)) and B is connected, we get (4.15).
Combining (4.14) with (4.15), we get (4.13) as desired.
Recall that n(a)v(y) > g(y) in T'(S 4(x0, 1)) by (4.11), and if

y € T(S 4(%, /) \ T(S 4(x0,10))s
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then y ¢ B by (4.13), that is,
Ad(T 'y, T™'y)?
Iy
210

A0 —

g(y) < n(a)

On the other hand, by definition of G,(#) we have from (4.8) that

d T—l , T—l— 2
0) = 2(5) = Vi) - (= 5) > 2 2
for all y € T(S 4(x,6%/1)), and hence
d(T 'y, T"'9)?
Z(;; (/19 I yto D ) < n(@)v(y),

so g(y) < n(a)v(y). Therefore, we have that g(y) < n(a)v(y) for all y € T(S 4(X, 62/2))
with equality at y = y. In particular, by (4.12) we have that g(y) < n(a)v(y) forall y €
T(S 4(%,6%/(AM))) because S 4(%, 6% /(AM)) C S 4(X,6°/2) with equality at y = TX, for
M > 6.

Therefore (4.11) holds for all y € T(S 4(X, 62/ (AM))).

Notice that from the definitions of £ and {’ we have g(y) = a+p- (y—y)—l d(T 'y, T~'§)?
with a = n(a@)v(y) and p = n(a)Vv(y). By definition of v we then get that

210
a(y) > a3 + V@) - (v - §) — d(T™'y, T3y,

fon(a)
for all y € T(S 4(%,6%/(AM)) for all M > 6. Therefore we have proved that
~ ~ ~0~ ~0~ ~ 210 1 —1=\2
Co CH{Y € T(Sy(x0, 7)) = at(y) = a(y) + V() - (y = §) — »T7y)

ton(a)
Vy € T(S 4(%,6%/(AM))) where § = T%} = F,

for each M > 6. Now

F =T{x € §4(xp,10) : u(x) > u(x) + Vu(x) - (x — X) — 2— d(x, %)

n(@)
Vx € 8 4(%, 62/ (AM))))
= T(S 4(x0, 10) N G (u)),
picking M = , (the requirement in the definition of G is satisfied since S 4(xo, #p) C

( )
Q,, and 8*/(AM) = n(@)d/(21) < n(ay) since A is sufficiently large). So Claim 2 is proved.

Then from (4.10) and Claim 2 we obtain

H(S o (X0, at)) < p(S y(x0, f0) N Gy ().
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From Lemma 2.5, given € > 0 there exists 0 < @ = a(€) < 1 such that

(I = e)u(S 4(x0,10)) < pu(S y(x0, atp)).

The lemma now follows taking 6(€) = n(a(e))/(26). O

5. THE HOMOGENEOUS CASE
Let u € C*(Q) satisfying Lyu =01in Q with |u| < 1in Q. If 0 < g < 1, recall that
Qu, = (¥ € Q1 ¢() < (1 - o) ming}.

Let 0 < € < 1/2 and M the largest of the constants in Lemmas 4.1/ and 4.2 Applying

+1 -u+1
Lemma 4.1/to the functions u > and M2 , and noticing that G,((u + 1)/2) C G;,,(u)

and G,((—u + 1)/2) C G3,,(u), we get
H(S y(x0, 10) N Gapyyy @) > (1 = €) (S y(x0, 10)),

and
/l(S¢(X0, lO) N G;M/to(u)) > (1 - E) /l(S¢(X0, tO))’
as long as S 4(xo, fp) C Qq, and 1,6°/M < ng. Now

1S 5%, 10) \ Ganagig) = 11 (S (0, 10) \ (G3psys0 0 Gangy))
= (S p(x0, 10) \ G3py10,) Y (S 6(X0, 20) \ G2py71,)
< (S g(x05 1) \ Gopgy,) + 1S 6(X0, 20) \ Gy
< 2eu(S 4(xo, tp)).
Let a; < a; < ay. There exists 1, such that if x € Q,, and < 5, then S,4(x, 1) C Q,,; and

there exists 17; such that if x € Q,, and t < 1 then S 4(x, 1) C Q,,.
Let 8°/A < 1,/2 and let xp € Q,, \ Gapn(w).

Define
oty = H(@a \ Gan(@) 01 S y(x0.1)
H(S y(x0, 1))
We have lim,_,g g(f) = 1. Also, if 2/4 < t < 1y, then § 4(xo, ) C ,, and

H((Q0, \ Ganr(w)) NS y(x0, 1)) < (S 3(x0, 1) \ Gapr(u))
< (S ¢(x0, 1) \ Gopyi(u))
< 2e u(S 4(x0, 1)),
since Gopy(u) C Gap(u). Therefore g(t) < 2e for t € [2/4,1,). Then by continuity of g,
there exists ., < 2/ < 6/ < 172/2 such that g(z,,) = 2€.
Then we have proved that if 0 < € < 1/2 and M is the constant in Lemma 4.1, then for

@, < @) < ap and for any A > 0 such that 6*/1 < 17,/2 and for any xo € Q,, \ G.y(«) there
exists 7, < 2/A4 such that

(5.1 p((Qq, \ Gan(u)) NS y(X0, 1)) = 2€ (S ¢(Xo, 1y, ))-
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We now claim that (5.1) implies that
(5.2) S p(x0, 1xy) € Qo \ Galw).
Suppose that (5.2) is false. Since xy € €,, and #,, < 2/4 < 1,, we have that S 4(xo, ;) C
Q,,. Therefore, if S 4(xo, ) € Qq, \ Ga(u), then S 4(xo, t,,) N Ga(u) # @ and hence from
Lemma 4.2/ applied to u and —u, we have for M sufficiently large

(1 - 6) ,U(S¢(XO, le)) < ,U(S¢(XO, le) N G/_lM(u))?
and

(1 =€) (S 4(x0, 1)) < p(S 3(X0, £x)) N Gy ());
notice that G3,,(-u) = G},,(u) and G (—u) = G,(u). Therefore

H(S 5(x0, 1) \ Gam () < 2€u(S 4(x0, 2y,

and so

H((Qq, \ Gapr () NS y(x0, 1x,)) < p(S 3(x0, Lxy) \ Ganr(w)) < 2€u(S ¢(x0, Ly,),

contradicting (5.1). This proves (5.2).
Then from Lemma 2.7 we get that

(5.3) Q0 \ Gan()) < 6(E)(Qa, \ Ga(u)),

where @, < @) < ag, */A < 17,/2, and M = M(e) large, and for all € sufficiently small.

5.1. Power decay. Recalling Lemma 2.3, we can apply (3.3) with 4 = M and

6 _ Cola) — an)” _m

M 2 2

that is,
203\
ar; = a; — (CO M) .
Then
H( Q0 \ Gpp(u) < 6(e)u(€2y, \ Gu(w)).
& Colar—a3)
Next apply (5.3) with 2 = M? and " M = %, that is,
20\ 208 \'" [ 20\
S (—COMZ) - (—COM) - (—COMz) |
Then

Qs \ Gy () < S(Ep(Q, \ Gpp (W) < (8(€)) t(Qy \ Gr(u)).

Continuing in this way, if
k-1 1/y
263
s _Z(COMJ‘) ’

J=1

then
10, \ Gap(w)) < (6(€) " 1(Qy, \ Gu(w)).
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My - My -1
M(QQI_M ¢\ Gue(w) < (6(6)) " u(Qu, \ Gu(w)),

1y

o 1Y 1
Now > =l , and so

fork=1,2,---.
We then obtain the following theorem:

Theorem 5.1. Let Q be a normalized convex domain, ¢ € C*(Q) convex, ¢ = 0 on 0Q,
A < detD?¢ < A, u € C3(Q), [ul| <1 inQ, a solution to Lyu = 0 in Q. Then for each
€ > 0and0 < ay < 1 there exist a constant M = M(€, ay, A, A) such that for all u and ¢

as above we have
1(Qa02 \ Gpre(w)) < (6()) " Q0 \ Gur(u)),
fork=1,2,---.

This statement implies the following. Let ¢ > M and pick k such that M* <t < M**!,
Then Gy(u) € G(u) C Gypi1(u) and k < log,, t < k+ 1. So
H( Qa2 \ Gi(w)) < pi(€204/2 \ Gppe(w))

< (6(€)) " p(Quy \ Gur(w))
1

< (8(e) " Q) = 5P (S 11(Qay)
| In 6(e)
< (5(6)2 (6(6))1()th/1(9(10) = @ ! InM ,u(Qrzo)-

Thus, combining this estimate with Remark 3.8 and the inclusion (3.5), we obtain our
main theorem in the homogeneous case:

Theorem 5.2. Let Q be a normalized convex domain, ¢ € C*(Q), ¢ = 0 on 0Q, and
A < detD?’¢ < A. Suppose u € CX(Q), and Lou = 0 in Q. Then, given 0 < ay < 1 there

exist positive constants p and C depending only on A, A, and ay such that

2
ID~uller @, < Cllullz=).-

Proof. Letv =

T . We can apply the above estimate to v to get ||D?V| L @uy iy < C
Ullr>@) '
for some p and C depending on 4, A, and @, which implies the theorem, since in our case

Lebesgue measure is comparable to the Monge—Ampere measure u. O

6. THE NONHOMOGENEOUS CASE
Lemma 6.1. Let Q be a normalized convex domain, ¢ € C*(Q), ¢ = 0 on 0Q, and
A < detD*¢ < A. Suppose u € C*(Q), 0 < u < 1, and Lyu = f in Q. Assume that
|1/ det D*l|ney < 1.
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Then for each € > 0 there exist positive constants n(e, A, A) and C(A, A, n) such that for
each n < n(e, A, A) and for each section S 4(xo, ty) C ,,, we have

6.1) G ) N S g(x0. 1)) > (1= €' = 1/> CAL A )" (S y(x0, 10)).

Proof. We use the notation from the proof of Lemma 4.1. The proof proceeds in the
same way, in particular, Claims 1 and 2 hold; the only difference is to handle the integral

ffzn det D*¢(y) dy.
Let ®(y) = det D*¢(y) (D*$(y))~". We have

D) = — (171 D1y 17,
0
and D*i(y) = (T~ D*w(T~'y) T~'. So

det D*G(y) = det D°¢(T"'y),

[ det T2
and (D*¢(y))~! = 1o T (D*¢(T~'y))"! T". Hence

~ 1
trace($0) D) = oo FATY)
0

and
1 n—1
detd(y) = [ ——— det D*¢(T'y))"!.
et d(y) (%'demz) (det DP(T"y))

Applying Lemma 3.1/ with u ~» 5(a)it, ¢ ~> i, E = C,, F = Q,, and using Minkowski’s
inequality we get

1/n —1.\[n
' n@ 1 FTY)
(fg detD ‘Mdy) = 0 [detTPn (fc @t DTy T -

1/n
+( f detD%?S(y)dy) .
Ca

Since by Claim 2, C, C T(S 4(xo, o) N GI/(U(Q)IO)(M)), we get

1/n
( f det D*¢(y) dy)
T(S y(x0, 1))

1/n
e 1 f Lf(T )" "
T et TR Jres 000Gy g ) (dEED2G(T=1y)y !

1/(n(a)ry
[
T(S¢()C0,t0)ﬂG

1/n

1/n
det D*¢(y) dy) .

Vg )
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Changing variables yields

1/n
(6.2) ( f det D*¢(x) dx)
S ¢ (x0,@ to)

1/n
n(@) lf ol
: n 0 [L¢(x0 10)NGT w (det D2p(x))"! dx]

1/(n(a)tg)

+ f
S ¢ (x0,00)NG

1/n
det D*¢(x) dx] .

1ty ™

That is,

H(S (X0, @ to))l/n

< ™0 4y det Dl + S 30, 10) 01 Gy ()

( )
< TIT to + (S p(x0,20) NG 1/(n(a>to>(”))

(@) \ .
< T 137 Clon A A ACS k0 10) 7"+ (S (01 10) 01 Gy 1)

Notice that this inequality holds for any n < n(@) Given 0 < € < 1/2 pick @ = a(€) such
that

(1 =€) pu(S 4(x0, 0)) < p(S y(x0, @ 19)),
which combined with the previous inequality yields the lemma for any n < n(a(e)). O

Lemma 6.2. Let Q be a normalized convex domain, ¢ € C*(Q), ¢ = 0 on 6Q, and
A < det D*¢ < A. Suppose u € C*(Q), and Lyu = f in Q.

Then for each 0 < € < 1/2 there exist positive constants n(e, A, A) and C(€, A, A) such
that if' S y(x0, f0) C Quyy fo < 1/A < 1o/, % € S y(x0, 10)NG 2(u), and M, ((f] det D*¢))")(%) <
(20nA)", then

(63)  pGy 1471 0 S g0, 10)) > (1= O = Cle, L M) (S (o, 10).

forn <n(e, A, A).
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Proof. We use the notation from Lemma 4.2 and notice that Claims 1 and 2 hold. As in
the proof of (6.2) we get

H(S ¢(x0, fo))l/n

@) 1 ( f o )””
L— — X
n 210 S 5(x0,10) (det D2¢(X))n_1

+ (S (X0, 10) N G iy )"

n@ 1o i
< T 5 (S (%.010)
1 fxy M
_— det D? — d
% (.U(qu(?_C, 010)) Js om0 et D°9(x) (det D2¢(x))" x)
+ :U(S qb(an o) N GEAQ/,,(Q)(M))”"
( ) 1 = n n\y=\1/n
< % S5 HS (. 010) " M((f/ det D)D"

+ p(S y(x0, 1) N GEM/,,(Q)(M))”"
< C(A, A) (@) (S (x0, 1) + (S (X0, 10) N G g ()",

notice that in the above inequality, n(«) can be replaced by any n < n(a). Therefore
picking @ = a(e) as in the proof of the previous lemma we get

1S (30, 10)) (1 = " = Cn, 1, A1) < (S g0, 70) 1 Gy, (1),

for each n < n(a). O

6.1. Power decay for the nonhomogeneous case. Let Q be a normalized convex do-
main, ¢ € C*(Q) convex, ¢ = 0 on dQ, 1 < detD?¢p < A, u € C*(Q), [ul < 1in Q,
Lyu = f in Q and suppose that || f/ detD2</>||Ln(Q+,) < 1. Given 0 < € < 1/4 we pick

sufficiently small depending on € such that from Lemma 6.1 we get with M = 1/ and for
S¢(X(), tp) C .Q.QO that

3

4_1(1 — €) (S y(x0, 7)) < (S y(x0, 70) N Gy (1))
and

3

4_1(1 — &) (S y(x0, 10)) < (S ¢(x0, 20) N Gy, ().

Hence

1S (X0, 10) \ Gy ) = (S (X0, 10) \ (G, (0) O Giygy (0)))
< (S (30, 10) \ Gy (1)) + 1S (50, 10) \ Gygy ()

3
< Q= S0 = S y(x0. 10)) = 0(€) (S oo, 10))-
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Proceeding as in Section 5 we get that given 0 < € < 1/4 there exist M = M(e, A, \)
as in Lemmas 6.1/ and 6.2 such that for o, < @; < aq and for 6*°/4 < 1,/2 and for any
Xp € Qq, \ Gau(u) there exists t,, < 1/ such that

(6.4) H((Qa, \ Gam(u)) NS y(X0, 14,)) = 6(€) (S p(x0, Ly,))-
We now claim that if xy € Q,, \ Gy (u), 63/A < 1,/2 and (6.4) holds, then
(6.5) S (X0, 1) C (R0, \ Ga(w) U {x € Qq : M, ((f/ det D*¢)")(x) > (26n2)"}.

Otherwise and since xj € Q,, and t,, < 1/4 < 1n,, we have that S 4(xo, ,) C €,, and there

exists X € § 4(xo, ty,) N Ga(u) such that M, ((f/ det D?¢)")(X) < (26n1)". Then by Lemma
6.2 we get that

3
T =€) u(S (X0, 1)) < (S 3(x0, 1)) N G (W),

4
and 3

Z(l - €)/l(S¢(X0, txo)) < /l(S¢(X0, txo) N G;M(u))
Hence

H((Qa; \ Gan () NS 4(X0, 1)) < (S ¢(x0, 1) \ Gan(u)) < 6(€) (S ¢(x0, 1xy)),

a contradiction with (6.4). So (6.5) is proved.
Hence by Lemma 2.7, there exist 0 < 6(e) < 1 and a family of sections S (X, ) whose
union covers Q,, \ G (u) satisfying (6.4) and

1(Q0, \ Gan () < 6(€) (U2 S (X 1))
< 6(€) (R, \ G(w))
(6.6) +8(€) pfx € Qy : M((f/ det D*¢)")(x) > (26n2)"},

by (6.5).
We now proceed as in Subsection 5.1. Fix @1 < a¢ and let A = M, and set @, =

63 1y ‘ 3 3
ag — where y and C are the constants in Lemma 2.1. Then — = — = Cy(a; —
CoM A M

a()” = 1, and so from (6.6) we get

Q0 \ Gpr2(w)) < 6(6) u(Qq, \ Gur(u))
+38(e) plx € Qo : Mu((f/ det D*¢))(x) > (20nM)"}.

1y
%;/[2) , SO %3 = Z—Z = Co(ay — a3)” = n3. Then
Q0 \ Gaps () < 6(€) (Qa, \ Gare (1))

+8(e) ulx € Qg : M((f/ det D*¢)")(x) > (26nM?)")
< 6(€)° 1(Qa, \ Gu(u))

+8(€)* u{x € Qo : Mu((f/ det D*¢)")(x) > (20nM)")

+8(€) uix € Qqy : M((f/ det D*¢)")(x) > (26nM*)"}.

Nextlet A = M? and a3 = @ —(
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03 1/y 03 03
) 1 M

Continuing in this way we let 4 = M*and oy = ar —|=——| . Then — = — =
CoM*

Co(ax — ak+1)” = n, and
(0, \ G ()
< 6 u(Qq, \ Gu(w))

k
+ D8l € Qq, s MU((F/ det D9)") () > € (M),
j=1

Since M, is of weak type 1-1 by Theorem 2.9, we get
plx € Qg : M((f/ det D*¢)")(x) > C (M")™ 17}

<o [l
_(Mn)k+1—j o

d, <
det D%¢ Hx)
Set my = max{d, M~"}. Then we have

(Mn)k+1—j :

k
D8 ulx € Quy : Mu((f] det D*¢)")(x) > C (M")+17)

J=1
k

k+1 _ k+1

<C, E my =Cykmy .
Jj=1

Hence
Wy, \ Gapest () < miy (Q, \ Gy() + Ckmigt' < Cmgt' (1 + k),
where the constant C depends on u(€Q). Writing m; = +/my and since m, < 1, we have
that m{*' (1 + k) < Cmi*'. So
(0, \ Gager ) < C il

3 1y

On the other hand, @, = al—zlj‘-:l (C Y7 > m—Z;’;l (m) = &1—(C—)
0 0 0

/2, for M sufficiently large depending on «, and therefore

Qo2 \ G () < C k!,

fork=1,2,---.
If £ > M, pick k such that M**! <t < M**? thenk + 1 < log,, ¢ < k + 2 and

~ C
W Qo2 \ Gi(w) < Qo2 \ Gpprri () < C it < — plogm™,
n

Combining this inequality with Remark 3.8/ and (3.5) we get the estimate
C
(6.7) u(x € Qoo ¢ [Djju(x)| > BY) < i
for some 7 > 0 and for all 8 large. Therefore, we obtain the main theorem in the nonho-
mogeneous case:

_ >
MYy -1~
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Theorem 6.3. Let Q be a normalized convex domain, ¢ € C*(Q) convex, ¢ = 0 on 0Q,
A < detD*¢ < A, u € CHQ), and Lyu = f in Q. Then, given 0 < ay < 1 there exist
positive constants p and C depending only on A, A and « such that

2
ID"ullLr @y ) < Cllullz=) + 1 fllin)-

Proof. Letv = -

- . Applying (6.7) to v, we obtain [|D*Vl|Lrq,, ,.dp <
llell =) + ||m||m(g,du)
C for some p and C depending on A, A, and . This implies that

2
1Dl iy < € (ltll + 1 lra) -

The theorem then follows since by assumption Lebesgue measure is comparable to the
Monge—-Ampere u. |

Remark 6.4. Suppose 1 < Mp = f < A in Q with ¢ = 0 on 0Q. If f € C*(QY), then from
[C, Theorem 2] we have that ¢ € C>*(Q). Then A'Id < D*¢(x) < A’'ld forall x € Q' € Q
and with A" and A’ positive constants depending only on n, A, A, dist(€2’, 0Q2) and the C*-
norm of f. Suppose Lsu = 0 in Q. Then by classical Schauder’s estimates u € C>*(Q")
for Q” € ', in particular, ||D?ul| @ < C, for all p > 0 where the constant C depends
on n, A, A, dist(Q2”, 9Q") and the C*-norm of f.

7. CONVEXITY INEQUALITY

Letu, f € C(Q) and f > 0. We say that Mu < f in the viscosity sense if u is a viscosity
supersolution to Mu = f in Q.

Theorem 7.1. Let u,v € C(Q) convex, with Mu < 1 + € in the viscosity sense, and v a
generalized solution to Mv = « in Q, with « a positive constant. Let I'(u—v) be the convex
envelope of u — v in Q. Then

(7.1) 0T (u — v)(E)| < f

(((1 + )t/ — a”")+)n dx,
CNE
for each Borel set E C Q, where C = {x € Q : T(u —v)(x) = (u —v)(x)}. If v € C*(Q) is

convex then

(7.2) |0 (u — v)(E)| < f

CNE

(((1 + €)™ — det Dzv(x)l/”)+) dx.
We use the following lemma.

Lemma 7.2. If u € C(Q), T'(u) is the convex envelope of u in Q, and u is the Monge—

Ampére measure associated with I'(u), then u has support in the contact set C = {x € Q) :

L(u)(x) = u(x)}.
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Proof. Let B C Q be a Borel set. We have u(B) = u(BNC)+u(BN(Q\QC)). If p €
Il (u)(Q\ C), then there exists xo € Q \ C with p € dl'(u)(xp), and so £(x) = ['(u)(xp) +
p - (x — Xxp) 1s a supporting hyperplane to I'(x) at xy in Q. By [G01, Lemma 6.6.2] there
exist at most n + 1 points x; € C such that xy = Z;’:l] A; x; with A; > 0, Z?:ll A; =1, and
I'(u)(x;) = u(x;) = €(x;). So I'(u)(z) = €(z) for each z in the simplex generated by {xi};:rll,
and in particular for some z # xp; that is, p € dl'(u)(z). Then by Aleksandrov [GO1,
Lemma 1.1.12], [0T(u)(Q \ C)| = 0. O

Proof. (of Theorem 7.1) We proceed in a sequence of steps.

Step 1. Let B = Bg(y) be a ball with B ¢ Q, and u € C(Q). There exists a sequence
gk € C*(0B) such that |g(x)—u(x)| < 1/k for each x € dB. Let u; be the convex solution to
detD?uy = 1 + €in B, uy = g in 0B, and u; € C*(B) N C(B). A variant of [G01, Lemma
1.6.1] gives that there exist a subsequence of 1, also denoted by uy, and u, € C(B)
convex such that u; — u. uniformly on compact subsets of B, with Mu,, = 1 + € in the
generalized sense in B and u,, = u on dB. Since det D?u; = Mu in the generalized sense,
by the comparison principle [G01, Theorem 1.4.6] we have that

min(u; — U) = min(g; —u), and max(u; — U) = max(gy — u).
B oB B OB

Therefore |uy — uo| < 1/k in B, and so u; converges uniformly to u., in B.

Step 1’. Let v be a convex generalized solution to Mv = @ in Q. There exist h; €
C*(0B) such that | (x) — v(x)| < 1/k in 0B. Let v; be the solution to det D*v;, = « in
B with v; = h; on dB. We have that v; € C*(B). Since Mv = det D*v, = a in B, by the
comparison principle |v;(x) — v(x)| < 1/k for all x € B. Therefore vy — v uniformly in B.

Step 2. If Mu < 1 + € in the viscosity sense in a ball B = Bg(y) with u € C(B), then
U < uin B. Let § > 0 and ¢(x) = 6 |x — y*>. Expanding the determinant we obtain

det D*(uy + ¢) > det D*uy + (26)" > 1 + € > Mu.
Then from Lemma 1.7.2 we get that
min(u — u; — ¢) = min(u — g - SR*) > —1/k - 6 R*.

Hence u(x) > uy(x) + 6|x — y* = 1 — 6 R? for x € B. Letting 6 — 0 and k — co we get
U2 Us.

Step 3. We have 'z(u; — v¢) — I's(ue — v) uniformly in B; here I'y denotes the convex
envelope in B. This follows from Steps 1-1°.

Step 4. Since u > u,, in B and u = u., on B, we have that

0L a(u = v)(B)| < |01 p(1eo — v)(B)I,
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where I' and I'; denote the convex envelopes in Q and in B respectively, for any v € C(Q).
In fact, from Lemma 7.2

0L a(u = v)(B)| = [0l q(u — v)(BN C)l,

where C = {x € Q : T'q(u—v)(x) = (u—v)(x)}. Let p € 'q(u—v)(BNC). Then p € (U —
v)(B). Indeed, there exists y € BNC such that 'q(u—v)(x) > T'q(u—v)(y)+ p-(x—y) for all
x € Q. Since ['g(u—v)(x) < (u—v)(x) for all x € Q, we obtain (u—v)(x) > (u—v)(y)+p-(x—y)
for all x € Q, i.e., p € d(u — v)(x). Since u = u,, on 0€2, we get from [GO01, Lemma 1.4.1]
that p € d(ue — v)(B). We now need the following: if h € C(D) with D strictly convex,
then T'p(h)(x) = h(x) for all x € 0D (this follows arguing as in the first part of the
proof of [GO1, Theorem 1.5.2]; or noticing that I'p(h)(x) = Iygin.(h)(x) for x € D, where
Laine(h)(x) = supla(x) : a is affine and a(x) < h(x) for all x € 0D}, and then applying the
first part of [GO1, Theorem 1.5.2] directly.) Applying this fact with 4 = u,—vand D = B,
we get that I'g(tte, — V) = U, — v in dB and since I'g(Ue, — v) < U, — v in B, it follows
once again from [G01, Lemma 1.4.1] that (i, — v)(B) C 0l'p(u. — v)(B), and Step 4 is
complete.
Step 5. We claim that

|01 g(tteo — V)(B)| < liin inf |00 g(ux — vi)(B)|.
From Step 3 and [G01, Lemma 1.2.2 (ii)], we have
0T 3(1oo — VI(K)| < lim inf 10T s(u — vi)(U)I,

for each K ¢ U c U c B with K compact and U open. Since the Monge—Ampere
measure is a Borel measure finite on compact sets, it is regular and so

0T p(tteo = V)(B)| = sup  |00p(uteo — V)(K),

KcB,Kcpt

and the claim follows.
Step 6. We have

0T (1t — vi)(B)| < f det D*(uy — vi)(x) dx,
Ck

where C;, = {x € B : I'g(ur —vi)(x) = (ux — vi)(x)}, from [GO1, Theorem 1.4.5]. For x € C;

we have

(det D))" + (det D — v)(0) " < (det D) ",
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and hence

f det D* (i — vio)(x) dx < f ((1 +€)'" — (det Dzvk(x))”")n dx

Ck C

(13) < f (((1 + el - al/”)+)n dx

B
for each ball B c Q. Combining Steps 4-5 and (7.3)), we get that

oG- B < (((1+ 0" = a')') 15

for each ball B c Q. Therefore, the measure |0l o(u — v)(-)| is absolutely continuous with
respect to Lebesgue measure, and so there exists 1 € L, () such that

0L a(u — v)(E)| = f h(x) dx,

E
for each Borel set £ C Q, and

h(x) < (((1 + el - a”")+)", ae. in Q.

Then (7.1) follows from Lemma 7.2.
The proof of (7.2) follows omitting Step 1° and taking v, = v. O

8. COUNTEREXAMPLES

We consider a slight variant of the two dimensional example from [W9S5, p. 842]. Let
a >4 and
X+ By, if [y < |x*”!
yx2 y(a—Z)/(a—l) + 6ya/(oz—1), if |y| > |x|a—1’
where 3,y and ¢ are constants that will be chosen such that ¢ and D¢ are continuous
across the curve |[y| = |x[*7!, ¢ is convex in the regions |y| > [x]*"! and |y| < |x|*!,
and Ci(@) < Mp < C,(a) in the generalized sense, where C;(a) are positive constants
depending only on a.

mez{

We have
ax '+ LR -a)y?x7Y,  ifly| < x|
¢x(x,y) = (@-2)/(a-1) : a1
2yxy , if [yl > x|
2Byx*, if [y < Jxo!
¢y('x’ y) = Y -2 X2 y—l/(a—l) +6 a yl/(a—l), if |y| > |x|a—1;
a-—1 -1
al@-Dx2+R2-a)(1 —a)y*x@, ifly < |x*!
2vy , if [yl > |x|*7;

282 -a)yx't, iyl < |x*!

w(X,y) = -2 .
Puy(.) 2y TSy f ) > [afe

a-—1
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Pyy(X, )
2B x>, if [y| < |x|*!
= {—7 Z%? ai 1 2 yreleh 4 5% ﬁyQa)/(al)’ if [y] > |xje".
Therefore
8.1) 2B — 1) > det D*¢ > 2B(ala — 1) - Bla — 2)(a — 3))
for |y| < [x[*~!; and
(8.2) (jy_“f)z > det D% 2 2 5500~ y(@ = 2)2a = 3)
for [y| > |x]*7!.

We now study the continuity of ¢ and D¢ across |y| = |x|*"!. For the continuity of ¢ we
need

X+ BxPTIxTY = x4 6x°,
SO
(8.3) 1+B8=vy+0.
For the continuity of ¢, we need

ax™ '+ B2 — a)x? X = 2y,

SO
(8.4) a+pR2—-a)="2y.
For the continuity of ¢, we need
-2 0
2I8xa—1xa—2 — ,ya xzx—l + a X,
a—-1 a—-1
SO
-2 0
(8.5) =y, 20
a—-1 a-1

Therefore 3, 9,y solve the system of equations

p-0—-y=1
C-a)Bp-2y=-a
20@-1)pB—-ad—(a—-2)y=0.
The solutions to this system are given by
(B,9,y) = (1 - %,0,2— %)+5 (%1% - 1),
a o a o«

where ¢ is arbitrary.
We next impose conditions on f3, 8,y such that ¢ is convex. We have for |y| < |x*~! that

G = (@ — D(@x** + Bl@-2)y’x") >0
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if > 0.If [y| > [x]"!, then
P = 2yy 2D > 0

for y > 0. Also, we have for |y| < |x|*! that
¢y = 26X >0
for 8> 0. If [y| > |x|*7!, then

¢yy — (a — 1)2 (6ay(2—a/)/(a—l) _ ,y(a, _ 2)x2y—a//((t—l))
1 —a)/(a—
s e A CL R (Ca)
Sincey =2 -2 +6(2 - 1), we get that o — y(@ — 2) > 0, and so ¢, > 0, as long as
2@ —2)(a@—1)
o> .
a? + (o —2)?
-1
We need det D*¢ > 0. The right hand side of (8.1) is positive if 8 < M; and
(@ =2)(a-13)

since =1—2 +6 2, we must have
a-1)—(a-2)>*a-23)
2(a - 2)(a - 3) ’
On the other hand, the right hand side of (8.2) is positive if da@ — y(@ —2)(2a - 3) > 0, and
sincey =2 — % + 5((2; - 1), we get
2(a - 2)(a-1)Ra-3)
?+ (@ -2)2QRa-3)

o<

o>

Also y > 0 amounts to
2@ —-1)

o< .
a—-2

‘We have

2a@-1) ?@-1)—(a-2)*(a- 3)} _ 2a-1)

‘52(0‘):“““{ a—2 " 2a-2)(a-3) =2

5,(e) = max {2(a -2D(a-1) 2(a-2)a-1)Q2a- 3)}
2+ (@-2)?%" a2+ (@-2)72QRa-3)
~ 2(a=2)(a-1)Q2a-3)
22+ (@-22QRa-3)
and it is easy to check that §;(a@) < d,(a). Therefore each ¢ satisfying

01(@) <6 < ()

determines £ and y with the desired properties and therefore ¢.

We have that D?¢ ¢ L? for p > @ 5
a a—
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Lemma 8.1. Given p > 1 there exist positive constants A < A depending only on p and a
strictly convex bounded domain Q and a convex function € C*(Q) with A < det D>y < A
in Q and with = 1 on 0Q such that the inequality ||D*yl|;, < C is impossible with a
constant C depending only on n, p, A and A.

Proof. Let ¢ be the function constructed above for @ > 4 sufficiently large such that

p >
a

C_YZ, Q= {z:¢() < 1}, f(z) = det D*¢(z), and 1 = C(a), A = C»(a). Consider
n¢(z) anonnegative smooth mollifier and let f, = f*n.. We have that 1 < f. < Ain Q. Let
¢, be the solution to det D*’¢, = £. in Q and ¢, = 1 on Q. We have that f. — f weakly.
Then by [GO1, Lemma 1.6.1], {¢.} contains a subsequence ¢ — ¢. If ||D*¢o|l;» < C

with a constant depending only on p, n, A and A, then D*¢. would contain a subsequence

D?¢. converging in L? to some function v. But then D*$ = v, a contradiction. |
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