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1. INTRODUCTION

In this paper we are concerned with Schauder estimates for a class of sub-elliptic
equations in RV of the kind

m
(1.1) £=) a(0)XiX; +Xo,
i,j=1
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where the X/’s are smooth vector fields in RY, that is, X; = YN, b(x)os,, V¥ €
] ] k=1 j k j

C*(RN), satisfying the following conditions:

(I) There exists a group of dilations {0,},-0 in RN such that X;,--- , X,, are 0,-
homogeneous of degree one and Xj is 6,-homogeneous of degree two (see
next section for the definition of 6,).
(IT) If a = Lie {Xy,--- , X,,, X0}, then dim a = rank a(x) = N at each x € RN.
It is well known, by a theorem of Hérmander, that the rank condition in (II)
implies the hypoellipticity of Z;"zl X? + Xo. Moreover, from a recent result in [BL]],
conditions (I) and (II) imply the existence of composition law o in R¥ making the
triplet

G= (IRN/ o, 6r)

an homogeneous Lie group on which the X;’s are left translation invariant (see
Section [6). The homogeneous Lie group G allows one to introduce a notion
of Holder spaces appropriate for the operator L. Indeed, let || - || be the 6,-
homogeneous norm defined in Section 2| Given a function f : Q —» R, Q c RV
open, and 0 < O < 1, then for each compact K C Q) define

f() - fW)

-1 x”@ ¢

[flox =

x,yeKx+y ”y

and

Ifllarox = Y suplX“fl+ ) [X*flox,

jalg<2 K lalg=2
where | - |; and X* are defined in Section [2|
Finally, let us introduce our last hypothesis on £:

(ITT) there exists a positive constant A such that A7 & < ¥ a;;(x)&:E; < AIEP
for each x € RN and each & € R™. Moreover, a;; = a;, and [a;;]gx < oo for
each compact K ¢ R,

Our main result is the following theorem.

Theorem 1.1 (Main Theorem). Let Q C RN be open and Ky, K, € Q, Ky C K. Then,
for each smooth function u : QO — R we have

(1.2) llrox, < C (Il Lullwqrey + 11 Lullox ).

The positive constant C depends only on Ky, K, the Holder norms of the a;;'s and the
vector fields X;.
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The crucial point in the proof of this theorem is to establish the estimate (1.2)
for the prototypical operator )., Xf + Xp. To obtain this estimate we use a simple
technique inspired in the work of Caffarelli, see [CC95]. It only uses

(1) Picone’s maximum principle,

(2) the hypoellipticity of £, and

(3) the left translation invariance of £ on G and its 6,-homogeneity of degree
two.

Our main tools are the Taylor formula for smooth functions on G, some proper-
ties of the corresponding Taylor polynomial, and an orthogonality theorem that
extends to homogeneous Lie groups a classical theorem of Calderén and Zyg-
mund in Euclidean setting. We would like to stress that this extended theorem
seems to have independent interest in its own right and it might be useful in
studying differentiability properties of functions in homogeneous Lie groups.

Schauder estimates have been obtained for several operators that are less gen-
eral than the ones considered in this paper and with different methods, some con-
taining ideas partially similar to ours. For constant coefficients, k-homogeneous
and hypoelliptic operators these estimates are proved by L. Simon [Sim97]. L.
Capogna and Q. Han [CHO1]] considered operators of the type with Xy = 0
and the X;’s, j = 1,--- ,m, span the first layer of the Lie algebra of a Carnot group
in RN. M. Bramanti and L. Brandolini [BB07] proved Schauder estimates for heat-
type operators of the form 4;;X;X; — d;, with X; smooth satisfying Hérmander’s
rank condition. For Kolmogorov type operators a;;d;; + Xy — d;, where X is an
homogeneous vector field with first order polynomial coefficients, Schauder esti-
mates were proved by M. Manfredini [Man97] and A. Lunardi [Lun97]. Polidoro
and Di Francesco [PF06] later improved Manfredini results removing the homo-
geneity hypothesis for X,. We would like to stress that the techniques used in
[BBO7], [Man97],[Lun97] and [PF06] are completely different to ours and they are
based on fine properties of the fundamental solution of the frozen operator.

The plan of the paper is as follows. In Section 2l we show some properties of
polynomials in G, we recall the Taylor formula in homogeneous groups, and we
prove our Calderén and Zygmund type orthogonality result, Theorem In
Section 3, we first show Schauder estimates at the origin for homogeneous hypo-
elliptic operators in general form. Then, assuming the left invariance translation
of the operator on a Lie group, we obtain the previous estimates out of the origin.

In Section |5, we briefly show how to extend to the general case of the operator
in the estimates proved in the previous section.
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Finally, in Section [fl we present some explicit examples of operators, already
present in the literature and arising in different contexts, to which our results

apply.

2. PRELIMINARIES

Letd = (6,),-0 be the group of dilations defined by 6, : RN — RV, ,(x1, -+, xy) =
(rixy, -+, xy), 1 < 0y < -+ < oy. Define ||| := X x|, x € R". Then
16, ()|l = rllx]l. If @ = (ay, - -+ , an) is a multi-index, a; € Z, a; > 0, we let

N
|l := ojaj,
j=1

and we denote as usual |a]| = Z;\Ll ;. Notice that if 6, = rx is the usual Euclidean
dilation, then |- |; = | - |. We remark that o4|a| < |al; < onlal. A polynomial p(x) in
the variables xy, - , xy has d-degree kif p(x) = }_ <k 1aX". We denote by IP,,; the
class of all polynomials with d-degree less than or equal than m. Let D* be any
fixed bounded open neighborhood of the origin and define

D, :=6,D, for u > 0.

For p € P4 we put [|plle = sup,p. Ip(x)], and given 0 < pu < 1, we set ||pll, =
psup,p, Ip(x)|. It is easy to see that there exists a positive constant c* such that

xeRN:|lx]|<1/c}cDcixeRN:|x|| <c,
and as a consequence

xeRN:|x]|<r/c}c D, cixeRY:|x|<cr).
Proposition 2.1. There exists a positive constant Cy such that

Iplleo < Cillpll,.s
forallp € Py, 4 and forall 0 < u < 1.

Proof. We first observe that if p € P4, p(x) = X1, <m X, then |a,| < Cllp|| for all
lal; < m with C independent of p. Indeed, since [||plll = max|a,<m |44 is @ norm on
P,, 4 and it has finite dimension, then all norms are equivalent.

Next, let p € P, 4, and set q,(y) := p(6,y). We have |lg.llo = p"llpll., and
3u(Y) = Yoo <m 4™y, Then by the first observation,

(2.1) lan ] < Cu™lipll,
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and asa consequence, if z € D", we thenhave [p(z)] < ¥4, < (€)™ laa] < C X< " NIl <
C'llplly- This completes the proof.
O

Proposition 2.2. Let 0 < A, 0 < 1and px € P4,k =1,2,---. Assume that there exists
a constant Cy > 0 such that

(2.2) IPk(x) = Prea(x)] < CoA MOk forx € Dyvand, k=1,2,---.
Then there exists p € P, 4 such that
(2.3) Ip(x) — pe(x)] < CAR™O)ifx € Dy, k=1,2,--,

where the constant C only depends on Cy, A and 0.

Proof. From (2.2), we get
(2.4) Ik = prsalle < Co A%,
fork=1,2,---. Hence by Proposition 2.1]

I = proillee < C1A%,

with C; a structural constant, that is, px is a Cauchy sequence in P, 4. Letp € P, 4
be its limit. We write for each k € N, p — px = Z]ﬁl(pkﬂ- — Pr+j-1), so that, if we
denote by a, and 4 the coefficients of p and py, respectively, we have

[0e]

K k+i)  (ktje1
aa—afx):Z(aflﬂ)—an“ ))

=1

for each |a|; < m. Then from (2.1) and (2.4) we get

[se]

2 = a1 < Cr Y lpes; = Prsjallya ACT D00 < 3 )" JleeriEn—lol,
=1 j=1

where C, and C; are structural constants (C; depends on 6). Therefore

|aa _ ag()l S C4Ak(9+m—|0¢|d),

for all |a|; < m and with C4 depending only on C; and A.
Finally, if x € D, we get

|P(x) _ Pk(x)| < Z la, — agf)”xa| <C, Z (C*)|Oé|dAk(9+m) — C5/\k(m+9)-

lalg<m el g<m

Here we used the inequality x| = |xq[ - - [xn|® < ||x][719 - -« [|x[|ovoy = |jx|f*le. O
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2.1. A generalization of a lemma of Calderén and Zygmund. In this section we
assume that G = (RV, o, §,) is an homogeneous Lie group with , given in Section
Our aim here is to prove the following generalization of the Calderén and
Zygmund [CZ61, Lemma 2.6] having independent interest.

Theorem 2.3. For each m > 0 there exists a function ¢ € C3*(RN) such that

pr o) = [ p) 6y o) dy = p(o)
RN
for each p € P, 4 and for every € > 0 where P(y) = € °P(61/ey) with Q = a1 + -+ - + on.

Theorem [2.3]is a consequence of the following proposition.
For each m € Z,, leta(m) = {a € ZY : |al; < m} and V,, = {v : a(m) > R}. We
have that V,, has dimension N(m). For v € V,, we write v, = v(a).

Proposition 2.4. Let T : C3(RY) — V,, be the linear map defined by

(1)), ‘f¢w5y@

for a € a(m). Then T(CZ(RY)) = V(m). Therefore there exists ¢ € Cy(RN) such that
f]RN ¢(y)dy = 1 and N o(y) y*dy = 0 for all a € a(m).

Proof. Suppose by contradiction that T(CS"(]RN )) # V(m), then there exists w €
V(m), w # 0, such that T(¢) L w for all ¢ € Cg"(IRN). This means that T(¢) - w =
0 = fou @) (Tucam way®) dy = 0 for all ¢ € CP(RN) which yields w = 0, a
contradiction. Here we used the fact that the map ¢ — ¢, d(y) = Pp(y7') is a
bijection of C5’(RY) onto itself. O

Proof of Theorem[2.3] Fix x € RN and & € a(m). Then g}(z) := (x o z7")* belongs
to IP,, 4, since the composition law o has polynomial components (see [BLUOZ,
Theorem 1.3.15]) and since A7%g%(5,x) = A71li(x o (6,2)7 1) = (61/Ax oz‘l)a -
z)*as A — co. Letp € Pua, p(y) = Ljap<m Cay*, and let ¢ be the function
in Proposition Then keeping in mind that the Lebesgue measure is left
translation invariant on G, see [BLUO7, Theorem 1.3.21], changing variables we
get that

Yo [ torehiz= Y [ oo

N
lalg<m lalg<m R

pPe(x) = fR pxoz) e(z ) dz =
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Writing 5(2) = g, <m bf{‘,ﬁzﬁ, replacing this quantity in the integral yields

€ = aba ﬁe _1d
p * Pe(x) HZ’F;C x'ﬂLNZ¢(Z )dz

= Z cabf:,ﬁdﬁ'd fN PPzl dz = Z by = Z g5 (0) = p(x).
a,f R

[24 a

O

2.2. A Taylor formula at the origin. Let 1 < 0; < --- < oy be the exponents in
the dilations &, and define ¥ = {lal; : @ = (a1, -+ ,a,) € (N U {ODN,|aly > 0}. In
general, £ # N, and onehas £ = Nif g; € Nfori=1,--- ,N. Let u € C*(R"). For
each m € X define

Pma(u)(x) = Z aax",

latlg<m
where a, = DQZ(O).
Lemma 2.5. Let m € X. For each M > 0 and ||x|| £ M we have that
(2.5) U(X) = Prua(x) + X" P pr (1) (x),
where

lwmm(u)(x)] < Cp(m) sup |ID"ull=qy<m),
lal<m+1

and 6 = min{laly — m : |al; > m}. We remark that if all the o;'s are natural numbers,
then |a|s € IN and so |al; — m > 0 implies |a|; — m > 1 and so in this case we can choose
o=1.

Proof. From the standard Taylor formula and since |a| < |a|; we can write

()= Y X+ @) = Pua@@) + Y X+ gu(),
lar|<[m] la|<[m],|aly>m
with )
D%*u(tx
gm(x) = 1 xa/
a!
la|=[m]+1

for some 0 < t < 1; here [m] denotes the integer part of m. Notice that if ||x|| < M,
then [|tx|| < M and so keeping in mind the definition of a,, and since |a|; < onlal,
we get for |[x|]| < M that

(2.6) 1(x) = pua()| < Cm) sup ID"ullsqarny Y, 1

laf<m+1 m<laly<on(m+1)
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On the other hand, we have that |x*| < [jx||*k = ||x|"||x|/*=™*, which combined with
(2.6) completes the proof. O

Remark 2.6. If p € P, 4 satisfies u(x) = p(x) + [[x|"O(||x[|°), then it follows from
Lemmal[2.5thatp = p,, 4. Therefore p,,q is called the Taylor polynomial of d-degree
m of u at x = 0, and also denoted by p,,4(x) = pua(u,0)(x). Clearly, D*u(0) =
D®p1,a(0) for |als < m. To prove that p = py, 4, let p(x) = X,y,<m ba X* such that p(x) =
o(||x||™) as x — 0. We want to conclude that b, = 0. Set {my,--- ,m,} = {lal; : |als <
m}. We can assume my < mp < --- < m, < m. We have p(6,x) = o(||6,x|) = o(r™||x|[)
as r — 0, for each fixed x € R". On the other hand, p(6,x) = Y4, <y bar™x* =
Z’;zl (Zm:mj bax“) i and therefore, )., o= bx* = 0 for all x € RN and we are

done.

2.3. Taylor formula at a general point y. We assume as in Subsection 2.1 that
G = (RY,0,9,) is an homogeneous Lie group with 6, given in Section In
such context the Taylor formula from Subsection can be translated at any
point y € RN and it takes the explicit form given in [Bon, Theorem 2] For our
purposes, it is enough to recall this result in the following form. Let u : R" —» R
be a smooth function and let m € X. Then there exists a unique polynomial
P,,q4(u,y) = P, € P, such that

u(x) = Py(x) + Iy~ o 2", (x)
where w,, is bounded in a neighborhood of y and 6 is a suitable positive con-
stant. Moreover, X“P,(y) = X*u(y) for every |al; < m. Here if a = (ay, -+ ,an)

and Xj,---, Xy is a Jacobian basis of the Lie algebra of G, then X* denotes the
differential operator X := X{*--- X\

2.4. Application of Theorem In this subsection, as in the previous one, we
assume that G = (RY, o, 6,) is an homogeneous Lie group.

Theorem 2.7. Let u : RN — R be a smooth function, 0 < 6 < 1 and m € L. Suppose
there exists a positive constant A such that for each y € RN there exists a polynomial
P y € I[)m,d with

(2.7) u(x) = Py(x)l < Ally™" o x|"*?,

for all x € RN. Then there exists a constant C depending only on A, 0, m, and the
structure such that
IXu(x1) — X"u(x)l < C ||XI1 0 x,]|°

forall laly =m, a = (a1, ,ay), and all x;,x, € RV,
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Proof. Fix x1,x, € RN and write
u(x) = Py (x) + (u(x) — Py,(x)), i=1,2.

Let ¢ be the function from Theorem and we may assume supp ¢ C {|lx|| < 1}.
Convolving with ¢. we get

Uk pe(x) = Py () + (= Pe) * ) (x),  i=1,2.

Since P, is the Taylor polynomial of d-degree m of u at x;, we have X“P,(x) =
X%u(x;) for i = 1,2 and for all |a|; = m we obtain

X (1 * pe(x)) = Xou(x) + ((u = Py) % X*¢c) (x),  i=1,2,

where in the second term on the right hand side we used the left translation
invariance of X“. We then obtain

X u(er) — X*u(xs) = ((u = Pey) * Xe) (x) — (1 = Py) % X2be) (x)

for each x € RN and |al; = m. We setd(x,y) = |ly! o x||. Then d is a quasi distance,
i.e., there exists a positive constant C such that d(x’, x"”) < C(d(x’,z) + d(z,x"’")) and
d(x',x”) < Cd(x”,x’) for all x’,x”,z € RV, see e.g. [BLUOZ, Proposition 5.1.7 and
Corollary 5.1.5]. From (2.8)

(=P * X0) @1 < [ Tt = PuIXGuly 0 91y
<A [ dw ot o nldy

<At [ i on oty
d(x,y)<e

Let us now pick x = x; and € = d(x;, xp). With this choice of x if d(x, y) < €, then
d(xi, y) < C (d(x;,x) + d(x,y)) < 2Ce, where C is the constant in the quasi-triangle
inequality for d. Therefore,

Al f Axi, )" (X D)ely™ 0 )l dy
d(x,y)<
Acm+9 0 th R o d
< fR D)y 0 1)l dy

-acmee [ gl

< AC"™0e0 f IX9(z)| dz = C Ad*(x1, x2)°.
RN
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The proof of the previous theorem can be easily adapted to obtain the following
local version. For this it is convenient to define B,(y) = {x € RN : [ly o x|| < 7}.

Theorem 2.8. Let QO C RN be open, let u : Q — R be a smooth function, 0 < 0 < 1
and m € L. Suppose there exist positive constants A and R such that for each y € Q with
B,(y) C Q there exists a polynomial P, € P,, ; with

(2.8) u(x) = Py ()] < Ally™" o x|"™*?,

forall x € B,(y). Then there exist positive constants C and 1 depending only on A, 0, m
and the structure such that, for each ball Bor(y) C Q,

(2.9) IX“u(x1) = X“u(xy)l < Cllxy" o x|

foralllalg =m, a = (ay,--+ ,an), and all x1,x, € Byr(y).

3. HOMOGENEOUS HYPO-ELLIPTIC OPERATORS: SCHAUDER ESTIMATES AT THE ORIGIN

Let

N N
(3.1) L£:=Y 250 + Y b0y,
j=1

ij=1
and we assume
(H1) a;j,b; € C*(RY);
(H2) there existsa > 0and j € {1,---, N} such that a;;(x) > a forall x € RV, that
is L is not totally degenerate.
(H3) q.(x, &) := Xjicy 4ij(0)E&; > 0 for all x, & € RY;
(H4) L is hypo-elliptic;
(H5) L1is d-homogeneous of degree two, i.e.
L (5:(x))) = r* Lu(5,(x)),
where 6, was defined in Section 2]
We will show in the Appendix that these assumptions imply that the ¢;’s in the
dilations 6, are integers and from now on we assume this is so.
We have that (H2) and (H3) imply the following weak maximum principle (due

to Picone, see [BLUO0Z, Theorem 5.13.4]): if u € C*(Q), Lu > 0 in Q bounded, and
limsup, , u(x) < 0 for each y € 9O, then u < 0in Q.

Proposition 3.1. Let u be a smooth function such that Lu = 0 in an open set Q) containing
the origin, and let p € P,, 4 be the d-Taylor polynomial of degree m of the function u at 0.
Then Lp = 0in RN.
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Proof. We can assume m > 2, otherwise Lp = 0 For p € P, 4 we can write
p = LiLopj, where p; a d-homogeneous polynomial of d-degree j. Setu = p + R.
Then R € C® and from Lemma R(x) = |Ix||"O(|x||°). Moreover, since Lu = 0, it

follows that LR = Lp. As a consequence

Rz = [ o
Q Q

for every ¢ € C5(Q), € sufficiently small, where ¢e(x) = € 2 (51/c(x)), Q = 01 +
---+ oy, and L is the formal adjoint of L. Then

f ROL (G (0) da] < C f 1L (e ()] dx
Q RN

— C m+0 * . —Zd
fR I @)l dx
< C€m+6—2.

On the other hand

m

[ Lrpmar=Y,

Lpj(x)Pe(x) dx

—

~

Il
5

Lpj(0e(x))p(x) dx

5

Ly j(x)ej_ng(x) dx, since Lp;is 6,-homogeneous of degree j — 2

el2
cie™".

Il
N

]

We then obtain that Y72, cje/~> = O(e"**~?) for € small. This implies that c; = 0 for
2 < j<m,thatis, [ Lp(x)¢(x)dx =0 forall ¢ € Cy and 2 < j < m. Therefore
Lp; =0in )} Since Lp; = 0 fori = 0, 1, the proof is complete. O

Our starting point to establish the Schauder estimates at x = 0 is the following
lemma which can be found for example in [Bon69, Theoreme 5.2 and Corollaire
5.2], see also [BLUOZ, pp. 383-387].

ISince £ has smooth coefficients and is d-homogeneous, then its coefficients are polynomial
functions. Therefore Lp; = 0in R".
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Lemma 3.2. Assume that conditions (H1)-(H4) hold (not necessarily (H5)) . Then there
exists an open set D* C Q with 0 € D* and a smooth function h > 0 in D* such that
h € C*(D*) N C(D*) and
Lh=-1inD"
h=0o0ndD".

Lemma 3.3. Assume that conditions (H1)-(H5) hold. Let D,(0) = 6,D* and h,(x) =
r*h(61/,x). If Lu > —f in D,(0), then

u(x) < sup u + h,(x) sup f, x € D,(0), for x € D,(0).
aD,(0) D,(0)

Proof. Let g(x) = u(x) —supyp, o u —hi(x) supp, o, f- Wehave Lg = Lu+supy, , f >
—f +supp o, f = 0, that is, g is L-subharmonic in D,(0). Then supj & =
SUPyp, ) § = 0,50 ¢ < 0in D,(0) and the lemma follows. O

We remark that when £ = A, the Laplacian, then in Lemmas [3.3|and D* is

1— 2
the unit Euclidean ball centered at 0 and h(x) = %, where |x| is the Euclidean
r? — |x?
d so h,(x) = r’h =
norm, and so h,(x) = r“h(x/r) N

Lemma 3.4. Assume that conditions (H1)-(H5) hold. If u is a solution to Lu = f in
D,(0) and v solves Lv = 0 and v = u on dD,(0), then

h.(x) inf f <v(x) —u(x) < h(x) sup f,
Dy(0) D,(0)
in particular,

|u(x) = v(x)| < hy(x) supf],

Dy(0)
forall x € D,(0).
Proof. Since L(v — u) = —f, the inequality immediately follows from Lemma
3.3 O

Lemma 3.5. Let 0 < a < 0, with 6 the number in Lemma H There exist positive
constants Cy, €9 and 0 < A < 1 such that for any f and any solution to Lu = f in D*

with [|ullp=py < 1 and ||f|lr=p+ < €o there exists a polynomial q of d-degree two such
that Lg =0,

(3.2) lu(x) — g(x)| < A**%,  forx € D,

25 = 1in case all o are integers.
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and

(3.3) llgllzep+ < Co

Proof. Let v be such that Lv = 0 in D* with v = 0 on JD*. By the maximum
principle supy,. [v] < sup,. [u| < 1. Since L is hypoelliptic, from [Bon69, Theorem
7.2] we have

(3.4) IDPo(x)| < C(n, |Bl) sup |o] < C(n, |Bl), for x € Dy)y.

D*
We remark that to apply [Bon69, Theorem 7.2] we need v > 0. Since -1 <v <1,
sov+12>0,and L(v+1) =0, we can use v + 1 instead of v. Let g be the Taylor
polynomial of d-degree two of v at 0. The coefficients of g are derivatives of v at

x = 0. Hence from (3.4) all the coefficients of g, and hence its L norm in D", are
bounded by a structural constant Cy. By Proposition

Lg=0
To complete the proof of the lemma we write
u(x) = g(0)] < |u(x) = v(x)| + [o(x) - q(x)|
< hi(x) sup |f] + Clx|?™® =1+1I,
Dy

from Lemma We have for ||x|| < D, that II < CA*® < 1A%, if we pick

1 1/(6-a)
A< (f) . With this value of A, we next want
1
I < = 2+LX.
<3 A

If maxp- hi(x) €y < 3 A***, we then have
1
I = h(x) sup |f| < maxh(x) sup |f| < maxh(x)ey < = A***
D D" D D" 2
and we are done. O

Theorem 3.6. Suppose u € CX(D*) N C(D*), Lu = f, and f is Holder continuous at 0,
ie.,

Y@ fO)
ko =S80 o <

with 0 < a < 0, where 0 is from Lemma Then there exists polynomial p(x,0) with
d-degree two such that

7

(3.5) lu(x) - p(x,0)] < Cy |IxI***,  forx € D",
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with
C1 <G ([f]a,O + [ fllze ey + ||u||L°°(D*))/
and all the coefficients of p(x,0) are bounded by the same quantity.

Proof. We may assume that

@ f(0)=0,
(i) [flao + Ifllzeey < €0,
(i) [lulli=p) < 1.

Indeed, if we let

fx) - f(0)

0 + 2l fllze oy + [oll=pr)

v(x) = u(x) + h(x) £(0), g(x) = €9 07
and
(x)
" [flao + 2l flles) + ollsr
then Lii = gin D", g satisfies (i) and (ii), and # satisfies (iii). Notice that we can

ii(x) =€

assume €y < 1.
Claim: there exists a sequence polynomials p; with d-degree two with Lp, =0
and such that

(3.6) |u(x) — pr(x)| < ATk, for x € D x(0) = 6D
and
(3.7) k(%) — 1 (x)] < CAKF)if x € D s

for k = 1,--- where C is a universal constant. In view of (ii) and (iii) above we
can apply Lemma and we let p;(x) be the polynomial in that lemma. Suppose
pr(x) is constructed. We will construct py.1. Let
(11 — pic)(O:)
w(x) = 1 @+2k
We have

1
/\(a+2)k

[ A (Lu)(©0%) = AH(Lp) O 0)| = %f(éwc) = gi(x).

From (3.6), ||wl|.~p+ < 1 and from (i) and (ii) above, and the homogeneity of || - ||,
lIgkllz~>) < €. Hence by application of Lemma 3.5/ to w, we get an £-harmonic
polynomial gx(x) -depending on gx- with d-degree < 2 such that

Lw(x) =

(3.8) [w(x) — gr(x)] < A**4, for x € D,(0).
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From the definition of w and we then get
|u(06) — pr(Opex) — A@* g (x)] < AHED - for x € D,(0).
Therefore, if we take

3.9) Pre1(x) = pr(x) + AP (5, 4x),
then py,, satisfies with k replaced by k + 1, and follows from (3.3). Then

the claim is proved.
Consequently, from Proposition 2.2 we get that there exists a polynomial p of
d-degree two such that

Ip(x) — pr(x)| < CAK®*Dif x € D).
Given x € D* = Dy, let k be a positive integer such that x € D \ Djw1. Hence
AL /e < |lx]l < ¢*AF and
lu(x) — p(x)] < Ju(x) — pe@)| + p(x) — p(x)] < Cllx|**

and we are done. O

4. LEFT INVARIANT HOMOGENEOUS OPERATORS: LOCAL SCHAUDER ESTIMATES IN D*

In this section we assume the operator £ satisfies in addition to (H1)-(H5) the
following hypothesis:

(H6) There exists a Lie group structure in RN, G = (R”, o) such that £ is left
translation invariant on G and the dilations d = (6,),-0 in Section [2| are
homeomorphisms of G. In short, (RN, 0,6,) is an homogeneous Lie group.

(See Theorem [6.1)).
Let y € D* and define
dist(y, dD") := sup{6 > 0: y o 6,D* Cc D*}.
LetO<a <1land f: D" — R. We say that f € C*(D") if
[flop-:=  sup [y oz) = fy) < o0
Izll<dist(y,dD") l|z]|*

Theorem 4.1. Let 0 < a < 1 and let u € C*(D*) N C(D*) be a solution to Lu = f in D*
with f € C*(D"). Then there exist structural constants C, p, ) such that for each y € D*
with ||lyl| < p there exists a polynomial p,(x) of d-degree two such that

u(x) = py (0l < Clly " oxll*,  forlly ™ oxll <7
and C* < C([flap: + I fll=r) + ltllis o)



16 C. E. GUTIERREZ AND E. LANCONELLI

Proof. Let y € D* and 0 < r < dist(y, dD*). Define g(x) = r* f(y o 6,x) and v(x) =

u(y o 6,x) for x € D*. Since L is left invariantﬂ and homogeneous of degree two,

Lo(x) = r*(Lu)(y o 6,x) = g(x). We also have that

80 =8Ol _ o V0D O _ s 02— W
[l D ][ ze8,D* [

From Theorem[3.6applied to v, there exists a polynomial p(x, 0) with d-degree two

such that

[gla0 = sup
Dx»

(4.1) [o(x) - p(x,0) < Gy ld**,  forx € D,
with
(4.2) C1 < Co(Iglao + gl + Iollis) -

From and the definition of v we get that
C
(@)~ poyy™ 02), 0l < S lly oz, foryozeD,.

We have |glli=p9 = 7 Ifllo(yos,0), and [[olleoosy = lulloos, 9. If we let q(z,y) =
p(61,,(y~* 02),0), and r = dist(y, dD*)/2, then

() - g0, Y < Cylly o xlP*,  foryloxeD,

with
.G
Cl = r2+a
fyoz)-fy)l = _ o
<G (sup ER +r ||f||Lw(y05,D*)) +r2 ”u”L‘X’(yoé,D*)) .
zeD,

We claim that there exist two structural constants p, > 0 such that dist(y, dD*) >
2Cnif|lyll < p. Suppose for a moment that the claim holds. Then from the above
estimates we get that for each y € D* with ||y]| < p we have that there exists a
polynomial p(x, y) of d-degree two in x such that

u(x) = plx, Yl < Clly ™ oxlP®,  forly oxll <1/4,
with
C* < Co (Iflep: + Il + o) -
We are then left with the proof of the claim. Notice from [BLUO7, Proposition
5.1.7] that the quasi-triangle inequality ||x" o x”’|| < C(||Ix’|| + [|x”||) holds for all

x’,x” € RN. Then if choose p = 1/(2CC*) and n = 1/ (2CC**), then we have for all
z€ D" and 0 < s < 2C'np that ||y o 6szl| < C(llyll + sllzll) < C(p +2C'nC*) < 1/C*. This

31f h(x) = u(y o x), then Lh(x) = Lu(y o x).
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implies that y o 6;D* ¢ D* for ||lyl| < p and 0 < s < 2C*n. Hence dist(y, dD*) > 2C'n
for each y € D* with ||y|| < p. This completes the proof of the theorem.
O

5. THE GENERAL CASE

Combining Theorems and we obtain the Holder continuity of solu-
tions to Lu = Y.y X’u + Yu = f, when f is Holder continuous with respect to
d(x,y) = |ly~! o x||. This implies by perturbation Schauder estimates for the oper-
ator Y, _, ;i X;Xju + Yu with a;; Holder continuous coefficients with respect to the
metric d and uniformly elliptic. Indeed, as usual the proof requires interpolation
inequalities for Holder norms defined with respect to the quasi-metric 4. These
inequalities have been proved by Chao-Jiang Xu in [Xu92, Proposition 2.2]. The
general case then follows using Xu’s technique as in Lemma 3.8, Theorem 3.9, and
Theorem 4.1 of his paper.

6. ExAMPLES

The class of the prototype operators in R"
m
6.1) Lu=Y X2u+ Xou,
k=1

to which our results apply is quite wide and due to a recent result of one of us
with Bonfiglioli [BL] it can be characterized as follows. Suppose the vector fields
in are smooth, Xj,---X,, are 6,-homogeneous of degree one, and X is 6,-
homogeneous of degree two. Thus L is §,-homogeneous of degree two. We also
assume that L satisfies the Hormander rank condition:

(6.2) rank Lie{Xy, X1, -+, X,u}(x) = N for all x € RY.

It is well known that implies that £ is hypoelliptic , [H68], and actually
is also a necessary condition for the hypoellipticity of £, see [Der71]. Let a denote
the Lie algebra generated by {Xo, Xy, -+ , Xi}, then the following theorem holds.

Theorem 6.1. The following conditions are equivalent:

(1) dima=N;
(2) There exists a composition law o in RN such that G = (RN, o,06,) is an homoge-
neous Lie group and L if left-translation invariant on G.
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The composition law of the group G = (RV, 0,,) in the previous theorem can
be constructed as follows. Let {Z;,...,Zy} be a basis of the Lie algebra a and
define

Exp:a— RY, Exp(X) = exp(tX)(0)¢=1.

We denote by Exp(tX)(x) the solution of the Cauchy problem

y=X(), y0)=x

The map Exp is a bijection of a onto RN. Let Log = Exp~'. Then, for every
x,y € RN we have

x o y = Exp(Log(y))(x).

Our results obviously apply to the operator 4;,X;X; considered by Capogna and
Han and to their parabolic counterpart 4;,X;X; — d;, when X, - - - , X,, span the first
layer of the Lie algebra of a Carnot group in RN.

We will next show other examples.

6.1. Kolmogorov’s operator. We let x,y € R" and t € R, where x stands for
velocity, y stands for position, and ¢ is time. This is the operator defined by

(K:Ax+x~Dy—8t:Z8§j+Y

=1

where Y = }.iL; x,0dy, — 9;. The family of dilations

Or(x, y, t) = (rx, r3y, rzt)

makes the operator K homogeneous of degree two. In addition K is hypoelliptic,
and therefore it satisfies conditions (H1)-(H5). A multiplication compatible with
these dilations is given by

xyt)o(x,y,)Y=x+x,y+y +t'x,t+1),

for x,x’,y,y € R" and t € R. The operator K is left invariant with respect to
this multiplication. The triple (RV, 0,6,) with N = 2n + 1 is an homogeneous Lie
group.

For more details, and for a wider class of Kolmgorov type operators we refer to
[LP94] and [BLUQZ, Sect. 4.3.4].
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t2
6.2. Bony'’s operator. Lett,s €c Randx e R"and T = 9d;, S = d; + td,, + 58,(2 +

tVl
St —'8xn. Fork € Nlet Xy = [T---[T,S]---] where T appears k-times. We have
P k

Xk+1 (Tl k)'

operator T> + S = 97 + Z Eax/. + ds is hypoelliptic and satisfy (H1)-(H5). The
j=1

Xy = dy, +td ——d, forl1 <k <mnand Xy =0 fork >n+1. The

family of dilations
(5:(t, s, x) = (rt, rzs, r3x1, 7’4X2, e rn+2xn)

makes T? + S homogeneous of degree two with respect to 6;. A notion of multi-
plication compatible with these dilations is

- "
(t,s,x)o(t,0,y)=|t+to+s,x1+y1+0t,,x, +Zykm —
k=1

The operator T + S is left invariant with respect to this multiplication, see [BLU0Z,
Sect. 4.3.3] for more details.

6.3. An operator from control theory. The operator

2
8X] + Z Xj x]+1) xz

satisfies conditions (H1)-(H6). Indeed, it is homogeneous of degree two with

respect to the dilations 6,(xy, -+, xn) = (rxy, rx2, x5, -+ , N 1xy). A composition
law compatible with 6, and making .L left invariant is given by

1 _
(x1, -+, xn) 0 (Yo, -+, Yn) = [y1 + X1, Y2 + X2, Y3 + X3+ Y1Xo, ; (N_].)!}/f !
For more details see [BLUQZ, Sect. 4.3.5] and the references therein.

7. APPENDIX
We have an operator £ with the form

L:= Zaq o + Z b;(x)ds,,

i,j=1
and we assume
(Hl) aij, b] € COO(IRN),'
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(H2) there exists & > 0 and j € {1,---, N} such that a;(x) > a for all x € R", that
is L is not totally degenerate.

(H3) q.(x, &) := Yjimy 4ij(0)E&; > 0 for all x, & € RY;

(H4) Lis hypoelliptic;

(H5) There exists a family of dilations 6,(x1, -+, xn) = (A%'xq, -+, A%Nxy), 0;>0
for all j, such that £ is homogeneous of degree n with respect to 0,, i.e.

L(u(62(x))) = 1" Lu(b4(x)).

We will prove that there exists another family of dilations 5y(x1,--- ,XN) =
(u%x1, -+, u"Nxy) with 53 = 1 and 5; € IN for j > 2 such that £ is homogeneous
of degree two with respect to 5,, and the coefficients a;; and b; are polynomial
functions.

We split the proof in several steps.

Step 1. Let ¢(x) = sz.’” with 1 < j < N and m € N. We have Lo(x) =
2mx?m‘2((2m — 1)ajj(x) + x;bj(x)) and L($H(6,x)) = .L(/’\zm"fx?m) = A" L(x]z.’”). Since
L is homogeneous of degree 1, L(p(01(x))) = A" (LP)(6,x). This yields

(@m = 1)ai(x) + x;b;(x) = A" ((2m — D)a(62%) + A7x;b;(5,))

for every m which implies that a;j(0,x) = A*7"a;;(x) and b;(6,x) = A%"b;(x). This
implies that a;; and b]- are polynomials, see [BLUO7]. If a11(0) # 0, then we get
2071 = n. Then replacing the dilations 6, by d,x = (Axy, A%/%1xy, -+, AON/91xy) we
obtain that £ is §,-homogeneous of degree two.

Step 2. aj; depends only on x;,---,x;_1. Since aj; is homogeneous of degree
20;—2,wehaveaj(x) = X, =202 CaX". Suppose that for some i > j the function a;;
depends of x;. Let m; be the maximum exponent of x; appearing in the sum defining
aj;. Since ajj(x) = ... + x"P(%) + ... and a;; > 0, then m; is even and greater than one.
Hence for a in the sum with a; = m;, we have 20; — 2 = |a|s > 0;m; > 20; > 20; for
i > j, a contradiction.
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