REGULARITY FOR THE NEAR FIELD PARALLEL REFRACTOR AND
REFLECTOR PROBLEMS

CRISTIAN E. GUTIERREZ AND FEDERICO TOURNIER

AssTtrACT. We prove local C1“ estimates of solutions for the parallel refractor and
reflector problems under local assumptions on the target set =, and no assump-
tions are made on the smoothness of the densities.
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1. INTRODUCTION

Suppose we have a domain () € R" and a domain X contained in an n dimen-
sional surface in R™!; Q is referred as the extended source, and X is referred
as the target domain, receiver, or screen to be illuminated. Let n; and n, be the
indexes of refraction of two homogeneous and isotropic media I and II, respec-
tively, and suppose that from the extended source Q surrounded by medium I,
radiation emanates in the vertical direction e,,; with intensity f(x) for x € (), and
Y is surrounded by media II. That is, all emanating rays from Q are collimated.
A parallel refractor is an optical surface R interface between media I and II, such
that all rays refracted by R into medium II are received at the surface L, and the
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prescribed radiation intensity received at each point p € X is o(p). Assuming
no loss of energy in this process, we have the conservation of energy equation
fQ f(x)dx = fz o(p)dp. Under general conditions on Q and X, and when o is a
Radon measure in D, the existence of parallel refractors is proved in [GT13].

The purpose of this paper is to study local regularity of parallel refractors and
reflectors. Indeed, under suitable conditions on the target and the measure o, we
prove local C'* estimates. More precisely, if u is a parallel refractor in O, the target
Y. satisfies the local condition from (x*, u(x*)), and the measure ¢ satisfies a
local condition at that point, condition (6.1)), then u € C'* in a neighborhood of
the point x*.

Throughout the paper we assume that media II is denser than media I, that is,
1y < ny. When ny > n,, the geometry of the refractor changes. One needs to use
hyperboloids of revolution instead of ellipsoids as indicated in [GHO09].

The plan of the paper is as follows. Section 2| contains results concerning esti-
mates of ellipsoids of revolution, and Subsection [2.5| contains basic assumptions
on the target. Section [3|contains assumptions on the target modeled on the condi-
tions introduced by Loeper [Loe09, Proposition 5.1]. Indeed, we assume the target
satisfies the local condition (3.2). We also introduce the differential condition (3.3),
similar in form to condition (A3) of Ma, Trudinger and Wang [MTWO05], and show
in Theorem 3.2]that and are equivalent. In Sectiond}, using the geometry
of the ellipsoids, we prove that if an ellipsoid supports a parallel refractor locally,
then it supports the refractor globally provided the target satisfies the condition
(AW) given in (4.2). The main result in this section is Proposition 4.2 used later in
the proof of Theorem[5.3] Secti contains the main results, Lemmal5.2land The-
orem 5.3} and also Proposition[5.4{used later for the application of these results to
show regularity of parallel refractors constructed in [GT13], Corollary|[6.3} Section

contains Holder estimates of gradients of refractors under the assumptions
and on the target X and the measure o on X. Section [/| contains examples
of targets verifying the assumptions, see condition (7.3). Up to this point in the
paper, refractors are defined with ellipsoids supporting the refractor from above.
Refractors can also be defined with ellipsoids supporting from below, and in Sec-
tion [§ we obtain the same regularity results for refractors with this definition.
In Section [9] we obtain similar regularity results for the near field parallel reflector
problem. In this case, the proofs are simpler because the differential condition
implies the global inequality (9.3).

Acknowledgements. It is a pleasure to thank Neil Trudinger and Philippe De-
lanoé for useful comments and suggestions. We also like to thank the anonymous
referee for suggestions and comments that helped to improve the presentation.

2. PRELIMINARIES

2.1. Refraction. We briefly review the process of refraction. Our setting is R"*1.
Points will be denoted by X = (x, x,41). We consider parallel rays traveling in the
unit direction e,.,1. Let T be a hyperplane with upper unit normal N and X € T.
We assume that the region below T has refractive index n; and the region above
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n .
T has refractive index n; and « := n—l <1, e.g., air to glass. In such case, by Snell’s

2
law of refraction, a ray coming from below in direction e,,; that hits T at X is
refracted in the unit direction

A =keu1 +0N, with 6=—xeu N+ V1+x2 ((ens1-N)2—-1),

where 6 > 0 since k < 1.

Ficure 1. Snell’s law, n; < n,

In particular, if v € R" and the hyperplane T is so that the unit upper normal

(—U, 1)

N = ——, then the refracted unit direction is

V1 + |vf?
— 0 0 0 + K)
VI+ P VI+ [P

with Q(@)?[v* + (Q(v) + x¥)*> = 1 and Q > (| The refracted ray is X + sA, for s > 0.
Here we have in mind that T is the tangent plane to a refractor u at (x, u(x)) and
so v = Du(x), see Figure

(2.1) A(v) = ( = (=Q()v, Q(v) + x),

—x+ 41+ (1 -2

V1 + o2

“We have in this case, 6 =
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2.2. Ellipsoids. Given b > 0 and Y = (y, yn+1), consider
E(Y,b) ={X: |X = Y|+ k(xns1 — Yn+1) = b}

1-x2
major semi axis b/(1 —«x?), minor semi axis b/ V1 — k2, and eccentricity x = ny/n, <

1. Therefore the projection of E(Y,b) over IR" is the ball B, / vizz(y). We define the
lower and upper parts of E(Y, b) by

E(Y, b)isanellipsoid of revolution with upper focus (y, y,.+1), lower focus (y, Ynsl —

2Kb)

b
E-(Yb) = {X € E(GD) : oo < Yuor - 1sz}'

kb
E+(Y/b) = {Xe E(Y,b):xn+1 > yn+l - 1_K2}I

respectively. We can regard E~ (Y, b) as the graph of the function

B xb b e — yP
(2.2) P(X) = Ypu1 — 112 \/(1 — k2)2 k2

X —
forx € By, i=(y): 11X = (,0(09), %1s1 = 900, then Dygh(x) = - ——— 4 et
Suppose that the interior of E(Y; b) has refractive index n, and the exterior refrac-
tive index ;. Since k < 1, we get from [GHQ9, Section 2.2] and reversibility of
optical paths that, each ray with direction e, that strikes from below the graph
of ¢ at the point X = (x, ¢(x)) is refracted into a ray passing through the upper
focus Y, and therefore lies along the ray X +sA(v) with v = D(x), with A(v) given
by (2.1). Viceversa, if X = (x, ¢(x)) and the focus Y can be written as Y = X +s A(v)
for some s > 0 and v € R”, then v = D¢p(x); see Figure

ny

$(X)

Ficure 2. Refraction property of the ellipsoid with eccentricity «; Y’
denotes the lower focus.
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Given X, Y € R*"!, let us define

(2.3) c(X,Y) =X = Y|+ k(xXpt1 — Yus1),
and we have
(2.4) 1I-0)X-Y<cX,V)<A+x)IX=-Y]

Given Xo, Y € R™! with X, # Y, then E(Y, ¢(Xo, Y)) is the unique ellipsoid passing
through X, and having upper focus at Y.

We have that
(2.5) X e ET(Y,b) iff yyp1 — X1 — x| X = Y] 2 0.

and
X e ET(Y,b) iff yyr1 — xpe1 — x| X = Y] <0.

2.3. Setup. We fix a bounded domain Q2 C IR"” and a cylinder set ¢ = Q x (0, M);
points in ¢ are denoted by the letter X.
Given 0 < 6 < 1 we define the region
(2.6)
T = {Y € R™! : for each X, € o we have X, € E*(Y,¢(Xo,Y)) and Q C Béc(XOIY)/m(y)} :

The region 7" is open and unbounded. Notice that if (y, y,.1) € 7, then (y, v/ ,,) €

T, forally ., > yn1. Also,if Y € 7 and Xg € 6o, thenc(Xo, Y) > ¢, [QY" V1 —x2/6
and so from we get

(2.7) dist(7,%6a) = C(6, «, |Q|, n) > 0.
We have that the function

Xo = (x0,x0,,,), defines the lower part of the ellipsoid E(Y, ¢(Xo, Y)) forx € Bc(Xo,Y) / iz
recall that Y is the upper focus of E and X is point on E. We then have for X, € ¢q,
Ye7 and X € E*(Y,c(Xo,Y)), X = (x, x,41), with x € Q) that

(2.9) Va1 = Xt = KIX = Y] 2 Be(X, V),

with B = V1 — 62, From the definition of 77, the tangents to the lower part of the
ellipsoids considered are never vertical. Since the target = will be placed inside 7,
this implies uniform Lipschitz bounds for supporting ellipsoids to the refractor.

ke(Xo,Y) \/c(xo, YP - yP

2.4. Estimates for the derivatives of ¢. We show that the function ¢(x, Y, Xy) is
differentiable of any order in all variables for x € Q3,Y € 7, and X, € 4. Let us

0
calculate first 8—?:, 1 <i<n. We have

dp 1 Xi— Vi

_‘(xl Y/ XO) = > .
o N
I-RZ 1-k




6 C. E. GUTIERREZ AND FE. TOURNIER

Wehave c(X,Y) = | X = Y[+ & (X441 — Yns1) = c(Xo, Y), with X = (x, P(x, Y, X)), x € Q,
then

Yne1 = Xp+1 — K IX-Y=(1- KZ) (yn+1 — Xp+1) — K (X0, Y)

(2.10) = (1-%) \/ f(X°’K22 'i:},ﬂz > V- e(Xo,Y),

for all x € Q from (2.9). Therefore 8_¢(x Y, Xo)| < L li-yi . Let us now
ox; T V1 =52 o(Xo, Y)
2
calculate ——— ox, ——(x, Y, Xo),1 <i,j <n. Wehave
6"\/C(X°’ Y lx—yP LNty Xi— Y
! — k2)2 _J2 _ 32
R e s
P 1-K2 1-k
Q11 S X) = ~ -
(1 _ _Kz) C(XOI Y)2 _ |x - yl
(1-k2)2 1-k?
So
B 1 =12 Ix — P
‘agv(” )l < 1 , A=k y'3gc§;"‘?gc
VI-@cXoY) (VI-@e(X, ) KoY)

forx € Q, Y € 7 and Xy, € %q by (2.7). Next we estimate the derivatives
¢
ox;dy;

(x,Y,Xp),1<i<n,1<j<n+1. Wehave

C(XOI Y) y (XOI Y)

j XY
cXo, Y)?? |x—vy)? 1 — k2)2 1—x2
—0ij \/((1ka))2 B 1_]]12 — (i~ i) ( )
\/C(XO, Y2 -yl
1-RF  1-k
I’ 1 (
Ix;0y; oy, & VX0 = 1—x2 2

C(XO/ Y)Z |x - y|2
1-k2 1-k
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— K Ojm+1)- Hence

8y]- B |X - Y|
C(Ad%Y)
P 1 b w( - K yo
ox:0 (x/ Y/ XO) + P
Xi y V1 — 6 C(XOI Y) ( V1 — 0? C(Xo, Y))

< C(K,(S)(C(XO %) + 1) <C

foerQ,YeTandXOE%Qby.

Therefore, we obtain | ———(x, Y, Xo)| < C(6,K, M, |Q|, n) for all x € Q), Xy € %,

ox;dY;
and Y € K. Moreover, these estlmates also hold for any X such that there exists
X € Cq with ¢(Xp,Y) = (X, Y).

Continuing in this manner, we get that the function ¢(x,Y, Xy) is C* in all
its 3n + 2 variables on QQ X 7 X % and |D“®(x, Y, Xo)| < C, for any multi-index
a = (a1, ..., a342) With a constant C depending only on 6, k, M, |a| and [€)].

2.5. Assumptions on the target Y. We will frequently use the following fact:

(2.12) if the upper focus Y of the ellipsoid defined by ¢(x, Y, Xp) in satisfies
Y = Xy +sA(v) for some s > 0 and v € R”, then D.¢(xo, ¥, Xo) = v.

Here A(v) is the unit vector given by (2.1).

We assume the convex hull of the target X is contained in 7, where 7" is given
by (2.6). For each fixed X € %n, we assume each Y € X can be represented
parametrically with respect to X by the equation Y = X + sx(A)A, with [A] =1,
where the function sx varies with the point X, and sx(A) is Lipschitz in A for
each X € 6q. In the sequel, C denotes a structural constant, that is, depending on the
constants 6, %, M, QY; if we write C(X,) we mean the constant depends also on the point
Xo.

Lemma 2.1. Let X, be an arbitrary point in 6q, such that there are Y, YeX, 5,0€eR,
and 5,8 > 0 such that Y = Xo + 5 A(@), and Y = Xy + 8 A(9), with A defined by 2.1).
Then there exists a constant C = C(Xy) > 1

(2.13) | Y <lo-0<ClY-Y|

This implies that if Y # Y, are both in ¥, then the points Y, Y, X, cannot be aligned, in
other words, from each point X, one can see at most a point in X on any straight line from
Xo.
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Proof. Since the function sx,(A) is Lipschitz in A, then the left inequality in (2.13)
follows. Indeed,

¥V = Y1 = [sx,(A@) AD) = 53, (A(0)) A®)
< Jsx,(A @) AD) = 5x,(A@)) AQ©)| + |sx,(A(D)) AD) = 5x,(A©)) AD)|
< [sx,(A@))] 1A@) = A@©)] + [sx,(A(D)) = 5x,(A(D))
To show the right inequality in (2.13), from we can write that (xy € Q)
[0; — 0| = |Di¢(xo, Y, Xo) — Didp(x, Y, Xo)|
3 Xo, — Vi Xo, — Ui
| Gu = X0, — KXo = Y1 fpar —x0,., — kiXo - V1|’

n+1
1<i<n.
We write

Dip(xo, Y, Xo) — Dip(xo, Y, Xo) = Dy(Did)(x0, Y, Xo) - (Y = Y)

with Y on the segment [Y, Y] joining Y and Y. This segment is contained in the
convex hull of ¥, and if this convex hull is bounded and contained in 7, then
the desired estimate follows from the estimates for the derivatives of ¢ proved in
Subsection (2.4).

O

The following two lemmas are a consequence of the inequalities for the deriva-
tives of ¢.

Lemma 2.2. Let X € 6q, Y € T and xo € Q. Let xo,,, = ¢(xo, Y, X) and set Xy =

(xo, Xo,,,). Assume that X = (xo, Xo,,, —h) € Gqa. Then there is a constant C > 0 such
that

0< (P(X,Y,X()) _(P(XIY/X(;() < Ch/
forall x € Q)

0 _ _
Proof. We have 0 < ¢(x, Y, Xo) — ¢p(x, ¥, X)) = &x—qb(x,Y,Xo)h for some X, €
On+1

[X5, Xo]. Since c(Xo,Y) = ¢(X,Y) for some X € Cy, it follows from the estimates in
dp -
(x/ Y/ XO)

Subsection that I < Cforall x € Q, where C depends on 6, k, M
0n+1
and Q). O

Lemma 2.3. There exists a constant C > 0 such that for all Y, Y € T with the straight
segment [Y, Y] C T, and X, € 6q, we have

(x, Y, Xo) = (x, Y, Xo)l < Clx = xo/ Y = V]

for all x € Q), which is assumed convex.
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a(P(xO/ Y/ XO)

Proof. Since ¢(xo, Y, Xo) = xo,,, for all Y € L, it follows that 2y
j

=0. We

then write

_ n+1 a ) ,X
S, Y, Xo) = (x, ¥, Xo) = ) w

=1

(Y;—Yj), forsome&el[Y,Y]

]

- oP(x, &, Xo)  dP(xo, &, Xo)) _
- - Y, - Y,
]Z*( 9y ay, )Y
© v PO, E Xo) _
= Z Ta]/j(xi —x0)(Y; = Y))

j=1 i=1

for some (; € [xg, x]. Then the lemma follows from the estimates of the derivatives
of ¢ proved in Subsection (2.4). ]

3. REGULARITY HYPOTHESIS ON THE TARGET SET X

Given Y,Y € 7 and X, € %, let o = D,¢p(xo, Y, Xo), & = Dyp(xo, Y, Xp), and
v(A) = (1 = A)0 + A9, with A € [0, 1]. We consider the set of points

C(Xo,Y,Y) = {Xo+sA@@A)) :s>0,A€[0,1]},

where A(v(A)) is defined by (2.1I). This set is a two dimensional wedge-shaped

surface, in general non-planar, containing all rays having directions A(v(A4)), 0 <

A <1, emanating from X,. The curve describing the tip of the vector A(v(A)),

pictured in Figure 3, is not contained in the plane generated by the rays with

directions A() and A(?). If Y € C(X,,Y,Y), then X; € E~(Y,c(Xo,Y)). Hence, if

Y(A) = Xo + s A(v(A)) € C(Xy, Y, Y), then by D, (xo, Y(A), Xo) = v(A).
ForY,Y € 7, and X, € Cq, let us define

(3.1) [Y, Y]x, := ZNC(X,,Y,Y).

From the parametrization of the target explained in Subsection and conse-
quently from (2.13), each ray X, + s A(v(A)) € C(Xo, Y, Y) intersects ¥ in at most
one point for each A. Points in [Y, Y]x, have the form

Y(A) = Xo + sx,(A(v(A))) A(v(DA)), 0<A<I.
We will introduce the following local definition on the target X.

Definition 3.1. If X, € 6q we say that the target ¥ is reqular from X, if there exists
a neighborhood Uy, and positive constants Cy, C,, depending on Ux,, such that for all

Y,Y € Zand Z = (z,2,11) € Uy, we have
(2 ¢ Yz(1),2) 2 min{p(x,¥,2),¢(x,¥,2)} + C[Y = TPl - 2P

forall x € Qwith |x —z| < Cy, 1/4 < A <3/4, and Yz(A) = Z + sz(A(v(A))) A(v(A)).
Here o = D,¢(z,Y,Z), o = Dydp(z, Y, Z), and v(A) = (1 — A)7 + Ad.
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Ficure 3. The edges of the wedge are A(?) and A(9), with @ = (1, 0),
0=(-2,1),n=1,n,=3/2

We introduce below a local differential condition (3.3), that resembles condition
(A3) of Ma, Trudinger and Wang [MTWO05] for cost functions, see Remark
Assuming that the function s in the parametrization of the target is C* ﬂ and the
set[Y, Y], given in is a curve for each Z € Uy,, we prove in Theorem that
and are equivalent. The quantity on the left hand side of depends
on the target . We emphasize that in this condition the constant depends on the
point X, under consideration. The local Theorem 3.2)resembles a result of Loeper,
[LoeQ9, Proposition 5.1].

Theorem 3.2. The target ¥ is reqular from X, € 6q in the sense of Definition |3.1|if and
only if there exists a neighborhood Uy, and a positive constant C(Xo) such that for all
Y, € L and for all Z € Uy, and for all vectors & and 1 such that & L n we have

dZ
(33) = (Do, Yo Dnm)| | < ~COX0IEPIE,
where Ye = Z + sz(A(v + €§))A(v + €€) and v = DP(z, Yo, Z).

Proof. Let Y,Y € X, Xo € %n, and Z € Uy, Let v(A) = (1 - A)D(z,Y,Z) +
AD¢(z,Y,Z), & = DP(z,Y,Z)-D¢(z, Y, Z) = 9—0,and Y(A) = Z+s7(A0(A)))A0(A)).
'The assumption sz € C? is need to formulate and used to prove that and are

equivalent. However, to formulate (3.2) and for the set up in Section [2.5|it is enough to assume
that sz is Lipschitz. Also Lemmas|5.1{and hold true for sz Lipschitz because only (3.2) is used.
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Notice that for 1 perpendicular to £ we have

dZ

(3.4) =

<D§(p(z, Y(A), Z)n, 17> < —C(Xo)IEFIP,

for all A € [0,1]. Indeed, fix A € (0,1) and &, € R”, & L 1. Applying (3.3) with
Yy » Y(A), vg > v(A) := 7+ A& (notice that 7 + A& = qub(z Y(A), Z) by -

and Y. w Z + s7(A(@0(A) + €&)A(v(A) + €&), we obtam (ngb(z Ye, Z)1, M=o <

—C(X0)IEPInf?. Since Y = Y(e + A), follows.

For x € R", let " denote the orthogonal projection of x on the hyperplane
through z with normal &, so x" — z is perpendicular to £&. Welet n = x" —z.

We will first show that there exist positive constants C;(Xy) and C,(Xj) such that

(3.5) (D2(z, Y(A), Z)(x - 2),x — z)
> (1 - )D2P(z, Y, 2) + AD3(z, ¥, Z2))(x - 2), x - z)
+ A1 = DIEP(C1(Xo)lx — 2 — Co(Xo)lx — x'F),

forall x € Q. In fact, fix x € Qand let f(A) = —(D2¢(z, Y(A), Z)(x’ —z), X’ —z). From
(3.4), we have (1) > C(Xp)lx" — z*|&€[*. We claim that f(1) < (1—A)f(0) +Af(1) —
C(Xo)lx’ — zPIEPA(1 = A) for all A € [0,1]. To prove this claim, fix A € (0,1). By
Taylor’s theorem, we have that f(A) > f(A)+ f"(A)(A—A)+C(Xo)/2 |x' —zP|E[H(A—A)?
for all A € [0,1]. Applying this inequality, first for A = 0 and then for A =

1, multiplying the first by 1 — A and the second by A, and then adding yields
(1=A)f(0) + Af(1) = f(A) + C(Xp)lx" — z*|EFPA(1 — A) which proves the claim.

Let ¢(A) = (D?d(z, Y(A), Z) (X' —z), X’ —z) —(D2¢p(z, Y(A), Z)(x—z), x—z). Since s is
& Dyp(z, Y(), Z)
dA?
since |x" — z| < |x — z|. Hence g(A) < (1 —1)g(0) + Ag(1) + CA(1 — A)|EP|x — x/||lx — 2],

for 0 < A < 1. Therefore we get

C?,wehave that

l < C|é[? and therefore |g”(A)] < C|EP|x—x/||x—z],

= (D2(z, Y(N), Z)(x — 2),x = z) = f(A) + §(A)
< (1= A)(f(0) + 8(0)) + A(F(1) + g(1)) + A = AP (C lx = x'lJx — 2| = C(Xo) |x’ — z2)
—~ <<(1 — )D2d(z, Y, Z) + AD2¢(z, Y, Z)) (x—2z),x— z>
+ A1 = DIERC (Xo)lx = ¥ = Co(Xo)lx — zP),

since |x’ — z|* = |x — z|* — |x — x’|>. This finishes the proof of (3.5).
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We now prove (3.2). Let A’ € [0, 1] to be chosen later, and let A € [1/4,3/4]. We
have

min{¢(x, Y, Z), p(x, Y, 2)} — d(x, Y(A), Z)

<A -, Y, Z)+ Vp(x, Y, Z) — p(x, Y(A), Z)

= (((1 = \)Ds(z, Y, Z) + N'Dyg(z, ¥, Z)) - Dugp(z, Y(A), Z), x — z)

+ % ((@=1D2(z, Y, 2) + VD2P(z, ¥, Z) - DXp(z, Y(A), Z))(x - 2), x — z)
+ % Z ((1 — ADi (1, Y, Z) + A'Dyjpp(t, Y, Z) = Dy (7, Y(A), Z)) (i = zi)(xj = 2j) (i = 2z¢)

ijk=1

for some 7 € [z, x]. Using (3.5) in A" we get that the last sum is less than or equal
to

(DY, Y(N'), 2) = Dz, Y(A), 2)), x — z)

+ % (DX Y(V), 2) - Dig(z, Y(A), Z))(x - 2),x - 2)
— Co(Xo)A' (1 = ADNEPIx — z* + C1(X)A (1 = A)EPIx — x'
+ % Y (A= MIDyjs(r, Y, 2) + A'Dijud(x, ¥, Z) = Dijuplx, YA), 2)) (i = 2)(x;) = )i = 20)-
i,jk=1

Notice that ((D¢(z, Y(A'), Z) — Dp(z, Y(A), Z2)),x —z) = (A" = AN, x —z) = (A —
A)XE, x — x") by orthogonality. Hence we get that

min{¢(x, Y, Z), p(x, Y, Z)} — (x, Y(A), Z)
< —Co(X)A(L = A)EPIx =z + (A = ANE, x — ')
+ C1(Xo)A(L = MIEPIx — X + CoXo)IEPIx — zP(A(L = A) = A’ (1 = %))
+ Ci(Xo)IEPIx = ¥ P(A' (1 = 1) = A(1 = A))
+((D3o(z, Y(V), Z) = Dilz, Y(N), 2))(x - 2), %~ 2)
+ Z ((1 — AI)DZ',]',]((P(T, Y, Z) + /\IDi,j,k(P(T, Y, Z) — Di,]',k(;b(”[, Y(/\), Z))(XZ — z,-)(x]- — Z]')(Xk — Zk).
ijk=1

We will now choose A’ and estimate each of the terms. We have that

A= (N = ANE x =) + C1(Xo)A(L = A)EPIx — x'

= (x =2, (V' = )& + G(X)A( - DIEP( - )

= (x-wlel (o - A)é + G = Mgl = ).

Notice that either i : i’l = él or |i : i’l = —%. If the + sign holds, we choose
A= A = Ci(Xo)AM1 = A)Ellx = x’|, and if the — sign holds, we choose A’ = A +
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C1(Xp)A(1 = D)|é]lx — x’|, so in either case A = 0. Notice that since 1/4 < A < 3/4,
we have from Lemma that AV = A] < %?))Iéllx — x| < CX)Y = Ylx — 2 <
C(Xo)lx —z| < 1, if |x — z| < 1/4C(X,). Hence A’ € [0,1].

We next estimate the remaining terms. We have Co(Xp)I&[Px — z*(A(1 — A) —
A(1 = M) < 3Co(Xo)IEPIx — zPIA — Al < C(Xo)|Y — YPx — 2P, again by Lemma[2.1]
Similarly, C1(Xo)IElPlx — X'P(A(1 = A) = A(1 = 1)) < C(Xp)|Y — YPIx — zP.

We also have from the estimates at the end of Subsection [2.4] that

((D2p(z, Y(X), Z) - D2p(z, Y(A), 2))(x — 2), x - z)
< CIY(X) = YD) |x =z < Clo(A") = v(A)llx — 2P
=V = A5 =9 |x =z < CIA" = Al]Y = Y]|x — z> < C(Xo)IY = YPIx — 2.

To estimate the cubic form, let #(A) = D; ;x¢(7, Y(A), Z). As in the estimate of ¢
above, we have |h”(A)| < C|&]2. We have

|((1 = A)Dixdp(t, Y, Z) + A'Dyjpp(t, Y, Z) = D jyep(t, Y(A), Z))(x; — z)(x} — zj)(xk — Zk)|
< Clx = zP|(1 = A)R(0) + A’h(1) = h(A))|

< Clx = zP|(1 = A)R(0) + A'h(1) = h(A')| + Clx = zP|h(A) = k(M)

< Clx = zPIEP + Clx = zPIA = AJ)E] < Clxe = zP|Y = YI? + C(Xo)lx — z*|Y — Y.

Combining all these estimates we obtain
mln{(p(xl Y/ Z)I (P(x/ ?/ Z)} - (P(xl Y(A), Z)
< —Co(Xo)lY = YPlx — 2P + C(Xo)(|Y = YPlx — 2P + Y = YPx — 2P + Y = YPPlx — 2,
To obtain our desired estimate we write

C(Xo) (IY = Pl = 2P + ¥ = VP — 2P + |V = VPl — )
= C(Xp)lx — zPIY = YP (Y = Yl — 2l + x — 2] + | - 2
< Cz(Xo)l
2
provided we choose |x — z| < C(X,) sufficiently small.

We finally show that Definition implies (3.3). Fix Xy € Cq, let Uy, be
the neighborhood in Definition and Z € Uy,. Let Yy € £ and let £ and 7
be perpendicular vectors in R". Set vy = D¢(z, Yo, Z) and hence we can write
Yo = Z + 57(A(v9))A(vp). Let Ye € X be given by Y. = Z + s(A(vy + €£))A(vg + €€))
and notice that Y, € [Y_, Y]z for the value A = % and for all € > 0. Therefore
from we have ¢(x, Yo, Z) > min{¢p(x, Y-, Z), d(x, Ye, Z2)} + C1(Xo)e?EP|x — z?
for |x — z| < Cy(Xo).

LetSe = {x € Q: ¢p(x,Y_¢, Z) = P(x, Y, Z)}. Noticethat Dp(z, Ye, Z)-Dp(z,Y_, Z) =

2¢€ is a normal vector to S, at z.
Let y be a curve contained in S, such that y(0) = z and y’(0) = 1. We then have

that ¢(y(1), Yo, 2) > 2(y(t), Y-, ) + 36/ (8), Ye, 2) + C1(Xo)elEPly (t) — 2P for all
small enough.

x—zPlY = YP,
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Let g(t) = ¢(y(t), Yo, Z) = 50((1), Y-e, Z) = 50(¥(1), Ye, Z) — CL(Xo)E?|EP Iy () — 2.
We have ¢’(0) = 0 and ¢”(0) > 0, that is,

< 20(z, Yo, Z) — —D2¢ Y o, 7) - —ngb(z, Y., Z) — 2C1(Xo)e*| &1 1d)n, 17> >0

and this inequality holds for all € small enough. Letting h(e) = ((D2¢(z, Y, Z))1, ),

we get that h(0)—3h(—€)—3h(e) > 2C1(Xo)e?|EF NI, implying that i (0) < —4C4|&*|nf.

Therefore we obtain that % <D2qi)(z Y., Z)1, >‘ B < —C(Xo)IEP . O

Remark 3.3. We explain the difference between the condition (A3) of Ma, Trudinger

and Wang and condition (3.3). In a mass transport problem with a cost ¢, one de-

termines the mapping y from the equation D,c(x,y) = v and obtains y = y(x, v).
3

Then the (A3) condition looks at the quantity % Cr; (%, Y(x, 0 + 65))77i77j|€:0 for

all perpendicular vectors & and 7, and for each x and v. This quantity depends
on the cost c. Since the parallel refractor is not an optimal mass transport prob-
lem, in our condition (3.3), the mapping Y, now a point in the target X, is de-
termined from the equation D.¢(x,Y,X) = v and the target . We recall that
. . xX=Yy
x,Y, X) is defined by (2.8) and D.¢(x,Y, X) =
(P( ) y ¢( ) yn+1 —Xn+1 — K |X - Yl

can write Y = Y(X,v) = X + sx (A(v)) A(v), and we now look at the quantity
2

% P, (X, Y(X, 0 + €5), X)nin]-L:O for all perpendicular £ and 7, and for each X

. Then we

and .

4. LOCAL AND GLOBAL REFRACTORS

4.1. Refractors. Let u : Q — [0, M], and assume that the convex hull of . C 7,
and Q is connected. Given x; € Q, set X, = (xo, u(xg)). We define

4.1) Fu(xo) ={Y € Z:u(x) < ¢(x,Y, Xo) for all x € Q.

The function u is a parallel refractor if F,(x) # 0 for all x, € Q.

We notice that, from the estimates of the derivatives d,,¢ from Subsection
any refractor is a Lipschitz function in Q) with a Lipschitz constant depending
only on 6 in (2.6).

Suppose that 1 is a parallel refractor in Q. In general, a local supporting ellipsoid
might not support the refractor in all of ). For example, rotating the Figure
around the z-axis, we obtain a refractor in 3d that has a local supporting ellipsoid
that is not global. In this case, the target is composed of the circle x* + y? = (.03)?
with z = 0, and the point (0,0, 10).

The purpose of this section is to see that under condition below, a local
supporting ellipsoid is also global. This will be used later in the proof of Theorem
We mention that in a different context, that is, for the near field reflector
problem with a source point, it was observed in [KW10, Section 5] that a local (A3)
type condition is enough to infer that local supporting ellipsoids are also global.



REGULARITY OF REFRACTORS 15

R

Ficure 4. The refractor R is composed of the minimum of the el-
lipsoids given by ¢(x, Y1, P), and ¢(x, Y, P), with Y7 = (.03,5),Y, =
(=.03,5) and P = (0,4.70456). The ellipsoid given by ¢(x, Y3, P) with
Y3 = (0,10), supports R at P locally but not globally; x = 2/3.

Similarly, for the near field reflector with an extended source and collimated
beams, see [Karl4, Lemma 8.1].

The target L satisfies the condition AW from X, € 4q, if for all Y € X, and for
all vectors & and n such that £ L 1 we have

a2,
T2 (Dx¢(xO, Ye, Xo)1, 17>L:o <0,
where Y, = X+ s(A(v + €£))A(v + €€) and v = D(xy, Yo, Xo). Clearly implies

(4.2). We will show in Proposition 4.1| that implies that for all Y,Y € X we
have

(4.3) (x, Yx,(4), Xo) 2 min {p(x, ¥, Xo), p(x, ¥, Xo)|

forall x € Q, and 0 < A < 1, with Yx,(A) = Xo + sz(A(v(A))) A(v(A)). Here
8 = Dy¢(x0, Y, Xo), & = Dap(x0, Y, Xo), and v(A) = (1 — A)3 + A9,
Let

(4.4) H(v, X) := sx(A(0))Q(v),

see (2.1) and Subsection Condition (4.2) means that for all ,& € R", with
n L & wehave

(45) Dv,,vk (Dxi,xj¢(x/ Y(U)/ X)Tllnjgkél < 0/

with X = Xy = (xo, xg .1)- We are going to rewrite this condition in terms of the
function H. We will show that this is equivalent to

(4.2)

(4.6) (D3(1/H(v, X)) &,&) <0, for all £ € R".

Xi — Yi
Yn+1 — Xn+1 — k|X - Yll

Recall that from Subsection|2.4wehave that D, ¢(x, Y, X) =
where x,.1 = ¢(x, Y, X). Let us set

JO% X, m) i= (D2p(x, Y, X)n, 1y = Y D, Y, X)mim;

ij=1
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From (2.11) and (2.10) we have
Dx,-,xj(j)(x/ Y/X) = 61] (yn+1 —Xp+1 — K |X - Yl)_1+(1_K2) (yn+1 — Xp+1 — le - Y')_S (xi_yi)(xj_yj)'
Therefore, for [n| = 1 we get
JOCX 1) = st = Xnar = KIX = Y7+ (1= 1) (Y1 = X1 = 6lX =YD (x =y, ).
From (2.1), A(v) = (-Q(v)v, Q(v) + x). Then
Ye — X = sx(A(v)) (-Q(v)v, Q) + x).

1+(1-x*){o,n)’ d?

Therefore, J(Ye, X, 1) = ) := F(v, X, 7). We will show that EF(U+

€&, X, n)le=o < 0. Calculating the second derivative with respect to €, we have that
the last inequality is equivalent to

d? -
(47) mF@+ e, X, Mleso = ), Doy F@, X, )éséc <0
kt=1

for all vectors & L 7).
If we set G = 1/H, then F(v, X,n) = G(v, X) (1 + (1 — x?){v,1)?). A calculation
gives that

Y, Do F@, X, &&= (1+ (1= 1) (0, ) UD*G(o, X)E, &)

k(=1
+4(1 = 1*)(v, M) (€, M (DG(v, X), &) +2(1 = k%), £)* G(v, X)
= (1+ (1 - «%) (0, M*KD*G(v, X)¢, &)

since & L 1.

Therefore we have shown that condition (4.2) is equivalent to (4.6).

For simplicity in the notation we assume that X, = 0 and consider the solid
ellipsoids

E(Y)={XeR":¢(X,Y) <c(0,Y)},
where ¢(X,Y) is defined by (2.3). From Subsection we recall that the target X
is given parametrically from the origin by
Y = s(A(©))Av),
where A(v) = (-Q(v)v, Q(v) + k) and |A(v)| = 1, with Q(v) given in (2.1).

Proposition 4.1. Suppose holds from X, (assumed for simplicity 0). Let Y,Y € T
be given by Y = s(A(0))A(0) and Y = s(A@)A), and let vy = (1 — A)5 + AD for some
A €(0,1), and let Y, = s(A(v2))A(vy). Set H(v,0) = H(v), given in (4.4). Then

1 1 1
>(1-A)—+A

(48) Aoy - " VaE T He)

and
E(Y,) € E(Y) UE(Y),
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and in particular, $(x, Yy, Xo) > min{p(x, Y, Xo), P(x, Y, Xo)} for all x in their common
domain (in particular for x € ).

Proof. Inequality follows from which is equivalent to (4.2).

We first notice that the set bdryE(Y) N bdryE(Y,) is contained on a hyperplane
T. Indeed, for X € bdryE(Y) N bdryE(Y,) we have that ¢(X,Y) = ¢(0,Y), so |X —
Y12 = (Y] - xx,41)? which gives that |[X]? — 2(X, V) + 2kx,1[Y] — k%22, = 0. Also
c(X,Yy) = ¢(0,Yy), and so |X* = 2(X,Y,) + 2kx,1|Yal — ¥*x2,, = 0. Subtracting
these identities yields (X, 1) = 0 where 1] = Y — «|Ylew: — (Yr — x|Yleqs1), and
SO bdryE(lA/) N bdryE(Y,) C T:={X: (X,f) = 0}. In the same way, bdryE(Y) N
bdryE(Y,) CT,where T = {X :(X,7) =0} and 7] = Y — «[Yle 1 — (Y2 — k|YAlens1).

From and the definition of H, we canwrite ) = (H(v,) vy — H(0) 9, H(9) — H(v,))
and 7 = (H(vy) vy — H(9) 3, H(D) — H(v,)).

The proposition will follow from the following claims:

A

Claim 1: If (X, /) > 0 and X € E(Y},), then X € E(Y).

Claim 2: If (X,7]) > 0 and X € E(Y,), then X € E(Y).

Claim 3: If (X, 7)) < 0and (X, ) <0, then X ¢ E(Y,).

Only the proof of the third claim uses condition AW, i.e., (4.8).

We prove Claim 1. Let (X,7) > 0 and X € E(Y,). Since X € E(Y,), we have
X2 = 2(X, Ya) + 2kx,41|Y 1| — %242, < 0; and since (X, A) > 0 we have (X, Y, — Y) -

n+1
kXn1(|Yal = 1Y]) < 0. Therefore,

IXP = 2(X, Y) + 2kx,11|Y] — 1222

n+1
= [XP = 2(X, Y2) + 2kxp1] Yol = 222, + 20X, Y3 = V) = 2xx,1(1Y2] = [Y]) < 0.
It follows that |X — Y|? < (IY/I — kXn41)%. In this inequality, writing X = (x, x,41), Y=
(7, Jn+1), and completing the squares we obtain, since 0 < x < 1, that Y] —xx,11 > 0
and hence |X — Y| < |Y| — k%41, which means X € E(Y).

The proof of Claim 2 is exactly the same.

We now prove Claim 3.

Assume that (X, 1) < 0 and (X, 7) < 0. Notice that E(Y;) \ 0 € {X : (X,N,) <0},
where N, = (v,, —1) and hence, it is enough to show that (X, N,) > 0.

We first assume that H(v,) — H(9) # 0 and H(v,) — H(0) # 0. We will show that
we can write

o= ot
' He)-HE'" Hlon) - HO) "
with & <0and ; <0, for some t. The above equality holds
H(oy) —H@) ~  H(on) - H@) ~ | aHaty
if and only if

(1=t H(va)va —H@©)0)  t(H(@w1)vr—H©)0) _ ’
H(vy) — H(0) H(w,)-H@) "
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which holds if and only if
H(0) (v) — 0) H(0) (v, -0)\ _
Ho,) - H(z})) * t(“ * Hoy - H(ﬁ)) - o
which is true if and only if
., JA-HAH@®) H1-MH@O) | _

-9 {Hw “H@  H(o) - H(@)} =0
(1-8HAH®@®) _ t(1 - A)H()
H(vy) -H®)  H(vy) - H(®)’

(1 - t) (’0/\ +

Therefore we choose t such that Since Q(v) > 0,

) . . (1-1)
we have that AH(?) > 0 and (1 — A)H(9) > 0. Then it follows that ————
at 450 (1 - DH(E) T
and ———————— have both the same sign. From the last identity containing t we
H(v,) - HQ) & Y &
obtain
t
AH(0) = ————— {H(v,) (1 = A)H(0) + AH(?)) — H(3)H ()} .
®) = ey~ (HE) (@ ~ DHE) + AHE) ~ HOHE)
From we get
H(v,) (1 — A)H(9) + AH(9)) — H(G)H(0) < 0,
t (1-1)
hence ——— <0, and therefore also ————— < 0.
H(v,) — H(9) H(v,) — H(0)

Next we assume that H(v,) — H(0) = 0 and H(v,) — H(@) # 0. From (4.8),
this implies that H(v,) < H(?). If we write N, = then t =

AH(D)
(H(va) — H@))(1 - M)H(0)’
Finally, if H(v,) = H(0) = H(?), then 7] = AH(9)(0 — 7,0), and /) = (1 — A)H(9)(0 —
0,0). So in this case, both inequalities (X, 1)) < 0 and (X, 7]) < 0 are impossible.
This proves Claim 3 and hence the proof of the proposition is complete.

Hy—H@) |

andsot < 0.

O

Proposition 4.2. Suppose that u is a parallel refractor in Q, xy € Q, and assume that
holds from Xy = (xo, u(xp)). If there exist Y € Xand € > 0 such u(x) < ¢(x, Yo, Xo)
forall x € Be(xp), then u(x) < ¢(x, Yo, Xo) for all x € Q).

Proof. We define

du(xo) = {v € R" : u(x) < u(xg) + v - (x — x9) + o(|x — xg|); Yx € Be(x0)}.
We prove that {Y(Xo, v) : v € du(xg)} C F,(x0), where Y(Xo, v) = Xo + sx,(A(v))A(v).
Since from (2.12), v = D,¢(x, Y, X) with Y € L if and only if Y = Y(X,v), the
inclusion is equivalent to show that du(xg) C {D,(xo, Y, Xo) : Y € F,(x0)} := B. It
is then enough to show that the extremal points of du(x,) are contained in B and
that B is convex. Let vy be a extremal point of du(x), then there exist x, — x

with u differentiable at x,, and v,, = Du(x,) — v, see [Cla90, Theorem 2.5.1]. Let
X, = (x,,u(x,)) and let Y,, € F,(x,). Since u is differentiable at x,, it follows that
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Y, = Y(X,,v,) and then Y,, — Y(Xo, v9) := Y. We have that u(x) < ¢(x, Y,, X,,) for
all x € Q). Letting n — oo yields u(x) < ¢(x, Yo, Xo) for all x € Q, i.e., Yy € F,(xo)
and Dx¢(xO, Yo, XO) = 0p.

To show that B is convex, let Y1, Y, € F,(xo) and let v; = D,(xo, Yi, Xo), i = 1,2.
Consider v, = (1 — A)v; + Avp and Y, = Y(Xo,v,). Since vy = D.p(xo, Yy, Xo), we
need to show that Y, € F,(xp). We have

M(X) < min{¢(x/ Yl/ XO)/ ¢(x/ YZ/ XO)} < (P(x/ YA/ XO)
for all x € Q by Proposition 4.1} This completes the proof. O

5. MAIN RESULTS

Lemma 5.1. If u is a refractor, then for each X,% € Q and each s € [0,1] we have
u((1 = s)x +s%) > (1 —s)u(x) + su(x) — Clx — 2|*s(1 — s), with C is a structural constant.

Proof. We use the fact from Subsection that |Dy,¢(x, Y, X)| < Cforany x € Q,
XebpandY €T.

Given ¥ € Q, let Y € F,(¥) and set X = (% u(¥)). We have u(x) < ¢(x,Y,X) <
OF Y, X) + (DPE,Y,X),x — %) + Clx — &> = u(®) + (p,x — ¥y + Clx — & for all
x € Q. Next, givens € [0,1], let x; = (1 —s)X + 5%, Y € F,(x;), and X, = (x;, u(xs)).
Applying the previous inequality & ~ x;, Y »» Y, and p w» Do(xs, Y, X;), we get
u(x) < uxs) + {p, x — x5) + Clx — x> for all x € Q.

Let ¥(t) = u(x;). We have ¥(t) < u(xs) + {p,x; — x5) + Clax; — x5|* = (s) + (t —
s)(p, 2 — X) + C(t — s5)*|x — £[>. Therefore ¥(0) < ¥(s) — s(p, % — X) + Cs?*|x — %> and
(1) < P(s) + (1 —s)(p, £ — %) + C(1 — 5)?|x — #2. Proceeding as in Theorem 3.2, we
obtain (1 — s)y(0) + sy(1) < ¢(s) + Cs(1 — s)|x — £* and the lemma is proved. O

We will next prove our main lemma.

Lemma 5.2. Suppose u is a parallel refractor and the target T is reqular from X* =
(x*, u(x*)) in the sense of Definition[3.1} There exist constants 6, Cy and C, depending on

X*, such that Bs(x*) € Q,and if %, % € Bs(x*), Y € F,(%), Y € F,(&) with |Y-Y| > |t—%],
then there exists xo € XX (the segment from X to £) such that if X5 = (xo, u(xo)), then

(5.1) u(x) = p(x, Y, X3) < CIY = Y|1x = 2| + C[Y(A) = Yl Ix = x0l = Cy [V = VPl — 5o,

forall Y(A) € [Y, Y]XJ, 1/4 <A <3/4,Y € X and for all x € QO N Be,(xo).
We remark that C is a structural constant, depending only on the bounds for the
derivatives of ¢.

Proof. Since X is regular from X*, there exists a neighborhood Ux~ of X* such that
holds for all Y, Y € ¥ and all Z € Ux«. Since parallel refractors are uniformly
Lipschitz in Q, there exists 6 > 0 such that (x, u(x)) € Ux+ for all x € Bs(x*).

If Y € F,(%) and Y € F, (&), it follows that u(x) < min{p(x, Y, X), ¢(x, Y, X)} for all
x € Qwith X = (% u(®), X = &, u(%)). By continuity there exists x; € [, £] such
that ¢ (xo, Y, X) = ¢(xo, Y, X). Indeed, setting h(x) = ¢(x, Y, X) — p(x, Y, X), we have
that 1(%) = u(¥) - ¢(%, ¥, X) < 0and h(®) = ¢(%, Y, X) — u(®) > 0.
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Now set xg,,, = d(xo, Y, X) = P(xo, Y, X), Xo = (xq, Xo,.,), and recall we have set
X} = (xo,u(x0)) € Ux+ and u(xo) < xo,,,- By definition ¢(x, Y, X) = ¢(x, ¥, Xo) and
o(x, Y, X) = p(x, Y, Xp) for all x € Q). Hence we can write

u(x) < min{o(x, Y, Xp), ¢(x, ¥, Xo)} = min {¢(x, ¥, X3), ¢(x, ¥, X3)} + E.

We now estimate E. First, notice that by Lemma (2.2), we have 0 < E < C(xo,,, —
u(xp)). We claim that

(5.2) Xo,., — u(xg) < C|Y = Y||% — 2.

We can write xo = (1 — s)X + s& for some 0 < s < 1. Then, by Lemma (5.1), we
have u(xy) > (1 — s)u(x) + su(®) — Clx — £>s(1 — s). Since u(x) = ¢(x, Y, Xp) and
u(®) = (%, Y, Xo), we get

(5.3)  xo,,, — u(xo) < xo,,, — ((1 —9)P(F, Y, Xo) + 5%, Y, Xo)) + Clx — £[*s(1 = s).
On the otherhand, ¢(%, Y, Xo)) > ¢ (xo, Y, Xo))+(D(xo, Y, Xo), £#—xo), and ¢(%, Y, Xp)) >

P(x0, Y, Xo)) + (Dp(xo, Y, Xo), % — x0) by convexity. Using that X — xy = s(x¥ — £), and
£ —x9 =—(1—-5)(Xx — %) we obtain

P&, Y, Xo) = x0,,, — (1 —s)}D(xo, Y, Xo), & — &), and
d(x, Y, X0)) = x0,,, + {DP(xo, Y, Xo), X — 2).
It follows that
(1= 8)p(x, Y, Xo)) + 562, Y, Xo)
> xp,., + (1 - 5)s {(De(xo, Y, Xo) = Dp(xo, ¥, X)), % - £)
> x0,,, - 5(1-5) [{(Dp(xo, ¥, Xo) = Do, ¥, X0)), 7 - 2)
1 — (1= 5) [Dg(xo, Y, Xo) — Dp(xo, Y, Xo)| I% — 2]
>xy,., —s(1-3s)C|Y - Y||x— %],
from the estimates for the derivatives of ¢ in Y. Therefore, inserting the last
estimate in we obtain xg ., — u(xo) < Cs(1 —5s) (IY —Y|lx-%| +|x - fclz) <ClY -

Y||% - £|, where in the last inequality we have used thats € [0,1] and [x— 2| < |Y — Y|
by assumption. We then obtain claim (5.2).
This yields

u(x) < min{(x, Y, X2), p(x, Y, X)) + ClY = Y||% — #I.
If %, € Bs(x*), then X, € Ux». Soif Y(A) € [Y, Y] xz, then we canapply to get

min{p(x, Y, X¥), d(x, Y, X3} < d(x, Y(A), XZ) = C1 |Y = YPPx — x0/?, for x € B, (x0) N Q2
where the constants C;, C; depend on X*. And so

u(x) < op(x, Y(A), XF) + CIY = Y||x — £| — C1 [Y = YPP|x — xol*.
Finally, from Lemma (2.3), we have that |[p(x, Y(1), X}) — ¢(x, ¥, X)) < C[Y(A) -
Yllx — xol, and consequently u(x) —¢(x, ¥, X3) < C IY - Y|Ix— £+ C|Y(A) = Y|lx — xo| —

n+1

n+1

ZXO

n+1
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C;|Y = YPIx — xo?, where the constant C is structural. This completes the proof of
the lemma.
O

We are now in a position to prove our main theorem.

Theorem 5.3. Suppose u is a parallel refractor, and the target X is regular from X* =
(x*, u(x*)) in the sense of Definition Let C,Cy,C;, and 6 be the constants of Lemma
There exists a constant M depending on C and Cy such that if £,% € B%(x*),

Y € F,(%),Y € F, (%) are such that

Y - Y| (ZM)2 (ZM)2
4 >m 11—
G4 K—% ax{’ 5 ) \¢G )

then there exists x on the straight segment X % such that we have

N (Y@ e[, Yl - A € [1/4,3/4])) n = ¢ a(Bq(xo)),

with X* = (xo, u(xo)), u = |Y = Y3|% — 2|7 and n = Ml

Proof. From the assumption, we have |Y — Y| > | - £ and so Lemma is
applicable. Let x( be the point in that lemma.

Fix Y € N,({Y(A) € [Y, Y]X* A €[, 2]) NZ. So, there exists Y(A) € [Y, ]X
with A € [4, 4] such that IY(A) Y| < .

We then have from Lemma [5.2] that

u(x) — o(x, Y, X3) < CIY = Y| — £ + C|Y(A) = Yllx — x| = CIA(L = A)[Y = YPPx — xo/?
_ n Ci - N
< CIY = Y||% = &] + C ulx — xo| - 1—é|Y— Y Ix = x0f?,

for all x € Q such that |x — xg| < C,.
The right hand side in the last inequality is strictly negative for all x € (3, with

BCu+4 \JAC2 2 + CCY — VPl - 3

|x — x9| > n, if we choose n > — . We pick
e ! CilY - P P
. : _ VICZ 1 CC
p=1Y- Y|2|x — %2, and  := M ||§_: Yl with M := 2(8C 4 (A:LC al CCl). Since
- 1

Xo € Bsja(x*), it follows from that B, (xo) C Bs(x*) c Qand n < % Therefore
u(x) — o(x, Y, X;y) < 0 for all x € (QQ N B, (x0)) \ By (xo).
We now show Y € F,(B,(xo)). Notice that by definition of X} we have u(x,) =

(P(.X(), ‘YI Xg)
Let G, denote the graph of u in B¢, (x), that is, G, = {(x, u(x)) : x € QN B, (xo)}.
Consider

(5.5) inf{c(X,Y) — o(X%,Y) : X € G},
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recalling that c(X, Y) = |X — Y| + k(x.41 — Yn+1). We claim that ¢(X, Y) — (X, Y) 2 0
for X = (x, u(x)) with |x — xo| > 1. Indeed, let X = (x, ¢(x, ¥, X)) and notice that
o(X},Y) =c(X,Y). Since £ C 7, with 7 given by (2.6), we have X € E~(Y, (X, Y)).
Since u(x) —¢(x, Y, X7) < 0 for |x—xo| > n, we have that X is below X, and therefore
we must have ¢(X, Y) > ¢(X, Y), and the claim follows. Therefore, the infimum in
is attained at some point X = (¥, u(%)) with % € B, (xo)-

We show that Y € F,(%). Indeed, we have (X, Y) > ¢(X, Y) forall X € G,. Writing
X = (x, u(x)) we have that (|x — ¥ + (41 — u(x)))V? — k(Y41 — u(x)) = c(X, Y) and

ke(X,Y) X Y? l—-yP
1-k2 1-k)2 1-k
d(x,Y,X) for x € Q N Be,(x0). Since 1 < C,/2, we have that Bc,2(%) C Bc,(xp). We
therefore obtain the local estimate u(x) < ¢(x, Y, X) for all x € B.(%), with € small.
Since % € Bs(x*), it follows from the choice of 6 in Lemmal5.2|that X = (%, u(X)) €
Ux~, the neighborhood in Theorem Therefore we can apply (3.3) with Z = X,
and in particular holds at X. Hence applying Proposition ith Xo > X,
we obtain that u(x) < ¢(x, ¥, X) holds for all x € Q obtaining that Y € F,(%).

noticing that y,,1 > u(x), we get u(x) < Y41 —

O

5.1. A property of refractors. Let o denote the Borel measure given on the target
X and let p be a Borel measure in Q. We say x € 7,(Y) if and only if Y € F,(x),
where F, is defined by (4.I). Assuming p = fdx with f € L'(Q) and the energy
conservation condition

wQ) = o(E),
it is proved in [GT13] the existence of a refractor u such that
(5.6) w(Tu(E*)) = o(E®), for all Borel subsets E* C L.

The purpose of this subsection is to show the following proposition.

Proposition 5.4. Suppose u is a refractor solving (5.6), and define
S ={x € Q: thereexists X # x, X € Q, such that F,(x) N F,(%) # 0}.

Let us assume the following conditions on X and o:
(a) Tis the graph ofa C' function, say T = {(y, Y(y)) : y € Q*} with Q* some domain
in IR";
(b) Given Y € X, let Ty denote the tangent plane to . at Y. Assume that for each
Y € X and for each X € €q, the line {X + s(Y — X), s € R} is not contained in Ty,
that is, this line intersects Ty only at the point Y. H
(c) if EC Zwith [{y € Q" : (y, Y(y)) € E}| =0, then o(E) = 0.
Then u(S) = 0 and we have the inequality

(5.7) o(F.(B)) < u(B), forall balls B C Q.

'This condition is implied by the visibility condition in Lemma [2.1{because Y € ¥ and some
Xp € Cq thelinejoining Y and Xy is contained in T, then there is ball B centered at X, with B C Cq.
By the visibility condition the convex hull C of Y and B intersects Z only at Y. But then the line
joining Y and Xj is contained in C and Ty. Therefore L is not differentiable at Y.
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Proof. We first notice that F,(B) is a Borel set for each closed ball B. Because if
K C Q is closed, then F,(K) is closed in L. In fact, let Y € F,(x;) with x; € K
and assume Yy — Y with Y € X. There exists a subsequence Xi, > X for some
X € K. Setting Xy, = (xt, u(xy,)), we have X;. — X where X = (%, u(%)). Since
u(x) < ¢(x, Yx, Xx) for all x € Q and for all k, we have u(x) < ¢(x, Y, X). Therefore
Y € F,(K).

Let us assume for a moment that p(S) = 0. It is easy to see that that 7,(F,(B)) C
B U S, and therefore, follows.

To prove that u(S) = 0, let us consider the set

S*={YeX:Ax,xecQ,x#x Y eF,(x)NF,(%).

We have that 7,,(5*) = S and therefore u(S) = 0(S*). Under the assumptions (a),
(b) and (c) above, we are going to show that 0(5*) = 0. To this end, we define
u*: Q* - Rby

u*(y) =inf{le(X, Y) : X € Gu, Y = (y, ()},

where G, is the graph of u. We claim u* is Lipschitz in Q*. Indeed, say u*(yo) =
c(Xo, Yo) and u*(y1) = c(Xy, Y1), then u*(y1) — u*(yo) < c(Xo, Y1) — c(Xo, Yo) <
ClY1 = Yol < Cly1 — yol, since ¢ is Lipschitz. Similarly, we get the other inequality.

Now fix Yy € §*, s0 Y € F,(x) N F, (%) with x # X. Write Yy = (o, (o)) with
Yo € Q*, X = (x,u(x)) and X = (¥, u(x)). We claim that u* is not differentiable at
Yo. Suppose by contradiction that u* is differentiable at y,. It is easy to see that
u*(yo) = (X, Yo) and also u*(yo) = ¢(X, Yo). From u*(yo) = ¢(X, Yp), it follows that
u*(y) < c(X,Y) for all y € QO* with equality at yy. Hence we have

_ Yo —x+ ¥(yo) — x4:1)DP(yo)

Du*(yo) = Dy(c(X, (v, (1)) (vo) = Yo - X] — kDi(yo)-

Also from u*(yo) = ¢(X, Yy), we deduce that

_ -z ~ X1)D
Du(yo) = Dy(c(X, (v, (1)) (o) = oot (¢|(li/§)— }?I VDY) kDY (yo)-

Yo = x+ @o) — Xws)DYP(yo) _ Yo = X+ @) — Tnr) DY (o)
y Yo — XI| _ Yo - X]
|X: YZ| = (EI €n+1) and [= = (E_, €n+1)- So g + €n+1D’7b(]/O) =

X-Y,
_ | X = Yo|
&+ EunDyY(yo) and hence € — & = DiP(yo)(Ens1 — Enr1)- )
If £441 = &pi1, then & = & Hence I' = T but this implies that X = X, since
X, X € E~(Yy,b) where b = ¢(X, Yo) = ¢(X,Y)). Since by assumption X # X, we
obtain a contradiction.

This implies that

Letusset] =

Therefore, &,.1 # &,+1 and so we can write Dy(yp) = 5;_ We claim that
n+l = Gn+l

theline L := {Yo +5 (% + %) s € R} is contained in Ty,. Indeed, if Y = Y +s (% + g),
then a simple calculation shows that (Y — Yy, (=D¢(yo), 1)) = 0. On the other
hand, the line L clearly intersects 4. We then obtain a contradiction with the

assumption (b) above, and therefore u* is not differentiable at y.
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If we set P* = {y € Q* : (y,¥(y)) € S*}, then we proved that y € P* implies that
u* is not differentiable at y. Since u* is Lipschitz in QO*, we get [P*| = 0. Therefore
from (c) we obtain 0(S*) = 0 which completes the proof of the proposition.

O

6. HOLDER CONTINUITY OF THE GRADIENT OF THE REFRACTOR

We introduce the following local condition at X, € Cq, between the measure o

and target X: There exist a neighborhood Uy, and a constant C > 0 depending on
Xp such that

(6.1) o (N, ({IV, Y1z : A € [1/4,3/4}) n5) > C " YV - ¥

forany Y,Y € £, Z € Uy, and for all u > 0 small (depending on X,). Here N,(E)
denotes the p- neighborhood of the set E in R"*'.

Theorem 6.1. Suppose u is a parallel refractor, the target ¥ is regqular from X* =
(x*, u(x*)) in the sense of Definition and there exist constants Cy > 0and 1 < g <

" such that
n-1

(6.2) o (Fu(B,I)) < Con"f

for all balls B, C Q. Suppose in addition that the local condition is satisfied at X*.
Then there exist constants 6, M > 0 and C, > 0 depending on X*, such that if

%, % € By(x"), Y € F,(%),Y € F,(%) are such that

Y - Y| (21\/1)2 (ZM)Z
. > 1. (== =
(6.3) T _max{ %) \G ,
n n-—1

_ o« . 2q 2
then we have |Y = Y| < Cy |Xx — X|* with a =

, where Cy depends only
n
1+ E(n -1+ —

2q
on Co and C in (6.1), and therefore from X*.
Proof. From Theoremwe have N,({Y(1) € [Y, ?]Xa : A €3, 21N NE C Fu(By(xo))

173
_ Al
where u =Y - Y|2|x — £|2 and 1 = Mll; — 3;||21 . Therefore from (6.1)) and (6.2), we
— Y|z

s v vl m-1)+ A PN
obtain |[Y — Y| "2 2 < C|x— x| 7 and the theorem follows.
O

Under all previous hypotheses on the target, we now show interior C'* esti-
mates.

Theorem 6.2. With the assumptions of Theorem there exist positive constants 6 and
C, depending on X*, such that u € C"*(Bs(x*)) with |Du(x) — Du(®)| < C|x — £|* for all
X,xe€ Bé(x*).
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Proof. By Theorem we get that F,(x) is a singleton for each x € Bs(x*). Take
X € Bs /z(x*).

We first show that if Y € F,(%), then u is differentiable at ¥, and Dju(x) =
Dip(x, Y, X) where X = (%, u(x)).

For 0 < h < 6/2 we have

u(x + he;) — u(x)
h

b V200V o, v,5)

= D;p(% + he;, Y, X) — Dip(%, Y, X), forsome0<h<h
= Di,i¢(9_c + i’\lei, Y, X)fl,

u(x + hepi) —u(®) Dib(%, Y, X) < Ch.

To prove the inequality in the opposite direction, let £ = % + he;, Y € F, (%), and
X = (%, u(®)). We have that

(u(%) — u(x))
h

-Dip(x,Y,X) <

for some 0 < 1 < h. Hence

((P(J?, Y/ X) - ¢(x/ ?/ X))
h
= Dzﬁb(f/ Y/ X) - qub(jl ?r X)
for some ¥ € [%,£]. From the estimates for the derivatives of ¢ from Subsection
(2.4), we can also write

Diﬁb(f/ Y/ X) - DZ(P(XI ?/ X)
= chp(x/ Y/ X) - qub(f/ Y/ X) + Dl(P(JZ'/ Y/ X) - qub(i/ ?/ X) + DZCP(X'/ Y/ X) - qub(i/ ?/ X)
< C(x -2 +1Y = Y| +1X - X)),

with C a structural constant. On the other hand, since u is Lipschitz (with a con-
stant depending only on structure), we have |X — X| < X = & + [u®@) — u@®@)| <
Clx — £|. In addition, using Theorem we get that |Y — Y] < C max{|x —
|, |¥ — £|*} < Ch® where C is a structural constant depending also on X*. This
u(x + he;) — u(x)

Dip(x,Y,X) — <Dip(x,Y,X) -

yields - Di¢p(x, Y, X) > -Che, completing the proof that D;u(X) =
Dip(x, Y, X).

We finally prove that u € C* (By»(x*)). Let X, % € By (x*), Y € F,(%), Y € F, (%),
and set X = (¥, u(%)), X = (£, u(%)). We then have |D;u(x) — Diu(%)| = |Di(%, Y, X) —
Do, Y, X)| < IDip(E, Y, X)-Dip(%, Y, X)|+|Dip(%, Y, X)-Dip(2, Y, X)|+|D:ip(%, Y, X)—
D;p(%, Y, X)| < Cllx -2 +|Y - Y| +|X - X} < CJ% — £|*, with a structural constant C
depending also on X*.

O

Corollary 6.3. Suppose u is a refractor solving (5.6), conditions (a), (b), and (c) from
Proposition 5.4 hold, and p = fdx with f € LF(Q) for some p > n. Suppose that the
target ¥ is reqular from X* = (x*,u(x*)) in the sense of Definition and the local
condition is satisfied at X*. Then there exist 6 and C depending on X* such that
u € CY*(Bs(x*)) with o given in Theorem and1/p+1/qg=1.
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Proof. By Holder’s inequality u(B) < ||fll, |B|'4, for all balls B ¢ Q. Therefore from
(5.7) we obtain condition (6.2), and the corollary follows. O

7. EXAMPLE OF A TARGET FOR REFRACTION

If we assume the target set ¥ is given by the graph of a C? function y,.1 = ¥(y),
then we are going to find a condition on 1 so that holds locally. We will
see that for to hold, the graph of the target needs to satisfy a quantitative
condition, see (7.3). As in Subsection [, we set H(v, X) = sx(A(v))Q(v). We
have for Y € X that Y = X + sx(A(v))(—Q(©v)v, Q(v) + k). Then we can write
Yns1 = X1 + 5x(A@)(Q(@) + k) = P(x — sx(A(v)) Q(v)v). We therefore get that H
satisfies the implicit equation

Q(v) + K)
7.1 X1+ H(v, X = Y(x — H(v, X)v).
(7.1) 1+ H(v, X) ( o) Y(x = H(v, X)v)
Proceeding as in Subsection [}, setting G = 1/H we need to check that
(7.2) (D’G(0,X)E, &) <0

forall |£] = 1. We will prove for X = 0 and by continuity will hold for X in
aneighborhood of X = 0. Indeed, we next compute D;;G(0, 0) in terms of ¢. Since
G = 1/H, we first proceed to calculate the derivatives of H. From (2.1), Q(v) =

V1+ (1 =) - % 5
T51oP and so Q(0) = 1 - «, D;Q(0) = 0 and D;;Q(0) = —6;;(1 — x)~.

From (7.1)), we get H(0,0) = (1 — x)y(0), D;H(0,0) = —(1 — x)*D;1(0) ¥(0), and
D;;H(0,0) = (1 - x)° ¢(0)( () + Dy (0) lp(O))

Now, noticing that D;;G = H~ (2DiH D;H — H D;;H) and inserting the above ex-
pressions yields

ij

DJGO,0) = 5 (5 8 - O D).

We therefore obtain that

o K
(D*G(0,0)¢, &) = wm(

YO0)E,8).
Thus is equivalent to

73) —— < PO DY), &),

for all unit vectors &.
We have then proved that for X the graph of ¢, and for X, = (0,0),Y, = (0, ¢(0)),

the condition —(qub(xo, Ye, Xo)n, Mle=o < 0 holds for all unit vectors & L 7,

provided (7.3) holds. By continuity we have that E(DZCP(X, Y(e), X)n, Mle=0 <
—C|&|*Inf* for all vectors & L nand for all X close to Xy and Y close to Yj.
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Remark 7.1. We show that if the target X is a horizontal plane, then does
not hold when n > 2. Indeed, we show it is not true that ¢(x, Y(A), Xo) >
minl(x, ¥, Xo), ¢ (x, ¥, Xo)}. InR?, let ¥ = (0, -1,0), ¥ = (0,1,0), G(x, y) = ~— 2

1-k2
L O (/R ) £ R kb R 2y -1\
((1—k2)2 TR ) and oY) = ~7 7 ~ ((1—k2)2 TR ) ’
with b sufficiently large. Let X, = (0,0,¢(0,0)) = (0, O,(f)(O, 0)) and we have
P, y) = d((x,y), Y, Xo) d(x, v) = d((x,y), Y, Xy). We also have that A(v(A)) is on
the two dimensional plane x = 0, and so [Y, Y]y, = [Y, Y] is the straight segment
from Y to Y. We have Y(1/2) = (0,0,0). Let Po(x,v) == ¢((x,y),Y(1/2),Xo) =
kbo by (o + y?)
1-k2 _((1—k2)2 C1-k

$(0,0). That is, by = 2 (bzl_ A= KD* \we claim that éo(x,0) < b, 0) = d(x, 0)

+k
for x # 0, x small. Let g(x) = ¢o(x,0) and h(x) = ¢(x,0). Then one can check that
(g —h)'(0) =0and (g — h)”’(0) < 0 which gives the claim.

12
) , where by is chosen so that ¢y(0,0) = ¢(0,0)) =

8. ON THE DEFINITION OF REFRACTOR

We can define refractor with ellipsoids touching u from below, that is, the
ellipsoids enclose u. In fact, we can define analogously to (4.1)

(8.1) Fu(xo) = {Y € Z: u(x) > d(x, Y, Xo) for all x € Q},

and we can say u is a refractor if E,(x) # 0 for all x; € Q. With this new definition,
we can obtain the same regularity results as with definition (4.1) by changing the
inequalities accordingly. We indicate the changes. In Definition condition

is replaced by:
82 ¢ Yz(1),2) < max (o, Y, 2),¢(x, Y, 2)} = Ci Y — IPx — 2P,
Inequality is replaced by:

72
(8.3) @(qub(zf Ye, Z)1, Mle=o = C(Xo) 1€ NP

Lemma [5.1]is replaced by the convexity of u. The inequality is replaced by:
(8:4) u(x) = P(x, Y, Xp) = =Col ¥ = Y|Ix = & = C1|Y(A) = Yllx = xol + Ca | = YP|x = xo %,

and in the proof of Lemma min is replaced by max with the corresponding
changes in the inequalities. For the example in Section[7], we now get that condition

is replaced by
(8 s 000, ©),

1-—x
for all unit vectors &.
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9. REGULARITY RESULTS FOR THE PARALLEL REFLECTOR PROBLEM IN THE NEAR FIELD
CASE

In this section we shall prove results that are similar to the ones proved in the
previous sections but for the reflector problem. Since the arguments are similar,
we will omit most details. For results in both the near field and far field reflector
with one point source see [CO08|] and [KO97].

9.1. Reflection. We first review the process of reflection. Our setting is R"*!, and
points will be denoted by X = (x, x,,41). We consider parallel rays moving in the
direction e,,1. Let T be a hyperplane in R™! with upper unit normal N and let
X € T. By Snell law of reflection, a ray coming from below with direction e,,; that
hits T at X is reflected in the unit direction A = e,,41 — 2 (e,11 - N) N. In particular,

- /]- . . . .
ifve R"and N = (U—)l, then the reflected direction is the unit vector
(1 +oP)2
20 -1
1 A(v) = .
®1) © (1+|v|2’1+|v|2)

The reflected ray consists of the points Y = X + sA, for s > 0. We have in mind
here that v = Du(x) and X = (x, u(x)), where u is a reflector.

If b > 0, and Y € R™!, then the set of X € R*™! with |X — Y|+ X431 — Y1 = b
is a downwards paraboloid with focus at Y. It can be written as the graph of the
bz _ |x _ y|2

2b
of pat X = (x, p(x, Y)) is reflected in direction Y — X. If ¥, X, € R™*! with X, not in
the vertical ray with direction —e,,; emanating from Y, then there exists a unique

paraboloid with focus at Y passing through X,. Such a paraboloid is described by
2

b* —|x -y

functionp(x,Y) = yu1+ . The ray with direction e,,,; that hits the graph

the function p(x, Y, Xo) = yu+1 + where b = | Xy — Y|+ xq,,, — Yns1. We

will frequently use the following fact:

9.2) if the focus Y of the paraboloid defined by p(x, Y, X,) satisfies
Y = Xj + sA(v) for some s > 0 and v € R”, then D.p(x, Y, Xo) = v,

where A(v) is given by (9.1).

9.2. Set up. Let QQ C R” be open and bounded, and let 4 be the cylinder ¢, =
Q) x [0, M]. For a fixed number § > 0 we define the region

T ={Y e R"™ :|X = Y|+ x,41 — Y1 = B forall X € 6n}.

The set 7 consists of the points Y such that the cylinder ¢, is contained outside
the interior of the paraboloid X — Y| + X1 — yur1 = f. We will assume that the
target £ has convex hull bounded and contained in 7.

0 92
Proceeding as in Subsection[2.4} itis easy to see that —p(x, Y, Xo)|, —p(x, Y, Xo)
Ixo,., ox;0Y,
are bounded uniformly forallx € , Y e KC 7, and Xy € 6 for 1 <i < nand
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1 < j<n+1, where Kis compact. Hence as in Lemmas[2.2land 2.3} we obtain the
following.

Lemma 9.1. If X, € 6o with Xo + he,11 € 6q, and Y,Y € ¥, then we have
Ip(x, Y, Xo) — p(x, Y, Xo + he,i1)| < Clh],
and
Ip(x, Y, Xo) — p(x, Y, Xo)| < Clx — xollY = Y],
forall x € Q.

9.3. Hypothesis on the targetset. GivenY,Y € T, X, € %, weletd = D,p(x,, Y, Xo),
0 = D,p(xo, Y, Xo), and v(A) = (1-A)3+ A9, for A € [0,1]. Consider the set of points
C(Xo, Y, Y) ={Y = Xy +sA@)) : s > 0,1 €[0,1]},

where A is given by (9.I). Notice that from (9.2), if Y = X, + sA(v(1)), then
D.p(xo, Y, Xo) = v(A). o o

For Xy € ¢n and for Y, Y € X we assume [Y, Y], := C(Xo,Y,Y) N X is a curve
joining Y and Y.

We introduce the following condition on the target ¥, similar to Definition
for refractors.

Definition 9.2. If X, € 6 we say that the target ¥ is regular from X, if there exists
a neighborhood Uy, and positive constants Cx,, depending on Uy,, such that for all
Y,Y € Zand Z = (z,2,11) € Uy, we have

(9.3) max {p(x, Y, Z), p(x, ¥, 2)} 2 p(x, Y2(A), Z) + Cx, Y = YPJx - 2P
forall x € Q, 1/4 < A < 3/4, and Yz(A) = Z + sz(A(v(A))) A(v(A)). Here 0 =
D.d(z,Y,Z), 0 = Dup(z,Y,Z), and v(A) = (1 — A)5 + A.

As in the case of refractors, we also have a differential condition that is equiva-
lent to (9.3)). This is the contents of the following theorem.

Theorem 9.3. The target ¥ is regular from X, € 6q in the sense of Definition|9.2|if and
only if there exists a neighborhood Uy, and a positive constant C depending on X such
that for all Y € X and for all Z € Uy, and for all vectors & and 1 such that £ L 1 we have

d 2,12
94) = (Dip, Yo 2n,m)|_ = ClePint
where Y = Z + s(A(v + €§))A(v + €€) and v = Dp(z, Y, Z).

Proof. That implies (9.4), follows in the same way as implies in
Theorem 3.2

Let X, € ¢q, and Z € Uy,. We first show that if holds for & L 1, then it
holds for all vectors &, 1. In fact, we have

_@ 1+ vy + € &P
2 s7(A(vy +€&))

(9.5) (D2, Ye, 2, ) =
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Soif&-n # 0, wepickn' with || = |nland 1"-& = 0, and we have (D p(z,Ye, Z)n,1) =
(D*p(z, Y, Z)n, ). LetY,Y € X,5 = Dp(z,Y,Z), o = Dp(z,Y,Z), &£ = 0 — 7, and
Yz(A) =Z + 57 (A@@ + AE)) AT+ AE). We then have

d
(D G Y2(0),2) n, 1) = ClePIP,

for0 < A < 1. Fixx € Q, and let f(A) = (D?p(z, Yz(A), Z) (x —z2), (x — 2)). Since
f"(A) = CIEPIx — z> = C|Y — YP|x — zP°, where the second inequality follows
from the analogue of for reflectors, it follows that (1 — A)f(0) + Af(1) >
f(A)+CA(1 = A)Jx —zP[Y = Y. Therefore,

max {p(x, Y, 2),p(x, Y, Z)} - p(x,Yz(A), Z)

>(1-Mpx,Y,2)+ Apix, Y, Z) - px, Yz(A), Z)

= % (((1 — V) D¥p(z,Y,2) + AD¥(z, Y, Z) - D¥p(z,Y2(A), 2)) (x - 2),x - z>
>CA(1-A)|x—zAY -YP,

forall x € QQ,and 0 < A < 1. This completes the proof of the theorem.
O

9.4. Definition of parallel reflector and hypothesis on the measures. We say
u: Q — [0,M] is a parallel reflector from € to X if for each x; € Q, there exists
Y € X such that u(x) > p(x, Y, Xo) for all x € Q, where Xy, = (xo, u(xp)). In this
case, we say Y € F,(xo). Any reflector is Lipschitz in () with a uniform Lipschitz
constant depending on the bounds for the derivatives of p, which are uniform for
YeKeT,xeQand X, € 6.

Existence of solutions with this definition of parallel reflector can be proved in
a way similar to the existence of parallel refractors as done in [GT13]. We omit
the corresponding details.

We make the following hypothesis on the measures.

Also similarly to (6.1), we introduce the following local condition at X, € g
between the measure o and target X: There exist a neighborhood Uy, and a
constant C > 0 depending on X such that

(9.6) o(N,({IV, Y1z : A € [1/4,3/4}) nE) > C " |V - ¥

for any Y, Yex, Ze Ux, and for all u > 0 small (depending on X;). Here N(E)
denotes the p- neighborhood of the set E in R"*'.
The following lemma is the analogue of Lemma

Lemma 9.4. If u is a parallel reflector, then for any %, € Q and for any s € [0, 1] we
have u((1 — s)x + s%) < (1 — s)u(x) + su(x) + C|x — £>s(1 — s), where C is a structural
constant.

The following lemma is the analogue of Lemma
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Lemma 9.5. Let u be a parallel reflector such that the target . is regular from X* =
(x*, u(x*)) in the sense of Definition There exist constants 6 and C,, depending on
X* such that if X, £ € Bs(x*) c Q, Y € F(%),Y € F (%) and |Y = Y| > |x — X|, then there
exists xy € & such that if XF = (xo, u(xo)), then we have for all Y(A) € [Y, leg and for
all Y € X and for all x € Q that the following inequality holds

u(x) —p(x, Y, X¥) > —=ClY = Y|lx — 2| - CIY(A) = Yllx — x| + CtA(L = )Y = YPJx — xo |~
We remark that C is a structural constant.

Proof. The proof is very much the same as in the refractor problem. We indicate
the main points.
Since X is regular from X*, there exists a neighborhood Ux+ of X* such that

holds for all Y, Y € ¥ and all Z € Ux-. Since parallel reflectors are uniformly
Lipschitz in Q, there exists 6 > 0 such that (x, u(x)) € Ux~ for all x € Bs(x*). For
x € Q we have u(x) > max{p(x, Y, X), p(x, Y, X)}, and there exists x, € [%, £] such
that p(xo, Y, X) = p(xo, Y, X) := xo,,,. Set Xo = (xo, Xo,,,), and X3 = (xo,u(xg)) € Ux~
and notice that u(xo) > x,,,. Similarly as in Lemma[5.2 we get

M(X) = maX{P(x/ Y/ X)/ p(x/ Y/ X)} = maX{P(x/ Y/ XO)/ p(x/ ?/ XO)}
= max{p(x, Y, X}),p(x, Y, X})} - E.
Using Lemmas[9.T|and 9.4} and proceeding as in the proof of claim (5.2)), we get
0 < E < C(u(xo) — Xo,,,) < C[Y — Y|Ix — £|. Hence max{p(x, Y, X), p(x, Y, X})} —E >
max{p(x, Y, X}), p(x, Y, X))} = ClY = YI[x - 2| 2 p(x, Yx= (1), X3) +C1A(1 = A)|Y - Y] |x -
xol2 = C|Y — Y||x — %], where we have used (9.3). Now using the second inequality
in Lemma we get p(x, Y (1), X5) + CrA(1 - MY = YPx —xo2 - ClY - Y|l — %] >
p(x, Y, X¥) = Clx = xollY = Y(W)| + C:AQQ = A)[Y - YPx — xo> = C|Y = Y% — £|, which
proves the lemma. O

We then obtain results similar to Theorems [5.3| and [6.1] for parallel reflectors.
We remark that from Theorem 9.3} inequality (9.4) implies for all x € Q, and
therefore for parallel reflectors the arguments from Section 4] are not needed.

Theorem 9.6. Suppose u is a parallel reflector, the target X is reqular from X* =
(x*, u(x*)) in the sense of Definition There exist a ball Bs(x*) C Q, and a constant

M > 0 depending on X* such that if £, % € Bs;p(x*), Y € F (%), Y € F,(%) are such that

Y - Y| (2M)2
. > -
9.7) Fo3 2 max {1, 3 ,

then there exists xo € X, % such that we have

ZUlth Xa — (XO,M(XO))/ ‘u = |Y - ?lglf - ﬁl% and T] =M |Y ?ll .
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Theorem 9.7. Suppose u is a parallel reflector, the target Y. is reqular from X* =
(x*, u(x*)) in the sense of Definition and there exist constants Cyo > 0and 1 < g <

" 7 such that

9.8) o (Fu(By)) < Conl?

for all balls B, C Q). Suppose in addition that the local condition is satisfied at X*.
Then there exist a ball Bs(x*) C €, and a constant M > 0 depending on X*, such that
if %,% € Bsjp(x*), Y € F (%), Y e F., (%) are such that

Y - Y| (ZM)Z
. > —_—
9.9) T3 > max{ 1, 5 ,
non- 1
_ o« e 2q 2
then we have |Y — Y| < Cy|x¥ — &|* with a = , where Cy depends only
1+ E(Tl - 1) + Z_q

on Co and C in (9.6), and therefore from X*.

We can then proceed in exactly the same way as in the refractor problem to get
the analogues of Theorem [6.2} and Corollary[6.3|for parallel reflectors.

Remark 9.8. We show here that when the target X is contained in a non-vertical
hyperplane, then condition (9.4) holds. Notice that from (9.5), it is sufficient to
show that

1+ [v? ) >
9.10 D)l ———]&&)<-C
610 < (sx (A@)
forallv € R"and [&] = 1 (Il = 1). Letw € R?, and £ = {(V, Yu+1), Yus+1 = Y - W}.
2
Suppose 0 < C; < X441 —x-w < G, for all X € C. We calculate 1+ ol . From
sx(A(v))
(9.1) we have
20
v —x = sx(A(v)) T+ [op
P -1
yn+1 — Xp+1 = SX(A(U)) 1 + |v|2'
1+ 2v-w+1-|vf < (1+|v|2) > 2
Hence = ,and then (D?| ———|&,&)=————— <
sx(A(v)) Xps1 — X+ W sx (A(v)) &t Xps1 — X W

1+
sx(A(v))

If (¥, 1) € L and X is a vertical plane, then i - w = 0 and we get

20w 1+ v
— ,s0 D2 ————|=0.
xw’ ”(SX (A(v)))
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Remark 9.9. Similarly to Section |8, we can define parallel reflector by taking
paraboloids enclosing the solution. In other words, we can say u : O — [0, M]
is a parallel reflector from € to X if for each x; € Q, there exists Y € X such that
u(x) < p(x, Y, Xo) for all x € QQ, where Xy = (xo, u(xp)). The same regularity results
hold with this definition of solution by changing accordingly the inequalities in
the conditions on the target. Indeed, with the notation in Subsection[9.3} condition

is replaced by
(9.11) min {p(x, Y, 2), p(x, ¥, 2)} < p(x, Y2(A), Z) - Cx, |Y = VPl — 2P
The analogue of condition is now

;_; (Dp(z, Ye, Z)n, ’7>L=o < —CIEPInP,

and as before this is equivalent to (9.11). The concavity of u now replaces Lemma
the inequality in Lemma [9.5|is replaced by

u(x) —p(x, Y, X}) < CIY = Y| = & + C|Y(A) = Yllx = x| = CrA(1 = A)[Y = YPIx — xof%,

and in the proof the max is replaced by the min. In contrast with Remark in
this case a target contained in a hyperplane cannot satisfy (9.11).

10. SuMMARY OoF NoTATION

Q) c R”, extended source domain.

Y c R™L target or receiver.

%o = Qx(0,M).

Kk = n1/ny < 1, n; refractive indices of the media.

A@) = (~Q(@)v, Q) + K); Q) = — + 41+ (1 - «2)[v)?

. A(v) represents the unit

1+ [v?
-0, 1
vector direction of the refracted ray when the normal is N = (U—)z and the
1+ 7|
incident direction is ¢,,.1, the n + 1-th unit coordinate vector in R"*1.
b C(X/ Y) =|X-Y|+ K(xn+1 - yn+1); X = (x/ xn+1)/ Y = (y/ yn+l)~
e E(Y,b) ={X:c(X)Y) = b}.
b
o E(40) =X € E(D) X < Yot — 5 (-
e Given 0 < 0 < 1, the target or receiver is contained in the following admissible

region:

T ={Y e R"" : ¥ Xo € 6o we have Xo € E*(Y,e(Xo, V) and Q C By 1 i (¥)} -

ke(Xo, Y c(Xo, V)2 |x—yl?

° (P(X;YIXO) =Yn+1 — 1(—0k2 ) - \/((1 _OkZ))Z - 1 —:ZZ .

o C(Xo,Y,Y) = {(Xo+sA@A)) : s > 0,A € [0,1]) where Y,Y € T, Xo € %0, 7 =
Dy (x0, Y, Xo), & = Dx(x0, Y, Xo), and v(A) = (1 — A)3 + A9, with 0 < A < 1.

o [Y,Y]x, =ZNC(Xop,Y,Y).

o Fu(xo) ={YeX:u(x) <px Y, Xp) forall x € Q.
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e Given X € ¢, each Y € X has the parametrization Y = X + sx(A)A, with [A| = 1;
sx varies with the point X, and is Lipschitz in A.
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