ON THE HARNACK INEQUALITY FOR
VISCOSITY SOLUTIONS OF NON-DIVERGENCE EQUATIONS

CRISTIAN E. GUTIERREZ

These notes are devoted to understand and explore the method of Caffarelli-Krylov-
Safonov, [Cal], [K-S]|, to study the regularity properties of solutions of non-divergence
linear elliptic equations. We give complete proofs of the results and we compare the
different notions of solutions: strong and viscosity solutions. Also, clarifications and mod-
ifications of some arguments in the method are described. The method has been extended
by Caffarelli to obtain results for non-linear partial differential equations, in particular for
the Monge-Ampére equation, see [Ca2], [Ca3].

The differential operators considered here are of the form

Lu = Qij (m)Diju,

where A(x) = (a;;(x)) is an elliptic matrix whose entries are real-valued measurable func-
tions of the variable z € R™, i.e., there exist positive constants A and A such that

MEP? < (A()€,€) < AJ¢J?,

for all £ € R".

Let 2 C R™ an open set. Assuming that the positive semi-definite matrix A(x) and
the function f(x) are well defined for all x € 2, we may define the notion of viscosity
solution of Lu = f. The function u € C(£2) is a viscosity sub-solution (super-solution) of
the equation Lu = f in Q if given 2y € Q and ¢ € C%(Q2) such that u — ¢ attains a local
maximum (minimum) at zo then Lo(xg) > (<) f(zo).

The function u € C(Q2) is a viscosity solution of Lu = f if it is both a viscosity sub-
solution and a viscosity super-solution.

Remarks on the notion of viscosity solution.
Viscosity solutions versus strong solutions

1. If u € C?*(Q) is a classical sub-solution (super-solution) then u is a viscosity sub-
solution (super-solution). In fact, let zo € Q and ¢ € C*(2) such that u — ¢ has a local
maximum at zg. Since u — ¢ € C?(Q), we have V(u — ¢)(x¢) = 0 and the Hessian matrix
D2(u — ¢)(zg) <0, (i.e, it is non-positive definite). Consequently,

L(u — ¢)(x0) = trace(A(zo)D*(u — ¢)(x0)) < 0,
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since A(x) > 0. Therefore
Lu(zo) < Lo(xo),

and since Lu(xg) > f(xp), the remark follows.

2. If u € C%(Q2) and wu is a viscosity sub-solution (super-solution) then u is a classical
sub-solution (super-solution). In fact, given zy € € this immediatly follows by taking
¢ = u.

3. We may also define viscosity sub-solution (super-solution) in the following way. A
function u € C(Q) is a viscosity sub-solution (super-solution) of the equation Lu = f in
Q if given ¢ € 2 and given a polynomial p of degree less than or equal to 2 such that
u — p attains a local maximum (minimum) at xo then Lp(z¢) > (<) f(xo). This definition
is equivalent to the one given before. In fact, let ¢ € C?(2) such that u — ¢ has a local
maximum at zg. By taking the second order Taylor approximation of ¢ we have that

o(z) = p(x) + o(|z — 20]?), as T — g,

where

p(a) = 6(z0) + Vlw0) (& = 20) + 3 {D*0(0) (& = 20), & — o).

Let € > 0 and set p.(z) = p(x) + €|z — xo|?. The function u — p. has a local maximum at
xq for all € > 0. Therefore

Lpc(zo) = f(wo).

But Lpc(zo) = Lp(xo) + 2> aii(xo). Since Lp(zg) = L¢(xo), by letting € — 0 the
claim follows.

4. Gilbarg and Trudinger, [Gi-Tr], chap. 8, introduced the notion of ”strong” solution.
A function w is a strong sub-solution (super-solution) of the equation Lu = f in Q if
u € W™(Q) and the weak second order derivatives D;;u of u satisfy

n

Lu(zo) = Y _ aij(w0) Diju(zo) > (<) f(x0)

4,j=1

for almost every xg € Q. We show that if u is a viscosity sub-solution (super-solution)
and u € W2"(Q) then u is a strong sub-solution (super-solution). Since u € W2m™(Q), by
Theorem 12, page 204, of [Cal-Z], the function u has derivatives of order 2 at almost every
xo € , i.e., there exists a polynomial P(x,xg) of degree < 2 such that

u(w) = P(x,20) + o(|z — zol*),

as x — xg. We also have that

1
P(x,x0) = u(xo) + Vu(zo) - (x — 20) + §(D2u(330)(x — Zp), T — o),
where Vu(zg) is the regular gradient at xo and D?u(z) is the Hessian in the sense of
distributions.
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Let ¢(z) = P(x,x0) + €|x — 20|?, with € > 0. The function u — ¢ has a local maximum
at xg, and since u is a viscosity sub-solution we have

Lo(xo) > f(x0).

But Lo(xg) = trace(A(zo)D?*u(wo)) + 2€ > 1, a;i(xo) and the claim follows by letting
e — 0. Note that this argument only requieres that u € t5°(x) for almost all o € Q2. By
theorem 12 of [Cal-Z], if u € LY(Q2) with p > n/2 then u € td(z) for almost every zy € Q
and p < g < co. The definition of the clases td is in [Cal-Z].

5. In case that the equation has continuous coefficients, we show the converse of 4. Let
) C R™ be an open set, we have:

Theorem. Let u € W2 (Q)NC(Q) be a strong sub-solution(super-solution) of Lu = f in
Q and f € C(Q). Then u is a viscosity sub-solution(super-solution) of Lu = f in €.

In order to prove this it is enough to show the following. Let B denote the open unit
ball in R™.

Proposition. Let u € W2™(B) be a strong sub- solution of Lu = f in B. Then u is a
viscosity sub-solution of Lu = f at the origin.

This will follow from three lemmas.

Lemma A. Let u, ug in W?"(B) with ux, — u in W2™(B). Then

/|det(D2uk)|dx—>/ | det(D%u)|dx.
B B

Lemma B. W?2"(B) C C(B) and ur — u in W™ implies ux, — u locally uniformly on
B.

For p € R" set uy(x) = u(z) — p-x. For u € C(B) let T'. denote the set of z € B such
that for some |p| <,

up(z) = max{u,(y) : y € B}.

Lemma C. Let u € W2"(B) N C(B) and assume p = maxegpu(r) < u(0). Ife <
u(0) — p, then |T'¢| > 0.

Proof. Assume first u € C%(B) N C(B). The idea is to show that the normal mapping of
. has positive measure. If x € I'¢ then |Vu(z)| < € and D?u(x) < 0. Thus Vu(T,) is a
subset of the closed ball B.(0). In fact it is onto B.(0): if not there exists p € B.(0) such
that u, is maximized at OB hence there exists an x € 9B such that

p > u() 2 u(0) +p- (x — 0) = u(0) - [p| = u(0) — e,

which contradicts the choice of e. Therefore as in [Gi-Tr|, page 221,

(*) wne" = | B.(0)] < /F | det(D?u)| da.
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Now if u is not C? choose u, € C?(B) approximating u in W2, Since uy — u pointwise
it follows easily that

r.D ﬁ G I'* = limsup ¥,

n=1k=n k—o0

By (*) applied to uj we have

wne" = |B(0)] §/ | det(D?uy,)| de.

re

Since u € W?2™, by letting k — oo in the last inequality and Fatou’s lemma (version for
lim sup) we have

k—oo

wpe” < lim sup/ | det(D?uy,)| dx
re

< / lim sup X ()] det(D?uy)(z)| dx
B

k—oo

< / lim sup X ()] det(D?u)(x)| dx
B

k—oo

—|—/Blimsup xre () (| det(D?ug)(z)| — | det(D?u)(z)|) dx

k—oo

< /1 o | det(D?u)(x)| dz + /B lim (| det(D?up)(2)] — | det(D?u)(x)]) da

< /F | det(D?u)(x)| da,

which shows that (*) holds for u and lemma C follows.

Proof of Proposition. Let ¢ € C?(B) and suppose u — ¢ has a strict absolute maximum
at the origin over B (if the maximum is not strict we add a quadratic function to make it
strict, i.e., u(x) — (¢(x) + §|x|?) has a strict max at 0. We let § — 0 at the end). Then
IT¢| > 0, where I'c corresponds to u — ¢, for € small. If D is the set of points x where
Lu(z) > f(x) and Vu(z) and D?u(x) exist, then there are z. € I'. N D which yields

(u—0)(xc) 2 (u—@)(y) +pe - (zc —y),y € B.

Here |p| < e. Since the origin is a strict max, z. — 0 as ¢ — 0, Vu(z.) = Vo(z.),
D?u(x.) < D?*¢(z.). Thus Lo(x.) > Lu(z.) > f(x.). Let € — 0 to get result.

Question: remarks 4 and 5 raise the following question. If u is a viscosity solution, is it
true that v € W2n?
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The convex envelope of a viscosity super-solution

The following lemma is the key to prove the Aleksandrov-Bakelman-Pucci maximum
principle for viscosity super-solutions. This lemma implies pointwise estimates of the
second order derivatives of the convex envelope of a viscosity super-solution in terms of
the right-hand side of the equation.

LEMMA 1. Let u be a viscosity super-solution of Lu = [ in the unit ball By = By (0),
with f continuous in By. Let xg € By and assume that f(xo) < p and there exists a convex
function w in By such that

(1) w(z) < u(x), Vr € By,

w(zg) = u(xo).

We then have
(a) p >0,
and
(b) there exists a constant C = C(\,A) and an affine function l(x) such that l(z¢) =
w(zg) and
I(z) < w(z) <I(x) + Culz — xo|?,

for |z — x| sufficiently small. In case = 0 then the last inequality holds with C'u replaced
by Ce for any € > 0 and for |z — xg| sufficiently small (smallness possibly depending on €).

Proof. Since w is convex, there is a supporting hyperplane at x, i.e., there exists an affine
function [(z) such that I(zq) = w(z() and

w(x) > l(x), Vz € B;.

If we set w(z) = w(x) — l(z), a(z) = u(z) — I(z), then w(z) < a(zx), W(zy) = u(xg) = 0,
and 4 is a viscosity super-solution. In view of this we may substract from u and w the
supporting hyperplane and assume that u(z) > w(x) > 0, and w(xg) = u(zg) = 0. For
simplicity, we shall also assume that g = 0, the changes in the argument below for zy # 0
are minor.

Let us first prove (a). Consider ¢(z) = —e|x|?, where € > 0. We have ¢ € C?(B;) and
by (1)

u(z) — d(x) = u(x) + elz> > w(z) > 0 = u(0) — ¢(0),

i.e., u—¢ has a local minimum at 0, and since u is a viscosity super-solution, Lp(0) < f(0).
Also

Lo(x) = —QGZaii(ﬂf) > —2enA.

Then —2enA < p and (a) follows by letting € — 0.
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We prove (b) in the following way. Let us first assume that p > 0. By the uniform
continuity of f there exists 0 depending on p such that

(@) = F(wo)| < 5.

for |x — x| < 0. Consider for 0 < p < d(xp,0B1)

a(p) = sup w(z).
le—z0|<p

We claim that A1+ A)
+
alp) < =———nr’,

for every p such that

0<p<po d(zo,0B1)},

) )
= win{ T

where M depends only on n and the ellipticity constants (see definition below). The claim

A1+ A)

immediatly implies (b) with C' = , since w(z) < a]z — zo)).

We shall prove the claim assuming xg = 0, the proof is similar in other case.

Suppose that the claim is false, then there would exist a p such that 0 < p < py and we

would have 14 A)
_I_
a(p) > TMPQ-

The function w is continuous and convex, therefore the maximum «(p) is attained at some
point z, |z| = p. Let us assume that this point z has the form z = pe,,, where e,, is the
n-th coordinate unit vector in R™. We claim that the convexity of w forces that

W(T1, ooy Tr—1, p) > a(p).
In fact, take the supporting hyperplane to w at pe,, i.e., there exists p € R™ such that
w(z) = p- (z— pen) + w(pen)
for all x € By. In particular, for |z| = p we have
a(p) = wlpen) = w(z) = p- (z = pen) + w(pen),

ie, p-(x—pey) <0 V|z] =p. This implies that p = (0, Ap) for some A\ < 0. Therefore,
the supporting hyperplane has the form Ap(z,, — p) + w(pe,,), and our claim follows.
1+A

1/2
Let M = (4n ) , and consider the cylinder

RP:{x: |<£L’1,...,:Un_1)| < Mp, |$n| Sp}
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Note that by the choice of py we have
R, C Bs(0).

Also consider the polynomial

P() = (1+ Mo+ )2 = 2 S a2,

The polynomial P satisfies the following properties:
(i) LP(x) > 2\, for every .
Property (i) follows from

LP(x) = apn(2)2(1 + A) — 2= Za” >2>\1+A)—2)\(n—1)A:2)\(1+%).

(ii) P(x) <0, foer@Rp\{:U.xn:p}.
To show (ii), we first assume that |(z1,...,2,—1)] = Mp and —p < x,, < p. In this case
we have

A A
P(x) = (1+ A)(wn + p)* = ~(Mp)® <41+ A)p? = “M?p? =0,

by the choice of M. If |(z1,...,2n—1)| < Mp and z,, = —p, then P(z) = —2 Z?;ll z? <0.
(iii) P(x) < 4(1+ A)p? on the set {z : x,, = p}.
Therefore, we have that
P(x) <0 <w(x) <ulx), Vo € OR, \ {x : z,, = p},

and for z € {z : x,, = p}, since u > 0, we have

P(z) <4(1+A)p? < 204(/)) < 2w(x1, iy Tp—1,p) < 2u(x1, ey Tp—1, P)-
Consequently
%P(SL’) <w(x) <u(z), Vo € OR,,.
Therefore u(x) — %P(x) > 0 on OR,, and u(0) — %P(O) = —%P(O) < 0. Since u is
continuous, this implies that the function u(x) — HP(&:) must have an absolute negative

A

minimum inside R,, say at a point y. But, since u is a viscosity super-solution we must
have

L§P)) < Fw).
and by property (i) this implies

2u < LISP)(y) < f(y).
But R, C B;(0), therefore |f(y) — f(0)] < /2, and combining the inequalities we obtain

34
2u < fly) <
which is a contradiction and the claim is proved.

In case y = 0 we apply the argument above with © =€ > 0.
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REMARKS TO LEMMA 1.

Lemma 1 has a pointwise character, as it is stated the function w may vary with the
point zg. If we assume that w is the convex envelope of v then the points xy in lemma
1 are the contact points. In the following remarks we assume that w is the same for all
points satisfying the hypotheses of lemma 1, in particular, we may take w to be the convex
envelope of u. We set H = { the set of points x( satisfying the hypotheses of lemma 1},
in case w is the convex envelope H = {the contact points}.

REMARK 1.

Given a point z satisfying the hypotheses of Lemma 1 the convex function w has a
unique supporting hyperplane at xy. In fact, suppose that at a point xy there are two
supporting hyperplanes H; and Hj given by affine functions /;(z) and l2(x) respectively.
By Lemma 1 we have that

0 <w(x)—Ili(z) <Cilz — x0|2,
for 1 = 1,2 and x in a neighborhood of xy. Therefore,
[l (z) = la(z)] < [l (z) — w(z)| + l2(x) — w(z)| < Cilz — zo|* + Caola — x|,

Then V(I3 — l2)(zo) = 0, and since [;(x) = b;(xo) - (x — z¢) + w(xp), we obtain by (xg) =
bg(zo).

REMARK 2.

Lemma 1 implies that w has gradient at each point x( satisfying the hypotheses and
the gradient is locally a Lipschitz function, i.e, w € C'1:1.

Let us first show that the gradient is well defined. At xy the function w has a sup-
porting hyperplane given by the affine function I(z) = b(xg) - (z — o) + w(xo), b(zo) =
(b1(z0), ..., bn(xo)), and

0 <w(x)—I(z) < Clz — x|,

and
w(z) —w(zo) = w(z) — () + b(xo) - (x — o).
In particular,
w(xo + he;) —w(zo)
h
with |I| < Clh|. So, by letting h — 0 we get

=1+ bj(x0)7

Djw(aco) = bj (.f())

The next step is to show that Vw(z) is locally a Lipschitz function. By this we exactly
mean the following. Let o € H and f(xg) < p, then there exists a ball B = Bjs(xp) such
that for x1,29 € BN H we have

IVw(z1) — Vw(z2)| < Culry — x2|.
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In fact, if f(zo) < p then there exists a ball Bs, (z¢) such that f(x) < 2u for all z € By, (x9),
and we may assume that d(Bg, (xg),0B1) = d > 0. By lemma 1 there exists § > 0 depending
only on 2y such that for each z € H N Bs, (z0)

Vw(z) - (x —2) +w(z) <w(z) < Vw(z) - (x — 2) + w(z) + 2Culz — 2%,

for any
)
’.CC - Z‘ < min{\/M:H,d(z,aBl)}.
Let 5
09 = min{ ——,d, ¢
o = min{ T 1}
and we claim that for x1, 25 € By, /2(20) N H we have
(3) [Vw(z1) — Vw(z2)| < Cplzy — 22|.

In fact, consider the supporting affine functions at each point:
Wz, x) =blx;) - (x —x;) +w(xg), i=1,2,

we shall first give an easy proof of (3) in one dimension. In such case we have w’(x;) = b(x;),
and by Lemma 1 we may write

w(z) = w(@) +w'(z:) (@ — ;) + g(wi, )| -zl
where g(x;, x) is a function satisfying

whenever

If |x1 — z2] < 62/2 we then may write
w(zz) = w(xr) +w'(x1) (w2 — 1) + g(x1, 22) 22 — 21|,

and
w(z1) = w(xg) + w'(x2) (w1 — x2) + g(x2, 21)|T1 — 22|

By comparison of these identities we get

(w'(21) — w'(z2)) (w2 — 1) = —g(31, T2) |22 — 21|* — (22, 1) |71 — 227,

which by the boundedness of g implies (3).
This proof does not seem to work when n > 1, in this case we shall use the following
lemma due to Calderén and Zygmund, [Cal-Z], p. 182.
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Lemma. Let k be a non-negative integer. There exists a function ¢ € CZ(R™) with
support contained in the unit ball centered at 0, such that for every polynomial P in R™ of
degree less than or equal to k, and for every e > 0 we have

¢ * P(x) = P(x), Vr € R".

As in one dimension we have
w(z) = w(w) + Vw(a) - (x — i) + g(zi, )|e — 2],
1 = 1,2, and convolution of these identities with ¢, gives
(4) w* Pe(x) = w(z;) + Vw(w;) - (x — ) + (9(as, 2) |z — 2] * ) (@),
i =1,2. Let us consider a variable, say z;, and take derivatives with respect to z; in (4).

This gives
Dj(w * ¢e)(x) = Djw(x;) + Dj(g(wi, x)lz — * * 6) (),

1 = 1,2. By setting * = x — 1, x5 and by comparison of the identities we obtain

Djw(xl) — Dj’w(l’g)
= Dj(g(w2, )|z — 2| % ¢c) (1) — Dj(g(21, )|w — 21| * @) (1)

= (9(w2, 2)|z — 32> ¥ D) (1) — (9(x1, x) |z — 21| * D) (1)
=1 -1I.

We then have
I<c /| _ = aaPe D6~ )9l
xr1—z|<e

< C’/ |z — zo2e ™ d2
|z1—2|<e

< C'// |z — zoPe " d2.
|zo—2z|<e+|x1—x2]

By setting € = |1 — x2| we obtain
|I| S Cl‘l‘l —.T2|.

Analogously for I1 we obtain
|II| S C/|I'1 —(132|,

and so
|Djw(:v1) — Djw(x2)| S C|l‘1 — T2]|.
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REMARK 3.

By a result of Aleksandrov, [Ev-Ga], p. 242, every convex function has second order
derivatives almost everywhere. Lemma 1 says that in case that the convex function is
the convex envelope of a super-solution its second order derivatives can be controlled a.e.
by the RHS of the equation. In other words, Lemma 1 is used to prove that if x( is a
point satisfying its hypotheses, then the second order derivatives of w exist at xy and are
bounded by the coefficient of |x — x¢|?. In particular, if f(zg) = 0 then the second order
derivatives of w at x¢ are bounded by Ce for any ¢ > 0, and therefore are 0 at that point.
This follows because by Remark 3 the function w is locally C!'! at the points ¢ for which
the hypotheses of Lemma 1 hold. Note that at those points the gradient of w is locally
a Lipschitz function with constant bounded by Cu, therefore by Rademacher-Stepanov’s
theorem the second derivatives of w exist at almost all points xy and are bounded by C'u.
In case f(z) > 0 then we apply the Lemma to obtain that the second order derivatives of
w at zg are bounded by Cf(zp). So in any case we obtain the following desired estimate:

| Dsjw(zo)| < Cmax{f(xo),0},
at almost any z¢ satisfying the hypotheses of Lemma 1.

The Aleksandrov-Bakelman-Pucci maximum
principle for viscosity super-solutions

Let B be an open ball in R™. Given xg € R™ and t > 0 we let
Q(:co,t):{yER”:y-(f—x0)+t>0, VfEB}

The set €2(z¢,t) consists of the gradients of linear functions which have value t at z¢ and
are positive in B.
We define the normal mapping of a function u (or the subdifferential of u) in the usual

way. That is, given a point xy € {2 we consider the set

Xu(zo) = {p:u(x) <u(zg) +p- (x — o), Vo € Q},

(note that this set may be empty) and the normal mapping of u or subdifferential of u at
the point xq is defined by x,(zp). Therefore x, : @ — P(R"). In case the function w is
differentiable at x( then x,(z¢) consists of only one point, i.e., x.(zo) = Vu(zo).

Let I'(u)(z) be the upper convex envelope of u in B, i.e.,

I(u)(x) > u(x), Vx € B,

—T'(u) is convex in B, and I'(u) is the minimal function with this property.
Let C(u) be the ”contact set” of u, i.e.,

Cu)={x € B:T'(u)(z) = u(x)}.
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LEMMA 2. Let u € C(B) such that u(x) <0 on 9B, and xo € B with u(xg) > 0. Then

Q(z0, u(z0)) C Xr(w) (C(u)).

Proof. Let y € Q(xg,u(xg)), then
y-(§—xo) +u(zg) >0, V&€ B

Let
Ao =inf{A: A+ y- (€ — o) > u(f),VE € B}

By continuity we have
(a) Moty (6— o) > ul§), VEEB.

Consider the minimum
min{Ao +y - (£ — z0) — u(§)},
£eB

this minimum is attained at some point ¢ € B, and we have

Xo+y - (€—xo) —u(§) =0.
Because on the contrary
X+y-(§—x0) —ul§) >e>0, V¢ € B,

and A\g would not be the infimum. B
We claim that £ € B. Since ulgp < 0, the claim will be proved if we show u(§) > 0. By
taking £ = z¢ in (a) we get u(xp) < Ao, and consequently

Y- (§—z0) + Ao >0, V¢ € B,

in particular, for & = £

w(€) =y (£ —x0) + Ao > 0.
Therefore we proved that if y € Q(zo,u(x¢)) then there exists a point £ € B such that

u(é) =y (£ —z0) + Ao,

and )
ul@) <y-(E—z0)+ N, VEEB.

This means that Ao + ¥ - (§£ — xo) is a supporting hyperplane of u at €. Therefore £ is a
point of concavity of u and we must have £ € C(u). The fact that I'(u) is minimal implies
that I'(u)(&) <y - (§ — x0) + Ao, and consequently y € xp(,)(C(u)) as we wished.
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LEMMA 3. Let v be a viscosity super-solution of the equation Lu = f in By, the ball of
radius 1 centered at the origin. Assume that v(x) > 0,Vx € 0By, and let

v~ () = —min{v(z), 0},

i.e., v~ is the negative part of v. Let I'(v)(x) be the lower convexr envelope of —v™(x) in
Bi. We then have that

1/n
maxv (x) < C fH(x)"dx )
By C(v)

where C(v) = {x € By : v(z) = I'(v)(x)}, and C is a constant depending only on the
ellipticity and dimension.

Proof. We assume that there exists a point xg € B such that v(zg) < 0, on the contrary
there is nothing to prove. Consequently v~ is not identically 0.

We consider I'(v™)(x) the upper convex envelope of v~. We have v~ (z) = 0 on 0B,
and v~ is clearly continuous on B. Let M = maxp v~ (x) which is attained at some point
ro € B. We may apply the previous lemma to obtain

(6) Q(z0,v™ (20)) C Xr@—)(C(v7)).
Let w(x) be the lower convex envelope of —v~(x) in By. Note that w(z) = —T'(v7)(x)
and
w(z) < —v” (z) < v(x),

and consequently w(xz) < 0. The assumption that there is a point zy € B; for which
v(zg) < 0, and the fact that w is convex imply that w(z) < 0 except possibly on the
boundary of Bj. (Assume is not true, then there exists z € By such that w(z) = 0, and
the line joining z and x( intersects the boundary at z;. We have w(z1) < 0, which gives
contradiction with w(z) = 0,w(z¢) < 0 and the convexity.)

If z € C(v™) then v(z) = w(z). This is because if v(z) < 0 then v™=(z) = —v(z). If
v(z) > 0 then v~ (z) = 0 = —w(z) which by our assumption is impossible for points in the
interior of B;. Therefore

ClvT)Cc{reB:v(x)=w(z)}=H,

and since v is a super-solution, by Lemma 3 the function w = —I'(v™) has gradient for
x € H, the gradient is locally a Lipschitz function and the second order derivatives exist
a.e. in H and are bounded by f*(z). Note that the function —w = I'(v™) is concave, and
therefore D?(—w)(x) < 0 for almost every z € C(v™).

On the other hand by (6) we have

(20, v™ (20))] < IXr-)(C(07))],
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and to control the RHS we use the formula of change of variables. In order to do this and
due to the fact that the gradient of I'(v™) is only locally Lipschitz in C(v™) we use the
following covering argument.

First of all the formula of change of variables we use is the following (see [Fe], p. 243).
Let f: R™ — R"™ be a Lipschitz function and A C R™ a measurable set. If f is univalent
in A then

F(A)] = /A ()] da

To simply the notation we set h(z) = I'(v™) and C = C(v™). Let z € C and let Bs(2)
be a ball such that Vh is Lipschitz in Bs(z) N C. Then there exists a Lipschitz extension
h of Vh to Bs(z), h(x) = Vh(z) for € C N Bs(z), and the Lipschitz constant of h is
bounded by a multiple of the constant of Vh. Remember that Vh is differentiable in C
and D?*h(x) <0 for a.e. © € C. Let € > 0 and set

P (x) = h(z) — ex.
If z € C'N Bs(z) is a density point then we have
D?h(z) = J;(2).
Almost all points of C' are density points. Now note that the mapping ®. is univalent in

C N Bs(z) (or in the subset of density points of C' N Bs(z)), in fact D?®, < e. Therefore
we may apply the formula of change of variables to obtain

B.(C 1 Bs(2))| = / o (2)] do.

CNBs(2)
Since ®.(z) — h(z), we have that

Vh(C N Bs(z)) = liminf ®.(C N Bs(2)),

€E—

and by Fatou’s lemma

IVRh(C N Bs(z))| < limi(r)lf |P(C' N Bs(z))]-

Consequently,

Vh(C N Bs(2))| < /(m 14D @)

Now for every z € C we have a ball Bs(z) such that Vh is Lipschitz in C' N Bs(z) and
D?h(z) < 0. By the Besicovith covering lemma there exists a countably family of balls
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By, = Bs, (z1) covering C' and with bounded overlaps. Then

[VA(C)| <) IVh(CN Byl
k=1

< ;/{mk | det(D?h)(x)| dz

-3 /C x5, (2] det(D?h) ()| da
< /C (g m(ac)) |det(Dh) (x)] da

<c / | det(D2h)(z)| da.
c
Since |Q(xg, v (x0))| = M™|Q(x0,1)|, the proof of Lemma 3 is complete.

The test function

LEMMA 4. Let By,By and B3 balls in R™ with radius r;, such that By C By C Bs,
d(B1,0B3) = a > 3r1, and ro < 2r1. There exists a function p € C?(B3) such that
(i) p(xz) > 0,Vx € 0Bs3.
(ii) Lp(x) < 0,V ¢ By, and for every elliptic operator L with ellipticity constants X\, A.
(iii) p(xr) < —1,Vz € Bs,.
(iv) |[plle: < C(AA).

Note: an analogous version of this lemma holds with cubes instead of balls.

Proof. Let zy be the center of By, and 0 < € < r;. The function is defined in Bs \ By by

p(z) = K (%1 - d(m,Brll—e(xO))) ’

where K,e, M are positive constants that will be chosen appropriatly to produce this
marvelous function.
We set

d(x) = d(z, Br,—c(20)),
and note that if z ¢ B, _. then
d(z) = |z — xo| — (r1 — €).

We have

330

T

D;d(z) = |x_x0|

Dijd(x) =0i|x — xo| " — & — 20| (2 — 2) (z; — 29)
Di(d™™M) = — Md=™~1D;d

Dij(d™ M)y =M (M + 1)d"™2D;dD;d — Md~™~'D,;d.
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Therefore

Lp=-KM(M +1)d"2>"a;;D;dD;d + KMd~"") " a;;Dj;d = J,
and we want J < 0 for x ¢ By. By the ellipticity we get

J< —KM(M +1)d™M72X\+ KMd ™|z — 20| 7 (=X + nA)
= KMd M2 (M + 1) + d|z — zo| (=X + nA)},
and if we pick M such that
M+1
>1
y—-1 "~
where 7 = A/\, then the quantity between curly brackets is non-positive and so property

(ii) follows.
To show (i) note that if © € dBs, since d(By,0B3) = a > 3r;, we then have

)

d(x) > a+e,

and therefore
dM < (ate™M,

and since K > 0, (i) follows.
We now show that p(z) < —1 for x € By \ By and for an appropriate choice of K. Let
T € By, since B; C By, we have zg € By and

d(z) = |z — xo| — (r1 —€)

r
< Uy —1 — €< 2y — = F¢

2
3
:§r2+e<3r1—i—e<a+e,
and so
r%axd(x)<5<a+e.
By taking K such that
1 1> 1 1
K (a+e¢) 6 (a+e) dx)

and we then obtain p(z) < —1 for x € By \ By, .

Note that the function p defined above blows up on the boundary of B,, _.. The function
p of the lemma is obtained by extending p from Bs '\ B;,—¢ to all Bz in such a way that
the C?-norm in Bs is bounded by a multiple of the C?-norm on Bj \ By, —¢. This last
norm depends only on the ellipticity constants.
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First step in the proof of Harnack’s inequality

LEMMA 5. Let By, By and B3 balls in R™ such that By C By C B3 and satisfying the
hypotheses of Lemma 4. Let u be a non-negative viscosity super-solution of Lu = f in the
ball B3 such that

infu<1.
By

Then there exist positive constants ey, M and p depending only on the ellipticity constants

A, X of L such that if
1 fllz(Bs) < €0
then
{x € By :u(x) < M}| > p.
NOTE: this lemma holds with cubes instead of balls.

Proof. Let p be the test function of Lemma 4. Since p is C?, the function u + 2p is a
viscosity super-solution of Lu = f + 2Lp in Bs. In fact, let x9 € B3 and let ¢ € C?(B3)
such that u 4 2p — ¢ has a local minimum at z(, then obviously u — (¢ — 2p) has a local
min at x, and since u is a viscosity super-solution

L(¢ — 2p)(z0) < f(20),

and consequently the claim follows.
Also, u(x) 4+ 2p(x) > 0 for x € 9B3, and then we may apply Lemma 3 to v = u + 2p in
Bg. Set
v (z) = —min(u(z) + 2p(x),0),
we claim that
max v (x) > 1.

In fact, since infg, u < 1, there exists z € By such that u(z) < 1 and consequently
u(z) + 2p(z) < —1. Therefore v~ (z) > 1. Then application of Lemma 3 gives

1/n
1<C (/c(v)(g(x)ﬂn da:) ,

where g(x) = f(x) + 2Lp(z). We recall that C(v) = {z € B3 : v(x) = I'(v)(z)} where
I'(v)(z) is the convex envelope of —v~.
Set

| w@rrde= [ g@rdes [ (g de =141
C(v) C(v)NB1 C(v)NBY§
Now, if ¢ By then Lp(z) <0, and so g(x) < f(z) which gives

<[ (@) e < s, <6
C(v)NBY{
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On the other hand, for all x € Bs we have Lp(z) < ¢, and consequently g(z) < f(x) + 2¢.
So g(z)™ < (f(z) +2¢)t < fH(x) + 2¢, and we obtain

I< / (f(z)T +2¢)" dx
C(v)NB;

)" dx c)"dzx
scn/c(m&(f() ok [ (o

C(’U)mBl
< Cullf1l7 + Cn, A, A)|C(v) N By
< Cre® + C(n, A\, A)|C(v) N Byl.

By combining estimates we then get
1 < Cpe™ 4+ C(n, A\, N)|C(v) N By,
and by picking ¢y > 0 such that C,ef < 1/2, we obtain that
IC(v) N By| > p.
To end the proof of Lemma 5 we shall show that
Clv)yNBy C{z € By :u(x) < M},

for some M > 0 depending only on the ellipticity.

Since —v~ () = min(v(z),0) < 0, we always have I'(v)(x) < 0. Let z¢g € C(v), we
claim that v(xg) < 0. Since v(xg) = I'(v)(z0), we always have v(zp) < 0. Suppose that
v(xg) = 0. Then I'(v)(xg) = 0, and we shall show that this implies that I'(v) = 0. If T
were not identically zero there would exist a point z; such that I'(v)(z1) < 0. Let z2 be a
point on the line joining xy and x1,but x5 is outside the segment between xy and z;. We
have I'(v)(z2) < 0 and for some 0 < ¢t < 1 we have xg = tz1 + (1 — t)x2 and by convexity

0="T(v)(xo) =T(v)(tx1 + (1 — t)x2)
<tT'(w)(xz1) + (1 —t)T'(v)(x2) < 0,

a contradiction. Therefore I is identically zero and since I' < v, we have v > 0. This last
inequality is impossible since ming, v < —1.
Consequently,

Clv)NBy C {x € By :v(x) <0}
={z € By : u(x) + 2p(x) < 0}
={z € By :u(x) < —2p(x)},

but p(x) < —1 in By, so m = ming, p(z) < —1, and
{z € By :u(x) < —2p(x)} C {x € By : u(z) < —2m},

and the claim is proved. Consequently the lemma holds with M = —2m.
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The estimate of the distribution function of
the super-solution u

Let @ be a cube in R®. We divide @ into 2" congruent subcubes Q* with disjoint
interiors such that |Q| = 2¥"|Q*|. Given a cube Q¥ its predecessor is denoted by Q*, and
Q" is obtained from Q¥ by bisecting its sides, i.e., |Q¥| = 2"|Q"|.

Let A be a measurable set, and let () be a cube in R™. Suppose that A C ) and

Al < 4lQ),

for some § > 0. By the Calderén-Zygmund decomposition of A there exists a family {Q*}
of dyadic subcubes of ) such that

AC Ej QF a.e.,
k=1

[ANQF > 61Q"|
and 3 3

[ANQF < 61Q"|
where QF is the predecessor of QF.

LEMMA 6. Let A C B C Q!, measurable sets, Q' is a cube. Assume that there ewists
0 > 0 such that

(i) |A] < 0]Q"|

(ii) if Q% is a dyadic cube of Q' from the Calderdén-Zygmund decomposition of A which
satisfies

AN Q' > 6|Q"]

we then have Q' C B.
Then we have |A| < §|B].

LEMMA 7. Let u be a super-solution satisfying the hypotheses of Lemma 5 over cubes.
Then there exist positive constants M > 1 and 0 < pu < 1 depending only on the ellipticity
constants such that

(5) Hz e Q:u(z)> MY <(1-pk, k=1,..

Proof. The proof is by induction. Suppose ()1 is a unit cube, and let M and p be the
constants of Lemma 5. If kK =1 we have

Qr={z€@Q:ulx) < M}U{zxe @ :ulx)> M},
and

L= [ =z € Qu:u(x) < M} + [{z € Q1 :u(x) > M}|
> p+HreQr:u(x) > M}
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Assume that (5) holds for k — 1, and let
A={z€Q:u(x)> M}, B={recQ:u(z)> M1
Since M > 1, we have A C B and by inductive hypothesis |B| < (1 —u)*~!. We claim that
Al < (1= p)|Bl.

To prove the claim we use Lemma 6. We need to show that (i) and (ii) of that lemma hold.
Since A C {x € Q1 : u > M}, we have (i). To show (ii) let {Q?} be the Calderén-Zygmund
decomposition of A with

(6) [ANQ7 > (1— )7,

and we want to show that the predecessor Q7 of Q7 satisﬁeS~Qj C B. Suppose by con-
tradiction that this is not true, i.e., there exists a point Z € @’ such that Z ¢ B, that is
u(z) < M*F-1. Set
u(z)
u(x) = A1

We shall apply Lemma 5 to @, in order to do this we have to rescale. Let zo be the center
of Q7 and it edgelength is §. Let Q9 be the cube with side 2 center at the origin. We
define the transformation

J
T(z) = 27 + 20,

and note that T : Q2 — Q7. Consider

If

and 5 |
o2 = (35) = T2

then we claim that @ is a viscosity super-solution of Lu = ¢ in Q». In fact, let 2o € Qo
and ¢ € C?(Q2) such that @ — ¢ has a local minimum at zq. We write

_ u(Tz) u(Tzx) _
u(x) - ¢($) = ME—1 - ¢($> = ME—1 - ¢(T 1T$)7
and 50 —o— — ¢ o T~! has a local minimum at T'zo. Since u/M¥*~! is a viscosity super-

ME—1

1
solution of Lu = i f, we have

L(¢po T H(Txp) < #f(ho),
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but
L(¢po T 1)(2) = (2/6)%aij(2)Dijp(T~ ' 2),

and therefore
L(¢ o T~)(Tx0) = (2/6)?aij(Txo) Dijp(w0) = (2/8)* Lep(wo),

and the claim follows.
Since infg, @ < 1 and @ > 0, we may apply Lemma 5 to @ provided ||g||, < e. We

calculate
S 2 1 . 1/n
ot = (5) 3= ([ 10 az)

- (fuer )

< [l flln <'e

since 0 <1 and M > 1.
We apply Lemma 5 to % in the cube @ such that Q7 = T(Q;) and we obtain

Hx € Q1 :u(x) < M}| > p.

Now note that if we set E = {z € Q1 : a4(z) < M} and H = {2z € Q' : ]\Z(kz_)l < M} then

T—1(H) = E and then by changing variables we get

2= () .

Since |Q’| = (6/2)", we obtain
[H| = Q||| > p|Q’].

This implies that
{z € Q7 ru(z) = MM} < (1 - w)|Q’],

ie.,

[ANQ7] < (1 - w7,

a contradiction with (6). Thus, the proof of the lemma is complete.
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If a sub-solution is large at a point then it is large
in a small neighborhood of that point

Lemma 8. Let u be a sub-solution of Lu = f in a cube Q;. Assume that Q1 (unit cube)
and Q2 are sub-cubes of Q; as in Lemma 5, and u > 0 in Q;, infg,u < 1 and || f]] < e
Let M and p be the constants of Lemma 5.

There exist constants kg and ¢ depending only on the ellipticity constants with the fol-
lowing property:

If k > ko and xq are such that

(1) u(xg) > MF

(2) d(wo,Qf) > c(1 — pw)*/™,

then for 2p = c(1 — p)*/™ we have

1
(7) sup u > u(xo)(l+ —).
B (x0) M

Proof. The proof is by contradiction. Suppose (7) is not true and consider

u(zo)(1 + 37) — u(x)

u(zo)
M

w(z) = :

and the cube Q* with center xy and edgelength P By Lemma 7 we have

8vn
[Ar] = H{z € Quu(x) > MM < (1—-p)"

Since we assume that (7) is not true, supg () u < u(zo)(l + <), and consequently
w(x) > 0 in B,(xp) and also w(zo) = 1. Note also that Q* C B,(z¢). We apply Lemma 5
to w in Q*, note that since u is a sub-solution, the minus sign makes w a super-solution
of Lu = % f. To apply Lemma 5 we rescale @* to (Q1(0) as in the proof of the previous

Lemma, i.e., we find an affine transformation A : @1(0) — Q* and we apply Lemma 5 to
w(Az) in Q1(0). We obtain

[ Az = [{z € @ : w(z) = M} < (1 - p)|Q7.
We claim that Q* C A; U Ay. In fact, if ;1 ¢ A; then u(z;) < M*¥~! and since w(z) =

M M*
u(x)’ we have w(xy) > M +1—
u(zo) u(zo)

Consequently, |Q*| < |A;| + |Az2] < (1 — p)*~1 + (1 — u)|Q*| which implies

M+1- . Then by (1) w(z1) > M, i.e., x1 € As.

(1—m*t

Q"] <
ol
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By the definition of p we then have

16y/n
(1= )t/

This implies that
c<

To obtain a contradiction we pick

16y/n

A=

k/n

and k sufficiently large such that ¢(1 — p) is sufficiently small.

Harnack’s inequality

THEOREM. Assume that u > 0 is a viscosity solution of Lu = f in the cube Q;. Let
Q1 be a cube with edgelength 1, Q1 C Q; and such that the cube Q2 concentric with QQq
and with edge length 2 is contained in QQ;. Then there exists a constant C depending only
on the ellipticity constants such that

supu < C <infu + ||f||L”(QL)) )
0 Q1

for any non-negative viscosity solution u.

PROOF.
We first make the following simplification.
We may assume that infg, v < 1 and || f||zn(g,) < € < 1. Because if this were not true
we set
u(z)

ian1 u+ HfHL"(Qz)’

v(z) =€

and
f(x)
€ 5
infq, u+ || fllz» Q)

g(x) =
and we have
Lv=g, and  |lgllznq) <€

Therefore, if we may show that under the assumptions there exists a constant C' depending
only on the ellipticity and such that

supv < C,
Q1



24 C. E. GUTIERREZ

then this would imply that
Supg, U
€ S 07
1an1 U+ ”fHL”(Ql)

and the theorem would follow with constant C'/e.
We shall show that there exist constants Dy = D(A, A) and § = §(A\, A) such that if u
is a non-negative solution of Lu = f in @), such that infg, v < 1 then we have

(8) u(x) < Dod(z, 8@1)_5, Vr € Qq,

where )1 is any unit cube such that Q1 C @Q2(0). The inequality (8) blows up on the
boundary of (). Harnack’s inequality in the unit cube @;(0) follows from (8). In fact, we
may cover the cube Q1(0) with a finite number of unit cubes Q1 C Q2(0) and apply (8) in
each Q1.

Let us prove (8). Let M and u be the constants of Lemma 5, and define § > 0 such that

1

— = (1—p)’m.
27 = -

Let
D = sup u(x)d(x,0Q1)°.
z€EQ1
Since wu is continuous there exists o € ()1 such that

D = u(l'())d(l'o, an)é.

Let k& be such that
M* < u(xg) < MPHL

We have
D 1/6 D\ /9

D
Let ¢ and kg be the constants of Lemma 8. If i < ¢’ then

u(x) < céMd(ac, 8@1)_5,

and (8) follows.
D
If i > ¢® then either k > ko or k < ko. If k < ko then u(zg) < M*oF! consequently
D < M*ot+1d(z9,0Q1)° and so

u(x) < MkOHd(xo, 8Q1)5d(ac, 8Q1)_5,
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and (8) follows.
The worse case is then when

In this case we may apply Lemma 8 because (1) and (2) of that lemma hold. We then
have

1 D 1
(10) Bit(li)UZU@O)(lﬂLM) = W(1+M).

On the other hand, B,(z9) C Q1 and consequently

(Mo 00)

sup u = sup
B, (z0) B, (z0)

! é
< B0y 2, (u@dle 001)%)

< D
= (d(0,0Q1) — p)°°

Now from the definition of p and (9) we get

1/6
d(o,0Q1) > (%) / %P,
which applied to the previous estimate gives
D ¢ M5\
) Bspl(lg))u = d(z0,0Q1)° (1 ~3(p) ) .

A comparison of (10) and (11) gives

)
1 c, M,
_ < _ D26 )
1+M_(1 2(D) )

(60

This implies that

olN

D§M<

and the proof of (8) is complete.
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