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AssTrRACT. We present an abstract method in the setting of compact metric spaces
which is applied to solve a number of problems in geometric optics. In particular,
we solve the one source near field refraction problem. That is, we construct
surfaces separating two homogenous media with different refractive indices that
refract radiation emanating from the origin into a target domain contained in an
n — 1 dimensional hypersurface. The input and output energy are prescribed.
This implies the existence of lenses focusing radiation in a prescribed manner.

1. INTRODUCTION

We present in this paper an abstract method, having general interest, that can
be applied to prove existence of solutions to a number of problems in geometric
optics relative to refraction. The method is formulated in the abstract setting
of compact metric spaces and it is based on the ideas of concave and convex
maps mappings and the existence of families of functions that play the role of
building blocks satisfying certain properties. The application to show existence
of solutions to various problems then consists in selecting the appropriate maps
and the appropriate class of building blocks related to the specific problem.

A main application of this method considered in the paper is to solve the one
source near field refractor problem, that is, to show existence of surfaces that
refract radiation when the output and input intensities are prescribed. More
precisely, we have a domain Q in the unit sphere $"! and a domain D contained
in an n — 1 dimensional surface in IR"; D is referred as the target domain or screen
to be illuminated. We also have two homogeneous and isotropic media I and
IT with refractive indices n; and n,, respectively, and suppose that from a point
O surrounded by medium I, light emanates with intensity f(x) for x € (), and
D is surrounded by media II. We are also given in D a Radon measure u and

the energy conservation equation fQ f(x)dx = p(D). We prove the existence an

optical surface R parameterized by R = {p(x)x : x € 3}, interface between media
I and II, such that all rays refracted by R into medium II illuminate the object D,
and the prescribed illumination intensity distribution at D is u. Of course, some
conditions on the relative position of D and the set of directions in () are needed
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to illuminate D. This implies that one can design a lens refracting light beams
so that the screen D is illuminated in a prescribed way. The lens is bounded by
two optical surfaces, the “outer” surface is R and the “inner” one is a sphere with
center at the point from where the radiation emanates.

To implement the application of our abstract result to this case, we determine
that the building blocks to construct the surface solution are Descartes ovals.
Descartes ovals refract all light rays emanating from a point O into a fixed point
P; see Figures|lland 2l The solution of the near field refraction problem depends
in a essential way of a novel and very delicate study of the eccentricity of the
ovals and its approximation properties , Section 4] This geometry is much more
complicated that the one needed for the solution to the far field problem solved in
[GHO9] using mass transport. In particular, existence of solutions for the far field
refractor problem can be obtained directly with this abstract method, Section

Geometric optics problems -far and near field- received recently attention
because of both its applications and their mathematical interest and difficulty. To
put our results in perspective, we enumerate some related results. The problem of
the far field reflector has been considered by several authors, both mathematicians
and engineers. For example, existence and uniqueness up to dilations of solutions
for the far field reflector problem were proved by Caffarelli and Oliker in [COO0S8]|
and X-J. Wang in [Wan96]], and for nonisotropic media by Caffarelli and Q. Huang
[CHQO9]. C! regularity of solutions for the far field reflector was established in
[CGHO8|]. The near field reflector problem was considered by Kochengin and
Oliker in [KO97], and in recent work by Karakhanyan and X-J. Wang [KW10]. The
far field refractor problem was for the first time considered by the authors, and
existence and uniqueness up to dilations of solutions were established in [GH09].
Refraction problems are in general more involved that reflection problems because
of physical constraints. A difference between near and far field problems is that
the latter can be cast in the frame of optimal transportation. Instead, near field
problems are in general not optimal transportation problems which makes their
mathematical treatment more difficult. In particular, the presence of p in the
matrix A and on the right hand side of the pde (8.20), indicates the problem is
not an optimal transport problem. We mention that some results for the near field
refractor problem have been announced in [GHO8].

The plan of the paper is the following. Section 2 contains the main results in
the paper where we develop the abstract method. Section |3| describes the Snell
law and the physical constraints of refraction. Section [ contains our study of
Cartesian ovals and estimates that are essential in the application to the near field
problem. In Section [l we describe the assumptions on the domains Q and D and
solve the near field problem when x < 1. Similar existence results when x > 1
are proved in Section[f] In Section[7/]we show further applications of our method:
the far field refractor problem and the second boundary value problem for the
Monge-Ampere equation.
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Finally, the pde governing the near field refractor problem is a fully nonlinear
equation of Monge-Ampere type whose derivation is quite complicated and it is
included in Appendix, Section|[8|

2. CONTINUOUS MAPPINGS AND MEASURE EQUATIONS

Let X, Y be compact metric spaces, and w a Radon measure on X. Let YX denote
the class of all set-valued maps @ from X to Y such that ®(x) is single valued for
a.e. x with respect to the measure w. We say that the map ® € Y* is continuous at
xo € Xif given xx — xpand yix € P(xy), there exists a subsequence Yk, and v € D(xo)
such that Yk; = Yo, as j — oo. Let C(X,Y) denote the class of all ® € YX such that
@ is continuous in X; and let C,(X, Y) denote the class of ® € C(X,Y) such that
O(X) =Y.

Lemma 2.1. Given ® € C4(X,Y), the set function defined by
Ma(E) = w (@7'(E))
is a Radon measure on Y.

Proof. The set C = {E CY: D YE)is a)—measurable} is a o-algebra containing
all Borel sets in Y (0"Y(E) = {x € X : ®(x) N E # 0}). Indeed, ®'(0) = 0,
YY) = X, 07U, E) = UZ, @7 (E), @(E) = (@7(E)) U(@71(E) N 7} (EF)), and
) ((CD‘l(E) N CD‘l(EC))) = 0. IfKis compactin Y, then ®}(K) is compactin X. In fact,
let {x;} ¢ ®1(K), and y; € ®(x;) NK. Since X is compact and @ is continuous, there
exist subsequences {xk],} and {ykj} such that Xk, = Xp and yx, — Yo with yo € P(xo),
that is, xp € ®1(K). To show the o-additivity, let {E;} be a disjoint sequence
of sets in C. Then Mq>(U]i’°:1Ej) = w(®YEy)) + Z,‘iza}(@‘l(Ek) \ Ui;lCD‘l(Ei)) =
Yt Mo(Ex). O

Let C(X) denote the set of continuous functions in X with the topology of
uniform convergence.

Definition 2.2. If ¥ C C(X) and T : ¥ — Cy(X,Y), we say that T is continuous at
¢ € F, if whenever ¢; € ¥, ¢pj — ¢ uniformly in X, xo € X, and y; € T (¢;)(xo), then
there exists a subsequence y;, such that y;, — yo with yo € T (¢)(xo).

Lemma 2.3. If ¥ C C(X), T : ¥ — Cy(X,Y) is continuous at ¢ € ¥, and ¢; — ¢ in
C(X) with ¢j € F, then My — My () weakly.

Proof. It is enough to show that

(2.1) lim sup M7, (K) < M) (K), for all K C Y compact,

]—)00
and
(2.2) lim inf M7(G) 2 Mg (5)(G), for all G C Y open.
]—)OO
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To prove (2.1), we show that lim Sup; ., T () "K) c T(p)'(K). Let x €
T (¢,) " (K). So there is y; € T (¢;)(x0) N K, and since 7~ is continuous at ¢, there
exists a subsequence y;, such that y;, — yo with vy € 7(¢)(xo). Since y € K, we
have xq € 7 (¢)"'(K). Hence

lim sup Myr,,(K) = lim sup (7 (¢) ™ (K))

j—oo j—oo

<w [nm sup fr(q>j)-1<1<>) < o (T(@)(K)) = My (K).

]

To prove (2.2), we show that 7 (¢) ' (G)\Ey C liminf;_,. 7 (¢;)~1(G), with w(Ey) =
0. Indeed,
limsup (7(¢;)™(G))' < limsup (T (¢)™(G)) U (T(¢) (@ NT(6)(G))]
jeo jeo
= limsup T((P]-)_l(GC)
j—oo

C T ()" (G) since G is compact because Y is compact

= (T@)'©) [T '@ Nn TG = (T@)'©) VE,

with w(Ep) = 0, since 7 (¢) is single valued except on a set of w-measure zero.
Therefore

lim inf My,,(G) = liminf w (77(¢)(G))
o0 ] 00

> w (ligr_l) inf T(C/bj)_l(G)) 2w (7-(@_1((3)) = My)(G).

2.1. Concave case. Let
C*(X) = {f : f is continuous and positive in X}.
In this subsection, we consider classes # C C*(X) satisfying the following condition:
(A1) if f1, , € F, then fi A fo = min{f, o} € F.
We say that the class ¥ C C*(X) is T -concave if F satisfies (A1) and there exists a

map T : F — Cy(X,Y) that is continuous at each ¢ € ¥ and the following condition
holds

(A2) if P1(x0) < P2(x0), then T (P1)(x0) C T (P1 A P2)(xo).
We also introduce the following condition on the class ¥
(A3) For each y, € Y there exists an interval («,,, f,,) and a family of functions
{ht,yo (x)}a atepy ¥ satisfying
Y0 Yo

(@) yo € T (hyy,)(x) forall x € X,
() hyy, < by, fort <s,
(c) hiy, — 0 uniformly as t — ay,,
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(d) hy, is continuous in C(X) with respect to t, i.e., maxex Ihtf,yo(x) —
hiy(x)] > 0ast’ — t, for a,, <t <fy,.

Remark 2.4. Notice that (A3)(a) implies that My, , ) = w(X) by, for ay, <t < By,
Because if E C Y is a Borel set with y, € E, then from (A3)(a), X C 7 (hy,) ' (10) C
T(ht,yo)‘l(E) C X and so Mr;-(h,,yo)(E) = w(X). If yo ¢ E, then yp € Y\ E and so
MT(ht,yO)(Y \ E) = a)(X) and then MT(hhyo)(E) =0.

The following is the main theorem in this section. We solve a measure equation
when the given measure in Y is discrete.

Theorem 2.5. Let X, Y be compact metric spaces and w is a Radon measure in X. Let
p1,-- -, pn bedistinct points in Y, and g1,-- -, gn be positive numbers with N > 2.
Let F cC*(X)and T : F — Cy(X,Y) be such that F is T -concave and (A3) holds.
Assume that

N
2.3) w(X) =Y g
i=1

and there exists py = ming <<y hbo,p,‘ such that Mg, (pi) < gi for 2 <i < N. Then there
exist b; € (&, Bp,), 2 < i < N, such that the function, with by = b(lJ,

,O(x) = 1122'1}] hhi,}?i(x)

satisfies
N
M7 = Zgi Op;-
i=1

Proof. Let by = bY and define the set
W ={(by, -+, bw) : @y, < by < b My y(pi) < giri =2, NJ.

By the assumptions, (b3, --- ,b%) € W.

Step 1: There exist constants L, €p > 0 such that for all (b,, - - - ,by) € W we have
b; > ay, + € if ay, > —00, and b; > —L if a, = —o0, for 2 <i < N.

To prove this, we first show that the measure My, is supported on {py,-- -, pn}.
This follows if we show that the set E = 7 (p)"' (Y \ {p1, -+ ,pn}) € No, where
Np = {x € X : T (p)(x) is not a singleton} has w-measure zero. If z, € E, then
T (p)(z0) N (Y \ {p1,--- ,pn}) # 0. Therefore there is p € 7 (p)(zo) with p # p; for
1 <i < N. On the other hand, p(zo) = hy, 5, (z0) for some 1 < k < N. From (A2) we
then have 7 (hy, ,)(z0) C T (p)(z0), but px € T (hy, ;,)(z0) by (A3)(a), and so 7 (p) is
not single-valued at zo.

Consequently, from we get My,)(p1) = g1 > 0, and so o(T (p)"(p1)) >
0. Pick xo € T(p)"'(p1) \ No. We claim that hy, , (x0) < hp,p,(x0) for i > 2.
Otherwise, there is some i > 2 such that hy,,,(x0) < hy, p, (x0). Pick j > 2 such that
hp; p;(X0) = MiNagicn My, p, (X0). Then p(xo) = hy,p,(x0). Hence from (A2), T (hy,p,)(x0) C
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(p A hy, p]> (x0) = 7 (p) (x0) = p1. Butfrom (A3)(a), p; € 7 (hy,;p,)(x0), a contradiction
and the claim is proved. Since h, ,,(x9) > C > 0, we then get h, ,,(xo) > C > 0 for
all i > 2. From (A3)(c), hy, p,(x0) — 0 as b; — a,,, and therefore Step 1 is proved.

Step 2: W is compact.

It is enough to show that My ,(p;) is continuous in b" = (b, ,by) for each
1<i<N. Letb,, = ),---,b})) € W converging to b, = (b,,---,b)). Then by
(A3)(d), pm = (mm#l hbm )/\hb1 n P = (mm#l hy p,)/\hbl " umformly asm — oo,
Therefore, as in the proof of Lemma we obtain lim sup,, .. Mz, (pi) <
Mg (pi) for i = 1,---,N, and liminfm_m My ,)(G) = Mg, (G) for each G
open. Now choose G open such that p; € G and p; ¢ G for j # i. Then
Mr(,)(G) = @ (T(pw) () + @ (T(pw) (G \ {pi}), but @ (T(pw) (G \ {pi})) <

@ (T (puw) ™ (Y \ {p1, -+~ , px})) = 0. We then obtain lim inf,, ., My,(p1) = My (p:)
and the continuity follows.

Step 3: Existence of solutions.

The function z = by +- - -+ by attains its minimum on W at some point (a3, - - - , an).
We claim that p(x) = (minzgsN hal.,pl.) A hy, ,, is the desired solution. Otherwise,
assume for example that My, (p2) < §2. Leta = (a2 — €,a3,--+ ,ay) and p(x) =
(minzS,SN hgi,pi) A hy, p,- By continuity Mq;)(p2) < &2 for all € sufficiently small.

Fori > 3, weclaim that 7 (p) ' (p;) € T (p)~'(p:) except on a set of w-measure zero.
Indeed, if xo € 7 (p) " (p;) and T (p)(xo) is a single point, then p; = 7 (p)(xo). Notice
that p(xp) = hy,p,(x0). Otherwise, there exists j # i, 1 < j < N, such that p(xo) =
ha,p.(X0) < Ha,p,(X0) (We setd; = by). Then from (A2), T (hz,;)(x0) € T (p)(x0), and by
(A3)(a) pj € T (ha;p,)(x0) and so p; = p;, a contradiction. From (A3) (b), ha, p, < Hayp,
so p(x) < p(x), and therefore p(xo) = hy,,,(x0) = p(xo). Hence, and once again from
(A2), T (It0,5)(X0) € T (p Ao )(x0) = T (p)(x0). Thus, p; € T (p)(xo) from (A3)(a), so
xo € T (p)"(p:), and the claim is proved. We then obtain My (pi) < My(,)(pi) < gi
fori > 3, thatis, @ € W, a contradiction. O

Remark 2.6. The existence of the function p, in Theorem[2.5/follows if one assumes
that b9 > a,, is given and it is sufficiently close to a,,. In fact, in this case we pick
@y, < T; < By, for2 < i < N. Since £ C C*(X), we have hy,,,(x) > C; > 0 for
i > 2and x € X. Then from (A3) (c), we can choose b(l] sufficiently close to ay,
such that h,,(x) > miny<<n G > hb%pl(x). If b := 7; for 2 < i < N, we then
select po(x) = minj i<y hb?,pi (x) = hbll)/pl (x) and so from RemarkMT(pO) = w(X) Op,.
Consequently, My ,(p;) = 0 for 2 <i < N.

Theorem 2.7. Let p, p* be two solutions as in Theorem with b = (by,--- ,bn), and
= (b}, -+ ,by). Assume that X is connected and w(E) > 0 for each open set E C X.
Assume in addition that condition (A3)(b) is replaced by hy ,, < hs, for t <s.
a) If by < by, then b < b; for all 1 <i < N. In particular, if b} = by, then b} = b;
forall1 <i<N.
b) If p(xo) = p*(xo) at some x, € X, then p = p*.
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Proof. (a) Let ] = {j: bj <bj}and I = {i : b} < bi}. Suppose by contradiction that
J # 0. We have I # 0 since 1 € I. For each j € ] we have Iy, (x) < hb;,pj(x) for all
x € X, since b; < b] And also hy: p,(x) < hy,p,(x) foralli € T and all x € X.

Let Q = {x € X : 7 (p*)(x) is not a singleton}. From (A2) and (A3)(a), we notice
that if x € 7(p")"'(pi) \ Q, for some 1 < i < N, then p*(x) = Iy ,(%).

We next prove that bdy 7 (p*)"'(P)) c Q, where P; = {p, : j € J}. Indeed, let z; €
bdy 7 (p*)"}(#}) and N, be an open neighborhood of zy. Then N,,N(7 (p*) ™' (P)))" is
a nonempty open set, since (7 (p*)"(#))) is compact. Thus, N, N (7 (p*) " (P)))*\ Q
has a positive measure and therefore is non empty. We then obtain {z;} such that
zr — zp and zx € (T (p")(P)))° \ Q. So there exists {p; } with p;, = T (p*)(z) and
ir € I. We may assume that p;, = p;, for some i € I. Therefore, p*(zx) = hb:f,pi(Zk).
By taking limit, p*(z0) = hu: ,(20). From (A2) and (A3)(a), this yields p; € 7 (p*)(zo).
Since 7 (p*)(zo) N P # 0, we obtain z; € Q.

As a consequence, o((7 (p*) " H(P)))°) = Z]-E] gi > 0.

Given xy € (7(p*)"(¥)))°, for any open neighborhood N,, of x;, we have
that N, N (7 (p*)"1(P)))° is a nonempty open set. Therefore, as in the previous
argument, there exists x; € (7 (") (P)))° \ Q for k > 1 such that xx — x,. Hence,
one may assume that there exists some p; with j € | such that p; = 7 (p*)(xx). So
hb;,pj(xk) = p*(xx) and then hb;,p/.(xo) = p*(xp) by taking limit. Therefore, hb;,p].(xo) <
hb;,pi(xo) for all 1 <i < N. Thus, we obtain for j € | that

hbj,p].(xo) < hb;,p].(xo) < hb;,pi(xo) < hb,.,p,.(xo) forallie L
Hence by continuity, there exists N,, a neighborhood of x; such that
hpp(y) < h,p(y) foralliel, je],and y € Ny,.

By definition of p this implies that p(y) = minje; hy,,(y) for all y € Ny,. Therefore
for each y € N, there exists jo € ], depending on y, such that p(y) = hy, ,, (v).
Hence, once again by (A2) and (A3)(a), pj, € T(h%,pjo)(y) C 7 (p)(y). That is,
v €T (p)"'(pj,), and therefore

N, €T ()™ (7))

We then have that every point x € (7 (p*)~'(#}))° has a neighborhood contained
in7 (p)! (SD]), that is,

TP @)y < (T(P)'®)) #X.

This is a contradiction with the fact that

W7 ()= X 8= (T (1)),

il

(b) If by = b}, then b; = b; for all j > 1 by part (a), and we are done. We claim
that if by > bj, then b; > b; for all j > 1. Indeed, if b; = b; for some j # 1, then
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by = b forall k # jby part (a), a contradiction. Therefore p*(xo) = min h(xo, P;, b}) <
min h(xy, P;, b)) = p(x¢), a contradiction.
O

Theorem 2.8. Let {u;} be a sequence of discrete Radon measures in' Y such that y; — u
weakly and p,(Y) = w(X) for I > 1. Let p; be a solution obtained in Theorem
corresponding to . Assume that there exists Ry > 0 such that Ry € Range (p;) for [ > 1.
Suppose that
(i) For each Ry > 0 with Ry € Range(h; ), there exists Cr, > 0 such that Cl‘{} <
hi, < Cg,.
(ii) For any C; > Cy > O, the family {f € ¥ : Cy < f < Cy in X} is compact in
C(X).

Then there exists p € F satisfying Mgy = .

Proof. By (ii) and Lemma it suffices to show {p;} is bounded from below and
above. Assume p;(x;) = Ry for some x; € X. Then there exists h,,, such that
pi < hyy and Ry = pi(x;) = hy,y(x). By (i), Cﬁé < hy,y, < Cg, for some Cg,.
Therefore, p; < Cg,. To get a lower bound, given x; € X, there exists hbz’% such
that p; < hb;,ylr and pi(x;) = hbz’/y{ (x1). Hence, Ry < hb;,y; (x7). Since ht,y; is continuous
and decreasing to zero ((A3)(b) and (c)), there exists b”; < b; with Ry = hbul,y; (). It
follows from (A3)(b) that pi(x1) 2 hyr, (1) = Cg). Hence p; > Cpl. O

2.2. Convex case. We assume here that ¥ C C*(X) and condition (A1) above is
replaced by
(All) if fl/fZ S ?:, then f1 \% fz = rnax{fl,fQ} €F.
We say that the class ¥ C C*(X) is T -convex if ¥ satisfies (A1’) and there exists a map
T :F — C(X,Y) that is continuous at each ¢ € F and the following condition holds
(A2') if ¢p1(x0) = P2(x0), then T (P1)(x0) C T (1 V P2)(x0)-
Here we substitute condition (A3) by
(A3’) For each yy € Y there exists an interval (ay,, ,,) and a family of functions
{ht,yo (x)} C ¥ satisfying
ay <t<By,
(@) yo € T (hyy,)(x) forall x € X,
(b) hiy, 2 by, fort <s,
(c) hiy, — O uniformly as t — g,

(d) hy, is continuous in C(X) with respect to t, i.e., maxyex |y 4, (X) —
iy (X)] = 0ast — ¢, for a,, <t < By,

Under these assumptions we prove the following theorem.
Theorem 2.9. Let X,Y be compact metric spaces and w is a Radon measure in X. Let

p1,-- -, pn be distinct points in Y, and g1, - -, gn be positive numbers with N > 2.
Let F cC*(X)and T : F — Cy(X,Y) be such that F is T -convex and (A3’) holds.
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Assume that
N
(2.4) w(X) =) 3
i=1

Suppose that there exists (b9, - - -, bY,) with hyo p, () < Mino<ion Ty, (x) on X. Then there
exist b; € (&, Bp,), 2 < i < N, such that the function, with by = b‘l),

p(x) = max hy,p, ()

satisfies
N
My ) = Z 8i Op;-
i=1

Proof. Let by = bY and n = miny hy, 5, > 0. From (A3’)(c), there exists T > 0 such
that
m}?x hﬁpi_T/pi =1

for all 2 < i < N. Therefore, if p. = hy , V (maszisN hﬁp,-—wf) = hy, p,, then
Mz, = w(X) bp,, and so Mz(,,)(p;) = 0for2 <i < N.
Consider the set

W) = (b2, ,by) s o, <b; < B, — G Mrp(p) < g,i=2,++ NJ.

W(b1) # 0, because (B, — T, , Bpy — T) € W(b1).

We claim that b; > b?, for2 <i< N, forall (by,---,bn) € W(by).

To prove the claim, we first show My, (Y \ {p1,- -+, pn}) = 0; p = maxi<icn iy, p;-
Indeed, forzo € E = T (p) ™ (Y \ {p1, -+ , pn}), there is p € T (p)(z0) with p # p; for
1 <i < N. On the other hand, p(z) = hy,p,(20) for some k. From (A2’) and (A3’)(a)
we then have p € 7 (hy, ,)(z0) C T (p)(20). So T (p) is not single-valued at z; and
so w(E) = 0. Consequently, from we get My(,)(p1) = g1 > 0.

Now suppose by contradiction that b; < b for some 2 < i < N. Since b; = 1Y,
it follows from the assumption and (A3’)(b) that 1y, 5, < Iy, < hy,p, in X. This
implies that for each x € X, there is j # 1 such that p(xo) = hy,,(x0). By (A2'),
pj € ‘T(hbj,p]-)(xo) C T(p)(x0). Thus, X = T(P)_l({Pzz -+, pn}) and Mgp(p1) =
(T (p)"Y(p1)) = 0, a contradiction and the claim is proved.

As in the proof of Theorem 2.5, one can show that My, (p;) is continuous in
b’ = (by,---,byn) for each 1 <i < N. Therefore, W(b;) is compact.

Finally, to get the existence of solutions, the function z = b, + - - - + by attain its
minimum on W(b;) atsome point (a,, - - - , an). We claim that p(x) = (maszisN ha,.,p,.)\/
hy, p, is the desired solution. Otherwise, we may assume, for example, that

MT(p)(pz) < g. Leta = (12 —€,a3,--- ,ay) and p(x) = (mangsN h,;l.,pl.) V hy, p, -
By continuity My ;)(p2) < g2 for all € sufficiently small.
On the other hand, for i > 3, we claim that 7(p)"'(p;)) € T (p) '(p;) except

on a set of w-measure zero. Indeed, if xo € 7 (p)~'(p;) and T (p)(xo) is a single
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point, then p; = 7(p)(xo). Notice that p(xg) = hy,p,(x0). Otherwise, if p(xo) =
ha;p(X0) > Mg p(x0) for some j # i (we set 41 = by), then by (A2’) and (A3")(a)
pj € T (ha,p,)(x0) C T (p)(x0) and so p; = p;, a contradiction. Set 4, = a, — €. From
(A3) (b), ha,p, = h,,, and hence h, . (x0) = p(xo). Hence, and once again from
(A2), T (ha,p)(%0) € T (9V ) (o) = T (p)(x0). Thus, p; € T (p)(xo) from (A3')(@); s0
xo € T(p)~(pi), and the claim is proved. We then obtain My (p:) < My,)(pi) < gi
fori > 3, thatis, @ € W, a contradiction. O

Similar to Theorem 2.7 Ewe have the following.

Theorem 2.10. Let p, p* be two solutions as in Theorem 2.9, with b = (by,--- ,by), and
= (b}, ,by). Assume that X is connected and a)(E ) > 0 for each open set E C X.
Assume in addition that condition (A3’)(b) is replaced by hs,, < hy,, for t <s.
a) If by < by, then b < b; for all 1 <i < N. In particular, if b} = by, then b} = b;
forall1 <i<N.
b) If p(xo) = p*(xo) at some x, € X, then p = p*.

Theorem 2.11. Let {u;} be a sequence of discrete Radon measures in Y such that y; — u
weakly and p,(Y) = w(X) for I > 1. Let p; be a solution obtained in Theorem
corresponding to u;. Assume that there exists Ry > 0 such that Ry € Range (p;) for [ > 1
and Ry < limt_,a; h:(x) for x € X, y € Y. Suppose that

(i) For each Ry > 0 with Ry € Range(h; ), there exists Cr, > 0 such that CE} <
hiy, < Cg,.

(ii) For any C; > Cy > 0, the family {f € ¥ : Cy < f < Cy in X} is compact in
C(X).

Then there exists p € ¥ satisfying My, = u.

Proof. By (ii) and Lemma it suffices to show {p;} is bounded from below
and above. Assume p;(x;) = Ry for some x; € X. Then there exists h,,, such that
p1 = hy,y, and Ry = pi(x1) = hy,,,,(x1). By (i), Cﬁ; < hy,y, < Cg, forsome Cg,. Therefore,
pr = C‘ To get an upper bound, given x; € X, there exists fy, ,» such that p; > hy ,/
and pl(xl) = hbf v, /(x1). Hence, Ry > hb/ v, /(x7). Since Ry < hmt_mﬁ hty /(x7), there ex1sts
by < by with Ry = hb/ y/(xl) It follows from (A3")(b) that pl(xl) < hy, y, (x1) < Cg,.
Hence p1 < Cg,. m|

2.3. Convex case infinity. We assume here that the class ¥ c C(X) is 7 -convex,
i.e., F satisfies (A1) and there exists amap 7 : ¥ — C4(X,Y) that is continuous
at each ¢ € ¥ and (A2’) holds. We also consider the following condition

(A3”) For each y, € Y there exists an interval (ay,, 8,,) and a family of functions
{ht,yo (x)} ., C 7 satisfying
Ay, <i< Y,
(@) yo € T (hy,)(x) for all x € X,

(b) hiy, < hsy, fort <s,
(c) hiy, — +oo uniformly as t — S,
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(d) hy, is continuous in C(X) with respect to t, i.e., maxex Ihtf,yo(x) —
hiy(x)] > 0ast’ — t, for a,, <t <fy,.

Under these assumptions we prove the following theorem.

Theorem 2.12. Let X, Y be compact metric spaces and w be a Radon measure in X. Let
p1,-- -, pn be distinct points in Y, and g1, -+, gy be positive numbers with N > 2.
Let F cC(X)and T : F — Cy(X,Y) be such that ¥ is T -convex and (A3”) holds.
Assume that
N
(2.5) w(X) =Y g
i=1
and there exists py = maxi<i<n hyp ,, such that Mo (pi) < gifor 2 <i < N. Then there
exist b; € (&, Bp,), 2 < i < N, such that the function, with by = b(ll,

p(x) = max hy, . (x)

satisfies
N
Mg = Zgi Op;-
i=1

Proof. We convert this case to the concave case considered in Subsection and
use Theoremto prove the theorem. Consider the family ¥* = {e™/ : f € F} C
C*(X) and the mapping 7+ : F* — Cy(X,Y) given by T*(e™/) = T(f). It is easy
to verify that (Al) and (A2) hold and hence ¥~ is 7 *-concave. To verify (A3),
for yo € Y, consider the interval (=By,, —ay,) and I, (x) = e, Obviously,
{h:,yo(x)}_ﬁyo<t<_a}/o C ¥ and satisfies (A3)(a)-(d). Set p; = e = miny<«vh* Wy

By definition of 7, 7"(pj) = 7 (po), and consequently My (p;) = Mfr(po)(pij <
gi- By Theorem there exists p*(x) = minj<icn h*—bi,p,- satisfying the equation
M) = YN gi0p,. Since p* = €™, My, = Zfil SiOp,-

O

3. SNELL'S LAW OF REFRACTION

SupposeI'isasurfacein R” thatseparates two medialand Il that are homogeneous
and isotropic. Let v; and v, be the velocities of propagation of light in the media
I and II respectively. The index of refraction of medium I is n; = c¢/v;, where c is
the velocity of propagation of light in the vacuum, and similarly n, = c/v,. If a
ray of lighf] having direction x € S"! and traveling through medium I hits I' at
the point P, and v is the unit normal to I at P going towards medium II, then this
ray is refracted in the direction m € S"~! through medium II according with the

"Since the refraction angle depends on the frequency of the radiation, we assume our light ray
is monochromatic.



12 C. E. GUTIERREZ AND QINGBO HUANG

Snell law in vector form: the vectors x,v and m are all coplanar, and the vector
npm — nyx is parallel to the normal vector v, that is, setting x = n,/n;, we have

(3.1) xX—xm=Av,

for some A € R. Making the vector product of this equation with the normal v we
obtain the well known form of the Snell law: 7, sin 81 = n, sin 6,, where 0, is the
angle between x and v (the angle of incidence), 0, the angle between m and v (the
angle of refraction).

When « < 1, or equivalently v; < v,, waves propagate in medium II faster than
in medium I, or equivalently, medium I is denser than medium II. In this case the
refracted rays tend to bent away from the normal, that is the case for example,
when medium I is glass and medium II is air. In case k¥ > 1, waves propagate in
medium I faster than in medium II, and the refracted rays tend to bent towards
the normal.

We summarize the physical constraints of refraction in the following lemma
whose proof is in [GHO9].

Lemma 3.1. Let ny and ny be the indices of refraction of two media I and 11, respectively,
and k = ny/ny. Then a light ray in medium I with direction x € S"~' is refracted by some
surface into a light ray with direction m € S"~ in medium II if and only if m - x > x,
when k < 1; and if and only if m - x > 1/x, when x > 1.

4. CARrTESIAN OVALS

To resolve our problem it is important to solve first the following simpler
problem: given a point O inside medium I and a point P inside medium II, find an
interface surface S between media I and II that refracts all rays emanating from
the point O into the point P. Suppose O is the origin, and let X(f) be a curve on S.
By the Snell law of refraction the tangent vector X’(t) satisfies

XU)_KP—Xm):O
IXOF 1P = X (@)l

X'(t) -

That is,

IX()|" + x|P — X(t)|" = 0.
Therefore S is the Cartesian oval
(4.1) IX| + x|X = P| = b.

Since f(X) = |X| + k|X — P| is a convex function, the oval is a convex set.

In our treatment of the problem, we need to analyze the polar equation and
find the refracting piece for the oval. Write X = p(x)x with x € $""1. Then writing
klp(x)x — P| = b — p(x), squaring this quantity and solving the quadratic equation
yields

(b —x2%x - P) + /(b — x2x - P)2 — (1 — k2)(b? — k2|P]2)
1—x2 '

(4.2) p(x) =
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Set
(4.3) A(t) = (b —«*t)? — (1 — *)(b* = 2|PP).

4.1. Case (0 < x <1. We have
(4.4) A(x - P) > k*(x - P — b)?, if |x- P| < |P|.

If b > |P|, then O and P are inside or on the oval, and so the oval cannot refract
rays to P. If the oval is non empty, then «|P| < b. In case «|P| = b, the oval reduces
to the point O. The only interesting case is then k|P| < b < |P|. From the equation
of the oval we get that p(x) < b. So we now should decide which values + to take
in the definition of p(x). Let p, and p_ be the corresponding p’s. We claim that
p+(x) > band p_(x) < b. Indeed,

(b —x2x - P) + +/A(x - P)

p+(x): 1_K2
S (b—x*x-P)+x|b—x-P|
- 1—«?
K?(b—x-P)+x|b—x-P|
=b+
1—x2
> b.

The equality p.(x) = b holds only if [x-P| = [Pland b = x- P. So p,(x) > b if
k|P| < b < |P|. Similarly,
(b — x*x - P) — v/A(x - P)
p-(x) = T
K

- (b—«*x-P)—x|b—x-P|
- 1-x2
k?(b—x-P)—x|b—x-P|

1-x2

=b+

<b.

So the claim is proved. Therefore the polar equation of the oval is then given by
b—x?x-P)— \JA(x-P

(45) h(x/ P/ b) = p—(x) = ( £ 1 )_ K2 ( )

To find the refracting part of the oval, from the physical constraint for refraction

P — h(x, P, b)x

|P — h(x, P, b)x]|

(4.6) x-P>b.

(Lemma 3.1), we must have x - ( ) >k, and by (4.1) it is reduced to

The estimates of h(x, P, b) are contained in the following lemma.
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@) |X] +2/3]X - P|=1.4-19, P = (2,0) (b) IX| +2/3|X - P| = 1.7, P = (2,0)
Ficure 1. Cartesian ovals x < 1, e.g., glass to air

Lemma 4.1. Let 0 < x < 1, h(x, P,b) given by (4.5), and assume that x|P| < b < |P|.
Then we have

. _ b—«|P| _ b—«|P|
4.7) xrer;u_ll h(x, P,b) = T e and g\;% h(x, P,b) = T
We also have
. _PI=-b . B ‘ (P ) p
(4.8) Jg\;ﬂ_ll |P — h(x, P,b)x| = T = iryzr; |P —h(x,P,b)x| = |P - h |Pl,P,b Tk
and
P2 — 72
4.9) max [P — h(x, P,b)x| = Lb
x-P>b 1-— K2
Proof. We write
2 _ 212
(4.10) h(x, P,b) = il

(b —x%x-P)+ y/A(x - P)

and let ¢(t) = (b — k%) + yJA(f). We have g is decreasing for —|P| < t < |P|,

b2 _ K2|P|2 - - bz _ K2|P|2

sCipy = "B Ty an
calculating g(—|P|) and g(|P|) the estimates in {#.7) follow.

To prove (.8), since k|P — h(x, P,b)x| = b — h(x, P,b), the first equality follows

from the right identity in (£.7). To show the second identity in (4.8), notice that

since the oval is convex and symmetric with respect to the line joining 0 and P we

and so g(—|P|) > g(x - P) > g(|P]). Hence
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have that min g1 |P — h(x, P, b)x]| is attained at x = P/|P|. In particular, this gives
the explicit value of the distance from P to the oval.

1
To prove we have max,.ps [P — h(x, P, b)x| = p” (b — min,.psp h(x, P, b)), and

we claim that min,.ps, h(x, P, b) = h(z, P,b), for all z- P = b. In fact, this follows from

) .. VA(D) K 2 _ 12
(4.10) since g(x-P) < g(b), obtaining h(x, P,b) > b— T b— N VIP? - 2.

O

Remark 4.2. If |[P| — oo, then the oval converges to an ellipsoid which is the
surface having the uniform refraction property in the far field case, see [GH09].
In fact, if m = P/|P| and b = «|P| + C with C positive constant we have

b2 _ K2|P|2

h(x,P,b) = b—w2x P+ JAG D)
3 CQ2k|P| + C)
- (x|P| — x%2x - m|P| + C) + \/(K|P| —x2x - m|P| + C)? = (1 — k?)C(2k|P| + C)
2xC B C
(K — x2x - m) + /(x — K%x - m)? S l-wxem
as |P| — oo.

4.2. Case k¥ > 1. In this case we must have |P| < b, and in case b = |P| the oval
reduces to the point P. Also b < «|P|, since otherwise the points 0, P are inside the
oval or 0 is on the oval, and therefore there cannot be refraction if b > «|P|. So to
have refraction we must have |P| < b < x|P| and so the point P is inside the oval
and 0 is outside the oval.

Rewriting p in we get that

_ (K®x-P=b) £ \J(%x - P—b)2 - (2 - 1)(x2[P2 - b?)
B k2 -1 '
b+ (2 = 1)(2IPP - 1?)

K2

Pi(x)

Now A(x - P) > 0 amounts x - P > , by Noticing that

2|P| = b) + \JA(JP
p+(x) < 0if k?x - P — b < 0. We have that p_(x) < p.(x) < (7IP1 = b) + VAUPD —

K2 -1
Pl+b
KL |+ T < b. To have refraction, by the physical constraint we need to have

P —xp.(x)

x - —_—

|P — xpi(x)|
the physical constraint is satisfied only by p_.

For |P| < b < «|P|, the refracting piece of the oval is then given by

b+ N2 - D)(2IPP —b2>}

> 1/x, which is equivalent to ¥*x - P — b > (x* — 1)p+(x). Therefore,

KZ

(4.11) O(P,b) = {h(x, Pbx:x-P>
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with

(2x - P - b) — \J(xZx - P = B)2 — (x2 = D)(x2PP — 1?)
k2 —1 )

(4.12)  h(x,P,b) = p_(x) =

Let us define

b+ (k2 — 1)(x3PP - 1?)

(4.13) I(P,b) := e ,
and let
(4.14) I'(Pb)={xe S :x-P>IPDb)P|},

that is, ['(P, b) denotes the set of directions in O(P, b).

We notice that I(P,b) is decreasing as a function of b and tends to one when
b — |P|*, and tends to 1/x when b — (x|P|)".

If [IP| — oo, then the oval O(P, b) converges to the semi hyperboloid appearing in

the far field refraction problem when « > 1, see [GHO09]. Indeed, let m = % e g1

and b = «|P| — a with a > 0 a constant. Then we have
b+ (2 - 1D)EAPR - 1?)  «|P|—a+ (k2 — )(2PR — (k[P —a)?) 1
= -

x2|P| B x2|P| K

as |P| = co. On the other hand, if x - m > 1/x, we get
2k|P| —
(x?|Plx - m — x|P| + a) + \/(K2|P|x -m — «|P| + a)? — (k% — 1)a(2«x|P| — a)
a2k a
— = ,
K2x-m—x+ \J(o2x-m—x)2  Kkx-m—1

as |P| — oo.

The following lemma gives estimates for the size of h(x, P, b).

Lemma 4.3. Let ¥ > 1, h(x, P, b) is given by (4.12), assume |P| < b < «|P|, and I'(P, b)
given by (4.14). We have

K|P|-b
(a) rerrl(gl)h(x B b) =~

V2| P)? - 1<|P|

(b) xl;li}g}){(}) h(x, P,b) = T < /2P
— |P| b—|P| _
(C) < |P—h(x,P,b)x| < o for x € T(P,b),

d) The following inequalities hold:

ViIP|-b x*24+x-2 I(Pb)—— VkIP|—=b2Vk -1

VIPl 2% 2x(k% = 1) |P| K

where I(P, b) is given by (4.13).
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(@) |X|+3/21X = P|=2.9-24,P = (2,0) (b) [X| +3/2|X - P| = 2.7, P = (2,0)

Ficure 2. Cartesian ovals k > 1, e.g., air to glass

Proof. (a) The minimum of h(x, P, b) is attained when x = P/|P|. So

2p12 _ 12 B
min h(x, P,b) = h(P/|P|, P,b) = K|PI” = b _ «IP| b.
xeI'(Pb) (K2|P| _ b) + /A(lpl) x—1

(b) The maximum of h(x, P, b) on I'(P, b) is attained when

b+ /(2 = 1)(2PP - 1)

x-P= 2
that is, when A(x - P) = 0 and the formula follows.
(c) We have
b—h(x,Pb b — maXyerpp h(x, P, b
min |P — h(x, P,b)x| = min ( b )) = Xoerien I )
xeI(Ph) xeT(Pb) K K
_bVk2-1- K2|P|2—b2>bVK2— —|P| VK% -1
Kk V2 -1 B kVi2 -1 .

Furthermore, set p(x) = h(x, P, b) and then |P|+(x—1)|P—p(x)x| < p(x)+x|P—p(x)x|

b. It yields |P — p(x)x| < bK

1
(d) It follows writing

ey Lo MAPI=E 02 - 2P+
’ K «2|P| \/(KZ —1D)(x|P| + b) + \/m

17



18 C. E. GUTIERREZ AND QINGBO HUANG

and noticing that (k* + k — 2)x|P| < (k* — 2)k|P| + k*b < 2(x* — 1)x|P|, since |P| < b <
«|P|. O

Remark 4.4. If b — (x|P|), then, by Lemma4.3(a), O(P, b) approaches zero.

Remark 4.5. If b — |P|*, then O(P,b) shrinks to P. Because |P| + (k — 1)|P — X| <
—|P
X + xIP — X| = b for X € O(P,b) and so |P - X| < bK _|1|'

5. NEAR FIELD REFRACTOR PROBLEM FOR K < 1

5.1. Formulation of problem. Let Q C S"! be a domain with [0Q)| = 0 (measure
in the sphere). Let D C R" be a “target” domain that we want to illuminate and
suppose it is contained in an n — 1 dimensional hypersurface, and assume D is
compact, and 0 ¢ D. Points in the sphere will be denoted with lower case letters
and points in R" by capitals.
We make the following assumptions on Q) and D:
(H1) There exists T with 0 < 7 <1 -« such thatx- P > (x + 7)|P| for all x € Q
and all P € D. .
H2) Let0 <7y <
(H2) Let0 <70 < 1+«

Qm:{tx:xeﬁ,0<t§1’0}~

dist(0, D) and consider the cone in R”

For each m € §"! and for each X € Q,, we assume that DN{X+tm: t >0}
contains at most one point. That is, for each X € Q, each ray emanating

from X intersects D at most in one point.
Given P € R" and «|P| < b < |P|, keeping in mind and (4.6), a refracting
oval is the set
O(P,b) = {h(x,P,b)x: x € S"!,x - P > b}
where

(b —x%x - P) — /(b — x2x - P)2 — (1 — k2)(b? — ¥2|P]?)

1—x2 )
Definition 5.1. Let S = {xp(x) : x € Q} € Q,, bea surface. We say that S is a near field
refractor if for any point yp(y) € S there exist P € D and b > 0 such that the refracting

oval O(P, b) supports S at yp(y), i.e. p(x) < h(x, P,b) for all x € Q with equality at x = y.
The near field refractor mapping associated with S is defined by

h(x, P,b) =

(5.1) Rs(x) = {P € D : there exists a supporting oval O(P,b) to S at p(x)x}.

The definition implies that if O(P, b) is a supporting oval, then the openning of
O(P,b) is wider than Q), i.e., x - P > b for all x € Q.

Remark 5.2. If S is a near field refractor, then Rs(Q) = D. Indeed, let P € D and
by = (x +7)|P|. Then from the left identity in (4.7) and the assumption on ry in[(H2)|
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bo — KlPl

we get that 7y < — < h(x, P, by) for x € Q. Also from|(H1), we have x- P > b,.
Hence S c Q,, enclosed by O(P, by). Let

by = inf{b: p(x) < h(x,P,b), x-P>b VxeQ).

Thus, the oval O(P, b;) supports S at some y/ € Q.
We point out that if S = O(P, b), then D \ {P} C Rs(dQ).

Lemma 5.3. If S is a near field refractor with defining function p(x), then p is Lipschitz
continuous in () with a Lipschitz constant depending only on x ad t in the assumptions

(HT)|and [(H2)|and maxz |P|.

Proof. Indeed, given x, € Q, S has a supporting oval i(x, P, b) at p(xo)xo with P € D.
Then

P(x) - P(xO) < h(-x/P/ b) - h(xO/P/ b)
1
1«2
1
= — (+1D),
where A is given by {#.3). We have |I| < C(x)|P| - |x — x| and
A(xo - P) — A(x - P)

B VAGo -P) + \/A(x-P)

We estimate A(x - P) from below. Obviously, the function A(t) has a minimum at
t = b/x?, is increasing in (b/x?, +00) and decreasing in (—oo, b/x?). Since k < 1, we
have b/x < b/x?, and so A decreases in the interval [b, b/x]. Since |P| € (b,b/x) and
b<x-P<|P,

(0 =% - P) = (b - x*x0 - P) + y/A(xo - P) - y/A(x - P))

II

in A(f) = A(IP]) = «2 (|P| - b)?,
min () = A(IPl) = «* (IP| — b)
and therefore
(5.2) A(x - P) > > (|P| - b)?, forx-P >b.
From (4.9)

1—x?
Pl—-b>
=8>

which combined with yields

|P— h(x,P,b)x|?>, forallx-P>b,

_ 2
(5.3) VA(x - P) > K12|P1|< |P — h(x, P,b)x|*, for all x - P > b.
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Since p(xp) = h(xo,P,b), and S C Q,,, we get that h(xo,P,b) < r,. From |(H2)

+ K

1
|P| > 1y . Therefore we obtain the estimate

—_ 2 _ 42
(5.4) VA D) > K 2|P’|‘ IP = h(xo, P, byxof? > x> 2|P’|‘ (IP| = 1)
k(1 —x)(1+x —7)? D
= 2(1 + x) ‘
Clearly, |A(xo - P) — A(x - P)| < C(x)|P]* |x — xo| which completes the proof of the
lemma. O

5.2. Application of the setup from Section |2| to the solution of the near field
refractor problem. We apply the setup in that section with the spaces X = Q, and
Y = D. The Radon measure w in Q there is now given by w = fdx with f € L'(Q)
nonnegative. If S is a near field refractor in the sense of Definition then it is
proved in Lemma 5.4/ below that the map ® = Rs € C,(Q, D). From Lemma
we therefore obtain that the set function

(5.5) M f(F) = fﬂ - fdx,

is a Radon measure defined on D. We call this measure the near field refractor
measure associated with f and the refractor S.
Let S, denote the near field refractor with defining radial function p given by

Deﬁnition We let ¥ be the family of functions in C* Q) given by
F = {p(x) : S, is a near field refractor}.
On ¥ we define the mapping 7 by
T(p) =Rs,-
To continue with the application of the results from Section [2, we need to show

also that 7~ is continuous at each p € ¥ in the sense of Definition This is
proved in Lemma 5.5/ below.

Lemma 5.4. For each near field refractor S, we have Rs € Cy(Q, D).

Proof. By Remark Rs is surjective. Now show that Rs(x) is single-valued
for a.e. x with respect to w. If Rs(x) contains more than one point, then S
parameterized by p has two distinct supporting ovals O(P1, by) and O(P,, b,) at
p(x)x with P; # P,. We claim that p(x)x is a singular point of S. Otherwise, if S
has tangent hyperplane IT at p(x)x, then IT must coincide both with the tangent
hyperplane of O(P;, b;) and that of O(P;, by) at p(x)x. From the Snell law we get that

D1 = plo)x = P2 = plo)x := m, and so the ray through X = p(x)x with direction
IP1 — p(x)x|  |Pa—p(x)x] =~ 7
m contains Py, P, and therefore P; = P, from assumption a contradiction.




THE NEAR FIELD REFRACTOR 21

Since the graph of S is Lipschitz and [0Q)| = 0, the set of singular points of S has
measure zero and therefore Rs(x) is single-valued for a.e. x € Q.

To prove that Rs is continuous, let x; — xp and P; € Rs(x;). Let O(P;, b;) be a
supporting oval to S at p(x;)x;. Then

(5.6) p(x) + «|P; — p(x)x| < b; forxeQ,

with equality at x = x;and x - P; > b; for all x € Q. Assume that a; < p(x) < ryon
Q for some constant a; > 0. From #@.7) and we get a1(1 — x) + «|P;| < b; <
k|Pi| + ro(1 + k) < (x + 7)|Pi|. Therefore selecting a subsequence we can assume
that P; — Py € D and b; —> by, as i —> oo. By taking limit in (5.6), one obtains
that the oval O(Py, by) supports S at p(xo)xo, x - Py > by, and Py € Rs(xo). O

Lemma 5.5. The refractor mapping T (p) = Rs, is continuous at each p € .

Proof. Suppose p; —> p uniformly as j — co. Let xy € Q and P; € Rspj (x0). Then

there exists b; such that p;(x) < h(x, P;,b;) for all x € Q with equality at x = xp and
with x - P; > bj. As in the proof of Lemma[5.4, x|Pj| +a(1 - «) < b; < (x + 7)|Pj|for
some a > 0, so there exists a subsequence P; — Py and Py € R, (xo)- O

We therefore can apply Lemma to obtain that the definition of refractor
measure given in is stable by uniform limits, i.e., if p; — p uniformly, then
MSpj,f - MSp,f Weakly.

To be able to apply Theorem we next need to verify that the family ¥ and
the map 7 satisfy conditions (A1)-(A3) from Subsection[2.1] Indeed, (A1) follows
immediately from the definition of refractor. Condition (A2) immediately follows
from the definition of refractor.

It remains to verify (A3). For that we use the estimates for ovals proved in
Section 4] Indeed, with the notation in condition (A3) we will take

hy ,(x) = h(x, P, b)

with the understanding that t = b, and y, = P, and h(x, P, b) is the oval defined by
(4.5). In other words, we will show that the family

{h(-,P,b) : k|P| < b < &|P| + (1 — ¥)ro} © F,

and verifies (A3), with ry from|(H2)| Indeed, to show the inclusion, if b < «x|P|+(1—
K)7o, then from|(H2)|and (H1)|we have b < «|P|+ 1 ; ET|P| < (k+7)|P| < x-Pforall
x € Q. So the oval h(x, P, b)x refracts in {J and in particular P € 7 (h(-, P, b))(x) for all
x € Q, thatis, (A3)(a) holds. Condition (A3)(b)is trivial. Condition (A3)(c) follows
from the second identity in {.7). To verify (A3)(d), we notice that since A(x - P)
has a lower bound given in (5.4), we obtain that |h(x, P,b’) — h(x, P,b)| < C|b’ — b,
with C depending only on the constants in [(HTI)|and [(H2)|
The notion of weak solution is introduced through conservation of energy.
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Definition 5.6. A near field refractor S is a weak solution of the near field refractor
problem for the case k < 1 with emitting illumination intensity f(x) on Q and prescribed
refracted illumination intensity u on D if for any Borel set F C D

(5.7) M (F) = Fdx = u(F).

RS (F)

We are now ready to apply Theorem[2.5to solve the near field refractor problem
when the measure (1 is a linear combination of deltas.

5.2.1. Existence for sum of Dirac measures.

Theorem 5.7. Suppose |(H1)| and |(H2)| hold. Let Py,--- ,Py be distinct points in D,
g1, , N are positive numbers, and f € LY(Q) with f > 0 a.e. in Q such that

N
58) [rwd=) .
i=1

(1-x)

Then, for each by with k|P1| < by < x|P1| + 1o T

, there exists a unique (by,- -+ ,by)
such that the poly-oval S = {p(x)x : x € Q} with
(5.9) p(x) = min h(x, P;, b;)

1<i<N
is a weak solution to the near field refractor problem. Moreover, Ms ¢ ({P;}) = gi for
1<i<N.

Proof. To prove the theorem, we apply Theorem So we only need to verify
that there exists po(x) = minj<;<n h(x, P;, b?) satisfying MSpo' f(P)) < gifor2<i<N.
(1-x)

T for some 0 > 0. Let b = by, and V) =

k|Pi| + (ro — 0)(1 — ) for 2 < i < N. Then po(x) = h(x, P, 1), because h(x, Py, b)) <

W—«lPil  (rg—0)1-%) U —«lPi
< =

Rewrite by = «|P1| + (1o — 0)

< h(x, P;, b)) for 2 < i < N, from [(H2)| and

1—x 1+x 1+x )
(4.7). Hence MSpo,f({Pi}) = 0 for i # 1. The uniqueness follows from Theorem
R7 O

5.2.2. Existence in the general case.

Theorem 5.8. Assume conditions |(H1)| and |(H2)l Let u be a Radon measure on D,
f € LY(Q) with f > 0 a.e., and satisfying the energy conservation condition

\fﬂ@M=Mﬁ-
Q

1
Then given Xy € Q,, with 0 < |Xo| < (1 "
near field refractor problem passing through X,.

3
K ) .
K) 1o, there exists a weak solution of the
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Proof. We assume first that u = Y., ¢i0p, with g; > 0 and P; distinct points in

D. From Theorem [5.7, given by € |«|P1], x|Py| + ”0( 1 +1:<)

there exists a unique

(b, -+ ,by) such that S, defined by the radial function p(x, b;) = min; h(x, P;, b;),
is a weak solution to the near field refractor problem. By the comparison
Theorem the function p(x, by) is increasing in b; and continuous for (x,b;) €

= (1-x)? 1- )2
Q X | x|P1], x|P1]| + 19 To . Lett; = K|P1|+(1’0—0) for 0 < g < ry. We
shall first prove that
(5.10) (xt)>(1_—K)3(r—a) VxeQ

. P st1) = 1+ x 0 ’ .
We have p(x, t1) = miny <<y h(x, P;, b;) with by = t; and some by, - -+, by. From {@.7)
(5.11) 1—K|P|>h( x,Pi, b)) > p(x,t1), i=1,---,N; Vx € Q.

Also there exists x; € Q such that p(x1,t1) = h(x1, Py, ) and then again by #.7),
1— )2
p(xy,t1) > (ﬁ) (ro — 0). Hence from (5.11) we get

bi — x|Pj|

(5.12) —

1—x\? .
2(1+ ) (ro—o0), i=1,---,N.

1<|P |

Once again by (.7), h(x, P;, b;) > , which combined with (5.12) yields

h(x, Pz,b)_(l ) (ro—o0), i=1,--- N,

and hence (5.10) follows. On the other hand, p(x, b1) < h(x, P1,b;) < by = P b

_ 1—x)?
for all (x,b;) € Q x (K|P1|,K|P1| + 7’0( 1 _:{)

- K

) and hence given 6 > 0, we get

p(x,by) < oforallx € Qas long as b, is sufficiently close to «|P|. Suppose now that
3

Xo € Qy, with 0 < |Xp| < (14-—112) 1o and with xy = é_| € Q. Hence from (5.10) and

(1- K)Z)

1+«

the continuity of p(x, -), we obtain that there exists b; € (K|P1|, K|P1| + 19

such that p(xo, b1) = |Xol.

For the general case of a Radon measure u in D, we choose a sequence of
measures (i, such that each one is a finite combination of Dirac measures and
e — pweakly with (D) = u(D). From the above, let S; be the near field refractor
corresponding to the measure 11, and parameterized by p(x)x and passing through

the point X,. Thus, xy = € Qand pe(xo0) = 1Xol. ie., |Xo| € Range p, for all ¢.

IXI
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We also notice that if Ry € Range (h(-, P, b)), then by Lemma

1-x« 1+«
< <
1+KR0—h(x/P/b)—1_K

From Lemma 5.3 and the proof of Lemma 5.5, the family {p € ¥ : Cy < p < Cy}
is compact. Then applying Theorem 2.8 we obtain the existence of the desired
solution. |

Ryp.

6. NEAR FIELD REFRACTOR PROBLEM, EXISTENCE OF SOLUTIONS FOR K > 1

6.1. Formulation of problem. Let Q c S"! be a domain with |0Q)] = 0 (measure

in the sphere), and let D C IR" be a compact hypersurface with 0 ¢ D.
We assume:

P 1 1
(H3) inf 5 ppx- D > " + tforsome0<7<1- ”
K272
(H4) LetO0 <1y < m infpcp |P| and consider the cone in R”

Qroz{tx:xeﬁ,0<t§ro}.

For each m € §""! and for each X € Q,, we assume that DN{X+tm: t >0}
contains at most one point. That is, for each X € Q,, each ray emanating

from X intersects D at most in one point.

Similarly with the case k¥ < 1, but now keeping in mind (4.11) and (4.12), we
define the notion of refractor when x > 1.

Definition 6.1. Let S = {xp(x) : x € Q} C Q,, be a surface. We say that S is a near field
refractor if for any point yp(y) € S there exist P € D and b > 0 such that the refracting
oval O(P, b) supports S at yp(y), i.e. p(x) > h(x, P,b) forall x € Q with equality at x = y,
and

a N
©6.1) Qc{xes  x lPlzI(P,b)}

where I(P, b) is defined in (4.13). The near field refractor map of S is defined by
Rs(x) = {P € D : there exists a supporting oval O(P,b) to S at p(x)x}.

Remark 6.2. If S = {p(x)x : x € Q) is a refractor, then for any x, xg € Q we have

p(x) < [2sup [P| 4/p(xo).

PeD

Indeed, if h(z, Py, by) is a supporting oval at p(x)x, then from Lemma .3 we have
Klpxl - bx > h(x, Px/ bx)z _ P(x)z
k=1 = 2P 2P

P(xO) 2 h(X(), Px/ bx) >
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Remark 6.3. Rs(Q) = D for any refractor S = {p(x)x : x € Q}. To prove the remark,
we first notice that if P € D and h(xo, P,b) < ry for some xy € Q, then I(P,b) <

1 2vVk—-1+vxklP|-b
% + 7. Indeed, we have from Lemma 4.3(d) that I(P, b) — - < Vi VkIP| <

K |P|
2(k —1) yr —
(KK ) \/\/% < 1 from the choice of 7 in condition (H4). Given P € D, let O(P, b,)
be the oval with

by = inf{b € (|P|, k|P]) : h(x, P,b) < p(x) in Q}.
Obviously, h(x, P, b;) touches S at some x; € Q.

Lemma 6.4. If S is a near field refractor with defining function p(x), then p is Lipschitz
in Q with a Lipschitz constant depending only on the constants in the assumptions (H3)
and (H4).

Proof. As in the proof of Lemma the Lipschitz continuity and constant of
h(x, P, b) is reduced to the Lipschitz continuity and lower bound of A, where

A() = (1%t = b)* = (% = 1)(<*|PP* = b?),

(k?x - P — b) — \/A(x - P)

h(x,P,b) = o for x € Q.
By (H3) x - ulz—l > % + 7 for x € Q. From Lemma a) and (d) we have
b+ 2 —1)(x?|P?> — b?
1o — L= b VO DRIPE - 1) 1
K x2|P| K
_2Vk—1VxIP[-b
S |P|
LAV N B <7
K AP
o,

<T-—
2(k—1) \ro

: > 0 by (H4). Thus, if h(xy, P,b) < 1o, for x € Q
K Vinfpep [P

where 0 = 7 —

P
we have x - ﬁ > I(P,b) + 0 and furthermore

A(x - P) > [1<2|P|(1(P, b) + o) — b]2 — (> = D(*PP - b?)
> [KZIPII(P, b) - b]2 + (K*|Plo)* = (k* = 1)(x?|PP* - b?)

2
6.2) > (KZ inf IPIU) .
PeD
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Therefore, the uniform Lipschitz continuity for ovals and refractors contained in
Q,, on Q follows. m|

6.2. Application of the setup from Subsection 2.2 to the solution of the near
field refractor problem with « > 1. We apply the setup in that subsection with

the spaces X = Q, and Y = D. The Radon measure w in Q there is given by
w = fdx with f € L'(Q) nonnegative. If S is a near field refractor in the sense of

Definition then it is proved in Lemma below that the map Rs € C,(Q, D).
From Lemma 2.1l we therefore obtain that the set function

(6.3) M f(F) := fR . fdx

is a Radon measure on D. We call this measure the near field refractor measure
associated with f and the refractor S.

We next introduce the family #. Let S, denote the near field refractor with
defining radial function p given by Definition We let ¥ be the family of

functions in C*(Q2) given by
F ={p(x) : S, is a near field refractor}.
On ¥ we introduce the mapping 7 by
T(p) =Rs,-

To continue with the application of the results from Subsection we show in

the next two lemmas that Rs € C,(Q, D) and 7 is continuous at each p € F in the
sense of Definition

Lemma 6.5. For any near field refractor S, we have Rs € Cs(Q, D).

Proof. As in the proof of Lemma using (H4), one can show that Rs(x) is
single-valued for a.e. x with respect to w.

To prove that Rs is continuous, let x; — xp and P; € Rgs(x;). Let O(P;, b))
be a supporting oval to S at p(x;)x;. We have a < p(x;) = h(x;, P;,b;) < ry and

(b) we geta < V2|P||

. — . 2 -
from Lemma MPi=b e
On the other hand, by Lemma (c) we have |P; — p(x;)xi| < b;-< —_

2sup,, [P|
|Pi|
T

|P; — p(xi)xi| > |Pi| — 1y, we obtain b; > |P;| + (x — 1) (infp |P| — 7). Therefore selecting
a subsequence we can assume that P; — Py and b; — by, as i — oo. Taking

1 and so b; < «|P;| —

Since

P

limits one obtains that the oval O(Py, by) supports S at p(xg)xo, x - ﬁ > I(Py, by),
0

and P, € Rs(xp). This completes the proof. O

By Lemma and modifying the proof of Lemma we also obtain the
following analogue of Lemma 5.5 when « > 1.
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Lemma 6.6. The refractor mapping T (p) = Rs, is continuous at each p € ¥. Moreover,
for0 < Cy<Cy,lpeF :Co< p(x) < Ci}is compact in C(Q).

To be able to apply Theorem we next need to verify that the family ¥ and
the map 7 satisfy conditions (A1’)-(A3’) from Subsection Indeed, (A1’) and
(A2’) follow immediately from the Definition of refractor, Lemma and
Lemma

It remains to verify (A3’). For that we use the estimates for ovals proved in
Subsection Indeed, with the notation in condition (A3") we will take

hy ,(x) = h(x, P, b)

with the understanding that t = b, and yo = P, and h(x, P, D) is the oval defined by
(4.11) and @.12). By Lemma [4.3|and Remark 6.3} we have that the family

_ 2
{h(-,P,b):KIPI— b= Dry

2sup, |P|
with 7y from (H4). Obviously, P € 7 (h(-, B, b))(x) for all x € Q, that is, (A3")(a)
holds. Condition (A3’)(b) is trivial. Condition (A3)(c) follows Lemma [4.3| parts
(a) and (b). To verify (A3’)(d), we notice that from the lower bound (6.2)), we obtain
that |h(x, P,b") — h(x, P,b)| < C|b" — b|, with C depending only on the constants in
(H3) and (H4).
The notion of weak solution is again introduced through conservation of energy.

Definition 6.7. A near field refractor S is a weak solution of the near field refractor
problem for the case x > 1 with emitting illumination intensity f(x) on Q) and prescribed
refracted illumination intensity u on D if for any Borel set F C D

<b<1<|P|}c9’,

(6.4) M (F) = Fdx = u(F).

R (F)

6.2.1. Existence of solutions for sum of Dirac measures. This follows from Theorem

29

Theorem 6.8. Suppose (H3) and (H4) hold. Let Py,---,Py be distinct points in D,
g1, , §n are positive numbers, and f € LY(Q) with f > 0 a.e. in Q such that

N
(65) [rwa=) .
=1

k—1rt
Then for each by such that x|P1| — o < by < x|P1|, with o = (—)03, there exist a
_8(supD |P|)
unique (by, - - -, by) such that the poly-oval S = {p(x)x : x € Q} with

(6.6) px) = max h(x, P;, b;)

is a weak solution to the near field refractor problem. Moreover, Ms s ({P;}) = gi for
1<i<N.
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Proof. By Theorem it suffices to show that there exists (b),---, 1Y) such that
h(x, P, b)) < min,<i< h(x, P;, 1Y) for all x € Q.

( - ) 0
2su Pp |P|

i<N. ThenfromLemmab) h(x, P1, b)) < V2IP| \/ < V2|P4] W/

On the other hand, from Lemma[4.3(a), we have for 2 < z < N that
K|Pi| — b? €r;
k—1 — 2sup,|P|’

By the choice of ¢, h(x, P1, b)) < h(x, P;, b?) for 2 <i < N.

Rewrite b) = by = «|P| — €*0 with 0 < € < 1. Choose b) = «|P;| —

h(x, Pi, b?) >

6.2.2. Existence in the general case.

Theorem 6.9. Assume conditions (H3) and (H4). Let u be a Radon measure on D,
f € LY(Q) with f > 0 a.e., and satisfying the energy conservation condition

f f(x)dx = (D).
Q

. . o % . .
Then given Xy € Qy, with 0 < |Xo| < = 0 >, there exists a weak solution

~1 8(sup, IP|)
of the near field refractor problem passing through Xo.

Proof. We assume first that p = Zf\il giop,, with g; > 0 and P; pairwise distinct
points in D. From Theorem m given by € (x|P1| — o, |P1|) there exists a unique
(b, -+, by) such that S, defined by the radial function p(x, b1) = max; h(x, P;, b;),
is a weak solution to the near field refractor problem. By the comparison Theorem

the function p(x, b;) is decreasing in b; and continuous for (x, b;) € Qx (x|P;| -
g, k|P1]). For small € > 0, from Lemma [4.3(a) we have

©7)  plx,kIPi| - (0 — €)) > h(x, Py, k|Py| - (0 — €)) > % VxeQ.
On the other hand, let b;(€), 2 < i < N be the corresponding b;’s to by (€) = «|P;| — €.
Py - b; . .
We have Ll(e) < h(x, P;, bi(e)) < p(x, bi(€)). Since IR:Q: ( )(P1)| > 0, there exists
1 €

/ €
x1 such that p(x;,bi(€) = h(x1, P, bi(€)) < +2sup,|P| T Consequently,

«|Pi| = bi(e) < +/2e(x — 1) sup,, |P| and therefore

p(x, |P1| — €) = maxh(x, P;, bi(€)) < max [2sup |P|4 / %}bl <C+e—0,
1 1 D -
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as € — 0. Consequently, by continuity of p(x, b;), given X, = |Xo|xo € Q,, with
0 < |Xo| < %, there exists b1(Xy) such that p (xo, b1) = |Xol.
For the general case of a Radon measure u in D, we choose a sequence of

measures (i, such that each one is a finite combination of Dirac measures and

pe — pweakly with [.15(5) = y(ﬁ). From the above, let S; be the near field refractor
corresponding to the measure 11, and parameterized by p(x)x and passing through
the point X,. Thus, |Xo| € Range(p;) for all I. From (6.7), |Xo| < limy_,,, h(x, B, b),

K — 1)r?
where ap = «|P| — ﬁ. By Lemma and Lemma a one can apply
D
Theorem to obtain the existence of solutions. m|

7. FURTHER APPLICATIONS

To illustrate the general framework described in Section [2, we briefly show
how to recover the results for the far field refractor, proved using mass transport
in [GHOQ9]], and also the solution to the second boundary value problem for the
Monge-Ampere equation. We only state the results when the measure p is a finite
combination of Dirac measures. The general case for a general Radon measure
follows by approximation as in Theorems[2.8and[5.8 and noticing that the far field
refractor problem is dilation invariant and the second boundary value problem
for Monge-Ampere equation is translation invariant.

7.1. Far field refractor, x < 1. We have two domains Q, Q2* C §"! satisfying the
condition x - m > « for all x € Q, m € )*, with |dQ)| = 0. In this case, refractors

are defined with supporting semi-ellipsoids p(x,m,b) = " in [GHOQ9,
Definition 3.1].

We shall apply the setup in Sectionwith the spaces X = Q, and Y = Q. The
Radon measure  in Q is now given by w = fdx with f € L'(Q) nonnegative. If
S is a far field refractor in the sense of [GH09, Definition 3.1], then it is proved
in Lemma below that the map ® = Ng € Cs(ﬁ, @), where Ny is defined in
[GHOQ9, Definition 3.2]. From Lemma 2.1/ we therefore obtain that the set function

1-

(7.1) M f(F) := fdx,

N3'(F)

is a Radon measure defined on Q. We call this measure the far field refractor measure
associated with f and the refractor S.

We next introduce the family #. Let S, denote the far field refractor with
defining radial function p given by [GH09, Definition 3.1]. We let # be the family

of functions in C*(Q) given by
F = {p(x) : S, is a far field refractor}.
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On ¥ we define the mapping 7 by
T(p) = Ns,.

To continue with the application of the results from Section 2, we need to also
show that 7 is continuous at each p € ¥ in the sense of Definition This is
proved in Lemma [7.2]below.

Lemma 7.1. For each far field refractor S, we have Ns € C,(Q, Q).

Proof. Suppose S is parameterized by p(x). We first show that Ngs(QQ) = Q.
Because if m € ()7, then letting

by = inf{b : p(x) < p(x,m, b) for all x € 3},

we get that the semi ellipsoid p(x,m, b;) supports p(x) at some y € Q. Next
show that Ns(x) is single-valued for a.e. x with respect to w. Indeed, will prove
that {x € Q : Ns(x) is not a singleton} C {x € Q : p is not differentiable at x}. In
fact, if my, m, € Ns(x), and p is differentiable at x, then p has a unique supporting
hyperplane I'Tat x having outer unit normal v. Since the semi ellipsoids p(x, m1, b1)
and p(x, my, by) support p at x, the hyperplane IT supports both semi ellipsoids at
x, and then from the Snell law we get that x — xm; = Ay vand x — xm, = A, v. But
since A; = A, = O(x-v), we get that m; = m,. Since the graph of S is Lipschitz and
|0Q)| = 0, the set of singular points of S has measure zero and therefore Ng(x) is
single-valued for a.e. x € Q.

To prove that Ns is continuous, let x; — x; and m; € Ns(x;). Let p(x, m;, b;) be
a supporting semi ellipsoid to S at p(x;)x;. Then

(7.2) p(x) < JT forx e Q,

with equality at x = x; and x - m; > « for all x € Q. Assume that a; < p(x) < a, on
Q for some constants a, > a; > 0. From we then geta1(1—x) < b; < ay(1—«?).
Therefore selecting a subsequence we can assume that m; — m, € Q and b, —
by, as i — oco. By taking limit in (7.2)), one obtains that semi ellipsoid p(x, my, by)
supports S at p(xo)xo. O

Lemma 7.2. The far field refractor mapping T (p) = N, is continuous at each p € F.

Proof. Suppose p; — p uniformly as j — co. Let xo € Q and m; € ngj (x0). Then

there exists b; such that p;(x) < p(x, m;, b;) for all x € Q with equality at x = xy and
with x - m; > «. Selecting subsequences as in the proof of Lemma [7.1, we obtain
moy € Ns,(xo)- O

We therefore can apply Lemma to obtain that the definition of refractor
measure given in (7.1)) is stable by uniform limits, i.e., if p; — p uniformly, then
MSp]-,f - MSp,f weakly.
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To be able to apply Theorem we next need to verify that the family #
and the map 7 satisfy conditions (A1)-(A3) from Section 2l Indeed, (A1) follows
immediately from the definition of far field refractor. Condition (A2) immediately
follows from the definition of far field refractor.

It remains to verify (A3). Indeed, with the notation in condition (A3) we will
take

Rty (x) = p(x, m, b)
with the understanding that t = b, and yy, = m, and p(x, m, b) is the semi ellipsoid
E(m, b). In other words, we will show that the family

{p(,m,b) :me,0<b<+oo}CF,
and verifies (A3). Indeed, it is clear that p(-,m,b) is a far field refractor, and in
particular, m € 7 (p(-,m, b))(x) for all x € Q, that is, (A3)(a) holds. Condition
(A3)(b) is trivial. Condition (A3)(c) follows from p(x,m,b) <

(A3)(d) follows from |p(x, m, b’) — p(x, m,b)| < |1b - bzl'

The notion of weak solution is introduced through conservation of energy.
Definition 7.3. A far field refractor S is a weak solution of the far field refractor problem

for the case x < 1 with emitting illumination intensity f(x) on Q and prescribed refracted
illumination intensity u on D if for any Borel set F C D

T Finally,

(7.3) M f(F) = fdx = u(F).

NS

We are now ready to apply Theorem [2.5/to solve the far field refractor problem
when the measure y is a linear combination of deltas.

Theorem 7.4. Let my, - -+ ,my be distinct points in (), g1, - - , gn are positive numbers,
f € LYQ) such that x -m; > x forx € Q,1 <i <N, and

N
7.9 [rwa=) .
i=1

Then there exist positive numbers by, by, - -+ , by such that S = {p(x)x : x € 5} with
(7.5) p(x) = min p(x, m;, b;)

is a weak solution to the far field refractor problem. Moreover, Ms({m}) = gi for
1<i<N.

Proof. To prove the theorem, we apply Theorem So we only need to verify
that there exists po(x) = min;<;<y p(x, m;, b?) satisfying Mspo,f(mi) <gi,2<i<N.
From Remark 2.6/ this follows by choosing b; close to zero.

O
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7.2. Far field case, k > 1. Using the results from Subsection 2.3|and adapting the
above arguments we can easily deal with the case x > 1. In this case, we assume

1
X-m > - + 0, [dQ)] = 0, and the definition of far field refractor is made with

supporting semi-hyperboloids p(x, m, b) = Ll as in [GHO9, Definition 4.1].

K- X =
The far field refractor mapping of S is given by [GHO9, Definition 4.2]. The family
¥ is then given by F = {p : 5, is a far field refractor for ¥ > 1}. We have

{p(,m,b):me),0<b<+0}CF,

where the functions p(-,m,b) now satisfying conditions (A1’)-(A2’) and (A3”)
from Subsection Weak solutions of the far field refractor problem for x« > 1
are defined as in Definition

Therefore, applying Theorem we obtain the following theorem.

Theorem 7.5. Let my,--- ,my be distinct points in (0%, g1, - , gn are positive numbers,

1
feLl(Q)suchthatx-miZE+6forx€Q,1SiSN,and

N
7.6) [rwar=) s
i=1

Then there exist positive numbers by, by, - -+ , by such that S = {p(x)x : x € Q) with
(7.7) p(x) = {n‘a;f[ p(x, mj, b;)

is a weak solution to the far field refractor problem for k > 1. Moreover, Ms ¢ ({m;}) = g
for1 <i<N.

7.3. The second boundary value problem for the Monge-Ampére equation. We
assume here that X = Qand Y = with Q, ()* bounded convex domains in R”.
We have a Radon measure w in Q givenby w = f dx with f € L'(Q), f nonnegative.

The subdifferential of the function u : 3 — R is given by
du(xo) = {p € Q" : u(x) > u(xg) +p- (x — xp) forall x € Ql.

We let the family F = {u € C(Q) : uis convex and du(y) N Q* # O Vy € Q). On F
we define the mapping 7 by 7 (1) = du. One needs to prove that du € Cs(Q, 0%)
and the map 7 (u) = du is continuous at each u € ¥. To show Ju(Q) = O, we
proceed exactly as at the beginning of the proof of Lemma Everything else
follows from well known properties of the subdifferential, see [GutO1].

The family ¥ satisfies (A1’) and (A2’), and we verify that it also satisfies (A3"),
all from Subsection We let iy, (x) = x - p + b, where t = b and y, = p. Here
x € Qand p € QO'. We show that

x-p+b:peQ,—c0o<b< oo} CF
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satisfies condition (A3”). In fact, p € d(x - p + b)(x) for all x € 3, so (A3”)(a) holds.
(A3”)(b) is trivial. Since x-p+0b > b — |x||p| > b — C, where C depends on the
diameters of QO and (2", (A3”)(c) follows. (A3”)(d) trivially holds.

We are now ready to apply Theorem to solve the second boundary value
problem for the Monge-Ampeére equation when the measure p is alinear combination
of deltas. Thatis, to find a convex function u € F such that du(Q) = Q* and solving

Jouy1e) f@) dx = p(E) for each Borel set E C O

Theorem 7.6. Let py,-- -, pn be distinct points in (), g1,--- , gn are positive numbers,
f e LY(Q), and

N
78) [rwa=) .
i=1

Then there exist positive numbers by, by, - -+ , by such that the convex function

(7.9) u(x) = {na;f]{x -pi + bi}
solves the second boundary value problem for the Monge-Ampere equation.

8. APPENDIX: DERIVATION OF THE PDE

Suppose the function defining the refractor is p(x1,- - -, x4-1, %) and set x’ = (x1, -+, x,—1). We
have points (', x,) € Q C §"!, so we think of the region Q defined by {(x/, 4/1 — [¥’[2) : " € U} and
therefore we identify QO with U. We also think of the defining function p as a function p = p(x’)
with x’ € U. For the derivation of the equation we assume that p is C2. Following the paper
[KW10], we use the notation Dp = (d1p, - ,dn-1p) and f)p = (Dp,0). We also use the notation
x=(x1, - ,%,) € S" ! and let Y€ S"1 be the refracted direction of the ray x by the surface p(x)x,
thatis,

(8.10) y= % (x = D(x-v)v),
where v is the outer unit normal to the refractor at the point p(x)x, and @(f) = t —k /1 — k72(1 — ).

8.1. Case when the target domain D C {x, = 0}. Notice that this is compatible with hypotheses
H1and H2if x < 1 or H3 and H4 if ¥ > 1, when Q is above or near the hyperplane x,, = 0. Suppose
the surface refracts off the ray with direction x into the point Z € D. Then

Z = p(x)x + |Z — p(x)xly.

We denote by T the map x — Z and we regard it defined in U, thatis, T : U — D, where D is the
target screen. Since D C {x, = 0}, we have that T(x") = (z1,--- ,z4-1,0), and the Jacobian of T is

then the matrix DZ = (szi)ij, 1<i,j<n-1. 1fdSq and dSp denote the surface area elements in
ds 1

Q and in D, respectively, then det DZ = 2D Noticing that dSq = ———=dSy, and since f and
dSQ /1 _ | x/|2

g are the energy distributions in Q) and D, respectively, we obtain the equation

f
(8.11) detDZ = —2 .
gV =[x

We now find the explicit form of DZ which will yield the pde satisfied by p.
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From [KW10, Formula (2.15)] we have the following expression for the outer normal (the change
in the sign is due to the direction of the normal):

(8.12) - ~Pp+x(p(x) + Dp(x) - x')
Vp? +IDpP = (Dp - x')?

and so

P
VP2 +1DpP = (Dp - ¥)%

XV =

We now calculated = |Z—p(x")x|. Since D C {x, = 0}, wehave 0 = p(x")x,+dy, andsod = —p(x’);—n.
n
Also

1
Yn = * (X0 = O(x - v)vy)
—l(x - D(x-v X (p+ Dp-x) )
. Vo2 +1DpF —(Dp - ¥')
TP iy
"x Vo2 +DpP — (Dp - x' )72
A
=Xn —,
K
)
K
d = —p Z
From we then have
1 Dp
=—[Ax+D(x-v .
Ik e Vp* +DpP = (Dp - x')?
Therefore
3 k. P D(x-v) R
Z = p(x)x PRV =2 o oy x')ZD
3 D(x-v) R
B ‘D—G+q3(x-v)(p+Dp‘x')Dp
= F(', p(x'), Dp(x'))D(p?),
where

1 D(x - v)
E—G+CD(x-v)(p+Dp-x’)

F(x', p(x), Dp(x)) =

with G = /p? +|DpP?2 — (Dp - x’)2. It is convenient to use the notation

(o)
Vi +|pP2 = (p - x)?

_ |2 2 _(p-x)2 -x') D -
VI + PR = (P + ot pex) [\/u2+|p|2—(r7'x’)2]

, 1
Fx',u,p) = 3
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So zj = F(x’, p(x’), Dp(x"))(p?)s, for 1 < i < n -1 and z, = 0. Differentiating this with respect to x;
we get

n-1
ajzi = F(pz)xix, + (Pz)xi (ij +F, Px; T Z FPk pXkX]]
k=1

n—-1
= 2Fp Px,-x] +2F Px; px] + (pz)x,v [ij + Fu px] + Z Fpk pXka] .
k=1

If n, £ are row vectors in R”, the tensor product is the n X n matrix defined by
con=2:&h,
with the multiplication of matrices. Then the Jacobian matrix DZ = (d;z;) can be written as
DZ =2pF D*p + 2FDp ® Dp + D(p?) ® Dy F + F, D(p*) ® Dp + D(p*) ® (D,F D?p).

If &, 1 are row vectors and A is an n X n matrix, then £ ® (nA) = (£ ® n)A, and we then obtain the
formula

DZ = 2p {FI + Dp & D,F| D*p + 2FDp & Dp + D(p*) ® Dy F + F, D(p*) ® Dp.

We have from the Sherman-Morrison formula that if M = [+ ®n, with £ and 1 row vectors, then,

_ E®n
_ . 1_7_
(8.13) det M=1+&-7n, and M I T+e7
Therefore, if
1
8.14 M=+ —————Dp®D,F,
( ) F(X’, p, DP) P p
then
Dp®D,F
-1 _7_ 14
(8.15) M7 =1 F(x,p,Dp) + Dp D,F
Hence
DZ = 2pFMD?p + 2FDp ® Dp + D(p*) ® Dy F + F, D(p*) ® Dp = 2pEMD?p + B,
and so . .
— M -2 = a1
2pFM DZ =D p+2pFM B.
F
-1 _
We have det M = F+Dp D,F Therefore

det DZ = det (sz + Z%F M1 B) (2p)"'F"2(F + Dp - D,F).

Since (¢ ® B)(E®N) = (B &)(a ® 1)), from the form of M~ and B we have that

2F
-1 _ ,

MB=oF-"7F Dp - D,F [(F + pF,)Dp ® Dp + pDp ® D F].

Combining this with (8.11)), we obtain that p satisfy the following pde of Monge-Ampére type:
f

(8.16) det(D?p + A, p,Dp)) = ’

( ) g1/1 — ¥ (2p)"-1F-2 (P+Dp-DpF)
where :

A, p,Dp) = oF+Dp D) [(F+ pF,)Dp ® Dp + pDp ® Dy F].
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8.2. Case when D is contained in a hypersurface. We assume the target domain D is contained
in a hypersurface {P € R" : (P) = 0}, where 1 is C' and ¢p, # 0. We recall that we assume the
configuration given by either (H1) and (H2), if ¥ < 1, or (H3) and (H4), if x > 1. In order to find
the pde in the general case we will use the calculations from Subsection 8.1}

Given the direction x € (), the point p(x)x is refracted with direction y into the point Z € D.
The normal at Z = (z1, -+, z,) € D is given by Dy and so the map T : x — Z has Jacobian matrix |
satisfying

d1z1 -+ In-1z1 Pp,
1 diza -+ In-1Z2 Up,
det] = — det . . .
J Dy : : :
alzn e an—lzn l,bP,,

WehaveZ = Z(x') = (z1(x1, -+ , Xn-1), -+, Zn(X1, -+, Xp—1))and ¢ (Z(xq, - - -, xn-1)) = 0, so differentiating

with respect to x; we get }.i.; ¥p,dy;z; = 0 and so

n—

1
1 .
Ox,Zn = —=— Z Vp,0x,Zi, forj=1,---,n-1

P
Inserting these into det | yields

dizy e 121
|Dy| dizo o dpaz
(8.17) det] = —— det . . .
Up, ' :
1Zp1 vt Ou-1Zno1
Z - p(x)x

ForZeD,xeQ withTx =27, lety = , and let ¢ be the line with direction y passing

|Z — p(x)x]|
through the point p(x)x. Let W be the interseft(io)n point between £ and the hyperplane x,, = 0. We
write
W = p(x)x + doy.

The existence of W follows from (H1) and (H2) if e, € QO and 7 < x. Indeed, we notice that ¢
does not intersect x, = 0 if and only if ¢ is perpendicular to e,, or equivalently the vector y is
perpendicular to e,. From (H1), Z/|Z| is contained in the solid cone with axis e, with opening x + t
forZ e D,ie. Z/|Z]-e, 2 k + 7. On the other hand, since the refractor is contained in Q,,, we have

Z 2p(x) 2rg
A=|—— < < . Now from (H2
i Y= Z- peond < 1Z - pod (H2)
1 —
1Z — p()x] = 1Z] = 1o > dist (D, 0) - 10 > 19 (#)
S0 A < 2—T Therefore
l+x—-1

Yren =\ 0z1) Tz = T k=1 R P

Thus, if 7 < «, then r > 0, and so the vector y lies in a cone with axis e, that does not intersect
the plane x,, = 0 which proves the existence of W. Similarly, if ¥ > 1, then the existence of W also
follows from (H3) and (H4) assuming again e, € Q and that 7 is sufficiently small.

A calculation as in the case when D C {x, = 0} yields that

W =F(x, p(x"), Dp(x')) D(p?).

If we write
Z = p(x)x + tx') (W = p(x)x),
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then Z — p(x")x = t(x") (W — p(x")x) and making the dot product of this equation with e, we obtain
that
p(x")x, =z,

px')xn
where x, = 1 - [x’[2. In view of (8.17), we only need to calculate djzi for 1 <i,j <n—1. Set
z'=(z1,"-+ ,zZp-1) and W’ = (wy, -+ ,Wy-1), We get

tx') =

djzi = djt (i — p(x")x;) + (1 — 1), (p(x")x;) + tdjw;, i,j=1,---,n—-1.
This equation written in matrix form is
(8.18) Dz’ = (w' — px")®@ Dt + (1 — )D(px’) + tDw'".

We calculate d;t. Differentiating the equation i (tW + (1 — t)p(x")x) = 0 with respectto x;, 1 < j <
n—1, we get

It DY - (W= px)==(1=) Y pd; (px;) =t Y p.dju0;
i=1 i=1

n—-1

=— Z Up, ((1 - 1)d; (px;) + tajwi) — (1 =t)p,d; (pxu),

i=1
since w,, = 0. So we have the formula for the vector Dt = (d1¢, -, dy-1f)
(8.19) Dt = —BDy (1 = HD(px') + tDw'’) = B(1 = e, D(pxy),

1
Dy - (W - px)
calculation let A = (1 — t)D(px’) + tDw’. So from (8.18))

where § = , and we used the notation Dy = (¢p,,- -+, ¥p, ,). For simplicity in the

Dz =W —px)®@Dt+ A,
and from
Dt = =Dy A — B(1 — t)ip,D(pxy).
So inserting into and using the formula £ ® (nA) = (£ ® n)Aﬂ we obtain
Dz = (1 - B —px')® Dlp)A - B(1 = Hp, (W' — px’) ® D(pxy).
Letting 8 = I — B(w’ — px’) ® D1, from we get

P Bw’ — px’) ® Dy .
1- B’ - px') - Dy

Since % =Dy - (W - px) = Dy - (' — px’) = Pp, pxy, it follows that

@ - p¥)@Dy

Bl=1
Yp, PXn

Therefore

Dz = B(A-B(1 - Hyp, 87 (@' - px') @ D(pxy))).

'& ® n = &' as multiplication of matrices.
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We have
I (@ -px)®Dy
B~ ((w' — px") ® D(px,)) = (I D pr

= (w' - px’) ® D(pxy)
= rpm (@ = px) ® DY) (@ - px') @ Dlpx)
= (w' - px’) ® D(pxy)
i (DY@ = p)) @ - px) @ Dl

- llbpnpxn
= (W' — px") ® D(pxy)

)«w' ~ o) D(px,)

1 1
T (E + ybpnpxn)(w' - px") ® D(pxy)
- _ﬁlllplpxn (W' — px") ® D(pxy).

Consequently
1
PXn

= 8(tDw' + (1 -H)D(px")+ (1 —-1t)

Dz = B(A +(1-)—@ - px')® D(pxn))

1
P

(W' — px') ® D(pxn)).
We recall from (??) that
Dw’ = 2pF(x’, p, Dp) MD?*p + B
with M from (8.14), so
1
PXn

_ 2 1 -1 _ ’
= B2tpFM (D p+ —2thM tB+ (1 -1t)|D(px") +

Dz = B(t2pFM D?p +tB + (1 - )D(px’) + (1 — t)— (w’ — px’) ® D(pxn))

1
PXn

(W - pr)® D(pxn>))).
We have det B =1 - (w’ — px’) - Dy = —Bp, px, and det M =1 + %(Dp - D,F). So

det Dz’ = (2tpEY™ (~Byp, pxn) (1 + %(Dp : DPP))det (D% +A),

with

A=A, p,Dp) = ﬁ/\d1 (tB +(1-1 (D(px’) + pin (W' —px') ® D(pxn))).

From (8.11) and (8.17) we then obtain that p satisfy the pde of Monge-Ampere type

f

2 _
(8.20) det (D o+ 54) = AW BDUEY  pBFE + Dy D)
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