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Abstract We establish a covering lemma of Besicovitch type for metric balls in the
setting of Holder quasimetric spaces of homogenous type and use it to prove a covering
theorem for measurable sets. For families of measurable functions, we introduce the
notions of power decay, critical density and double ball property and with the aid of the
covering theorem we show how these notions are related. Next we present an axiomatic
procedure to establish Harnack inequality that permits to handle both divergence and
non divergence linear equations.
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1 Introduction

Harnack inequality for solutions to degenerate elliptic equations has received much
attention in recent years, and in several cases the underlying geometry for their
study relies on quite general metric structures of homogeneous type. Moser iteration
technique has been extended to non Euclidean settings, yielding Harnack inequali-
ties for solutions to second order degenerate elliptic equations in divergence form
with underlying Carnot-Carathéodory metric structures, see [3,11,12] and references
therein.

Caffarelli’s technique [5,6], to prove Harnack’s inequality for uniformly elliptic
fully nonlinear equations has been extended in [8] to the linearized Monge-Ampere
equation, see also [15, Chap. 2]. The role of the Euclidean balls in Caffarelli’s original
method is played, in [8], by the sections of a convex function. This makes clear the quasi
metric character of some crucial parts of the procedure and it is one of the purposes of
this paper to put these techniques in the frame of quasi metric spaces of homogeneous
type. Our principal aim is to present an axiomatic procedure to the Harnack inequality
that permits to handle both non divergence and divergence linear equations, with
underlying Euclidean or non Euclidean metric structures. An important step in this
approach is first to extend the covering lemma of Besicovitch type [7, Lemma 1] to
the setting of Holder quasi metric spaces defined in Sect. 2.2, an extension having
independent interest, Lemma 3.1. Then assuming that the doubling Holder metric
space satisfies the ring condition, we prove a covering theorem for measurable sets
analogue to the main Theorem in [7], see Theorem 3.3. With these tools we can handle
families of just measurable functions and prove power decay (Definition 4.6) assuming
critical density (Definition 4.1) and double ball (Definition 4.2) properties. Finally,
we show two different proofs that power decay implies Harnack inequality in every
quasi metric doubling space. We would like to stress that the present method to prove
Harnack inequality avoids the use of any BMO inequality of John-Nirenberg type,
which plays a crucial role in Moser iteration technique for divergence form operators.
It is well known that this inequality is hard to prove in the settings of quasi metric
doubling spaces, see [4].

We mention the recent paper [1] by Aimar, Forzani and Toledano extending the
method from [8] to quasi metric spaces. These authors assume conditions invol-
ving metric rings and the boundary of metric balls and use a Vitali-type covering
lemma by Aimar [2]. In addition, since their Calderén-Zygmund type decomposition,
[1, Theorem 4.1], holds only for open sets, they can only handle semicontinuous func-
tions and obtain Harnack inequality for continuous functions. In the applications, the
semicontinuity of solutions is in general not known and it is more natural to make
assumptions on the geometry of the underlying space rather than on the class of func-
tions considered. In particular, our approach improves some conclusions in their paper.

The plan of the present work is as follows. In Sect. 2 we fix and recall some
definitions and results from doubling quasi metric spaces theory. We also show some
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explicit examples of spaces appearing in connection with PDE’s, to which our results
apply. Section 3 is devoted to the proof of our e-Besicovitch Lemma and to the
extension to metric settings of the main covering Theorem in [7]. We give two different
versions of this theorem: the first one, Theorem 3.3, contains a stronger conclusion,
but it requires the ring condition. The second one, Theorem 3.4, is weaker both in the
assumption and in the conclusion: it requires that the measure of the ball is continuous
with respect to the radius. In Sect. 4, we show that critical density and double ball
property imply power decay, Theorem 4.7, assuming two different set of hypotheses
on the spaces and the family of functions we are dealing with. Sections 5 and 6 contain
two different proofs that in every doubling quasi metric space the Harnack inequality
follows from the power decay property. Finally, in Sect. 7, we apply our abstract re-
sults to the X -elliptic operators, by giving a new proof of the Harnack inequality and
Holder continuity of the weak solutions first appeared in [12]. We hope the axiomatic
approach in the present paper might help to solve the problem of the validity of Har-
nack’s inequality for X-elliptic operators in nondivergence form. We plan to return to
this question in another occasion.

2 Metric definitions and preliminaries
2.1 Doubling quasi metric spaces
Given a nonempty set Y, a functiond : ¥ x Y — [0, 0o) is called a quasi metric if

it is symmetric, strictly positive away from {x = y} and such that for some constant
K >1,

dx,y) = K (d(x,2) +d(z, y)),
for all x, y, z € Y. The pair (Y, d) is called a quasi metric space. If K = 1, then d is
a metric and (Y, d) is a metric space. The d-ball with center x € Y and radius r > 0
is given by
B(x,r)=By(x) ={yeY:d(x,y) <r}

Definition 2.1 [9, p. 66] The quasi metric space (Y, d) is of homogeneous type if
there exists a positive integer N such that for each x and for each r > 0 the ball
B(x, r) contains at most N points x; satisfying d(x;, x;) > r/2 withi # j.
Definition 2.2 If (Y, d) is a quasi metric space and p is a positive measure on a o -

algebra of subsets of ¥ containing the d-balls, then we say that u satisfies the doubling
property if there exists a positive constant Cp such that

0 < u(B(x,2r)) <Cpu(B(x,r)), forallx € Y andr > 0.

In this case, we say that (Y, d, 1) is a a doubling quasi metric space.

@ Springer



258 G. Di Fazio et al.

The following version of the doubling property is also useful:

R 0
u(B(x, R2)) < Cp (R_l) w(B(x, Ry)), (2.1)

for Ry < Ry and Q = log, Cp. As a consequence,

(ZKR)Q
w(B(y,R) <Cp|{——) wn(B(x,r) whenever B(x,r) C B(y, R). (2.2)
r

Indeed, the inclusion B(x,r) C B(y, R) implies B(y, R) C B(x,2KR), so that 2.2
follows from 2.1.

It is well known that every doubling quasi metric space is of homogeneous type,
see [9, Remark on p. 67].

2.2 Holder quasi metric spaces

Throughout the paper we will work with quasimetrics that are Holder continuous in
the sense of the following definition.

Definition 2.3 The quasi distance d is Holder continuous if there exist positive con-
stants § and 0 < o < 1 such that

ld(x, y) —d(x,2)| < Bd(y,2)* (d(x,y) +d(x,2)' ™, 2.3)

for all x, y, z € Y. In this case we say that (Y, d) is a Holder quasi metric space.

Obviously, if d is a metric, then d is Holder continuous with § = o = 1.
By using the quasi-triangle inequality, is easy to see that (2.3) is equivalent to

ld(x,y) —d(x,2)| < B d(y,2)* (d(x,2) +d(y,2) 7. (2.4)

We would like to stress that the assumption that d is Holder does not really affects
the generality. Indeed, a theorem of Macias and Segovia [23, Theorem 2] states that
given any quasi metric space (Y, d) there exists a quasi distance d’ on Y that is Holder
continuous in the sense of the previous definition and it is equivalent to d. We would
also like to note that if d is a Holder quasi distance, then the d balls are open with
respect to the topology generated by d. Then, if (X, d, i) is a doubling quasi metric
Holder space, u has to be a Borel measure. !

Remark 2.4 ITn RY x RV let us define

ds(x,y) = |x — y|°

L AsetQis d-open iff any x € € is the center of some ball contained in 2. Since every doubling quasi
metric space is separable, see [23], every open set is the union of a countable family of balls. Thus, if the
metric balls are measurable, every open set is measurable.
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where § is a fixed strictly positive real number. If § < 1, then dj is a metric in RV
while, if 6 > 1, it is a Holder quasi metric with exponent o = % and constant 8 = 4.
This quasi distance appears in the fractal structures considered by Mosco in [21,22].

Remark 2.5 A remarkable example of a Holder continuous quasi distance with ex-
ponent ¢ = 1 is the one induced by a homogeneous norm on a homogeneous Lie
group G. Let G = (RV, o, 8;) be a homogeneous group whose dilations {8, }5-¢ are
defined by
Sxr, ..o xan) = (W%, A% X0, AV ),
1 <@ <---<ap,andletd : RN — R be a continuous function, 8;-homogeneous
of degree one, smooth and strictly positive outside the origin. Assume d (x ™) = d(x)
for all x € G.? It is a standard fact that
d(x,y):=dx 'oy), x,yeR",

is a quasi distance in RY. Moreover, if | - | denotes Lebesgue measure and we let
QO =a;+ -+ ay,then

|B(x,r)| = B0, 1)|r? := wor?, (2.5)

for all x € RY and r > 0. Thus, (RY, d, | - |) is a doubling quasi metric space with
doubling constant Cp = 22 We now show that d satisfies (2.3) with @ = 1, that is,

d(x,y) <d(y,2) + Bd(y,2), Vx,y,zeR",
A simple change of variables shows that this inequality is equivalent to
d(yox) =d(x)+Bd(y), (2.6)

for all x, y € RV, This inequality is trivial if y = 0, so assume y # 0. Using the fact
that the function d is §, homogeneous of degree one, (2.6) can be written as

d ((<31/d(y)(y))_l 0 81/d(y) (X)) <d (817a»(x)) + B,

or also keeping in mind that d(z ') = d(z) it can be written as

dmo&)—dm) <p VeE,neRY, dE) =1 2.7)

Since d is a quasi distance, there exists K > 1 such that

dno&)—d(m) = K (d(n)+d§)) —dm).

2 We recall that in any Carnot group such an homogeneous norm exists.
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So,ifd(n) < M, then (2.7) holds with C = (K — 1)M + K. Assume d(n) > M and
put Y := log(€), where log denotes the logarithm map from G to g the Lie algebra of
G. Consider the integral curve of Y starting from #:

y (1) :=exp(tY)(n) = noexp(tY)(0).
Since y(0) = nand y (1) = noexp(¥Y)(0) = noexp(Y) = no &, it follows that

1

dnoé)—d@n) =d(y1)) —d(y(0)) = /(Vd(y(t)), y (1)) dr

0
1
= /(Yd)(y(t))dt- (2.8)
0
Let Zy, ..., Zy be abasis of G and write
N
Y= ui®z;. (2.9)
j=1

Since log is diffeomorphism, the real functions & — u ;(§) are smooth, and so

sup |uj(§)| <Cy<oo, j=1,...,N. (2.10)
d(&)=1

Moreover, we canrelabel the Z;’s so that Z is 5, -homogeneous of degree « j. Keeping
in mind that d is §;-homogeneous of degree one, then we get that the function Z; (d)
is 8, -homogeneous of degree 1 —a; and so it is bounded above on every closed subset
of R" \ {0} since 1 — a; < 0. We now claim that we can choose M > 0 such that if
d(n) = M, then

d(y(t)) =1 Vvt €0, 1]. @2.11)

From (2.8), (2.9) and (2.10) it follows that

N
don) —dn) = C ZOSUPI 1Z(d(y ()]
j=1

=t=

N
<C1 Y. sup |Z;(d(2)] = C < c0.

j=1 d(z>1
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Then we are left with the proof of (2.11). From the quasi triangular inequality of d,
we obtain

1
d(y(n) = Ed(n)—d(y(t),n) (2.12)

On the other hand,
N
dy().n) =d(™" oy(1) = d(expY)©O) =d [exp [t D u;©)Z; | 0)
j=1

Then from (2.10), there exists a positive constant C, independent of £ and ¢ such that
d(y(t),n) < C,. Then from (2.12),d(y(¢)) > % — Cyforallt € [0, 1]ifd(n) > M.
If we choose M = K (1 4+ C3), then (2.11) follows and the proof of the remark is
complete.

2.3 Continuity of the measure

In Theorem 3.3 we will assume a property of d given in the following definition.

Definition 2.6 (Ring condition) The doubling quasi metric space (Y, d, n) satisfies
the ring condition if there exists a nonnegative function w(¢) such that w(¢) — 0 as
€ — 0" and

pn(B(x,r)\ B(x, (1 —€)r)) < w(€) u(B(x,r)),

for every ball B(x, r) and all € sufficiently small.

The quasi metric space in Remark 2.5 is an important example of space satisfying
the ring condition. Indeed, from (2.5) we get

1BGx, )\ Blx, 1 —e)r) =worl (1 —(1-6)?) < Qe|B(x,r)],

forallr >0and 0 <€ < 1.

In Theorem 3.4 we will use the continuity of the measure of the balls with respect to
its radius. This property, which is weaker than the ring condition, holds true in metric
spaces with the segment property accordingly with the following definition.

Definition 2.7 (Segment property) The metric space (Y, d) has the segment property,
if for any x,y € Y there exists a d-continuous curve y : [0, 1] — Y such that

y(0) =x, y(1) = y and
d(x,y) =dx,y®)+d(y(),y), Viel0,1].
The following lemma, in the context of Carnot-Carathéodory spaces, is proved in

[10]. However, we notice that the proof in that paper only relies on general metric
properties. Here we explicitly show the proof for the reader’s convenience.
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Lemma 2.8 Let (Y, d, i) be a doubling metric space satisfying the segment property,
Then, for each x € Y, the function r — u(B(x, r)) is continuous.

Proof We have

lim u(Bg) = ju(By), lim pu(Bp) = u(By),
o—r

Q—)r_

and so to prove the lemma it is enough to show that (9 B,) = 0. Suppose by contradic-
tion that (0 B,) > 0. By Lebesgue’s differentiation theorem [16, Theorem 1.8], we
have lim ][ xB, (x)du(x) =0 for a.e. y € 9B, in the measure u, and therefore

R=0/ Bp(y)
if we show that

M >c¢>0 (2.13)
H(BRr())

for all y € 9B, and for all R sufficiently small, we get a contradiction. Fix y € 9B,,

let xo be the center of B,, and by the segment property let y be a d-continuous curve

joining x¢ and y such that d(xg, y) = d(xo,z) + d(z,y) for all z € y. Picking

z € y such that d(z, y) = R/2, we get that Bg/2(z) C B, N Br(y) for R < r, and

Bgr(y) C B3g/2(z). Therefore (2.13) follows from the doubling property. O

Important examples of metric spaces satisfying the segment property are the Carnot-
Carathéodory spaces related to families of vector fields in RN Let Xy,..., X, be
a system of vector fields defined in an open set ¥ < R with locally Lipschitz
continuous coefficients. A piecewise C! curve y : [0, T] — Y is called X-subunit if
whenever y' () exists one has

Y1) =D ci)X;(y 1), with > ;> < 1. (2.14)

Jj=1 j=1

The X-subunitlength of y is by definition/s(y) = T.Givenx, y € Y, ®(x, y) denotes
the collection of all sub-unit curves connecting x and y. We assume @ (x, y) # 0 for
all x, y € RV, Then the function

d(x,y) :=inf{ls(y) : y € ®(x,y)}

is ametric in Y, usually called the Carnot-Carathéodory distance, or control distance,
related to the system X of vector fields. If the function (x, y) + d(x, y) is continuous
with respect to the Euclidean topology, then the metric space (Y, d) satisfies the seg-
ment property, see [13, Lemma 3.7] and also [11], where this property was established
for the first time in a non-Euclidean Carnot-Carathéodory space.
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2.4 Reverse doubling
The following reverse doubling condition will be crucially used in the paper:
p(B(x,r)) < é n(B(x,2r)), (2.15)

for some 0 < § < 1. This inequality holds true, with a § independent of r, if some
“contraction” of the ring B(x, 2r) \ B(x, r) is non empty. More precisely, we have the
following proposition.

Proposition 2.9 Let (Y, d, n) be a doubling quasi metric Holder space. If there exist
constants n, 0 with 1 < n < 20 < 2 such that B(x, 20r) \ B(x, nr) # @, then (2.15)
holds with a constant § € (0, 1) only depending on n, 60, K, Cp and the constants B
and o in (2.3).

Proof Let y € B(x,20r) \ B(x,nr). We claim that there exists a constant ¢ =
o(B,a) < 1 suchthat B(y,or) C B(x,20r) \ B(x, nr). This inclusion implies by
doubling that

1 0
H(B(x, 2) 2 (B 1) + (B, o) = (B, /D + o (57 ) - w(BG, 200

Thus, (2.15) follows letting § = 1 — % (&) 2 So we are left with the proof of the
claim. Let z € B(y, or). From (2.3) we have

d(z,x) > d(x,y) — Bd(z, V) (d(z,y) +d(x, y)' ™
> nr — Blor)*(or +2r) ™% = (17 — Bo%(o + 2)1_“) r.

Thus, if we choose o > 0 such that o% (o + 2)'~* <  — 1, we obtain B(y, or) N
B(x,r) = (. Analogously,

d(z,y) <d(x,y)+Bd@. y)* @z y) +dx, y))' ™"
< 20r + B(or)*(or +2r)' 7% = (29 + Bo(o + 2)1—“) r.

Thus, choosing o > 0 satisfying, together with the previous condition, that o ® (o +
2)1=® < 2(1 — 0), we also obtain B(y, or) C B(x,2r) \ B(x,r) and the claim is
proved. O

Aninteresting example of a metric satisfying the hypotheses of Proposition 2.9 is the
Carnot-Carathéodory distance d related to the family of locally Lipschitz continuous
vector fields X1, ..., X,, in a connected open set ¥ € RY. More precisely, if 4 is a
continuous with respect to the Euclidean distance, we have d B(x, r) # { for every r
sufficiently small.

Proposition 2.10 Let K C Y be compact, K # Y. Then there exists p = p(K,Y) >
0 such that 9B(x,r) # @ for every x € K and 0 < r < p.
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The proof of the proposition requires the following lemma whose elementary proof
can be found in [17, Proposition 11.2].

Lemma 2.11 Let K C Y be compact. Then there exists a positive constant M =
M(K,Y) such that

lx =yl <Md(x,y), Vx,yek,

where |x — y| is the Euclidean distance in RV

Proof of Proposition 2.10 Let y € Y \ K and let M be the constant given in the
previous lemma and related to K U {y}. Let p > 0 be such that |[x — y| > Mp for
all x € K. Thus, by Lemma 2.11, d(x, y) > p for all x € K. We now fix a point
x € K and choose a continuous curve y : [0, 1] — Y such that y(0) = x and
y (1) = y. The function t — d(t) := d(x, y (¢)) is continuous and satisfies d(0) = 0
and d(1) > p. Then given 0 < r < p there exists ¢ € (0, 1) such thatd(x, y(¢)) =r
which completes the proof of the proposition. O

3 Covering theorems

In this section we prove some covering results that are important for our later deve-
lopments and have independent interest. The main results are Lemma 3.1 and Theo-
rems 3.3 and 3.4. The covering argument given in Lemma 3.1 is a measure theoretic
result inspired from [14], [15, Theorem 6.3.3] and [7] and adapted to metric balls. It
is known that the Besicovitch covering lemma is not true for general metric spaces,
see e.g. [19]. 3 Lemma 3.1 is a suitable variant of such lemma in our setting.

Lemma 3.1 (e-Besicovitch) Let (Y, d) be quasi metric Holder space of homogeneous
type. Let A be a set contained in the ball B(zg, R), and suppose that for eacha € A a
ball B(a, r) is given such that r is bounded by a fix number M. Let us denote by F the
family of all these balls. Then there exists a countable subfamily of F, { B(ax, ri)}72 |,
with the following properties:
(i) ACUZ, B(ak,r);
(i) ax ¢ Uj<kBlaj,rj) Yk >2;
71K
(iii) The family { B(ak, ri/o)}p2, is disjoint, where a = KR and K is the constant
in the quasi triangle inequality for d;
(iv) Forall0 < € < 1 the family

Fe = {Blax, (1 —e)ro)}Z,

has bounded overlaps, namely

S 1
ZXB(ak»(l—e)rk)(X) < C log -
k=1

3 For counterexamples to the Besicovitch covering lemma in Carnot groups see [24].
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where C depends only on K and the constants o and B in Definition 2.3 and xg
denotes the characteristic function of the set E.

Proof We may assume o) = M = sup{r : B(a,r) € F}. Let
M
Fo= B(a,r):; <r <M, B(a,r) e Fi,

and
Ao =f{a : B(a,r) € Fo}.

Pick B(ay,r1) € Fo such that r; > %M. Then either Ag \ B(aj,r;) = @ or Ag \
B(ay, r1) # 0. In the first case, A9 C B(ay, r1) and we stop. In the second case, the
set

{r:B(a,r) € Fpanda € Ag \ B(ai,r)}

is not empty and let a» denote its supremum. Pick r; in this set such that o > rp >

%az and let B(ay, r2) be the corresponding ball. We then have a» ¢ B(ap, r;) and

r > %al > %az > %rz. Again, we have either Ay \ (B(ai, r1) U B(az, rn)) = @ or

Ao\ (B(ay,r1) U B(az, rn)) # @.Inthe first case, we have Ag C B(ay, r1)UB(az, r2)
and we stop. In the second case, we continue the process. In general, for the jth-step
we pick 7j such thator; > r; > %aj where

aj=supqy7:B(a,r) € Fy and a € Ap \ U B(aj,ri) ¢,
i<j
and select B(a;,r;). We have r; < %r,- for j > i, since
rjfocjfoz,-<§ri. (31)

Continuing in this way we construct a family, at this point possibly infinite, which we
denote by

Fo = 1{Bad. rOI,
with

a) e Ao\ | B@]. 7).

i<j
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266 G. Di Fazio et al.

We now claim that the balls B(a?, r°/a), are disjoint. In fact, if z € B(a?, r?/a) N

i i

B(a),rf/a) andi < j, then from (3.1)

0 0 0 0 0 r r? 7K
rp <d(a;,a;) < K (d(a;,z) +d(z,a;) < K E’—l—; §§ri.

M
Now d(a?, a(l.)) > 5 and since a? € B(zo0, R), it follows from [9, p. 68,Lemma (1.1)]

that the number of balls in ;) is bounded by a constant N (R, M). This implies that the
union of all members in F covers Ag. The family F; will be called the first generation
and denoted by 7, = {B(a’, r))}iel,-

We now proceed with the construction of the second generation.

Let us consider the family
M M
— <r<—
4 -2

.7:1=[B(a,r): , B(a,r)e]:].

Let

Ay ={a:B(a,r)e Franda ¢ U B(ao ro)

i
iely

We repeat the construction above for the set A obtaining a family of balls denoted by
Fi = (B}, r)}ier,

that we call the second generation. We continue this process and in the kth-step we
consider the family

M
]—'kz[B(a,r): <r§2_k’ B(a,r)e}—]

2k+1
and the set

A = {a :B(a,r) € Franda ¢ U balls previously selected} .
As before we obtain a family of balls denoted by

F; =B}, rH}ier,.

1’71

By construction, each family F; has a finite number of members whose union covers
Ay, each ball B(ak, r¥) € F| has the property that

[}

M P M
ST <= 5
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and the balls {B(af‘, rik /a)}; are disjoint. In addition, and again by [9, p. 68, Lemma
(1.1)] the number of balls is finite and bounded by a number N(R, M, k).

We claim that the collection of all the balls in all generations F,, k > 1, is the
family that satisfies the conclusion.

To show (i), let a € A. Then there exists a ball B(a,r) € Fi for some k. If
aé¢ Ui,l;l<k B(af, rl.l), then a € Ay and therefore a € B(af, rf) for some j since F},
covers Ay.

Since each generation ;. has a finite number of members by relabelling the indices
of all of the members of all generations F, ,i we obtain (ii).

In order to show (iii), let a; # a;. If B(a;,r;) and B(aj, r;) belong to the same
generation, then (iii) was already proved. On the other hand, suppose B(a;, ;) belongs
to .7-",2 and B(aj, r;) belongs to .7-",2+p for some p > 1. Then, by construction, a; ¢
B(a,- s rl-) and

< M < M
rj—2k+p—ﬁ<ri'

This implies our claim, otherwise

i rj 2K
ri <d(ai,aj) < K (——i——)i — )i,
o [07

o

a contradiction by the choice of «.
To show the bounded overlapping property (iv), we first prove that balls in each
generation 7, enjoy this property. Suppose that

Z € B(a?l,rﬁ) ﬂ'-'ﬁB(alj‘-m,rfm),

with B(a’;.l_ , rﬁ_) S ]—',2. To simplify notations we set af.’_ =a;,rj; =t,1 <i <m. We
have

—M <
2k+1 <h= 2_k’

and

M
a; € B(z,t;)) C B Z,z—k .

Since d(a;, a;) > t; > M/ 2K+Lif i = j, it follows from the homogeneity of the space
thatm < N.

We now estimate the overlapping of balls belonging to different generations, and
for this we shrink the balls selected. Let 0 < € < 1 and

ze()B(ag,. (1 —erg) . (3.2)
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where e < ey < - < e < ---, M2~ < r,‘;{i < M?2~¢. For simplicity in the
notation we seta; = af,{i andr; = r,‘i{l.. We may assume e is sufficiently small because
otherwise, by (iii) the balls are disjoint. Fix i and let j > i, we shall measure the gap
betweene; ande;. Sincez € B (aj, a- e)rj)ﬁB (ai, (1 —€)ri),anda; ¢ B(a;, i),
we obtain from (2.3) that

ri < d(ai, aj) < d(a;, 2) + Bd(aj, 9% (d(aj, ) +d(aj, ) .
On the other hand, by the quasi triangle inequality
d(ai,aj) < K(d(a;,z) +d(z,a;)) < K(1 —e€)(r; +rj) < 2Kr;,
since r; > r;, and inserting this in the previous inequality we get
ri < (L= e)ri+ pri @K' ™.
Thus

o o
€r; <er,

€ 1 o 1
and so Yetha <C T This implies that e; — ¢; < ¢ log, (E) and the proof of

the lemma is complete. O

Remark 3.2 Under the assumptions of Lemma 3.1, there exists a disjoint subfamily
{B(ay, ri)}2; such that the family {B(ay, ary)}72, covers A, that is, we get the
conclusion in Vitali’s lemma. Indeed, if F is the family in the e-Besicovitch Lemma,
and 7* = {B(a,ar) : B(a,r) € F}, then applying Lemma 3.1 to F* yields the
remark.

We are now in a position to prove the following selection theorem of importance
in the following sections.

Theorem 3.3 Let (Y, d, u) be a doubling quasi metric Holder space satisfying the
ring condition in Definition 2.6 with w(€) = 0((10g(1/6))_2) as € — 07T, that is,

p(B(x, 1)\ B(x, (I —€)1)) < w(€) u(B(x, 1)), (3.3

for all balls B(x, t) and for all € sufficiently small.

IfE C BRy(2) is a p-measurable set with n(E) > 0,0 < § < 1, and n(Bg,(2)) <
8 w(Bagy(2)), then there is a constant 0 < c(8) < 1, depending only on § and not on
E, and a family of balls {B; = B(x;, rj)}?‘;l with rj < 3K Ry satisfying

(1) all xj are density points* of E with respect to ;

B NE
Yxevisa density point for the set E if M — lasr — 0.
(B (x))
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(i) E C US| B; a.e. in the measure ;
(iii) =d8forj=1,2,...;
J

w(BjNE)
u(Bj)
() w(E) = c®n (UL B;).

Here K denotes the constant in the quasi-triangle inequality of d.

Proof Let Eq be the set of density points of E with respect to p. We first notice that
u(Br(x) N E) .
from [16, Theorem 1.8], W — xg(x) for a.e. x € Y in the measure w,
KU (Dr(X
and since u(E) > 0, we get that Eg # (. In addition, we claim that £ (Ep) = p(E).
. . w(B,(x) N E)
Indeed, there exists F C Y with w(F) = 0 such that W — xg(x) for
H(Dr (X
eachx € Y\ F.Hence EN F° C Epand so w(E) < u(Ep). Also EgN F¢ C E and

consequently u(Ep) < w(E) which proves the claim.
Let 0 < § < 1 such that w(Bg,(z)) < 6 n(Bapg,(z)), and for each x € Ey let

WBx)NE) ]

rx =sup I(x) = sup {r : (B (x))

Since x is a density point of E, the set I (x) is non empty. Moreover, I (x) C (0, 3K Ry].
Indeed, x € Bg,(z) and r > 3K Ry, then

pB)NE) ) _ pBr() _ w(Br(2)
w(Br(x)) T w(Br(x)) T u(Bikry(x)) T w(Bary(2))

and consequently 7(x) < (0, M Ry]. It follows from (3.3) that the function r —

(B (x)) is continuous. From this fact it follows that the function r — (B, (x) N E)

is also continuous for each fix x and each measurable set E because (B,(x) N E) \

(Bs(x)NE) = (B (x)\ Bs(x)) N E C By(x) \ Bs(x) for s < r. Therefore from the

definition of r, and these continuity properties we get that

(B, () NE) _
(B, (X))

For each x € Ey consider the ball B(x, r,). Since (Y, d, i) is a doubling metric
space, then itis of homogeneous type and d is Lipschitz continuous. Therefore applying
Lemma 3.1 to this family of balls we obtain a countable subfamily of balls { Bx}72 ,,
By = B(xg, ry,), satisfying (i)—(iv) in that lemma. We obviously obtain that (i), (iii)
hold, and Eg C U‘j?olej. It is enough to prove (iv) with w(Ep) in place of u(E).
Define the overlapping function with respect to the balls B;

_ | #lk:xe B} ifxeU;B;
fx) = [ 1 otherwise,

@ Springer



270 G. Di Fazio et al.

and the overlapping function with respect to the shrunken balls ij. = B(xj, (1— e)rxj)

#{k : x € Bf} ifxeU;BS
1 otherwise,

fex) = [
where € is a small number that will be chosen at the end. Notice that,
() = — > xp ()
XUB\X) = —— XB(X) .
’ [y a="
Obviously, 1 < fc(x) < f(x). We have

1
1(Eo) = 1(UBk N Eo) = / ® D xBinEy(x) dia(x)
k

1
< / - (x);XBknEo(x)d,U«(x)- (3.4)
Let us write
XBk(x) XBkﬂEo(x) XBk\Eo(x)
d = ———-d —d . 3.5
Folny TS B Sl

Since w(E) = n(Ep), we have w(Eg N E€) = 0. Consequently,

n(By) = w(Bx N Eg N E) + w(Bx N Eg N E) + u(By \ Eo)
< (B NE) + u(Bi \ Eo)
= § u(Byr) + n(Bi \ Eop),

and so
W(Be\ Eo) = (1 — 8)u(By).
Thus
XBk\E()(-x) 1 _ 1
KA Q) = s / Ko\ 0 80) = o B\ Eo)
1—-96

1-35
= mu(&c) = m/XBk(X)d,u(x)
1-3 X By (x)

= Klog(jo) ) fot
Inserting this inequality in (3.5) yields
XBNE (X) 1= xB(X)
e = (1 i) | iy e
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and consequently from (3.4)

1-46 X By (X)
1 (UBL N Eg) = (1 - S /6)) > [2 B . 6o

We next estimate each term in the last sum. We write

X5 (%) B / 1 o X ()
Py W00 = [ s Dm0~ f i+ [ S0 duo
. xBg (xX)
< u(Br) — n(By) + .00 du(x)
a)(e) . /XB;(X)
— (B 2y by (3.3
< ()u( i)+ 7.0 m(x) by (3.3)
a)( ) / xBg (%) xBe (X)
Kl kg
og(1/€) ox(1/0) du(x) + .00 p(x)
<(1+ w() 2% K log(1/e )) g() x)
= w(e) foy
Using this estimate in (3.6) yields the inequality
u(Eo) = w(UBy N Eg) < h(e) n(UB), (3.7)

with

ney=(1- —17° V(1429 ki0ea
(6)_( _Klog(l/e))( T e K o /6))'

There exists 0 < €p = €0(5, w, K) < 1 such that the function A (¢) is strictly less than
1 in the interval (0, €g]. Indeed, this follows writing h(e) = 1 + y (¢) where

w(€) 1-§6

y(©) = (Klog(l/e) = (1 =) 7— = =~ Fioai/ey”

and it is clear that y (¢) < O for all € sufficiently small since w(€) = o((log(1/ €)7?)
as € — 0%, The desired result then follows from (3.7) picking € > 0 sufficiently
small. m|

Without assuming (3.3), we obtain the following result with a little weaker conclu-
sion than in Theorem 3.3.

Theorem 3.4 Let (Y, d, ) be a doubling quasi metric Holder space, and assume that
the function r — (B, (x)) is continuous.

IfE C Bgy(2) is a ji-measurable set with u(E) > 0,0 < § < 1, and n(Bg,(z)) <
8 w(Bagy(2)), then there are constants Cs > 0, 0 < ¢(8) < 1, depending only on §
and not on E, and a family of balls {B; = B(x;, r/)} 2 withrj < CsRy satisfying
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(1) all xj are density points of E with respect to ;
(i) E C U5 B; a.e. in the measure ;

8 BiNE
iy > <HBNE)
Cp n(Bj)
) B <c@u(UZ B))

<d8forj=1,2,..;

Proof The proof is similar to that of Theorem 3.3. We select balls B(x, ry), x € Ep,
as in that Theorem and we enlarge them in the following way. Let € be a small positive
number. From [7, Lemma 2] there exists a constant ¢ > 0 such that for each ball
B(x,r) there exists t = t(e,r) suchthat 1 + ¢ <t <2, and

u(B(x,1r)) — wW(B(x, (r —€)r)) < ce n(B(x, 1r)). (3-8)

Set r.. = try and consider the family of balls F = {B(x, r)}xek,. We have

€
B(x,ry) C B(x, (t —€)ry) C B (x, (1 - 5) r;) . (3.9)
. , .. . (B, (X)NE)
Since r; > ry, by definition of r, in Theorem 3.3 we have that W <
_ uByNE) . L
And by doubling, x > =, Applying Lemma 3.1 to the family F, we get

wB, ) = e
a countable sub family { B (xg, r,i)} that covers Eq and satisfies the conclusion of that
Lemma. If we set By = B(x, r;) and Bf = B (xk, (1 — %) r,é), then combining (3.8)
and (3.9) we get that

w(Bi) — w(By) < ce u(Bp). (3.10)

We now proceed as in the proof of Theorem 3.3 and using inequality (3.10) in place of
(3.3), we obtain (3.7) with the function % (€) defined with w(e) = c €. This completes
the proof. O

4 Critical density, double ball property and power decay

In this section (Y, d, u) is a doubling quasi metric Holder space. We begin with the
following two definitions. Let & € Y be open. We shall denote by K, a family of
u-measurable functions with domain contained in Q. If u € Kq and its domain
contains a set A C 2, we write u € Kq(A).

Definition 4.1 (Critical density) Let 0 < € < 1. We say that Kq satisfies the €

critical density property if there exists a constant ¢ = c(¢) > 0 such that for every
ball Bar(xg) C 2 and for every u € Ko (Bagr(xo)) with

n({x € Br(xp) : u(x) = 1}) > € w(Bgr(xo)),
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we have

inf u>c.
Bgy2(x0)

Definition 4.2 (Double ball property) We say that K, satisfies the double ball property
if there exists a positive constant y such that for every Bagr(xg) C €2 and every
u € Kqo(Byr(xp)) with inf gy »(xp) u = 1 we have inf gy vy u > y.

We point out that we do not identify two functions that differ on a set of u measure
zero. We also notice that if K¢ satisfies the €( critical density property, then Kgq
satisfies the € critical density for any € > ¢.

The € critical density and the double ball properties are in general independent but
if the critical density holds for € sufficiently small, then the double ball property also
holds as the following proposition shows.

Proposition 4.3 If cp is the doubling constant of u and Kgq satisfies the € critical
density for some 0 <€ < 1/ CZD, then Kq satisfies the double ball property.

Proof Let c be the constant in the € critical density property, and let u € Kq(B2r)

with Bog(xo) C €2 and such that infp, , u > 1. We prove that inf g, u > c. Suppose
by contradiction that inf g, u < c. Then

nw({x € Bag s u(x) = 1}) < € u(Bag),

and since Br/» C {x € Bag : u(x) > 1}, from the doubling condition we get that

(BRr/2) < €1L(Bag) < €chu(Br)2),
a contradiction. O

As a consequence of the critical density and the double ball properties we get the
following proposition.

Proposition 4.4 Assume that Kq satisfies the double ball property and the critical
density property for some 0 < € < 1, and Kg is closed under multiplications by

positive constants. Then there exists a structural constant My > 1 depending on €
such that for any a > 0 and any u € Kq(Bag(xg)) with

n({x € Br(xo) : u(x) > a}) > € u(Bgr(xo)),
we have

inf u>a/My.
BRr(x0)
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Proof We have 4 € Ko (Bar(x0)) for u € Kq(Bag(xp)). If ¢ is the constant in the €
o
u(x) u(x)

critical density, then inf g, n—— =¢ . Now —— € Kq(B2g(x0)) and so by double
o oac

ball property we have illglf Q > y and the proposition follows with My = (c y)~".
R OC
O

From the previous proposition we get the following lemma about the size of the
metric balls. It will be used very soon.

Lemma 4.5 Let Kq satisfy the double ball property and the critical density for some
0 < € < 1, and assume Kgq is closed under positive multiplications. There exist
structural positive constants o, M1, 0 such that ifu € Kq(Bgg(x0)) withinf g,y u <
l,a >0, 0 <2KRandy € Bgr(xo) are such that

n({x € Bo(y) 1 u(x) > a}) = € u(By(y)), (4.11)

M o
then o < (—1) R. Here K is the constant in the quasi triangle inequality, M| =
o

(4K)V? My, where My = My(€) is the constant in Proposition 4.4, 0 = K (1 + 8K)
and o =1log2/logy~!.

Proof From (4.11) and Proposition 4.4, we get

inf u > a/My,
Bo(y)

if B2, (y) C Bgr(x0). Then from the double ball property

o
inf u > )/_
Bap(y) My’

if B4,(y) C Byr(xp). Iterating this inequality yields

2KR
if Byp+1,(y) C Bgr(xo). Let us now choose p € N such that -l < 2 < op,

P
Since y € Bg(xp), it follows that sz+1p(y) C Bgr(xp) and Br(xg) C Bar,(y). It
follows that

P
1> inf u> inf u> )/_
BR(x0) Bypo(y) My

Since y? = 1/2, from the choice of p we get the lemma. O
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Definition 4.6 The family K satisfies the power decay property if there exist
constants M,n > 1 and 0 < y < 1 such that for each u € Kq(B,r(xp)) with
infp, (x,) 4 < 1 we have

u({x € Brpp(xo) : u(x) > M) < y* w(Brp(xo)), k=1.2,....

We now show that families of functions satisfying the critical density and double
ball properties satisfy the power decay property.

Theorem 4.7 (Power decay) Let (Y, d, i) be a doubling quasi-metric Holder space
andlet Q2 C Y be open and such that u (B, (x)) < §uu(Bar(x)) fora suitable) < § < 1
and for every ball By, (x) C Q. Suppose the set Kq is closed under multiplication by
positive constants and satisfies either one of the following set of conditions:

(A) (A1) Kgq satisfies the double ball property and the e-critical density property
for some 0 < € < 1.
(A2) (Y,d, ) satisfies the ring condition (3.3) with w(s) = o((log é)z) ass
goes to zero.
or
B) B1) Kq satisfies the e-critical density property for some 0 < € < 1/C2D.
(B2) The function r — u(B,(x)) is continuous for each x € Y.

Then, the family Kq satisfies the power decay property.
Proof We first assume (A1) and (A2). Let 0 < € < 1 be the critical density parameter

of Kq. Taking the maximum between € and § we may assume that € > §. Let M and
n be positive numbers that will be determined soon, and set

Ex={xe€By ux)>MY}, k=12,....
We will construct a family of balls By = By, (xo) withfo =r > t; > tp > ---, and
(B N Egya) < c(€) By NExy1), cle) <1, k=0,1,2,.... (412)

We first prove (4.12) for k = 0. Using Theorem 3.3, let 71 = {B(xx, rx)} be the
covering of By N E3 at level €, where the x;’s are density points of By N E», and

_ wBGy, ) NB1 N Ey) _ p(Blxk, 1) N E2)

< (4.13)
w(B(x, ri)) w(B(xg, 1))
Moreover, 1 < 3Kt; < 3Kr for every k. If we construct #; < r such that
B(xg,ry) CByNE;, k=1,2,..., (4.14)

then by Theorem 3.3(iv) we obtain (4.12) for k = 0. To show (4.14), we first prove that
B(xy, ry) C Ej forall k. This is a consequence of Proposition 4.4. We first notice that,
ifn > K(6K +1) then B(xy, 2ry) C By (x0) sothatu € Ko (B(xi, 2r¢). From (4.13)
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and Proposition 4.4 it follows that inf g(y, ,,) u > MZ/MO, and if we pick M > My
we then get that B(xg, 1) C Ej.

We next show that r; < 2K for all k. Suppose by contradiction that r; > 2Kr for
some j. Then B(x;,2Kr) C B(xj,r}). Since infB(X_,.,,_,.) u > M2/M0 and M > M,
we obtain that inf B(xj.rj) U > 1 and so inf B(xj.2n U > 1. In addition, since x; is a
density point of By N E3, it follows thatx; € B(xo, t1). Then, since t; < r, B(xo, 1) C
B(xj,2Kr) and consequently, inf g(x,, -y # > 1, a contradiction.

From the second inequality in (4.13), we can apply Lemma 4.5 with y ~~ xg,
O ~ T, O ~> M2, and we then obtain

M\’
Ik < W r.
We want to explicitly remark that choosing n > 6, where 6 is the constant in
Lemma 4.5, we have u € Kq(Bg,(x0)). Now, if z € B(xg, rr), inequality (2.3) yields

d(z, x0) < d(xg., x0) + B(d(xk, 2)* (d(xk, x0) + d (xg. 2))' ™ (4.15)
M, ou . M, o 1—«
o (2) " (o () ) w0

and picking 11 = T1r we get
d(z, x0) < (Ti + Brg*)r,

where we have set f; = B M7%(1 + Mi’)l"", and ¢ = 1/M°?. Let us now choose
Ty = 3/4 and M big enough such that 81¢> < 1/4. It follows that T; + 81¢> < 1 and
s0 B(xg, rr) C By(xp).Thus (4.14) is proved.

We next construct f, and prove (4.12) for k = 1. Again, by Theorem 3.3, let now
Fo = {B(xk, ri)} be the covering of By N E3 at level €, where the x;’s are density
points of B, N E3 and

_ w(B(xp, re) N B2 N E3) _ m(B(xi, re) N E3)
w(B(xg, 1)) T Bk, )

4.17)

Moreover ry < 3Kty < 3Kr for every k. As before, if we construct #, < #; such that
B(xy,ry) CBINEy, k=1,2,..., (4.18)

then by Theorem 3.3 we obtain (4.12) for k = 1. We first show that B(xg, rx) C E> for
allk. Since n > K (6K +1) we have B(xy, 2ry) C By (xp) sothatu € Ko (B (xg, 2r¢).
From (4.17) and Proposition 4.4 we get that inf gy, ) u > M?>/My and if we pick
M3 /My > M? we get B(x, rx) C E». As before we show that ry < 2K for all k.
Suppose by contradiction that r; > 2Kr for some j. Then B(x;,2Kr) C B(xj, ;).
Since infg(xj,rj) u > M3/M0 and M > My, we obtain that infg(xj,,j) u > 1 and so
inf B(xj.2r) U > 1. In addition, since x; is a density point of By N Ej, it follows that
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xj € B(xo, ;). Then, since t, < t1 < r, B(xg,r) C B(xj,2Kr) and consequently,
inf g(x,,r) # > 1, a contradiction. From the second inequality in (4.17), we can apply
Lemma 4.5 with y ~~ x¢, 0 ~ rg, o0 ~~ M3, and we then obtain

Mi\°
ry < m r.
If z € B(xg, i), then from inequality (2.3) we get

d(z, x0) < d(xy., x0) + B(d(xk, )% (d(xk, x0) +d(x. 2)' ™% (4.19)
M, oo M, o 11—«
<+ ﬂ (W) r¢ (tz + (m) r) (420)
and letting 1, = Tor we get
d(z.x0) < (Tr + i1g)r.
Let us now choose 7> such that 75 + ﬂ1q3 =T, thatis, T»h =T — ﬂ1q3. Since x; €

B(xg, 1), it follows that B(xk, rx) C B(xo, t1) and so (4.18) is proved. Continuing in
this way we construct #; = Tr, with

k—1
; 1
Tio=Ti—pg’ D ¢/, q= G
j=o
and M big enough to obtain
o0
-1
3 J < Z
Biq jzoq <7

Therefore, (4.12) holds and we have

n({x € Br/2(xo) : u(x) > M*2}) < (c(e)*™ (B, (x0))
< c(€)=" Cp (B, (x0)),

forevery k =0, 1, 2, ....Now, if we choose a positive integer ko such that (c(e))"0 Cp
< 1, by replacing M with M'~%0_ the last inequalities give

w({x € Br/2(xo) : u(x) > M) < () 1w(Bra(x0)) v =cle).

This completes the proof under assumption (A). The proof under assumptions (B1)
and (B2) follows as before using Theorem 3.4 instead of Theorem 3.3, and with (4.13)
replaced by

- w(B(xg, 1) N By N Ey) _ w(B(xg, re) N E)
- w(B(xk, rx)) — w(B(xg, i)

€/C
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and with (4.17) similarly replaced. O

Remark 4.8 1If in addition to the assumption (B1) in Theorem 4.7, 1/C ZD < 1/2, then
the functions in the class Kg are locally Holder continuous. Indeed, it is a standard

fact that the e-critical density with € < 1/2 implies the local Holder continuity, see
[18, Sect. 4.3].

5 Power decay and abstract Harnack inequality

Given any quasi metric doubling space, in this section we prove that families of func-
tions satisfying the power decay property satisfy Harnack’s inequality. More precisely
we have the following theorem.

Theorem 5.1 Let (Y, d, 1) be a doubling quasi metric space. Suppose that the family
of functions Kq satisfies the power decay property in Definition 4.6 and assume in
addition that Kq is closed under multiplications by positive constants and if u €
Kaq (B, (x0)) satisfies u < A in Br(xo), then A — u € Kq (B, (x0))(x0).

There exists a positive constant ¢ independent of u, R and xo such that if u €
Kq (Bay,r (x0)) is nonnegative and locally bounded, then

sup u <c inf u,
Br(xo) Br(x0)

where no = K(2Kn + 1) and n is the constant in Definition 4.6.

We first remark that to prove this theorem we can and do assume that d is a Holder
quasi distance. Indeed, by Macias and Segovia [23, Theorem 2], every quasi metric
has an equivalent Holder quasi metric. On the other hand, it easy to see that if a family
of functions satisfies the power decay property, or the Harnack inequality, with respect
to a quasi distance d, then it satisfies the same properties with respect to any quasi
distance d’ equivalent to d.

In order to prove Theorem 5.1 we need the following result.

Theorem 5.2 Let u € Kq(Bagry(20)) be such that inf g, () < 1, and assume Kg
satisfies that the assumptions of Theorem 5.1. Then, there exist a structural constant ¢
such that if xo € Br(zo) and k > 2 are such that u(xg) > M* and B, (x0) C Br(z0),
p= cyk/QR, then

1
sup u > u(xp) (1 + M) , (5.21)

B (x0)

where M, n and y are the constants in the Definition 4.6 of power decay and Q is the
exponent at the right hand side of (2.1).

Proof From the power decay property of Ko we have that
(A1) = p(lx € Br(zo) : u(x) = M) <y~ u(Br(20).
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Suppose by contradiction that (5.21) is not true. Then the function

u@o) 1+ 3) —ul) _

) u(xo)

w(x) = u(x),

belongs to Kq (B, (x0)) and w(xo) = 1. Then infBzﬂ/n(xO) w(x) < 1 and we can apply
the power decay property obtaining

m(A2) = u({x € Byjop(xo) : w(x) = M}) <y u(Bp2q(x0)) .

We claim that B, /2, (x0) C A1 U Aj. Indeed, By/2,(x0) C By(x0) C Br(zo) and if
k

x ¢ A1, x € Byjay(xo), then u(x) < M*!sow(x) > M + 1 — > M and

u(xo)
hence x € Aj.

Consequently, (B2, (x0)) < (A1) + 1(A2) < ¥ w(Br(20)) + ¥ 1(By oyr
(x0)). Since Br(zo0) C B2k r(x0) by the doubling property (2.1) we have

Rn

4K Rn\ ¢
u(Bgr(z0)) < n(Bagkr(x0)) < Cp ( ) w(Bpan(x0)) -

By using this estimate in the previous inequality and keeping in mind that (B2,
(x0)) > 0,

(Bp)ay(x0)) < (A1 U A2) < (A1) +1(A2) <y 1 w(Br(20)) + v 11(By 2y (x0))

i 4K Rn\ 2
=tv CD( p ) +y Ju(Bpy(xo)),

and so we get

B 4K Rn\ 2 4kn\ < y*=1  cp (4Kkn\?
eyt (AN g, () L Co (skn)
p c % 12 c

4Kn

c
if we choose ¢ such that ¢p < 1. O

Cp

0
which is equivalent to cp := Y= ( ) > 1. Then we obtain a contradiction

Proof of Theorem 5.1 1t suffices to prove that supg, . u < CX for every A >
inf gy (xg) 4 (notice A > 0 since u > 0).

By dividing u# by A we can assume inf g, (y,) # < 1 and it will be enough to prove
that supg, ) 4 < C. We shall prove that for each ball Bg = Bg(z), with z € Bg(xo),

R

8/
m) , Vx e BR(Z), (522)

u(x) §C(
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for a structural constants § and « the exponent in the Holder property of d. It will
follow, by taking x = z in (5.22) that u(x) < C as we wanted to prove. To prove
(5.22), pick § > 0 such that 5; = y*?, and let

D := sup u(x)f(x,R) (5.23)
x€BR(2)
where we have set
R —d(x,2)\**
N

Assume D > 0—otherwise there is nothing to prove—and let 0 < D* < D. Our goal
is to show that D* can be bounded above by a structural constant. Pick x, € Bg(z)
such that D* < u(x) f (x4, R) and let k be an integer such that

MK < u(x,) < MK

where M is the constant in the power decay. Let ko be a structural constant that will
be fixed later. If k < kg, then

D* < Mk0+1f(x*,R) S Mk()+1

and we are done. Let us then assume that k > kg. We have

D* D* s /0 D* 1 p\$
f(xs, R) > et = Y zﬁ(cﬁ) , (5.24)
with p and ¢ given by Theorem 5.2.
* s
Case I —c® < B¢, where B is a structural constant that will be fixed later. In this

case D* is bounded above by a structural constant, and we are done again.
D* 2
Case 2 T > Be.
Then from (5.24) and the definition of f we get

d(x2) < R—BR'"™“p%. (5.25)

This inequality implies the inclusion
By (x4) C Br(z). (5.26)

Indeed, if y € B, (x), by the Holder property (2.4) of d, we have

d(y,z) < d(z, x2) + B(d(xe, )% (@ (xs, ¥) +d (2, )7
< R—BR"™p" + Bp* (p+ R)' ™.
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Then, if we choose kg such that

1) l1—a k11—«
(1+E) =(1+CVQ) <2, (5.27)
for every k > ko ( note: ko can be chosen as a structural constant), we have
d(y,z) < R — B+R'"™“p* +2BR'™%p* < R

if B« > 2. Hence, with this choice of B, inclusion (5.26) holds true. On the
other hand, since z € Bgr(xg), we have By r(z) D Bpr(xp), and so infp,,po)u <
inf gy (xp) # < 1. We remark that u € Kq (B2 ry(2)) since Bag ry(z) C Byyr(x0). In
addition we have u(xy) > M k so that we can apply Theorem 5.2 with R, zp and xg
replaced by K R, z and x,, respectively.

Then

1 D* 1
Bil(l)l;)u > u(xy) (1 + M) > m (1 + M) . (5.28)

By keeping in mind the inclusion (5.26), we also have

1 D f(xe, R)
sup u < D sup = sup  ———— .
B,(xy) veB,() SR f(xs, R) yep,(x) f (¥, R)

(5.29)

By using again the Holder property (2.4) of d and denoting by d := d(z, x,), for any
y € B,(x4), we have

(f(x*, R))fs' __R—d,

f.R)) ~ R—-d(y.2)
_ R —d,
T R—(di+ Bp(ds + p)' )
1
< by (5.25)
B REp
,B*PaRl_a
1

As a consequence, from (5.29) and (5.28) we obtain

1+L<£(L)3
M~ D*\Bx—28)
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Letting D* — D we get

and we reach a contradiction by choosing

_ay\ —1
ﬂ*>2ﬁ(l—(l+%) ) .

We stress that this choice implies % > 28 as previously assumed. The proof is
complete. O

From the Harnack inequality in the previous theorem a Holder regularity result
readily follows.

Theorem 5.3 Suppose K satisfies, together with the hypotheses of Theorem 5.1 the
following one: for any ball Bg(xo), if u € K(Bg(xo)) satisfies u > A in Br(xq), then
u — A € K(Bg(xg)). There exist positive constants C and « independent of u, R and
xo such that if u € K(B2r (x)), then

n

d(x,y)>°‘
R

lu(x) —u(y)| = C( sup |ul, Vx,y e Bgr(xo).

BR(x0)

Proof For every p < R define

M(p) := sup u, m(p):= inf u, w(p):= M(p)—m(p)
Bp(xo) Bp(x0)

From the assumptions on K it follows that the functions M (p) — u and u — m(p)
belong to K(B,(x¢)), so that, by Theorem 5.1, we have

M(p) —m(0p) < (M(p) — M(Op)), M(Op) —m(p) <m(Op)—m(©p)

where we have set 0 := % Summing up these inequalities we obtain

w(p) +w(bp) = 2C(w(p) — w(Op))

hence

2C -1
w(0p) =

<503 19w:

It is a standard fact that this inequality implies

£

o(p) 59(
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201
log 5e51

where o = Tog0

. Then, since w(R) < 2 supp,(y,) lul, the theorem follows. O

6 Another approach to prove Harnack inequality

In this section we give an alternative proof of Harnack’s inequality. Our starting point
is the following theorem which is a slight variant of Theorem 5.2.

Theorem 6.1 Assume K satisfies that the assumptions of Theorem 5.1. Let u €
Kq(Bskyr(z0)) be such that inf g, -0y 4 < 1. If xo € Br(z0) and ¢ < 2R satisfy

() ulxo) > v/ ="M, withv = ———:
. —2
(i) p(By(x0)) > cv™ w(BR(z0)) for some j € N,
then

sup u > va,
By (x0)

where M, n and y are the constants in the Definition 4.6 of power decay, K is the

lo
constant in the quasi triangle inequality for d; § = 1 g;‘; and ¢ = Cp(2K)? %
0

Proof Suppose by contradiction that sup By(xo) U = v/ M, and let

vIM — u(x)

W) =

We have w > 0in B, (x¢) and w(xp) < 1. Let

Al = {x € Bygr(zp) : u(x) > va/2}, Ar ={x € Bya(x0) : w(x) > M}.
From the quasi triangle inequality and since_Q < 2R we getthat B, 5 (x0) C B2gr(20)-
Moreover, if x; € B, 2(xo) withu(x;) < v/ M /2, then by definition of v, w(x) > M.

Therefore B, /2(xp) C A1 U A2, so that

w(Bp2(x0)) < n(Ar) + n(A2). (6.30)
j
Let k € N U {0} be such that M* > % > M*=1. Then

A1 C {x € Bagxr(z0) : u(x) > M¥}.

Since inf g4 (zo) # < 1, from the power decay we get u(Ap) < yk,u(BzKR (z0)). On
the other hand y¥ = M=% < 25)=%/ and by doubling property

1(B2kR (20)) < Cp(2K)2u(Br(20)) -
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Therefore
(A1) < Cp(2K)22%v ™% (BRr(z0)) .

Again using the power decay property (notice that infp, (v w < w(xg) < 1 and
u € Kq(Byo(xy)) since Byo(xg) C BakyR(zg)) We get

1(A2) < yu(Bo2(x0)) -
Summing up, from (6.30) we get
(1 — y)iu(By2(x0)) < Cp(2K)22%v7% 11(BR(20))

in contradiction with assumption (ii). O

Second proof of Theorem 5.1 We first note that if xo € B;(z), then by quasi triangle
inequality B;(z) € Bak:(xo) and therefore, by the doubling property we get

0\ 2
H(Bo(x0) = Co (7)) n(Bi(@). o <1.Co= (6.31)

Cp(2K)2~

We also remark that it suffices to prove that supg, ,y u < cA forall & > inf g (xj) u.
So we may assume inf g, (r,) # < 1 and prove that

sup u < V" 'm (6.32)
Br(xo)

for sufficiently large m (independent of u).
Let us now put

.8
0j:=Cnv7/eR, j=1,2,..., (6.33)

i\ 2
where C is such that Cg (7] > C, being C constant in Theorem 6.1.

Suppose inequality (6.32) is false. Then there exists x,,, € Br(xo) suchthatu(x,,) >
v""=1 M Inequality (6.31) and the definition of o, give

) -
1By, () = Co (%) u(Br(x0)) = CoCPV" u(Br(x0))
= Cv ™" (BR(x0)) -

Then we can use Theorem 6.1, by replacing j +— m, zo — Xxo, X0 > X, O > Om.
We stress that we can assume m so large that g, < 2R. Thus

sup > V"M.
Boy (¥m)
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Hence there exists x,, 1 € By, (x;,) such that u(x,,11) > v M. Using (6.31) and the
definition of ¢, we get

o
1 (Bar(x0))

Om+1
#(Bg (k) = Co (22

R

N—"

2
G e —(m+1)8 —(m+1)8
=Co\75) v n(B2r(x0)) = cv n(B2r(x0)) -
(6.34)
Moreover inf gy (x4 < infp,(xs) # < 1, and so applying again Theorem 6.1 we

obtain sup Bopy oy Gms) U > vt So there exists Xmi2 € By, i (Xmy1) such that

u(Xm42) > V"1 M. Continuing now in this way we construct a sequence {X,, k41 }keN

with u(Xpqkg1) > V™M, for all k € No.
We shall prove that x;,4; € Bag(xo) forall ;.
Indeed, by the Holder continuity of the quasi distance we get

|d(x0, Xmj) — d(x0, Xmtj+1)| < BA* Cmpjr1s Xmtj) (d(xX0, X))
1—
+ d(x0, Xy jr1)) -

We setd; := d(xo, X+ ;). Then
dj1 < dj+Bv DR (dj +djpr)
Setting D; = d; R we rewrite it in the following way
. . —(m+j) . e
Dj+1 = Dj+ pv (Dj+Djs1) .

To get our goal we show that our sequence is bounded above by an absolute constant.
We argue inductively. Since Dy = 1

DI <1+ +D) ™ <1+pv™(+Dy),
and then

—m
- 1+ pBv

D < ——.
1—-pBv—m

We now bound D;:

Dy < Dy + pv= "tV (Dy + D'
—m

_ 1+ Bv
—1—py
—m

- 1+ By
T 1—-pym

1+ pv—m\' ™
1—,31)—’")
1+,31)_m

1-— ,31)—’") ’

+ gyt (Dz +

e (o34
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and then

—-m —(m—+1)
D, < 14+ B8v™™ 1+ Bv .
1 —pBv—"m1— ,81)_(””‘1)

After k steps we get

k

1+ o= mth)
Djy1 < H T—gy-h Bt Vk € Ny,
Jj=0

and then, by choosing m sufficiently large,

D <[]

j=0

1 — Bu=mt)) =2

So we have that all the points {x;, ;} are contained in the same ball B2 (xo) and then

sup u > u(xpmyjr1) > V"M, Vj e N,
Bar(x0)

which contradicts the local boundedness of u. O

7 Applications to X-elliptic operators

Let X = (X1, ..., X;») be a family of vector fields, with locally Lipschitz continuous
coefficients, defined in an open set Y C RN,

We will consider “degenerate” operators which are elliptic with respect to the given
system X of vector fields.

Definition 7.1 Let (a; ;)i j=1
say that the operator

n be a symmetric matrix with measurable entries. We

,,,,,

L 9
L=> PP (aij(x)g) (7.35)

ij=1 /

is uniformly X-elliptic in an open set 2 C Y if there exist positive constants A, A
such that

m N
AKX, )1 < D aij(0EE
i=1 ij=1
S AD UXi(x).E)2 VEeRY aexeQ. (736)
i=1
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Regarding the given system of vector fields, we shall assume that the Carnot-
Carathéodory distance d related to X is well defined and continuous with respect to
the Euclidean topology. Moreover, we assume (Y, d, i) is a doubling metric space,
where diu = dx denotes the Lebesgue measure. We also assume the following

(P) (Poincaré inequality): There exists a positive constant C such that
1/2 1/2

][(u —ug)’dx <CR ][|Xu|2dx Yu € C}(Bg),
Br Br

and for every d-ball with Bg = Br(xp),x0 € Y, R > 0.

Given a set £ we denote ugp = ﬁg u. If E is a metric ball B, we put u, = up,.
Moreover, Xu denotes the X- gradient of u, i.e.

Xu = Xu, ..., Xnu)

where,ifX:(c;,...,c

N
k .
Xju=ch8xku, j=1,...,m.
k=1

We define the (generalized) Sobolev space WL(Q, X) related to the family X and the
open set €2, as follows

WHQ, X) ={ue LX(Q) : | Xu| € LX)} .

We recall that W' (€2, X) is the closure of {u € C1(Q) : u € L*(Q) : |Xu| € L2(Q)},
with respect to the norm u — [lull 2(q) + I Xull12(q). see [13]. We say that u €
Wl (@, X) ifup € WH(R, X) for any ¢ € C ().

Let us now consider the bilinear form

N
Lu.g)= ) / aj (xX) tt, 0, dx
ij=1g

defined in C}(Q2) x C}(). Since
1L, )| < Al Xull |1 Xgll. Vu, ¢ € CH(RQ)

L can be extended to W;! (2, X) x C}(Q).

Definition 7.2 (weak solutions) We say that a function u € L?(2) is a weak subso-
lution (supersolution) to Lu = 0 in €, if Xu € LZ(Q) and

Lu, p) < ()0, (7.37)
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forallg € Cé (2), ¢ > 0. We say u is a solution if it is both a sub and a super-solution.

We want to show that the set of nonnegative solutions to X -elliptic equations satisfies
the critical density property in Definition 4.1 for all 0 < € < 1. First of all we point
out that weak subsolutions to X-elliptic equations are (essentially) locally bounded.
Indeed, the following theorem hold true, see [12, inequality (4.12)].

Theorem 7.3 (Local boundedness) Let u > 0 be a weak subsolution of Lu = 0 in Q
and let Byg(xq) be such that Bog(xg) C Q2. Then there exists a constant ¢ such that

1/2
esSSSUPg, (x4 < € ][ u? dx . (7.38)
Ba g (x0)
It is a standard fact that if u is a weak solution to Lu = 0 in Q then u™ =
max{u, 0} and u~ = max{—u, 0} are (non negative) sub solutions (see [12]). Then,

u =ut — u~ is essentially locally bounded. As a consequence, there exists a locally

bounded function & € WILC(Q, X) such that Lt = 0 and # = u a.e. in . From now
on we will identify u with .

We also need the following Fabes Lemma-type, an easy consequence of the Poincaré
inequality (P) (compare also with [20]).

Lemma 7.4 (Fabes Lemma) Let v € WILC(Q, X) and assume the metric ball Bg(xq)
C Q Let 0 < ¢ < 1 and suppose that

|E| = [{x € Br(xo) : v(x) =0} > ¢ [Bg|.
Then there exists C = Cg > 0 such that
][|v|2dx <CR? lev|2dx.
Br Bpr

Proof Set B = Bg. We have

G = [0(6) — vE| < |v(x) — vl + [vg — vE]
1B]
< |v<x>—v3|+—][|v—v3|dx
2]

1
< |lv(x) —vpl+ g][lv —vpldx.
B

Squaring both sides and taking averages over B yields

1

]Z|v(x)|2dx <2 (1 + —2)/|v —vp|*dx.
&

B B

@ Springer



Analysis on metric spaces and applications to PDE’s 289

The lemma now follows from Poincaré inequality. O
The critical density is a consequence of the previous results.

Theorem 7.5 (Critical density for all 0 < € < 1) Let Bar(xg) C 2 be a metric
ball. Given 0 < € < 1, there exists c = c(e) > 0 such that for any nonnegative
supersolution to Lu = 0 in the ball Byg(x¢) satisfying

[{x € Br(xo) : u(x) > 1}| > € [Br(x0)l,
we have

inf u>c.
BRrya(xo0)

Proof From [12, inequality (4.16)] we get

| BR (x0)|
R2

’

/ |Xlogu|2dx <c
Bp(x0)

where c is a structural constant.’> Consider now g(f) = max{— logz,0}, + > 0. It
can be proved in a standard way that v := g(u) is a subsolution of Lu = 0. Then by
Theorem 7.3

1/2

sup v<c ][g2(u)dx . (7.39)

BRgy2(x0) Bate)
R\Xo

On the other hand,
[{x € Br(xo) : v(x)) = 0}] = [{x € Br(xo) : u(x) > 1}| > ¢|Bg(xo0)| .
Then Lemma 7.4 implies,
][ [v(x))]?dx < cR? ]Z |Xv(x)))?dx < cR? ]Z |X log(u(x))|? dx.
BRr(x0) BRr(x0) BR(xg)
This combined with (7.39) yields
1/2

sup v <cR ][ |X log(u(x))|? dx <c

Bry2(x0) BiGro)
R (X0

5 We will call structural constant to any constant depending only on the vector fields, the ellipticity constants
A, A, the doubling constant and the constant in the Poincaré inequality (P). They will always be denoted
by c, even if they are different.
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and so

u(x) > e ¢, Vx e Bgp.

Let us assume now that the open set €2 is such that

w(Br(x)) < $u(Bar(x)), (7.40)

for every d-ball By.(x) C 2. This assumption is not restrictive because we are in-
terested in local properties of the solutions and (7.40) holds if the d-diameter of €2 is
sufficiently small, see Propositions 2.9 and 2.10. Let us now define

Kg = {ueWILC(A) © ACQ,Aopen: Lu=0inA,ueL®, uzO}.

Obviously if u € Kg(A) and A; < u < A then Ay — u and u — A belong to Ko (A).
Thus also keeping in mind Lemma 2.8 and the fact that d has the segment property,
Theorems 4.7-B, 5.1 and 5.3, applied to the family Kg (A), we get the following result.

Theorem 7.6 (Harnack inequality for X-elliptic operators) Let u € WILC(Q, X) be a

non negative solution to Lu = 0 in Q. There exist structural constants ¢, 0 > 1 such
that

sup u <c inf u,
Br(x0) BRr(x0)

for every d-ball such that By (xo) C 2.

Remark 7.7 Since the metric balls are relatively compact and connected, a standard

covering argument shows that the previous theorem holds for any constant 6 bigger
than one.

Theorem 7.8 (Holder continuity for X-harmonic functions) Let u € WILC(Q, X) be
a solution to Lu = 0 in Q. There exists structural positive constants c and 0 < o < 1,
such that

d(x, o
|u(x)_u(y)|5c(%) sup ul,

B (x0)

for every ball Bg(xp) C Q.
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