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AssTrACT. We consider degenerate elliptic equations of the form
Lu = a(x, y,z)X1,1u + 2b(x, y,2) X1 0u + c(x, y,2) Xp0u = 0,

where X; ; are defined with the Heisenberg vector fields, and the matrix coefficient
is uniformly elliptic. We obtain an invariant Harnack’s inequality on metric balls
for nonnegative solutions under the additional assumption that the ratio between
the maximum and minimum eigenvalues of the coefficient matrix is sufficiently
close to one. In the paper we prove critical density and double ball estimates.
Once this is established, Harnack follows directly from the results from [FGLOS].

1. INTRODUCTION
Consider Rfthe vector fields given by
X
Xiu =u, — %uz, and Xou = u, + Euz,
and the symmetrized second derivatives given by
1
Xi’]'M = E(XZX]M + X]Xﬂ/l)
Denote by Hu the 2 X 2 matrix Hu = (X; ju). We consider the equation
(1.1) Lu = a(x,y,z)X11u + 2b(x, y,2) X1 0u + c(x, y,2)Xo0u = 0,
where g, b, c satisfy, there exist positive constants A and A such that
A < ﬂ(.x, ]/, Z)é% + 2b(x/ y/ 2)5152 + C(x/ ]/, Z)E% < A/

for all points (x,y,z) € R? and for all unit vectors (&1, &2). The constants A, A are

called ellipticity constants.
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The first author was partially supported by NSF grant DMS-0901430.
"We work in R® or H! for simplicity in the notation. The extension to H" or R*"*! is

straightforward.
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2 C. E. GUTIERREZ AND E. TOURNIER

The purpose of this paper is to establish an invariant Harnack’s inequality of the
formsup, u < C infg u, valid for allnonnegative solutions u to and for all balls
B in the metric given by the vector fields X, X,, with a constant C depending only
on A and A. When L is a standard uniformly elliptic operator, this is the celebrated
Harnack’s inequality of Krylov and Safonov and its proof depends in a crucial way
upon the maximum principle of Aleksandrov, Bakelman and Pucci, see [GT83,
Section 9.8] and [Gut01, Theorem 2.1.1]. It is not known if such a principle holds
in the Heisenberg group in a form that permits to establish distribution function
estimates for super solution such us [Gut01, Theorem 2.1.1]. As a result, this
impedes the ability of extending that method to get Harnack’s inequality in this
context.

Therefore, we present in this paper a direct proof of these distribution function
estimates -critical density estimates- for super solutions using barriers under the
additional assumption that the ratio A/A is sufficiently close to one. Once this
is proved, Harnack’s inequality follows directly from the theory developed in
[EGLOS].

We mention that the results of [BBLU10], established for a class of equations
defined with Hormander vector fields, yield Harnack’s inequality for the operator
L when the coefficients a, b, c are Holder continuous but with a constant depending
in addition on their Holder norms.

The paper is organized as follows. Section [2| contains a few preliminaries. The
construction of the barrier and the critical density estimate are established in
Section |3 Finally, in Section |4} we prove if a super solution is bigger than one
in a ball, then it is larger than a positive universal constant in the ball of double
radius. It is indicated at the end of the paper how to obtain Harnack from the
results in [FGLOS].

For simplicity the results are presented in H! and they can be straightforwardly
extended to higher dimensions, i.e., for the Heisenberg group H" defined for
example in [BLUO7, Chapter 3] or [CDPTO07, Section 2.1.2], and probably also to
the setting of Carnot groups.

It is a pleasure to thank our friend and colleague Ermanno Lanconelli for his

useful comments and his encouragement.

'See [GM04] for maximum principles of these type on the Heisenberg group.
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2. PRELIMINARIES

The Heisenberg group H' is identified with R® equipped with the multiplication
law defined for p = (x, y,z) and q = (&1, &2, &3) by

1
pogq= (x+£1,y+£2,z+€3 + §(x£2 —yél)),

and we have p™ op = (0,0,0) with p~! = (-x, -y, —z). Let u > 0 be fixed, and

pux,y,2) = (@ + PP+ p2)
and
d(p,9) = pu(g~" o p).
If we let w(p) = f(g7" o p), then
(Xw)(p) = (Xif)(g " o p).

If p = (x,y,z) and R > 0, then the ball in metric of H' is

Nr(p) =1{q:4d(p,q) <R}

We note that the following identity holds:
(2.2) (Hu(x,y,2)&, &) = (D*u(x, y,2)E, &),

where & = (&1, &) and € = (&1, &, %(xéz - y&1)), and D?u is the standard Hessian

matrix of . The weak maximum principle easily follows from (2.2).

Lemma 2.1 (Weak maximum principle). Let Q be a bounded open subset of R® and
u,v € C(Q) N C*HQ) such that u > v on dQ and Lu < Lv in Q. Then, u > vin Q.

3. CRITICAL DENSITY ESTIMATE

This section contains the proof of the critical density estimate. This is achieved
by constructing a barrier, using the weak maximum principle and rescaling. The
construction of the barrier is the contents of the following lemma. It is only for
the proof of this lemma where we need to assume that the ratio A/A is sufficiently

close to one.
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Lemma 3.1. Let 1. € C*(R®) such that 0 < 1e < 1 and such that 1ne(u, v, w) = 0 for
u? +0*)* + pw? < et and n(u, v, w) = 1 for (u? +v*)* + pw? > (2€)*. Let Q be an open
set such that O € N1(0, 0, 0) and we consider the function, p = (x,y,z),

he(x,y,2) = (—4/a) f pulg™ o p)ne(g™" o p)dg.
o)
Given a and [ positive numbers satisfying

4 p
(3.3) a+3<§<a<4,

there is a constant C(a, 1) > 1, depending only on « and , such that if % < C(a, ),
then for (x,y,z) € QY € Q, we have

Lhe(x,y,z) > C

forallO<€Sw

, and with a positive constant C = C*A and C* depending
only on a and p.

Proof. Let F be a smooth function, possibly at the origin, let p = (x, y, z), and

he(x,v,2) = fg ()@~ o p)dg.

Notice that for (x,y,z) € N1(0,0,0), we have N;(0,0,0) € Ni(x,y,z). We will
calculate Lh. integrating by parts. Let us first calculate X;1he. If g = (&1, &2, &3),
then

Xl(Frle(q_l o P)) = (Fne)u(q_l © P) - %(y - 52)(F77e)w(b]_1 o p) = G(q_1 o p),

and hence, we have

Xi1he(p) = foXl (G(q’1 °© P)) dq
— f X (G(g™ op)) dg - f X1 (G(g o p)) dg
N3(x,y,2) N3(x,y,2)\Q

1
- [ (ca op - 3= eGutg op) dg
N3(x,y,z)

- f Xi1(Fne)(q o p)dq :== A~ B.
N3(x,y,2)\Q
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We change variables in the integral A, settingu = x - &, v=y—-&w=2z- &+

1(x& — y&1)) and we get
A= f (Gu(u’ v, W)~ 1UGw(u/ o, ZU)) dudvdw,
N3(0,0,0) 2

Now integrate by parts in A yields

A= f G(u, v, w) (7714 — Enw) ds
9N3(0,0,0) 2
v v
= f ((Pne)u(u, 0, ZU) - E(PT](-?)W(“/ o, w)) (T]u - Enw) dS/
9N3(0,0,0)

where 1 = (1ny, 1o, Nw) is the unit outer normal to dN3(0,0,0). Notice that for
(u,v,w) € IN;(0,0,0), we have ((u? + v*)* + uw? = 3* > (2¢)* and so we get

v v
Xi1he(p) = f (Fu(u, v, W) — EFW(u’ v, w)) (nu - Enw) ds
9N5(0,0,0)

- f X11(Fne)(g " o p)dg := An(p) — Bu(p).
N3(x,y,2)\Q

In exactly the same way we get

Xoohe(p) = f (Fv(u, v, W) + gl—“w(u, v, w)) (Uv + %nw) ds
9N5(0,0,0)

- f Xop(Fne)(g™" o p)dq := Axn(p) — Bu(p);
N3 (x,y,2)\Q

and

1 f ( v u
- F,(u,v,w) — =F,(u,v, w))( o+ = w)
2 Jans00,0) 2 1 21]

+ (Fv(u, v, W) + %Fw(u, , w)) (17” - gnw) ds

Xiphe(p) =

[ X e p)da = Au(e) - B
N3 (x,y,2)\Q2
We are now going to pick the function F, depending on y and a, such that

(3.4) a(p)A1n1(p) + 2b(p)A12(p) + c(p)Axn(p) = C A, for all p,

with C* positive constant depending only on a and u, and also

(3.5) a(p)Bi1(p) + 2b(p)B12(p) + c(p)B2(p) < 0,
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this one for all p € (¥’ € Q with dist(QY, Q) > 2e. Let W(u, v, w) = (u* + v*)* + pw?
4 DWW
and F = —E\If‘“/ 4. Notice thatn = and DF = W~@/4DW. Let us prove (3.4).

|DW|
We have
a(p)An(p) + 2b(p)Aw2(p) + c(p)Ax(p)
16 p-(atd)/4 { ( v 2 v u u 2
= — —qa|V¥, - —\I’w) +2b (\I’u - —\I’w) (\I’U + —\I/w) + C(\I’U + —\I’w) das
&% Jons000) 1DV 2 2 2 2

\Y

1 \I/—(a+4)/4 2 2
16 Af _— {(\y - f\yw) + (\va + E\Ifw) } ds
a aNs000) DV 2 2

1 1 2 2
. f — {(\y - Eww) + (\yv + E\yw) } ds
a* 3% Jans00,0 DI 2 2

16 A f (u? + v*) (16(u? + 0*) + p? w?) 4s
(U2 +0v2)2+p w?=3*

a? 3t V16(2 + %) + 42 w?
. 16 A f (u? + 0% (16(u? + 0?) + > w?) 45 ]
T a2 3at4 (12 +02)2+p w? =34 o

V9 - 16(u? + ?)? + 42 w?
From (3.3), we have that 32/7 < p < 32, and so 9 - 16(u* + v*)* + 4p?w? <

C((u? + v*)* + uw?) and so in the region of integration the denominator is bounded
above by 9 VC and therefore

J>CiA f (u? + ) (1602 + 2%) + p2w?) dS := A C'(u, @) > 0.
(U2 +02)2+p w?=3*

Next we choose u and a so that holds. We let H(r,z) = (r* + z2)™/4, here
r2 = x* + y>. We have

H, = —ar’ (* +z2)"@/9-1
H,, =ar? ((oc + 1)t - 322) (* + 22)"@/D-2
H,, = % (a+4)zr (r* + 22)~(@/H=2
Ho =5 (~*+(@+3)2) (* +22) @92,
2
Let G(x, y,z) = H(r, 4/ z) with u > 0 and a > 0 to be adjusted such that
(3.6) LG(x,y,2) 2 0,

for all (x, y,z) # 0 with LG(x, y,z) = aX11G(x, y,z) + 2bX12G(x, y,2) + ¢ X22G(x, y, 2),
and with a, b, c any numbers satisfying the ellipticity condition A < aé&? +2b&;&, +
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c&2 < A for all &;,&,. Notice that G = W=%* and so F = —(4/a)G, therefore this
implies that LF < 0.
We have

Xl(XlG) = Hrr(rx)z + H, 1y — \/ﬁy ryHz + (]//2)2H H.,,
XZ(XZG) = Hrr(ry)z + H, Tyy + VUX Ty H,, + (x/z)z‘u H.,,

X12G = Hyrry + Hy 1y + \/_AHH (xy/4)u H.

A calculation shows that

2 2 x 2
X116 = Hyos + Hy2 7 \/ﬁ—szr + M%HZZ
y2 x2
X2,G =H, +H—+ \/— Hzr+/vt4HZZ and
xy SR TI
Xl,ZG = Hrr_z - HTT'_3 + \/ﬁ ‘Ll H,..

It follows that

iG :ElXLlG + ZbXLQG + CXZ/ZG
2 2

T LS. y__ﬂx_z VL2
= rr{a +2b +c }+H{r 2b— +¢ }+yHZZ{a4 2b4+c4
xy x? = y?
+ U H, (c—a)T +b p i

Inserting the values of the derivatives of H yields

2
Fo_ 2 4 a2\ (A 2\—(a/4)-2 y v
LG=ar ((a+1)r 3;12)(7 + uz°) { 2 +2b_r2 +Cr2}
2 2
(a/4 Yy Xy X
—ar (rt + pz?) "ot {r_3_2b_r3+cr_3}

+

NIR

2 2
T (—r4 +(a+3) yzz) (r* + uz?)~@/H=2 {ayz —~ 2bx4_y + cxz}

2.2
+%(0¢+4)‘uzr3 (r4 +y22)_(a/4)_2 {(C—ﬂ)% +b(x p 4 )}
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Therefore

(1/a) (r* + 2?2 LG = ((@ + 1)r* = 3uz?) {ax® + 2bxy + cy?)
— (* + uz?) {ayz - 2bxy + cxz}

+ % u (—r4 +(a +3) yzz) {ay2 — 2bxy + cxz}

+ % (a+4)uzr {(c —a)xy + b(x* — yz)} = A.
We have

A=rt ((a +1) {ax2 + 2bxy + cyz} - (1 + %) {ay2 —2bxy + cxz})

+ uz’ (—3 {ax2 + 2bxy + cyz} + (%(a +3) - 1) {ayz — 2bxy + cx2})
+ % (a+dpzr {(c —a)xy + b(x* — yz)}
=1 A+ uzi Ay + % (a+4)pzr’As.

From the ellipticity

Ay > ((a +1)A - (1 + %)A)rz/

ifa+1>0,u>0;and also

Ay 2 ((%(a +3) - 1)?\ - 3/\) v,

if %(a +3)—1 > 0. On the other hand, uzr*A; > —ur? |zA;]. Again by the
ellipticity |As| < (A — A)r?, and so

puzr* Ay > —plzlr* (A = A).

Therefore

%)A) o ((%(a +3)- 1)/\ - 3A) 7 uz?

—%(a+4)‘u|z|r4(/\—/\)

%)A)r4 + ((%(a +3) - 1))\ - SA) yzz - % (a+4)u |z| rA(A — A)] r

Az((a+1)/\—(1+

= [((a+1)2\—(1 +
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Set
A:(a+1)/\—(1+%)/\
B:((%(a+3)—1)/\—31\)y
C:%(a+4)y(A—A).

So

A > (Ar4 + Bz? — C|z|r2) .
We choose a and p such that A,B > 0, so

Ar* + Bz2 - Clz|r? = (\/Zr2 - VB Izl)2 + (2 VAB - C) |z|r?,

and if in addition
2VAB-C>0,

we get A > 0. The inequality 2 VAB — C > 0 amounts

S RSN PP AP ey P PR S

that is,

S SRR Y R e S A L

Squaring we get

3.7) 16((a +1)— (1 ; %)%)((%m +3)— 1) —3%) > (a+4)u (% _ 1)2.

Notice that if A/A =1, then (3.7) becomes

16((a+1)—(1+ %))((%(a+3)—1)—3)2 0

and if we choose a, u such that A > 0 and B > 0, then the left hand side of
this inequality is strictly positive and therefore by continuity holds when

% < C(a, p) with 1 < C(a, u) and C(e, 1) depending only on a and p. Also A > 0
amounts
A a+1,
A B’
1 _
T3
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and B > 0 amounts

A %(a+3)—1
x<#, ‘Ll>0
Since A/A > 1, we must have
1 %(a+3)—1
1 < min , ,
1+E 3
8
which means
4 <E<a
a+3 8 '

Notice that the interval (4/(a+3), @) is non empty for each & > 1. Since in addition,
we need the function F to be integrable around the origin, this means that @ < 4.

Therefore, we first choose a and u both positive such that

<E<a<i

a+3 8

and next with this choice of a and p, there is a constant C(a, u) > 1 such that

LG > 0 when % < C(a, u), and therefore we obtain (3.6).

Then applying @) with a ~ a(p),b ~ b(p),c ~ c(p), and (v,y,2) ~ 4 o,
p = (x,y,z), we obtain that

a(x,y, z)XLl(G(q‘1 op)) +2b(x, v, .Z)XLQ(G(q‘1 op)) +c(x, y,2) Xz,z(G(q_l op))
= a(x, y,2)X11(G)(q " 0 p) + 2b(x, y,2)X12(G)(G " 0 p) + (¥, ¥,2)X22(G) (g} 0 p)

>0,

for all p,q with 7! o p # 0 and where the differentiation of the fields acts in the

variable p. Since F = —(4/a)G, we obtain

a(p)X11(F(q™" o p)) + 2b(p)X12(F(q~" 0 p)) + c(p)X22(F(g ™" o p)) < 0.

Therefore
a(p)B11(p) + 2b(p)B12(p) + c(p)B2(p)

= fN oo {H(P)XLl((F’?e)(q_l 1) p)) + 2b(P)X1,2((F175)(q_1 o p)) + C(P)Xz,z((Fne)(q_l o p))} dq
3lp

= \f;] Q {a(p)XI,I(F(q_l o P)) + 2b(P)X1,2(F(q—1 o p)) + C(P)Xz,z(F(q_l o P))} dq <0,
3lp
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for p € (' € Q) such that py(q‘1 op) > (2e) for all g € N3(p)\(2; that is, for all p € (¥
with dist(€Y’, dQ) > 2¢, which completes the proof of (3.5). This combined with
(3.4) yields the conclusion in the Lemma with C = C* A.

We also state two facts which are easy to prove: First, we have that h. — h
uniformly in R® as € — 0, and secondly, we have that h(x, y,z) > —¢ IQIH“/ Y for
all (x,y,z) € ]R where ¢ = 2 (12 + v*)? + uw?) 7 dudvdw. O

@ JN1(00,0)

We are now ready to prove the critical density estimate which we first state as

follows.

Theorem 3.2. Let C(a, u) be the constant in Lemma and assume the ellipticity
constants satisfy A/A < C(a, u). Suppose Lu < C in N1(0,0,0), with C > 0, u > 0 on
dN1(0,0,0), and u(xo, yo,z0) < —1 for some (xo, Yo,z0) € N1(0,0,0). Let Q = {(x, y,z) €
N1(0,0,0) : u(x, y,z) < 0}. Then there exists a constant 6 > 0 depending only on C and
A such that |Q] > 6.

Proof. Notice that Q is an open set. Let /1 and k. be as above, and set 1 = 25h and
he = 25he. We claim that i < u in Q.

Suppose the claim is not true. Since & < 0 and u = 0 on dQ, we have that the
set O :={p € Q:h(p) > u(p)} € Q. Let QL = {p € Q: he(p) > u(p)}. Since he > h
(we may assume C > 0), we have ()’ C Q). In addition, since h. — h uniformly,
we have Q] € Q) for all € sufficiently small. If ¢(t) is a smooth function such that
¢(t) =0for0 <t <1, ¢(t) =1fort >2, and ¢ is monotone increasing in [0, +0),
then n.(u,v,w) = ¢ ((p#(u, v, w)/e)4) satisfies the hypotheses of Lemma and

Ne > 1 for € <€, 50 he < he. Hence Q/, ¢ Q) when €’ < e. Let
p = dist(Q,R*\ Q) = inf{p,(q7 o p) : p € O, e R*\ Q}(> 0),

and

Be = dist (Q, R®\ Q) = inf{p, (77" o p) : p € Q, g € R*\ Q}(> 0).

"Let p = (x,y,2) and choose R such that |Q] = [Nk(p) = cR*, so R = ¢'|Q|'/*. Then |Q \
Nr(p)l = INr(p) \ QI Write h(p) = [, 0 dq,p) ™ dg+ [ o d@p)™dg < [ 0 d@,p)dg +
RQNNRP) = Joyn 4@ P) ™ dg + RPN\ QL < [y 00 d@ p) g + [ o d(q,p) ™ dg =
Joeg 2@ p)7 dg = R = Q' /9.
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We have . < f and . < B for €’ < €. Now choose €; > 0 sufficiently small with

Be, < p. Then for all 0 < € < €; we have B, < e < 5. Hence . > (,BL

/Be)
}, then . > 2e for all 0 < € < €.

for

: p
0 <€ <¢;. If we choose €) = min ey, ————
1 | {1«%/561)

Next, for € < €y consider m = min{u(p) — he(p) : p € Q}. There exists p. € Q
such that u(pe) — fle(pe) = m. Since Q) # (0, m < 0 and therefore p. € Q.. Therefore
H(u — fle)(pe) > 0 and then from Lu(pe) > Ll_ze(pe). Applying Lemma in
Q) we obtain that Lh.(p.) > 2C which yields a contradiction since by assumption
C > Lu(pe).

In particular, we get —1 > u(xy, yo,20) > h(xo, yo,z0) > —%EIQIH“M) which

proves the result. m|

We now introduce a change of variables that preserves the equation: Fix
(%0, Yo, 20) and R € R and let

(3.8) T(x,y,z) = (xo + Rx, yo + Ry, zp + R%*z + %(xoy - yox)).

Setii(x, y,z) = u(T(x, y,z)). Wehave X;(i1)(x, y, z) = RX;u(T(x, y,z)) and X; ;(i1)(x, y, z) =
RZXi,]-u(T(x, y,2)). Seta(x,y,z) = a(T(x, y,z)), b(x, v,z) =b(T(x,y,z2)), and é(x,y,z) =
o(T(x, y,z)), then Lii(x, y,z) = R®2Lu(T(x, y, 2)).

Theorem 3.3. Let C(a, 1) be the constant in Lemma and assume the ellipticity
constants satisfy A/A < C(a, u). There exist positive constants M and € depending only
on the ellipticity constants such that for any u > 0 with Lu < 0 in Njgr(xo, Yo, 20) and
infng o, y0,20) 4 < 1 we have that

H(x, v,2) € Nar(x0, Yo, 20) : u(x, y,z) < M}| > €|Nar(xo, Yo, 20)l-

Proof. We show first that the theorem holds for R = 1 and (x, yo,20) = (0,0, 0).
Letv = r* + puz? — 2%, We have v = 0 on dN,(0,0,0), v < 1 - 2* on Ny(0,0,0), and
Lo < (16 + u?/2) Ar* < (64 + 2 u*) A on N»(0, 0, 0).

Let w = u + v on N,(0,0,0). Then w satisfies the hypothesis of Theorem
with C = (64 + 2 %) A. Hence, we have an ¢ depending only on the ellipticity
constants such that [{(x, y,z) € N»(0,0,0) : w(x,y,z) < 0}| > €|N2(0,0,0). Thus,
H(x,v,2) € N2(0,0,0) : u(x, y,z) < 16}| > € |N>(0, 0, 0)|.

For the general case, we change variables and apply what we just proved.

We define ii(x,y,z) = u(T(x,y,z)) for (x,y,z) € N»(0,0,0) and recall we have
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Li(x,y,2z) = R*Lu(T(x, y, z)). We have that ii satisfies the hypothesis of the theorem
with R = 1 and (xo, yo,20) = (0,0,0) and hence [{(x, y,z) € N2(0,0,0) : d(x, y,z) <
16}| > €. And hence we conclude that [{(x, v, z) € Naor(x0, Yo, 20) : u(x,y,z) < 16} =
IT({(x,y,2z) € N2(0,0,0) : di(x,y,z) < 16})| = RH{(x, y,z) € N»(0,0,0) : ii(x,y,z) <
16}| > R*e = &Nar(x0, Yo, 20)I- O

4. PASSAGE TO THE DOUBLE CYLINDER

For the next result, it is convenient to switch from the sets Ny to equivalent
sets which are cylinders. Indeed, we will use the following family of cylinders:
set > = x? + y? and let Cr(0,0,0) = {(x, y,z) : max{r, zI2} < R} and Cr(xo, Yo,20) =
T(C4(0,0,0)) with T given in (3.8).

We will prove the next theorem using the weak maximum principle.

Theorem 4.1. There exists a positive constant y depending only on the ellipticity con-
stants such that if u > 1 on Cr(xo, Yo,z0) and u > 0, Lu < 0 on Csr(xo, Yo, 20), then u >y

on Car(xo, Yo, Z0)-
In order to obtain this theorem, we first prove two lemmas.

Lemma 4.2. Suppose u > 1 on a two dimensional disk D of radius 6 < 1 centered on the
z axis and contained on a plane containing the z axis. And assume u > 0,Lu < 0 in the
cylinder of height T with D at its base. Then u > y on the the cylinder with base 3D and
height 1T, where the constant y depends only on 6,T and the ellipticity constants.

Proof. We will prove first a particular case. The general case will follow by a
rotation leaving the z axis fixed.

Suppose u > 1 on the two dimensional disk x* +z2 < 6>,y =0and u > 0,Lu <0
on the cylinder x* + 22 < 6%,0 < y < I. Then we shall prove that u > y on the

cylinder x? + 2% < %2, 0 < y < L, where the constant y depends only on 6, T and the
ellipticity constants.

Setp = & and Q(x, y, z) = a(6?—x*~z2—By), where a will be chosen momentarily,

Q.1
and consider the function h(x, y,z) = iﬂ—l in the set Q := {6* —x? — 2% > By > 0}.

0
We will choose a so that Lh > 0 in Q. Indeed, we have
Q
e
Lh = —{Q(Xl Q)2 + 2bX1 QXzQ + C()(zQ)2 + aXl,lQ + bel,ZQ + ClezQ}.

e —1
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Using that X1Q = —2ax+ayz, X,Q = —ap—axz, X;,Q = —2a— %yz, X1,0Q = %xy,
X52Q = —4x?, and the ellipticity we get that

Hh= eagef 1 {/\a((yz —2x)" + (B + x2)*) — 2a — %(ayz — 2bxy + sz)}
2 ea?;ef 1 {/\a((yz - 2x)2 + (ﬁ + XZ)Z) - A (2 + %(x2 + yZ))}
z ea?ff 1 {/\a((yz —2x)> + (B + x2)*) - A(z + %(52 N Z_‘: ))}

2
A calculation shows that ((yz — 2x)* + (B + x2)?) > ﬁz for |z| < 1 and therefore in Q.

Q i
Hence, we have Lh > ¢ n {a)\i—z - A (5 + ‘54)}. Therefore if we choose a such

ea? _ 2 p
that aA?—i > A(g + rz), then Lh > 0in Q. Notice that Q C x* +22 < 6*,0<y <T
and we have h < 1 < uon thedisk y = 0,x*+2> < 8*and h = 0 < u on
x? + 22 < 8, By = 6% — x* — y*. In other words, h < u on dQ and we also have
Lh > 0 > Lu in Q. By the maximum principle, we have i < u in Q). We let y be the
minimum of & on the set x* + 2> < %2, 0 < y < L. Notice that y > 0 depends only
on §,I" and the ellipticity constants.

For the general case, assume O is a 2 X 2 matrix such that OO" = OTO =
I. And let ii(x,y,z) = u(O(x,y)",z). A calculation shows that OHii(x, y,z)O" =
Hu(O(x, y)", z). We define the matrix A(x, y,z) = OTA(O(x, y)",z)O, and we have

Li(x,y,z) = trace (A(x, y, z)Hii(x, y, 2))
= trace (A(O(x, y)T, 2)Hu(O(x, y)T, z)) = Lu(O(x, y)T, Z).

Since the matrix A satisfies the ellipticity inequalities with the same constants as

A, the general result follows by the particular case. O

The following lemma is similar but requires a different comparison function.

Lemma4.3. Setr* = x*+y?, and suppose u > 1 on the two dimensional diskr* < 1,z = zg
and u > 0,Lu < 0 in the cylinder ¥* < 1,z0 —8 < z <z + 8.

Then u > y on the ball * + (z — zp)* < B?, where y and B are small constants that
depend only on the ellipticity constants.

Proof. We may assume z, = 0.
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Let f(x) = -2 +x+ 1, Q(x,y,2) = Bf(r*) —zand h = 7 :1 on the set Q) :=
{Q>0,z >0} wherec = f(1/ V6) is the maximum of fin the interval [0, 1] and

will be chosen momentarily so that Lk > 0 in Q. We have X;Q = Bf'(r*)2x + %,

X2Q = Bf'(r*)2y - ;, X11Q = B (r)4Ax* + 2Bf(r?), X1,Q = 4xyBf”(r*) and X,,Q =
Bf" (r)4y? + 2Bf'(r?). Then we get

Lh =

ecﬁ 4,8f”(r2)(ax + 2bxy + cy?)

L 2BF (P)a+0) +a (5 F07)2x + %)z

+2b(ﬁf(r2)2x+ )(ﬁf(r )2y — 2) c(ﬁf’(rZ)Zy—g)z}.

Since f” < 0in [0, 1], it follows that

Lh > Cﬁe - {45Af//(r2)r2 + 2‘8f/(1’2)(61 + C) + AT’Z (4‘82(f/(7’2))2 + i)} )
Letx = 1/2' ForO0<x < 6_%, we have f’(x) >0 and hence Lk > —48[%Ax2 + % +
AAXBA(1 - 6x7)F = —48BAX* + % = x(% —485xA) > x(% - 485/\6-%) > 0, for B

small enough
If672 <x <1, thenwehaveLh > —48BAx* —4BA(6x> —1)+ +4)\xﬁ2 (1-6x%)% >

% —B(48Ax? + 4A(6x* — 1)) > A6T —68BA > 0 for p small enough. Notice that

p depends only on the ellipticity constants. We also notice that for § small enough
Q) is contained in the cylinder » < 1,0 < z < 8. Just as in the previous lemma we
have Lh > Lu in ), and h < u on JQ and hence, by the maximum principle u > h

in Q. A simple calculation shows that the half ball 7 + 2% < ﬁ - ,z 2> 0is contained
e3ﬁ/4

in ) and that & > y > 0 on this half ball (y =
depends only on the ellipticity constants.

) We emphasize that y
To show that u > y in the lower part of the ball * + z2 < 2, we consider the

function Q = Bf(r*) + z and the corresponding function 4 and proceed in the same

way.

We are now ready to prove Theorem 4.1}
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Proof of Theorem We initially prove the theorem for the case R = 1 and (xo, yo, z0) =
(0,0,0) and prove the general case by changing variables.

Hence, we assume u > 1 in the cylinder r < 1,|z| < 1 and u > 0,Lu < 0 in the
cylinder r < 3,|z| < 9.

We will show u > y in the cylinder r < 2, |z| < 4 with y a universal constant.

First by Lemma[4.3|with zo = 1, we get u > 7, on the ball 2 + (z — 1)*> < f?, and
similarly with zy = =1, we get u > ¥, on the ball 7* + (z + 1)*> < 2. Now using
Lemma on disks of radius f centered on the z axis with |zl < 1and I' = 3, we
get u > y; on the cylinder r < 2,z <1+ 3.

The result follows by continuing the same argument a finite number of steps.

To prove the general case we change variables in exactly the same way as in
Theorem[3.3] O

Remark 4.4. With the same hypothesis as in Theorem [4.1|it follows from the proof that
for any B < 1, there exists y depending on p and the ellipticity constants such that u >y
on CBﬁR-

Theorem 4.5. There exist universal constants M and € (in fact, € is as in Theorem
and M = ymz where M is as in Theorem |3.3|and y as in Theorem such that if
infe, (o yo20) % < 1, and u > 0, Lu < 0 in Csr(xo, Yo, o) then

1{(x, ¥, 2) € Cr(xo, Yo, 20) : u(x, y,z) < M}| > €|Cr(xo, Yo, 20)|-

Proof. By contradiction, if [{(x, y,z) € Cr(xo, Yo, 20) : u(x,y,z) < M} < €|Cr(xo, Yo, Zo)l,
then |{(x, y,2) € Cr(x0, Yo, 20) : W < M}| < €|Cr(x0, Y0, 20)l, and hence by Theo-
rem (3.3 we must have infc £ Goyo.20) % > 1. It follows by Theorem 4.1 that % >y

on Cr(xo, Yo, 20), which is ]VW—]\Z > 1 on Cr(xo, Yo, Zz0) and again by Theoremwe get
My -, l
yM =

the hypothesis. m|

¥ on Cyr(xo, Yo, 2z0) which implies that u > 2 on Car(xo, Yo, 2z0) contradicting

5. CoNcCLUSION

By the results of Di Fazio, Gutiérrez, and Lanconelli [FGLO8, Theorem 4.7, con-
dition A1,A2 and Theorem 5.1] applied to Kq, the class of nonnegative solutions
to (1.1), we obtain the following Harnack inequality.
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Theorem 5.1. Suppose that A/A is sufficiently close to one. There exist constants C and
n both bigger than 1 depending only on the ellipticity constants such that if Lu = 0 and
u > 0in Cyr(xo, Yo, 20), then

sup u<C inf u.
Cr(x0,%0,20) Cr(x0,40,20)
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