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1. I

The purpose in this paper is to establish pointwise estimates for a class of convex func-
tions on the Heisenberg group. The following integral estimate for classical convex func-
tions in terms of the Monge–Ampère operator detD2u was proved by Aleksandrov (see
[4, Theorem 1.4.2]):

Theorem (Aleksandrov’s maximum principle).If Ω ⊂ Rn is a bounded open and convex
set with diameter∆ and u∈ C(Ω̄) is convex with u= 0 on∂Ω, then for all x0 ∈ Ω

|u(x0)|
n ≤ cn∆

n−1 dist(x0, ∂Ω) |∂u(Ω)|,

where cn is a positive constant depending only on the dimension n, and∂u is the normal
mapping or subdifferential of u, see[4, Definition 1.1.1].
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Such estimate is of great importance in the theory of weak solutions for the Monge–
Ampère equation∗, and its proof revolves around the geometric features of the normal
mapping which yield in addition the useful comparison principle for Monge-Ampère
measures [4, Theorem 1.4.6]. A natural question is if similar comparison and maximum
principles hold in the setting of Carnot groups. The reasons for this question are that those
estimates are the key tools to develop a theory of weak solutions for nondivergence subel-
liptic operators of the formai j Xi Xj , whereai j is a uniformly elliptic measurable matrix
andX = {X1, . . . ,Xm} is a system of left invariant vector fields on a Carnot group, and also
to understand fully nonlinear equations in this setting. The difficulty for this study is the
doubtful existence of a notion of normal mapping in Carnot groups suitable to establish
maximum and comparison principles.

In this paper we address this question in the Heisenberg groupH1 and follow a route
different from the one described above for standard convex functions, and in particular, we
do not use any notion of normal mapping. This approach was recently used by Trudinger
and Wang to study Hessian equations [12].

To explain the main results and plan of the paper, we first give some notation and basic
definitions. Letξ = (x, y, t) andξ0 = (x0, y0, t0) denote points inR3. The Heisenberg group
H1 isR3 endowed with the non-commutative multiplication given by

ξ0 ◦ ξ = (x0 + x, y0 + y, t0 + t + 2(xy0 − yx0)).

The corresponding Lie algebraG is spanned by the left-invariant vector fields

X = ∂x + 2y∂t, Y = ∂y − 2x∂t, [X,Y] = XY− YX= −4∂t,

andG admits a nilpotent stratification of step two, i.e., it decomposes as the vector space
direct sumG = V1 ⊕ V2, whereV1 is the vector space generated byX andY, andV2 is the
space generated by [X,Y]. For this reason,H1 is the prototype of Carnot groups of step
two.

On the Heisenberg group, and more generally in Carnot groups, several notions of con-
vexity have been introduced and compared in [3] (horizontal convexity), and [8] (viscosity
convexity). All these definitions are now known to be equivalent even in the general case
of Carnot groups, see [2], [7], [9], and [13]. The notion of convex function used in this
paper is the following, and throughout the paper convexity is understood in this sense and
for continuous functions in the extended sense given in Definition 2.1.

Definition 1.1. The function u∈ C2(Ω) is convex inΩ if the symmetric matrix

H(u) =

[
X2u (XYu+ YXu)/2

(XYu+ YXu)/2 Y2u

]
is positive semidefinite inΩ.

1.1. Main results and plan of the paper. Our integral estimates are in terms of the
Monge–Amp̀ere type operator

H(u) = detH(u) + 3/4([X,Y]u)2

= detH(u) + 12(∂tu)2,
(1.1)

∗If u is smooth, then|∂u(Ω)| =
∫
Ω

detD2u(x)dx.
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and as we shall see in Section 3, the motivation for this choice in place of the expected
detH(u) is thatH(u) has the null-Lagrangian property from Lemma 3.1.

The first step is to establish by means of integration by parts the following comparison
principle for smooth functions.

Theorem 1.2(Comparison Principle). Let u, 3 ∈ C2(Ω̄) such that u+ 3 is convex inΩ
satisfying3 = u on∂Ω and3 < u inΩ. Then∫

Ω

H(u) dξ ≤
∫
Ω

H(3) dξ.

We then extend in Theorem 4.7 this comparison principle to “cones” defined in term of
a distanced, locally equivalent to the Carnot-Carathéodory distance generated byX and
Y, and defined by

(1.2) d(ξ, ξ0) = ρ(ξ
−1
0 ◦ ξ)

whereρ is a smooth gauge inH1, given byρ(ξ) =
(
(x2 + y2)2 + t2

)1/4
. This together with

the geometry inH1 leads by iteration to our maximum principle of Aleksandrov type on
d-ballsBR of radiusR.

Theorem 1.3(Maximum Principle). Let u∈ C2(BR) be convex, u= 0 on ∂BR. If u(ξ0) =
minBR u, then there exists a positive constant c, depending on d(ξ0, ∂BR), such that

|u(ξ0)|
2 ≤ c

∫
BR

H(u) dξ.

We explicitly remark that an analogous pointwise estimate does not hold with detH(u)
instead ofH(u), see Proposition 4.5.

We next estimate the oscillation of convex functions.

Theorem 1.4(Oscillation Estimate). Let u∈ C2(Ω) be convex. For any compact domain
Ω′ b Ω there exists a positive constant C depending onΩ′ andΩ and independent of u,
such that

(1.3)
∫
Ω′

H(u) dξ ≤ C(oscΩu)2.

Theorem 1.4 permits to extend our definition of Monge–Ampère measure to continuous
convex functions and obtain a general comparison principle, Theorem 6.7. Moreover,
Theorem 1.4 furnishes an estimate of theL2 norm of the bracket [X,Y]u = −4∂tu of
a convex functionu. This property is extended by the authors to any dimension in [5]
using the second elementary symmetric function of the eigenvalues of the matrixH(u)
to prove the subelliptic version of the Aleksandrov-Busemann-Feller theorem about the
twice differentiability a.e. of convex functions inHn for anyn.

The organization of the paper is the following. Section 2 contains preliminaries about
Hn and equivalent definitions of convexity. In Section 3 we prove the comparison principle
Theorem 1.2. Section 4 contains the proof that “cones” agreeing with convex functionsu
on the boundary are aboveu inside, and the comparison principle for cones Theorem 4.7.
In Section 5 we prove the maximum principle Theorem 1.3. Finally, Section 6 contains
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the proof of the oscillation estimates, Theorem 1.4, and the construction of the analogue
of Monge–Amp̀ere measures for convex functions in the Heisenberg setting.
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2. P  

We first recall some basic properties aboutH1 that will be used throughout the paper
and we refer to the book [11, Chapters XII and XIII] for more details aboutHn.

The groupH1 has a family of dilations which are group homomorphisms, given by

δλ(ξ) = (λx, λy, λ2t),

for λ > 0. The distanced defined in (1.2) is homogeneous of degree one with respect to
the group of dilations,

d(δλξ, δλξ0) = λd(ξ, ξ0),

for everyλ > 0 and for everyξ, ξ0 ∈ H1.
Moreover, if we denote byBR(ξ0) = {ξ ∈ R3 : d(ξ, ξ0) < R} the ball with center atξ0

of radiusRwith respect to distanced, then by left translation and dilation it is easy to see
that the Lebesgue measure ofBR(ξ0) is

(2.1) |BR(ξ0)| = RQ|B1(0)|,

with Q = dim(V1) + 2 dim(V2) = 4. Hence, the numberQ plays a role of a dimension
with respect to the group of dilations, and for this reason it is called the homogeneous
dimension ofH1.

2.1. Convexity. We extend the Definition 1.1 to continuous functions.

Definition 2.1. The function u is convex inΩ if there exists a sequence uk ∈ C2(Ω) of
convex functions inΩ in the sense of Definition 1.1 such that uk → u uniformly on compact
subsets ofΩ.

We shall now prove that our definition of convexity is equivalent to the horizontal con-
vexity in [3]. To this purpose, givenξ0 = (x0, y0, t0) ∈ R3 we introduce the horizontal
plane throughξ0

Πξ0 = {(x, y, t) : t − t0 − 2(xy0 − yx0) = 0}.
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That is,Πξ0 is the plane generated by the vectors (1,0,2y0), (0,1,−2x0) and passing
through the pointξ0. Notice that ifh ∈ H1, then

(2.2) ξ ∈ Πξ0 if and only if h ◦ ξ ∈ Πh◦ξ0.

Let ξ0 = (x0, y0, t0), ζ = (x, y, t) and

g(ζ) = f (ξ0 ◦ ζ).

We have

∂xg(0) = X f(ξ0), ∂yg(0) = Y f(ξ0), ∂tg(0) = ∂t f (ξ0),

and

∂xxg(0) = (X2 f )(ξ0), ∂xyg(0) = (YX f)(ξ0)−2∂t f (ξ0), ∂xtg(0) = ∂tx f (ξ0)+2y0 ∂tt f (ξ0),

∂yxg(0) = (XY f)(ξ0)+2∂t f (ξ0), ∂yyg(0) = (Y2 f )(ξ0), ∂ytg(0) = ∂ty f (ξ0)−2 x0 ∂tt f (ξ0),

∂txg(0) = ∂tx f (ξ0) + 2y0 ∂tt f (ξ0), ∂tyg(0) = ∂ty f (ξ0) − 2 x0 ∂tt f (ξ0), ∂ttg(0) = ∂tt f (ξ0).

Let

A =

 (X2 f )(ξ0) (YX f)(ξ0) − 2∂t f (ξ0) ∂tx f (ξ0) + 2y0 ∂tt f (ξ0)
(XY f)(ξ0) + 2∂t f (ξ0) (Y2 f )(ξ0) ∂ty f (ξ0) − 2 x0 ∂tt f (ξ0)
∂tx f (ξ0) + 2y0 ∂tt f (ξ0) ∂ty f (ξ0) − 2 x0 ∂tt f (ξ0) ∂tt f (ξ0)

 .
Then the Taylor polynomial of order two ofg is

f (ξ0) + (X f(ξ0),Y f(y0), ∂t f (ξ0)) · ζ +
1
2
〈Aζ, ζ〉

= f (ξ0) + (X f(ξ0),Y f(y0)) · (x, y) + (X2 f ) x2 + (XY f + YX f) xy+ (Y2 f ) y2

+ t{ ft(ξ0) + 2 ftx x+ 4y0 fttx+ ( ftx + fty)y− 4x0 ftty}.

That is, if (x, y, t) ∈ Π0 thent = 0 and so on this plane we have

g(ζ) = f (ξ0) + (X f(ξ0),Y f(y0)) · (x, y)

+ (X2 f ) x2 + (XY f + YX f) xy+ (Y2 f ) y2 + o(x2 + y2).

The following proposition yields several equivalent definitions of convexity.

Proposition 2.2. LetΩ ⊂ R3 open and assume that ifξ0 ∈ Ω, ξ ∈ Πξ0 ∩ Ω, thenξ0 ◦
δλ(ξ−1

0 ◦ ξ) ∈ Ω for 0 < λ < 1. The following are equivalent:

(1) u ∈ C(Ω) is convex inΩ.
(2) (Horizontal convexity) Givenξ0 ∈ Ω

(2.3) u(ξ0 ◦ δλ(ξ
−1
0 ◦ ξ)) ≤ u(ξ0) + λ(u(ξ) − u(ξ0)),

for all ξ ∈ Πξ0 ∩Ω and0 ≤ λ ≤ 1.
(3) For eachξ0 ∈ Ω andξ = (x, y, t) ∈ Πξ0 ∩Ω the function u restricted to the segment

[ξ0, ξ] is a convex function of one variable in the standard sense.
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Proof. (1)⇒ (2) It is enough to assume thatu ∈ C2(Ω). Then the proof follows by [3,
Theorem 5.11].

(2)⇒ (3) Easy follows by [8, Lemma 4.1], by taking into account (2.2).
(3) ⇒ (1) First of all let us remark that by [2, Theorem 1.2] a functionu satisfying

condition (3) is locally Lipschitz continuous with respect tod.
Let ϕ ∈ C∞(R3), ϕ ≥ 0, suppϕ ⊂ B1(0) the metric ball, and

∫
R3 ϕ(h) dh = 1. Letε > 0

and

uε(ξ) = u ∗ ϕε(ξ) = ε
−4

∫
H1

u(h−1 ◦ ξ)ϕ(δ1/εh) dh.

We have thatuε is smooth anduε → u uniformly on compact subsets ofΩ. We have from
(2.2) and (2.3) that

uε
(
ξ0 ◦ δλ(ξ

−1
0 ◦ ξ)

)
= ε−4

∫
H1

u
(
h−1 ◦

(
ξ0 ◦ δλ(ξ

−1
0 ◦ ξ)

))
ϕ(δ1/εh) dh

= ε−4

∫
H1

u
((

h−1 ◦ ξ0
)
◦ δλ

(
(h−1 ◦ ξ0)

−1 ◦ (h−1 ◦ ξ)
))
ϕ(δ1/εh) dh

≤ ε−4

∫
H1

(
u(h−1 ◦ ξ0) + λ

(
u(h−1 ◦ ξ) − u(h−1 ◦ ξ0)

))
ϕ(δ1/εh) dh

= uε(ξ0) + λ (uε(ξ) − uε(ξ0)) .

�

Remark 2.3. From Proposition 2.2(2) we have that ifu is convex in the standard sense,

thenu is convex. However, the gauge functionρ(x, y, t) =
(
(x2 + y2)2 + t2

)1/4
is convex

but is not convex in the standard sense, see Proposition 4.5.

3. N-   C P

In this section we prove Theorem 1.2. Since this theorem places a central role in the
present paper, we briefly sketch the key idea. In the Euclidean case the determinant of the
Hessian of a smooth functionu has the following null-Lagrangian property

n∑
i=1

∂

∂xi

(
∂(detD2u)
∂ui j

)
= 0, for all j = 1, . . . ,n,

which allows to prove the following monotonicity property of the Hessian measure by
simple integrating by parts and without using the normal mapping, see [12, Lemma 2.1].

Theorem (Monotonicity property of the Hessian measure).Let u and3 be smooth stan-
dard convex functions in a bounded open setΩ with regular boundary, if u< 3 in Ω and
u = 3 on∂Ω then ∫

Ω

detD2u ≤
∫
Ω

detD2
3.

In our setting the operator detH(u) does not have a similar null-Lagrangian property
because the vector fieldsX andY do not commute. However, from (1.1),

H(u) = detH(u) + 12(∂tu)2 = X2u Y2u−
(XYu+ YXu

2

)2

+ 3
(XYu− YXu

2

)2

,
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and if we setX1 = X,X2 = Y, andr i j = XiXju, then

H(u) = r11 r22−

( r12+ r21

2

)2

+ 3
( r12− r21

2

)2

,

and we have the following lemma.

Lemma 3.1(Null-Lagrangian property). For every smooth function u

2∑
i=1

Xi

(
∂H(u)
∂r i j

)
= 0, for j = 1,2.

Proof.

∂H(u)
∂r11

= r22;
∂H(u)
∂r12

= −

( r12+ r21

2

)
+ 3

( r12− r21

2

)
= r12− 2r21;

∂H(u)
∂r21

= −

( r12+ r21

2

)
− 3

( r12− r21

2

)
= r21− 2r12;

∂H(u)
∂r22

= r11.

On the other hand,

2∑
i=1

Xi

(
∂H(u)
∂r i1

)
= X

(
∂H(u)
∂r11

)
+ Y

(
∂H(u)
∂r21

)
= X(Y2u) + Y(YXu− 2XYu) = X(Y2u) − Y(XYu) − Y[X,Y]u

= [X,Y]Yu− Y[X,Y]u = [[X,Y],Y]u ≡ 0,
2∑

i=1

Xi

(
∂H(u)
∂r i2

)
= X

(
∂H(u)
∂r12

)
+ Y

(
∂H(u)
∂r22

)
= X(XYu− 2YXu) + Y(X2u) = Y(X2u) − X(YXu) + X[X,Y]u

= −[X,Y]Xu+ X[X,Y]u = [X, [X,Y]]u ≡ 0.

(3.4)

�

Proof of Theorem 1.2.Since convex functions can always be approximated by smooth
convex functions as in the proof of Proposition 2.2, it is not restrictive to assumeu, v ∈
C∞(Ω). If Z = α1 ∂x1 + α2 ∂x2 + α3 ∂x3 is a smooth vector field, then

(3.5)
∫
Ω

Zu dx=
∫
∂Ω

νZ u dσ(x) −
∫
Ω

((α1)x1 + (α2)x2 + (α3)x3) u dx,

whereν = (ν1, ν2, ν3) is the outer unit normal to∂Ω andνZ = α1ν1 + α2ν2 + α3ν3.
Since3 = u on ∂Ω, 3 < u in Ω and both functions are smooth up to the boundary,

it follows that the normal to∂Ω is ν =
D(3 − u)
|D(3 − u)|

, and thereforeνX =
X(3 − u)
|D(3 − u)|

and

νY =
Y(3 − u)
|D(3 − u)|

.
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Let 0≤ s≤ 1 andϕ(s) = H(3 + sw), with w = u− 3. Then∫
Ω

{H(u) − H(3)}dξ =
∫ 1

0

∫
Ω

ϕ′(s) dξds

=

∫ 1

0

∫
Ω

 2∑
i, j=1

∂H
∂r i j

(3 + sw) XiXjw

 dξds

=

∫ 1

0

∫
Ω

 2∑
i, j=1

Xi

(
∂H
∂r i j

(3 + sw) Xjw

)
− Xi

(
∂H
∂r i j

(3 + sw)

)
Xjw

 dξds

= A− B.

By Lemma 3.1B ≡ 0, and using (3.5) in the first term we get

A =
∫ 1

0

∫
∂Ω

 2∑
i, j=1

(
∂H
∂r i j

(3 + sw) Xjw · νXi

) dσ(ξ)ds

= −

∫ 1

0

∫
∂Ω

 2∑
i, j=1

(
∂H
∂r i j

(3 + sw) Xjw · Xiw

) 1
|Dw|

dσ(ξ)ds

= −

∫ 1

0

∫
∂Ω

〈 [
Y2 −YX+ [X,Y]

−XY− [X,Y] X2

]
(3 + sw)

(
Xw
Yw

)
,

(
Xw
Yw

) 〉dσ(ξ)
|Dw|

ds

(by integrating indsfirst)

= −
1
2

∫
∂Ω

〈 [
Y2 −YX
−XY X2

]
(u+ 3)

(
Xw
Yw

)
,

(
Xw
Yw

) 〉 1
|Dw|

dσ(ξ)

≤ 0,

because〈 [
Y2 −YX
−XY X2

]
(u+ 3)

(
ζ1
ζ2

)
,

(
ζ1
ζ2

) 〉
=

〈
H(u+ 3)

(
ζ2
−ζ1

)
,

(
ζ2
−ζ1

) 〉
≥ 0

for every ζ = (ζ1, ζ2) ∈ R2, sinceu + 3 is convex. This completes the proof of the
theorem. �

4. W  

Let A = (ai j ) be a 2× 2 symmetric matrix such thatA ≥ 0, and traceA > 0, ai j ∈ C(D)
whereD ⊂ R3 is an open set;X1 = X,X2 = Y, andL =

∑2
i, j=1 ai j (ξ)XiXj .

Theorem 4.1. LetΩ be a bounded open set inR3, and w∈ C2(Ω). If Lw ≥ 0 in Ω and
lim supξ→ξ0 w(ξ) ≤ 0 for eachξ0 ∈ ∂Ω, then w≤ 0 in Ω.

We remark that Theorem 4.1 is true even for viscosity solutions and follows from the
subelliptic comparison principle proved in [1].

To prove Theorem 4.1 we need two lemmas.
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Lemma 4.2. LetΩ ⊂ R3 be an open bounded set, and w∈ C(Ω). Then there existsξ0 ∈ Ω̄
such thatsupΩ∩B(ξ0,ρ) w = supΩw for everyρ > 0, where B(ξ0, ρ) is the Euclidean ball with
radiusρ and centerξ0.

Lemma 4.3. LetΩ be open and bounded. There exists a function w0 ∈ C2(Ω) such that
w0 > 0 and Lw0 < 0 in Ω.

Proof. Let λ > 0 and chooseM ∈ R such that supξ∈Ω eλ x+λ y < M; ξ = (x, y, t). Let
w0 = M − eλ x+λ y. Thenw0 > 0 in Ω, X1w0 = −λeλ x, X2

1w0 = −λ
2eλ x, X2w0 = −λeλ y,

X2
2w0 = −λ

2eλ y, andX1X2w0 = X2X1w0 = 0. HenceLw0 = −λ
2(a11 eλ x + a22 eλ y) < 0 in

Ω. �

Proof of Theorem 4.1.First assume thatLw > 0 inΩ. By Lemma 4.2, there existsξ0 ∈ Ω̄
such that supΩ∩B(ξ0,ρ) w = supΩw for everyρ > 0. If ξ0 ∈ Ω, thenw(ξ0) = supΩw and so
Dw(ξ0) = 0 andD2w(ξ0) ≤ 0. Hence

0 < Lw(ξ0) = trace

(
A

[
X2w XYw
YXw Y2w

])
(ξ0)

= trace

(
A

[
X2w (XYw+ YXw)/2

(XYw+ YXw)/2 Y2w

])
(ξ0)

= trace

A
[
1 0 2y
0 1 −2x

]
D2w

 1 0
0 1
2y −2x


 (ξ0)

= trace


 1 0

0 1
2y −2x

 A

[
1 0 2y
0 1 −2x

]
D2w

 (ξ0)

= trace (ÃD2w)(ξ0) ≤ 0,

sinceÃ ≥ 0 andD2w(ξ0) ≤ 0. This is a contradiction. Henceξ0 ∈ ∂Ω and consequently
w ≤ 0 inΩ. If Lw ≥ 0 inΩ, then for eachε > 0 we setwε = w−εw0 with w0 as in Lemma
4.3. We haveLwε = Lw − εLw0 > 0 and lim supξ→ξ0 wε(ξ) ≤ lim supξ→ξ0 w(ξ) ≤ 0 for
eachξ0 ∈ ∂Ω. By the previous argument,wε ≤ 0 inΩ for eachε > 0, and sow ≤ 0. �

Let us denote byH∗(u) the Newton transformation as defined in [10]

H∗(u) =

[
Y2u −(XYu+ YXu)/2

−(XYu+ YXu)/2 X2u

]
.

We have

detH(u) =
1
2

trace (H∗(u)H(u)),

and

(4.1) trace (H∗(u)H(3)) = trace (H∗(3)H(u)).

From Theorem 4.1 we obtain the following comparison principle.
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Proposition 4.4. Let Ω ⊂ R3 be an open bounded set, u, 3 ∈ C2(Ω) such that u+ 3 is
convex, andtrace{H(u+ 3)} > 0. If detH(u) ≥ detH(3) in Ω and u≤ 3 on∂Ω, then u≤ 3
in Ω.

Proof. We have

0 ≤ detH(u) − detH(3)

=
1
2

(trace (H∗(u)H(u)) − trace (H∗(3)H(3)))

=
1
2

(trace (H∗(u)H(u− 3)) + trace ((H∗(u) −H∗(3))H(3)))

=
1
2

(trace (H∗(u)H(u− 3)) + trace (H∗(3)H(u− 3))) by (4.1)

=
1
2

trace (H∗(u+ 3)H(u− 3))

=
1
2

trace (H∗(u+ 3)H(w)),

wherew = u − 3 ≤ 0 on ∂Ω. Applying Theorem 4.1 tow with A = H∗(u + 3), the
proposition follows. �

4.1. A comparison principle for “cones”. As a consequence of Proposition 4.4 we get
that “cones” that agreeing with an convex functionu on the boundary of a ballB are above
u insideB.

Proposition 4.5. LetΩ = {ξ ∈ R3 : 0 < d(ξ, ξ0) < R}, and 3(ξ) = m

(
d(ξ, ξ0)

R
− 1

)
. If

m≥ 0, then3 is convex inΩ, detH(3) = 0 in Ω, anddetH(3) is integrable inΩ̄.

Proof. If ζ ∈ R3 andg(ξ) = f (ζ ◦ ξ), thenXg(ξ) = (X f)(ζ ◦ ξ) andYg(ξ) = (Y f)(ζ ◦ ξ).
Therefore we can assume thatξ0 = 0. Let r = (x2 + y2)2 + t2 and h ∈ C1((0,+∞)).
ThenXr = 4x3 + 4xy2 + 4yt, Yr = 4yx2 + 4y3 − 4xt, X2r = Y2r = 12(x2 + y2), YXr =
4t, and XYr = −4t. If u(x, y, t) = h(r), then Xu = h′(r) Xr, Yu = h′(r) Yr, X2u =
h′′(r) (Xr)2 + h′(r) X2r, Y2u = h′′(r) (Yr)2 + h′(r) Y2r, XYu = h′′(r) XrYr + h′(r) XYr,
YXu= h′′(r) YrXr+ h′(r) YXr. Thus

(4.2) detH(u) = 48 (x2 + y2)2 {4 r h′′(r) + 3h′(r)}h′(r).

Therefore detH(u) = 0 if h′(r) = 0 or 4r h′′(r) + 3h′(r) = 0, that is,h(r) = C or
h(r) = r1/4. If h(r) = r1/4, thenX2h(r) = 3 r−7/4 (y(x2 + y2) − xt)2 ≥ 0 andY2h(r) =
3 r−7/4 (x(x2 + y2) + yt)2 ≥ 0, and sor1/4 is convex inR3 \ {0}.

On the other hand, detH(u) ≤ C r−1/2 and by (2.1),∫
r1/4≤R

detH(u) dξ ≤ C
∫

r1/4≤R
r−1/2 dξ = C

∫ R

0
ρQ−1 ρ−2 dρ = C R2

sinceQ = 4. �
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Proposition 4.6. Let u ∈ C2(Ω) be convex, withΩ = {ξ ∈ R3 : 0 < d(ξ, ξ0) < R}, and
u ≤ 0 on {ξ ∈ R3 : d(ξ, ξ0) = R}. Then u≤ 3, where3 is defined in Proposition 4.5 with
m= −u(ξ0).

Proof. Let ε > 0, ξ0 = (x0, y0, t0), ξ = (x, y, t),

uε(ξ) = u(ξ) + ε (x2 + y2),

and

3ε(ξ) = −(1−
√
ε) u(ξ0)

(
d(ξ, ξ0)

(1−
√
ε) R
− 1

)
.

We first claim thatuε(ξ) ≤ 3ε(ξ) for all ξ ∈ ∂Ω and for allε sufficiently small. Indeed,
if ξ = ξ0, thenuε(ξ0) ≤ 3ε(ξ0) if and only if

√
ε (x2

0 + y2
0) ≤ −u(ξ0) which holds for

all ε sufficiently small. On the other hand, ifd(ξ, ξ0) = R, then3ε(ξ) = −
√
εu(ξ0) and

uε(ξ) ≤ ε (x2 + y2) ≤ ε maxd(ξ,ξ0)=R(x2 + y2) = εM. Henceuε(ξ) ≤ 3ε(ξ) on d(ξ, ξ0) = R if
√
εM ≤ −u(ξ0) which again holds for allε sufficiently small.
We also have

(4.3) detH(uε) = detH(u) + 2ε traceH(u) + 4ε2 > 0 = detH(3ε)

in Ω, and trace{H(uε + 3ε)} = traceH(u) + 8ε + traceH(3ε) > 0. Therefore from Propo-
sition 4.4 we getuε ≤ 3ε in Ω, and the proposition follows lettingε→ 0.

�

As a consequence of these propositions we get the following extension of Theorem 1.2
needed in the proof of the maximum principle Theorem 1.3.

Theorem 4.7.LetΩ = {ξ ∈ R3 : 0 < d(ξ, ξ0) < R}, and let3 ∈ C2(B̄R(ξ0)) be convex inΩ

satisfying3 = 0 on∂BR(ξ0) and set u(ξ) = −3(ξ0)

(
d(ξ, ξ0)

R
− 1

)
. Then

∫
BR(ξ0)

{
detH(u) + 12 (∂tu)2

}
dξ ≤

∫
BR(ξ0)

{
detH(3) + 12 (∂t3)

2
}

dξ.

Proof. From Proposition 4.6 we have that3 ≤ u in BR(ξ0). Let ε > 0, we claim that∫
BR(ξ0)\Bε(ξ0)

{
detH(u) + 12 (∂tu)2

}
dξ

≤

∫
BR(ξ0)\Bε(ξ0)

{
detH(3) + 12 (∂t3)

2
}

dξ +O(ε2),(4.4)

asε → 0. We may assume by the invariance of the vector fields thatξ0 = 0. Since the
functionsu, 3 are both convex andC2 except at 0, we proceed as in the proof of Theorem
1.2 applied to the open setΩε = BR(0)\Bε(0). The integralA in that theorem has now the
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form

A =
∫ 1

0

∫
∂BR(0)

 2∑
i, j=1

(
∂H
∂r i j

(3 + sw) Xjw · νXi

) dσ(ξ)ds

−

∫ 1

0

∫
∂Bε(0)

 2∑
i, j=1

(
∂H
∂r i j

(3 + sw) Xjw · νXi

) dσ(ξ)ds

= A1 − A2.

As in the proof of Theorem 1.2,A1 ≤ 0. We claim thatA2 = O(ε2) asε → 0, in fact, each
summand inA2 is O(ε2). Recall thatw = u − 3. From the computations in the proof of
Proposition 4.5, we have that|Xjd| ≤ 1, |XiXjd| ≤ c d−1 and we see that

J11 =

∫
∂Bε(0)

∂H
∂r11

(3 + sw) X1wνX1 dσ(ξ)

= −

∫
d(ξ)=ε

Y2(3 + sw) Xw
Xd
|Dd|

dσ(ξ)

≤ C
∫

d(ξ)=ε
d−1 dσ(ξ)
|Dd|

= C ε−1

∫
d(ξ)=ε

dσ(ξ)
|Dd|

,(4.5)

for all 0 < s< 1. On the other hand, from the coarea formula and by (2.1)∫ R

0

∫
d(ξ)=τ

dσ(ξ)
|Dd|

dτ =
∫

d(ξ)≤R
dξ = C R4.

So, by differentiating the previous equality with respect toR, we have
∫

d(ξ)=R

dσ(ξ)
|Dd|

=

C R3 and inserting this value in (4.5) we obtain thatJ11 = O(ε2). Since all other terms
in A2 can be handled in the same way, we obtain (4.4) and the theorem follows letting
ε→ 0. �

As a consequence of Proposition 4.4 we obtain a simple proof of the fact that convex
functions are Lipschitz with respect to the distanced. The fact that comparison with cones
implies a Lipschitz bound was already noted by Jensen in [6]. A subelliptic version of
Jensen’s argument is also given in [8].

Proposition 4.8. LetΩ ⊂ R3 be an open set and u∈ C(Ω) convex inΩ. Then for each
ball B̄ ⊂ Ω there exists a constant CB such that|u(x) − u(y)| ≤ CB d(x, y) for all x, y ∈ B.

Proof. We can assume thatu ∈ C2(Ω) and letBd(x0,2R) ⊂ Ω. Let y ∈ Bd(x0,R) and
φ(x) = u(x) − u(y) + ε

(
(x1 − y1)2 + (x2 − y2)2

)
; x = (x1, x2, x3), y = (y1, y2, y3), with

x ∈ Bd(y,R). We haveH(φ+Cε d(·, y)) > 0 in Bd(y,R) andφ(x) ≤ Cε d(x, y) for d(x, y) = R

whereCε =
oscBd(x0,2R)u + εdiam(Bd(x0,2R))2

R
. We have detH(φ) ≥ detH(d(·, y)) in

Bd(y,R) \ {y} so by the comparison principle Proposition 4.4 we get thatφ(x) ≤ Cε d(x, y)
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for x ∈ Bd(y,R). Letting ε → 0 we getu(x) − u(y) ≤ C d(x, y) for x ∈ Bd(y,R) with

C =
oscBd(x0,2R)u

R
andy ∈ Bd(x0,R). If x, y ∈ Bd(x0,R/4), thenx ∈ Bd(y,R/2) and so

y ∈ Bd(x,R) and by the previous inequality we getu(y) − u(x) ≤ C d(y, x) = C d(x, y).
Therefore we obtain|u(x) − u(y)| ≤ C d(x, y) for all x, y ∈ Bd(x0,R/4). �

5. M P  A 

To prove Theorem 1.3, we need some preliminary results.

Proposition 5.1. Let u be convex inΩ open and bounded. Suppose u≤ 0 on ∂Ω. Then
u ≤ 0 in Ω.

Proof. Let ε > 0 anduε(x, y, t) = u(x, y, t) + ε (x2 + y2).We haveH(uε) = H(u) + 2ε Id,
so

detH(uε) = detH(u) + 2ε traceH(u) + 4ε2.

Since detH(ε(x2 + y2)) = 4ε2, we get detH(uε) ≥ detH(ε(x2 + y2)) in Ω. Also uε ≤
ε(x2 + y2) on ∂Ω, and trace{H(uε + ε(x2 + y2)} = traceH(u) + 8ε > 0. The proposition
then follows from Proposition 4.4. �

The following lemma will be used repeatedly in the proof of Proposition 5.3.

Lemma 5.2. Let ξ0 ∈ BR(0) andξ ∈ Πξ0 ∩ BR(0). Letλ > 0 be such that

ξ′ = ξ0 ◦ δλ(ξ
−1
0 ◦ ξ) ∈ Πξ0 ∩ ∂BR(0).

Suppose u is convex in BR(0) and u= 0 on∂BR(0). We have

(1) If ξ0 = (x0, y0, t0) andξ = (0,0, t0), thenλ ≥ 2 and

(5.6) u(ξ) ≤
1
2

u(ξ0).

(2) If 0 < α, β < 1, α + β < 1, ρ(ξ0) ≤ αR and d(ξ0, ξ) ≤ βR, thenλ ≥
1− α
β

and

(5.7) u(ξ) ≤
1− α − β

1− α
u(ξ0).

Proof. To prove the first part of (1), ifη = (x, y, t) ∈ Πξ0, then we have that

ξ0 ◦ δλ(ξ
−1
0 ◦ η) = (x0 + λ(x− x0), y0 + λ(y− y0), t0 + λ(t − t0)) ∈ Πξ0,

in particular,ξ′ = ((1− λ)x0, (1− λ)y0, t0). Hence

R4 = ρ(ξ′)4 =
(
(1− λ)2x2

0 + (1− λ)2y2
0

)2
+ t20

= (1− λ)4
(
x2

0 + y2
0

)2
+ ρ(ξ0)

4 −
(
x2

0 + y2
0

)2

≤
(
(1− λ)4 − 1

) (
x2

0 + y2
0

)2
+ R4,

and so|1− λ| ≥ 1. Sinceλ > 0, it follows thatλ ≥ 2.
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To prove the first part of (2) we write

R= ρ(ξ′) = ρ((ξ−1
0 )−1 ◦ δλ(ξ

−1
0 ◦ ξ)) ≤ ρ(ξ

−1
0 ) + ρ(δλ(ξ

−1
0 ◦ ξ))

= ρ(ξ0) + λ ρ(ξ
−1
0 ◦ ξ) = ρ(ξ0) + λd(ξ0, ξ)

≤ αR+ λ βR,

and soλ ≥
1− α
β

.

To prove (5.6) and (5.7), by definition ofξ′ we have thatξ = ξ0 ◦ δ1/λ(ξ−1
0 ◦ ξ

′). Since

u(ξ′) = 0 and in any caseλ ≥ 1, it follows from (2.3) thatu(ξ) ≤

(
1−

1
λ

)
u(ξ0). Thus (5.6)

and (5.7) follow from Proposition 5.1 sinceu ≤ 0 in BR(0). �

Proposition 5.3 (Harnack-type inequality for convex functions). Let u be convex and
u = 0 on ∂BR(0). Given ξ0 ∈ BR(0) there exists a positive constant c, depending on
d(ξ0, ∂BR(0)), such that

u(0) ≤ c u(ξ0).

Proof. Let ξ0 = (x0, y0, t0) andξ1 = exp(−x0X − y0Y)(ξ0) = (0,0, t0) ∈ Πξ0.We obviously

have thatd(ξ1, ξ0) =
√

x2
0 + y2

0 ≤ d(0, ξ0) < R. Applying Lemma 5.2(1) withξ0 ξ0 and
ξ ξ1 we get that

(5.8) u(ξ1) ≤
1
2

u(ξ0).

We shall prove that there exists a constantC1 > 0 depending only of the distance from
ξ1 to ∂BR(0) such that

(5.9) u(0) ≤ C1 u(ξ1).

To prove (5.9) we may assumeξ1 , 0, and consider two cases.
Case 1.d(ξ1,0) = |t0|1/2 ≤ R/2.

If t0 > 0, defineσ =

√
t0

2
and put

ξ2 =exp(σX)ξ1 = (σ,0, t0),

ξ3 =exp(σY)ξ2 = (σ,σ, t0 − 2σ2),

ξ4 =exp(−σX)ξ3 = (0, σ, t0 − 2σ2 − 2σ2) = (0, σ, t0 − 4σ2) = (0, σ,0).

By our choice ofσ we have

exp(−σY)ξ4 = (0,0, t0 − 4σ2) = 0.

Let us remark that

σ =
1
2

d(ξ1,0) ≤ R/4.

We have
d(ξ1, ξ2) = d(ξ2, ξ3) = d(ξ3, ξ4) = σ;

ρ(ξ2) = 171/4σ; ρ(ξ3) = 81/4σ; ρ(ξ4) = σ.
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Henceξ2, ξ3, ξ4 ∈ BR. Applying Lemma 5.2(2) withξ0  ξ1, ξ  ξ2, α = 1/2, and
β = 1/4 we get that

u(ξ2) ≤
1
2

u(ξ1).

Next, applying Lemma 5.2(2) withξ0  ξ2, ξ  ξ3, α = 171/4/4, andβ = 1/4, we get
that

u(ξ3) ≤
3− 171/4

4− 171/4
u(ξ2) <

3
8

u(ξ2).

Applying once again Lemma 5.2(2) now withξ0 ξ3 andξ ξ4, α = 81/4/4, β = 1/4,
we get that

u(ξ4) ≤
3− 81/4

4− 81/4
u(ξ3) <

1
2

u(ξ3).

Define

ξ(4) = ξ4 ◦ δλ(ξ
−1
4 ) ∈ Πξ4

and chooseλ > 0 such thatξ(4) ∈ ∂BR. Applying Lemma 5.2(2) now withξ0  ξ4 and
ξ 0,α = 1/4, β = 1/4, we get that

u(0) ≤
2
3

u(ξ4).

This completes the proof of (5.9) fort0 > 0.

If t0 < 0, defineσ =

√
−t0
2

and put

ξ2 =exp(σY)ξ1 = (0, σ, t0),

ξ3 =exp(σX)ξ2 = (σ,σ, t0 + 2σ2),

ξ4 =exp(−σY)ξ3 = (σ,0, t0 + 4σ2).

By our choice ofσ we have

exp(−σX)ξ4 = (0,0, t0 + 4σ2) = 0.

Then, arguing as in caset0 > 0, we get (5.9).
Case 2.R/2 < d(ξ1,0) = |t0|1/2 < R.
Define

(5.10) d :=
d(ξ1, ∂BR)
√

6
=

√
R2 − |t0|
√

6
.

Obviouslyd2 < R2/8. It is not restrictive to assumet0 > 0.We first prove that there exists
a universal constant 0< C2 < 1 such that

(5.11) u(0,0, t0 − 4d2) ≤ C2 u(ξ1).



MAXIMUM AND COMPARISON PRINCIPLES ON THE HEISENBERG GROUP 16

Let

ξ1 = (0,0, t0)

ξ2 = exp(dX)(ξ1) = (d,0, t0)

ξ3 = exp(dY)(ξ2) = (d,d, t0 − 2d2)

ξ4 = exp(−dX)(ξ3) = (0,d, t0 − 4d2)

ξ5 = exp(−dY)(ξ4) = (0,0, t0 − 4d2).

We haveξi+1 ∈ Πξi for i = 1,2,3,4. Let

ξ(1)
2 = exp(λdX)(ξ1) = (λd,0, t0) = ξ1 ◦ δλ(ξ

−1
1 ◦ ξ2),

with λ > 0 such thatξ12 ∈ Πξ1 ∩ ∂BR. Then

R4 = ρ(ξ(1)
2 ) = λ4d4 + t20 = λ

4d4 + (R2 − 6d2)2 = (λ4 + 36)d4 + R4 − 12d2R2,

and so
12R2 = (λ4 + 36)d2 ≤ (λ4 + 36)R2/8

which yieldsλ > 2. Hence,
u(ξ2) ≤ (1/2)u(ξ1).

We have

ρ(ξ2)
4 = d4 + t20 = d4 + (R2 − 6d2)2

= 37d4 + R4 − 12R2d2 = d2(37d2 − 12R2) + R4

≤ d2(37/8− 12)R2 + R4 =

(
1
8

(
37
8
− 12

)
+ 1

)
R4 < R4,

and

d(ξ2, ξ3) = d ≤
1
√

8
R.

If
ξ(2)

3 = exp(λdY)(ξ2) = (d, λd, t0 − 2λd2) = ξ2 ◦ δλ(ξ
−2
2 ◦ ξ3)

and we pickλ > 0 such thatξ(2)
3 ∈ Πξ2 ∩ ∂BR, then applying Lemma 5.2(2) withξ0 ξ2,

ξ ξ3, α =
4

√
1
8

(
37
8
− 12

)
+ 1, andβ =

1
√

8
, we get that

u(ξ3) ≤

√
8−

4√
5− 1

√
8−

4√
5

u(ξ2) <
1
5

u(ξ2).

Next,

ρ(ξ3)
4 = (2d2)2 + (t0 − 2d2)2 = 4d4 + (R2 − 8d2)2 = 68d4 − 16R2d2 + R4

≤ d2R2(68/8− 16)+ R4 ≤

(
1
8

(
68
8
− 16

)
+ 1

)
R4 < R4,
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and

d(ξ3, ξ4) = d ≤
1
√

8
R.

Let
ξ(3)

4 = exp(−λdX)(ξ3) = ((1− λ)d,d, t0 − 2d2 − 2λd2) = ξ3 ◦ δλ(ξ
−1
3 ◦ ξ4),

with λ > 0 such thatξ(3)
4 ∈ ∂BR ∩ Πξ3. Applying Lemma 5.2(2) withξ0  ξ3, ξ  ξ4,

α = 4

√
1
8

(
68
8
− 16

)
+ 1 =

1
2

, andβ =
1
√

8
, we get that

u(ξ4) <
1
4

u(ξ3).

We have

ρ(ξ4)
4 = d4 + (t0 − 4d2)2 = d4 + (R2 − 10d2)2 = 101d4 + R4 − 20R2d2

= (101d2 − 20R2)d2 + R4 ≤ (101/8− 20)R2d2 + R4

≤

(
1
8

(
101
8
− 20

)
+ 1

)
R4 < R4,

and

d(ξ4, ξ5) = d ≤
1
√

8
R.

Letting
ξ(4)

5 = exp(−λdY)(ξ4) = (0, (1− λ)d, t0 − 4d2) = ξ4 ◦ δλ(ξ
−1
4 ◦ ξ5)

with λ > 0 such thatξ(4)
5 ∈ Πξ4 ∩ ∂BR, and applying Lemma 5.2(2) withξ0 ξ4, ξ ξ5,

α = 4

√
1
8

(
101
8
− 20

)
+ 1 =

4√
5
√

8
, andβ =

1
√

8
, we get that

u(ξ5) ≤
1
5

u(ξ4).

Thus, inequality (5.11) follows.
To complete the proof of (5.9) in Case 2, we iterate the inequality (5.11). Letd0 = d

(defined in (5.10)),t1 = t0 − 4d2
0, and in general

t j+1 = t j − 4d2
j , and d2

j =
R2 − t j

6
.

We haved2
j+1 =

R2 − t j+1

6
=

R2 − t j + 4d2
j

6
=

(
1+

2
3

)
d2

j . Thus,

tN+1 = t0 − 4
N∑

j=0

d2
j = t0 − 4d2

0

N∑
j=0

(
5
3

) j

= t0 − (R2 − t0)

(5
3

)N+1

− 1

 .(5.12)
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Pick N such that

tN ≤
R2

4
< tN−1,

which amounts

(5.13) N − 1 < ln

(
3R2

4(R2 − t0)

)1/ ln(5/3)

≤ N.

We havetN < tN−1 < · · · < t1 < t0 and it is easy to check from (5.12), the choice ofN,
and (5.10) thattN ≥ −R2/4. Therefore (0,0, t j) ∈ BR(0) \ BR/2(0) for 0 ≤ j ≤ N − 1 and
(0,0, tN) ∈ BR/2(0). Iterating (5.11)N times, then yields

u(0,0, tN) ≤ CN
2 u(ξ1).

Since 0< C2 < 1, there isγ > 0 such thatC2 = e−γ, and from (5.13) we obtain (u < 0)

u(0,0, tN) ≤ C2 exp

−γ ln

(
3R2

4(R2 − t0)

)1/ ln(5/3) u(ξ1).

Since (0,0, tN) ∈ BR/2(0), we can apply (5.9) in Case 1 to getu(0) ≤ C1 u(0,0, tN). Conse-
quently,

u(0) ≤ C1 C2

(
4(R2 − t0)

3R2

)γ/ ln(5/3)

u(ξ1),

which completes the proof of (5.9) in Case 2.
Finally, combining (5.8) and (5.9) we obtain the proposition. �

Proof of Theorem 1.3.Define
u(0) = −m

and

3(ζ) = m

(
d(ζ,0)

R
− 1

)
.

We have3 = u = 0 on∂BR, 3 is convex inBR and3 ≥ u in BR by Proposition 4.6. From
the comparison principle, Theorem 4.7, we then get∫

BR

{detH(3) + 1232t }dξ ≤
∫

BR

{detH(u) + 12u2
t }dξ.

Moreover,∫
BR

{detH(3) + 1232t }dξ =
(m
R

)2
∫

BR

{detH(d(ζ,0))+ 12 (∂td(ζ,0))2}dζ

= 12
(m
R

)2

R2

∫
B1

(∂td(ζ,0))2dζ

= c1m
2

with

c1 = 12
∫

B1

(∂td(ζ,0))2dζ > 0.
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Let
u(ξ0) = min

BR

u = −m0.

By Proposition 5.3 there exists a constantc > 0 such that

m0 ≤
1
c

m.

Hence,

m2
0 ≤

1
c2

m2 ≤
1

c1c2

∫
BR

{detH(u) + 12u2
t }dξ.

�

6. M-A̀ M

6.1. Oscillation estimate. In this section we prove that ifu is convex, we can control the
integral of detH(u) + 12(ut)2 locally in terms of the oscillation ofu, Theorem 1.4

Let us start with a lemma on convex functions, which is similar to the Euclidean one
for standard convex functions [12, Lemma 2.3].

Lemma 6.1. If u1,u2 ∈ C2(Ω) are convex, and f is convex inR2 and nondecreasing in
each variable, then the composite function w= f (u1,u2) is convex.

Proof. Assume first thatf ∈ C2(R2), and setX1 = X,X2 = Y. We have

Xjw =
2∑

p=1

∂ f
∂up

Xjup,

XiXjw =
2∑

p=1

 ∂ f
∂up

XiXjup +

2∑
q=1

∂2 f
∂uq∂up

XiuqXjup

 ,
and for everyh = (h1,h2) ∈ R2

〈H(w)h,h〉 =
2∑

i, j=1

XiXjw hi hj

=

2∑
p=1

∂ f
∂up
〈H(up)h,h〉 +

2∑
p,q=1

∂2 f
∂uq∂up

(
2∑

i=1

Xiuqhi)(
2∑

j=1

Xjuphj)

≥ 0,

sinceH(up) is non negative definite and
∂ f
∂up
≥ 0 for p = 1,2, and the matrix(

∂2 f
∂uq∂up

)
p,q=1,2

is non negative definite.
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If f is only continuous, then givenh > 0 let

fh(x) = h−2

∫
R2
ϕ
( x− y

h

)
f (y)dy,

whereϕ ∈ C∞ is nonnegative vanishing outside the unit ball ofR2, and
∫
ϕ = 1. Since f

is convex, thenfh is convex and by the previous calculationwh = fh(u1,u2) is convex. In
particular,wh satisfies Proposition 2.2 and sincewh → w uniformly on compact sets as
h→ 0, we get thatw is convex. �

Proof of Theorem 1.4.Given ξ0 ∈ Ω let BR = BR(ξ0) be ad–ball of radiusR and center
at ξ0 such thatBR ⊂ Ω. Let BσR be the concentric ball of radiusσR, with 0 < σ < 1.
Without loss of generality we can assumeξ0 = 0, because the vector fieldsX andY are
left invariant with respect to the group of translations. LetM = maxBR u, thenu− M ≤ 0
in BR. Givenε > 0 we shall work with the functionu− M − ε < −ε. In other words, by
subtracting a constant, we may assumeu < −ε in BR, for each given positive constantε;
ε will tend to zero at the end of the proof.

Define
m0 = inf

BR

u,

and
3(ξ) =

m0

(1− σ4)R4
(R4 − ‖ξ‖4).

Obviously3 = 0 on∂BR and3 = m0 on∂BσR.We claim that3 is convex inBR and3 ≤ m0

in BσR. Settingr = ‖ξ‖4, h(r) =
m0

(1− σ4)R4
(R4 − r), and following the calculations in the

proof of Proposition 4.5 we get

detH(3) = 144(x2 + y2)2

(
m0

(1− σ4)R4

)2

≥ 0,

and
X2h = Y2h = −12 (x2 + y2)

m0

(1− σ4)R4
≥ 0,

becausem0 is negative. Hence3 is convex inBR. Since3 − m0 = 0 on∂BσR, it follows
from Proposition 5.1 that3 ≤ m0 in BσR. In particular,3 ≤ u in BσR.

To continue with the proof we need the following lemma.

Lemma 6.2. Letρ ∈ C∞0 (R2), radial with support in the Euclidean unit ball,
∫
R2 ρ(x) dx=

1, and let

(6.14) fh(x1, x2) = h−2

∫
R2
ρ((x− y)/h) max{y1, y2}dy1dy2.

The function fh satisfies the following conditions:

(1) If x1 > x2, then there exists h0 > 0 and a neighborhood V of(x1, x2) such that
fh(y1, y2) = y1 for all (y1, y2) ∈ V and for all h≤ h0.

(2) There exists a positive constantα such that fh(x, x) = x+ αh for all h > 0 and for
all x ∈ R.
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(3) For all h > 0, fh(·, x2) is nondecreasing for each x2 and fh(x1, ·) is nondecreasing
for each x1.

Proof. Proof of (1). If x1 > x2 then there exists a cubeQ centered at (x1, x2) such that if
(z1, z2) ∈ Q thenz1 > z2. Hencex1 − y1 > x2 − y2 for all |(y1, y2)| < h with h sufficiently
small. Then

fh(x1, x2) = h−2

∫
|y|<h
ρ(y/h)(x1 − y1) dy1dy2 = x1 − h−2

∫
|y|<h
ρ(y/h)y1 dy1dy2

= x1 − h
∫ 1

0
t2ρ(t)

∫
S1

y1 dσ(y) dt = x1.

Proof of (2). We have

fh(x, x) = h−2

∫
|y|<h
ρ(y/h) max{x− y1, x− y2}dy1dy2

= h−2

∫
|y|<h
ρ(y/h) (x+max{−y1,−y2}) dy1dy2

= x1 + h−2

∫
|y|<h
ρ(y/h) max{−y1,−y2}dy1dy2

= x1 + h−2

∫
|y|<h
ρ(y/h) max{y1, y2}dy1dy2

= x1 + h
∫
|y|<1
ρ(y) max{y1, y2}dy1dy2

= x1 + h
∫ 1

0
t2ρ(t)

∫
S1

max{y1, y2}dσ(y) dt

= x1 + h
∫ 1

0
t2ρ(t)

∫
S1

|y1 − y2| + y1 + y2

2
dσ(y) dt

= x1 + h
∫ 1

0
t2ρ(t)

∫
S1

|y1 − y2|

2
dσ(y) dt = x1 + αh.

The proof of (3) is trivial. �

Continuing with the proof of Theorem 1.4, we define

wh = fh(u, 3).

From Lemma 6.1,wh is convex inBR. If y ∈ BσR, then3(y) ≤ u(y). If 3(y) < u(y), then
fh(u, 3)(y) = u(y) for h sufficiently small; and if3(y) = u(y), then fh(u, 3)(y) = u(y) + αh.
Hence ∫

BσR

{detH(u) + 12(∂tu)2}dξ =
∫

BσR

{detH(wh) + 12((wh)t)
2}dξ

≤

∫
BR

{detH(wh) + 12((wh)t)
2}dξ.(6.15)
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Now notice thatfh(u, 3) ≥ 3 in BR for all h sufficiently small. In addition,u < 0 and3 = 0
on∂BR so fh(u, 3) = 0 on∂BR. Then we can apply Theorem 1.2 towh and3 to get∫

BR

{detH(wh) + 12(∂twh)
2}dξ ≤

∫
BR

{detH(3) + 12(3t)
2}dξ

= 48

(
m0

(1− σ)R4

)2 ∫
BR

(3(x2 + y2)2 + t2) dξ

= 48

(
m0

(1− σ)

)2 ∫
B1

(3(x2 + y2)2 + t2) dξ.

This inequality combined with (6.15) yields∫
BσR

{detH(u) + 12(∂tu)2}dξ ≤ C (m0)
2 ≤ C (oscBRu+ ε)2.

The inequality (1.3) then follows lettingε→ 0 and coveringΩ′ with balls. �

Corollary 6.3. Let u∈ C2(Ω) be convex. For any compact domainΩ′ b Ω there exists a
positive constant C, independent of u, such that

(6.16)
∫
Ω′

detH(u) dξ ≤ C(oscΩu)2.

Corollary 6.4. Let u∈ C2(Ω) be convex. For any compact domainΩ′ b Ω there exists a
positive constant C, independent of u, such that

(6.17)
∫
Ω′

traceH(u) dξ ≤ CR2oscΩu.

6.2. Measure generated by a convex function.We shall prove that the Borel measure
defined byµ(u) =

∫
detH(u) + 12u2

t whenu is smooth can also be defined for general
convex functions. We call this measure the measure associated withu, and we shall show
that the mapu ∈ C(Ω)→ µ(u) is weakly continuous onC(Ω).

Theorem 6.5.Given u∈ C(Ω) convex there exists a unique Borel measureµ(u) such that
when u∈ C2(Ω),

(6.18) µ(u)(E) =
∫

E
{detH(u) + 12u2

t }dξ

for any Borel set E⊂ Ω. Moreover, if uk ∈ C(Ω) are convex, and uk → u on compact
subsets ofΩ, thenµ(uk) converges weakly toµ(u), that is,

(6.19)
∫
Ω

f dµ(uk)→
∫
Ω

f dµ(u),

for any f ∈ C(Ω) with compact support inΩ.

Proof. Let u ∈ C(Ω) be convex, and let{uk} ⊂ C2(Ω) be a sequence of convex functions
converging tou uniformly on compacts ofΩ. By Theorem 1.4∫

Ω′
{detH(uk) + 12(∂tuk)

2}dξ
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are uniformly bounded, for everyΩ′ b Ω, and hence a subsequence of (detH(uk) +
12(∂tuk)2) converges weakly in the sense of measures to a Borel measureµ(u) onΩ.We
now prove that the mapu ∈ C(Ω) → µ(u) ∈ M(Ω), the space of finite Borel measures
on Ω, is well defined. Accordingly, let{3k} ⊂ C2(Ω) be another sequence of convex
functions converging tou uniformly on compacts ofΩ. Assume (detH(uk) + 12(∂tuk)2)
and (detH(3k) + 12(∂t3k)2) converge weakly to Borel measuresµ, µ′ respectively. Let
B = BR b Ω, and fixσ ∈ (0,1). Let η ∈ C2(Ω̄) be an convex function such thatη = 0
in BσR and η = 1 on ∂BR. In the d–ball BR(0), the functionη can be constructed as

follows. If 3(ξ) =
1

1− σ4

(
‖ξ‖4

R4
− σ4

)
and fh is the function given by (6.14), then define

η(ξ) = fh(3,0) with h sufficiently small. From the uniform convergence of{uk} and{3k}
towardsu, givenε > 0 there existskε ∈ N such that

−
ε

2
≤ uk(x) − 3k(x) ≤

ε

2
, for all x ∈ B̄ andk ≥ kε.

Hence
uk +

ε

2
≤ 3k + εη

on∂BR for k ≥ kε. DefineΩk = {ξ ∈ BR : uk +
ε
2 > 3k + εη}. From Theorem 1.2 we have∫

Ωk

{detH(uk) + 12(∂tuk)
2}dξ ≤

∫
Ωk

detH(3k + εη) + 12(∂t3k + ε∂tη)
2

≤

∫
BR

detH(3k) + 12(∂t3k)
2 + ε2 C

+ εC
∫

BR

(traceH(3k) + |∂t3k|)

≤

∫
BR

detH(3k) + 12(∂t3k)
2 + ε2 C

+ εC
∫

BR

(
traceH(3k) + |∂t3k|

2 + 1
)

(6.20)

and by Theorem 1.4 and Corollary 6.4 the right hand side is bounded by∫
BR

detH(3k) + 12(∂t3k)
2 + εC.

By definition ofΩk and sinceη = 0 in BσR, it follows thatBσR ⊂ Ωk and so by (6.20) we
get

(6.21)
∫

BσR

detH(uk) + 12(∂tuk)
2 ≤

∫
BR

detH(3k) + 12(∂t3k)
2 + εC,

and lettingk→ ∞, we getµ(BσR) ≤ µ′(BR) +C ε. Hence ifε→ 0 andσ→ 1 we obtain

µ(B) ≤ µ′(B).

By interchanging{uk} and{3k} we getµ = µ′.
To prove (6.19), we first claim that it holds whenuk ∈ C2(Ω). Indeed, letukm be an

arbitrary subsequence ofuk, soukm → u locally uniformly asm→ ∞. By definition of
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µ(u), there is a subsequenceukmj
such thatµ

(
ukmj

)
→ µ(u) weakly asj → ∞. Therefore,

given f ∈ C0(Ω), the sequence
∫
Ω

f dµ(uk) and an arbitrary subsequence
∫
Ω

f dµ(ukm),
there exists a subsequence

∫
Ω

f dµ(ukmj
) converging to

∫
Ω

f dµ(u) as j → ∞ and (6.19)

follows. For the general case, givenk there existsuk
j ∈ C2(Ω) such thatuk

j → uk locally
uniformly as j → ∞. By definition ofµ(uk), there exists a subsequenceuk

jm
such that

µ
(
uk

jm

)
→ µ(uk) weakly asm→ ∞. Let f ∈ C0(Ω), supp f = K ⊂ Ω′ b Ω. There exists

m1 < m2 < · · · such that

|uk
jmk

(ξ) − uk(ξ)| < 1/k, for all ξ ∈ Ω′,

and ∣∣∣∣∣∫
Ω

f dµ
(
uk

jmk

)
−

∫
Ω

f dµ(uk)
∣∣∣∣∣ < 1/k,

for k = 1,2, · · · . Hence3k = uk
jmk
→ u uniformly in Ω′ ask → ∞, and so from the

previous claim ∫
Ω

f dµ(3k)→
∫
Ω

f dµ(u), ask→ ∞.

Therefore,∣∣∣∣∣∫
Ω

f dµ(uk) −
∫
Ω

f dµ(u)
∣∣∣∣∣ ≤ ∣∣∣∣∣∫

Ω

f dµ(uk) −
∫
Ω

f dµ(3k)
∣∣∣∣∣ + ∣∣∣∣∣∫

Ω

f dµ(3k) −
∫
Ω

f dµ(u)
∣∣∣∣∣

≤
1
k
+

∣∣∣∣∣∫
Ω

f dµ(3k) −
∫
Ω

f dµ(u)
∣∣∣∣∣→ 0,ask→ ∞,

and the proof of the theorem is complete. �

Corollary 6.6. If u, 3 ∈ C(Ω̄) are convex inΩ, u = 3 on ∂Ω and u ≥ 3 in Ω, then
µ(u)(Ω) ≤ µ(3)(Ω).

6.3. Comparison principle for measures.

Theorem 6.7. LetΩ ⊂ R3 be an open bounded set. If u, 3 ∈ C(Ω̄) are convex inΩ, u ≤ 3
on∂Ω andµ(u)(E) ≥ µ(3)(E) for each E⊂ Ω Borel set, then u≤ 3 in Ω.

Proof. Assume 0∈ Ω, ∆ = diam(Ω), ε > 0, anduε(x, y, t) = u(x, y, t) + ε (x2 + y2 − ∆2).
We havex2 + y2 − ∆2 < 0 for (x, y, t) ∈ Ω̄, souε < u ≤ v in ∂Ω. Suppose there exists
(x0, y0, t0) ∈ Ω such thatu(x0, y0, t0) > 3(x0, y0, t0). Hence the setD = {(x, y, t) ∈ Ω :
uε(x, y, t) > 3(x, y, t)} is non empty for allε sufficiently small. In addition,D̄ ∩ ∂Ω = ∅.
So D̄ ⊂ Ω anduε = 3 on ∂D. By Corollary 6.6 we getµ(uε)(D) ≤ µ(3)(D). On the other
hand, there existuk ∈ C2(Ω) convex inΩ such thatuk → u uniformly on compact subsets
of Ω. Let uk,ε(x, y, t) = uk(x, y, t) + ε (x2 + y2 − ∆2). We have from (4.3) that∫

D
{detH(uk,ε) + (uk,ε)

2
t }dξ =

∫
D
{detH(uk) + 2ε traceH(uk) + 4ε2 + (uk)

2
t }dξ

≥ µ(uk)(D) + 4ε2 |D|.

Letting k → ∞ we get from Theorem 6.5 thatµ(uε)(D) ≥ µ(u)(D) + 4ε2 |D| > µ(u)(D)
obtaining a contradiction. �
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