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1. INTRODUCTION

The purpose in this paper is to establish pointwise estimates for a class of convex func-
tions on the Heisenberg group. The following integral estimate for classical convex func-
tions in terms of the Monge—Angpe operator déd?u was proved by Aleksandrov (see
[4, Theorem 1.4.2]):

Theorem (Aleksandrov’s maximum principle)f Q c R" is a bounded open and convex
set with diameten and ue C(Q) is convex with u= 0 on 9L, then for all % € Q

lu(Xo)|" < €y A" dist(xo, Q) |OU(Q)),

where @ is a positive constant depending only on the dimension ngarid the normal

mapping or subgerential of u, se¢4, Definition 1.1.1]
1
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Such estimate is of great importance in the theory of weak solutions for the Monge—
Ampeére equatioffi, and its proof revolves around the geometric features of the normal
mapping which yield in addition the useful comparison principle for Monge-&rap
measures |4, Theorem 1.4.6]. A natural question is if similar comparison and maximum
principles hold in the setting of Carnot groups. The reasons for this question are that those
estimates are the key tools to develop a theory of weak solutions for nondivergence subel-
liptic operators of the forna; X; X;, wherea;; is a uniformly elliptic measurable matrix
andX = {Xg,..., Xy} is a system of left invariant vector fields on a Carnot group, and also
to understand fully nonlinear equations in this setting. Thiadilty for this study is the
doubtful existence of a notion of normal mapping in Carnot groups suitable to establish
maximum and comparison principles.

In this paper we address this question in the Heisenberg dgfidiamd follow a route
different from the one described above for standard convex functions, and in particular, we
do not use any notion of normal mapping. This approach was recently used by Trudinger
and Wang to study Hessian equations [12].

To explain the main results and plan of the paper, we first give some notation and basic
definitions. Let = (x,y,t) and&y = (Xo, Yo, to) denote points iiR3. The Heisenberg group
H! is R® endowed with the non-commutative multiplication given by

£00& = (Xo+ X Yo+ Y.to+t+2(xy — YX0))-
The corresponding Lie algebgis spanned by the left-invariant vector fields
X=0x+2yd, Y=0y—-2Xx0, [XY]=XY=-YX=-40,

andG admits a nilpotent stratification of step two, i.e., it decomposes as the vector space
direct sumg = V; & V,, whereV; is the vector space generatedXwnndY, andV; is the

space generated b¥[Y]. For this reasonH! is the prototype of Carnot groups of step
two.

On the Heisenberg group, and more generally in Carnot groups, several notions of con-
vexity have been introduced and comparedin [3] (horizontal convexity)| and [8] (viscosity
convexity). All these definitions are now known to be equivalent even in the general case
of Carnot groups, seel[2].][7].][9], and ]|13]. The notion of convex function used in this
paper is the following, and throughout the paper convexity is understood in this sense and
for continuous functions in the extended sense given in Defirjitign 2.1.

Definition 1.1. The function ue C2(Q) is convex i if the symmetric matrix

X2y (XYu+YXy/2

HW = (xyu+ Yxu/2 Y2y
is positive semidefinite if.

1.1. Main results and plan of the paper. Our integral estimates are in terms of the

Monge—Amjpre type operator
1) H(u) = detH (u) + 3/4([X, Y]u)?
' = detH(u) + 12(0,u)?,

“If uis smooth, themu(Q)| = [, detD?u(x)dx.
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and as we shall see in Section 3, the motivation for this choice in place of the expected
detH(u) is thatH(u) has the null-Lagrangian property from Lemma| 3.1.

The first step is to establish by means of integration by parts the following comparison
principle for smooth functions.

Theorem 1.2(Comparison Principle)Let uv € Cz(ﬁ) such that w+ v is convex inQ
satisfyingy = u ondQ andv < u in Q. Then

fQH(u)dgszH(u)dg.

We then extend in Theorem 4.7 this comparison principle to “cones” defined in term of
a distancel, locally equivalent to the Carnot-Carathdory distance generated Kyand
Y, and defined by

(1.2) d(¢, &) = p(&t 0 &)

wherep is a smooth gauge iH?*, given byp(¢) = ((x2 +Y2)? + t2)1/4. This together with
the geometry irfHH! leads by iteration to our maximum principle of Aleksandrov type on
d-balls B of radiusR.

Theorem 1.3(Maximum Principle) Let ue C?(Bg) be convex, &= 0 ondBg. If u(&) =
ming, U, then there exists a positive constant ¢, depending(& @Bg), such that

uE)? < c f H(u) dé.

We explicitly remark that an analogous pointwise estimate does not hold wi (digt
instead ofH(u), see Proposition 4.5.
We next estimate the oscillation of convex functions.

Theorem 1.4(Oscillation Estimate)Let ue C?(Q) be convex. For any compact domain
Q' € Q there exists a positive constant C depending®and Q and independent of u,
such that

(1.3) fg H(u) d¢ < C(0SGUu)>.

Theorenj 1.4 permits to extend our definition of Monge—Amgameasure to continuous
convex functions and obtain a general comparison principle, Thejorgm 6.7. Moreover,
Theoren] 1.4 furnishes an estimate of ttlenorm of the bracketX, Y]ju = —4d;u of
a convex functioru. This property is extended by the authors to any dimension!in [5]
using the second elementary symmetric function of the eigenvalues of the mgtr)x
to prove the subelliptic version of the Aleksandrov-Busemann-Feller theorem about the
twice differentiability a.e. of convex functions " for anyn.

The organization of the paper is the following. Secfibn 2 contains preliminaries about
H" and equivalent definitions of convexity. In Sectign 3 we prove the comparison principle
Theorenj 1.R. Sectidrj 4 contains the proof that “cones” agreeing with convex funetions
on the boundary are abowenside, and the comparison principle for cones Thedrein 4.7.
In Sectior] $ we prove the maximum principle Theofenj 1.3. Finally, Seffion 6 contains
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the proof of the oscillation estimates, Theorien] 1.4, and the construction of the analogue
of Monge—Ampgre measures for convex functions in the Heisenberg setting.
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2. PRELIMINARIES AND CONVEXITY

We first recall some basic properties ab#iitthat will be used throughout the paper
and we refer to the book 11, Chapters XII and XllI] for more details ahBut
The groupH! has a family of dilations which are group homomorphisms, given by

6a(&) = (A%, Ay, %),

for A > 0. The distancel defined in [(1.R) is homogeneous of degree one with respect to
the group of dilations,

d(éﬂf, 6/l§0) =Aa d(é:, 50)’
for every > 0 and for every, & € H™.
Moreover, if we denote bBr(¢o) = {¢ € R3 : d(£,&) < R} the ball with center af,

of radiusR with respect to distanag then by left translation and dilation it is easy to see
that the Lebesgue measureBx(&o) is

(2.1) IBr(&0)l = RYIB1(0)],

with Q = dim(V,) + 2dim(V,) = 4. Hence, the numbe® plays a role of a dimension
with respect to the group of dilations, and for this reason it is called the homogeneous
dimension oft.

2.1. Convexity. We extend the Definitiop 1.1 to continuous functions.

Definition 2.1. The function u is convex i€ if there exists a sequencg & C%(Q) of
convex functions iR in the sense of Definitign 1.1 such that+ u uniformly on compact
subsets of2.

We shall now prove that our definition of convexity is equivalent to the horizontal con-
vexity in [3]. To this purpose, giveti, = (Xo,Yo,to) € R® we introduce the horizontal
plane throught

Mg = {(X Y, 1) 1t —to — 2(Xyo — YXo) = O}.
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That is, I, is the plane generated by the vectorsO(Ryy), (0,1, -2%;) and passing
through the poing,. Notice that ifh € H?, then

(2.2) £ elly ifand only ifho & € I,
Let & = (Xo, Yo to), £ = (XY, 1) and

9(2) = f(¢o 0 9).
We have

9x9(0) = Xf(&), 9,9(0) = Y f(&), 6:9(0) = 6:f (),
and

9xx9(0) = (X*f)(&0),  Oxyd(0) = (Y X)(&)—28:F(£0),  0xT(0) = Ouxf (£0)+2 Y0 Or F (&),

9y:9(0) = (XY f)(€0)+20:f (&),  3y,0(0) = (Y2)(€0),  9y(0) = By f (€0) 2 %0 B f (£0),

01x9(0) = 01 (é0) + 2Y0 01t T(£0),  Orya(0) = Oy F(€0) — 2%0 01t T(€0),  010(0) = Iyt F (£0)-
Let

(X2f) (&) (YXD(&o) —20:F(&0)  Oixf(é0) + 2Y0 0 T (£0)
A= | (XY (&) + 201 (&) (Y2£)(&) Oy F(€0) = 2% 0 T (&0) | -
O f(£0) + 2Y0 0uf(é0) Oy T (&0) — 2 %0 O T (&0) O f(£0)

Then the Taylor polynomial of order two gdfis

f(6o) + (XFE0). Y 190 AT (E0) ¢ + (AL O)
= f(¢0) + (Xf(£0), Y f(¥0)) - (6 y) + (XPF) 3 + (XY f+ YXf) xy + (Y*f) y?
+ t{fi(&o) + 2 X+ Ayo fuX + (fix + fiy)y — 4% firy).
That s, if (x,y,t) € IIp thent = 0 and so on this plane we have
9(¢) = f(%0) + (XF(£0). Y f(¥0)) - (x.Y)
+ (X)X + (XY F+ YX) xy+ (Y2F)y? + o(%° + ¥?).
The following proposition yields several equivalent definitions of convexity.

Proposition 2.2. LetQ c R3 open and assume thatdf € Q, £ € I, N Q, theng; o
61(551 o0 ¢) e Qfor0< A < 1. The following are equivalent:

(1) ue C(Q) is convex im.

(2) (Horizontal convexity) Givef, € Q

(2.3) U(&o © 62(£5™ © €)) < U(&o) + A(U(é) — u(&)),

forall ¢ eIl nQandO< A< 1.
(3) For eachép € Qandé = (x,y,t) € I, N Q the function u restricted to the segment
[£0, €] is a convex function of one variable in the standard sense.
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Proof. (1) = (2) It is enough to assume thate C?(Q2). Then the proof follows by/[3,
Theorem 5.11].

(2) = (3) Easy follows by[[8, Lemma 4.1], by taking into account[2.2).

(3) = (1) First of all let us remark that by [2, Theorem 1.2] a functiosatisfying
condition (3) is locally Lipschitz continuous with respectto

Let p € C*(R3), ¢ > 0, suppy C B;(0) the metric ball, an(fRB e(hydh=1. Lete >0
and

0@ =ure@=c* [ Ut o9elouhdn

We have that, is smooth andi, — u uniformly on compact subsets &f We have from

(2.2) and[(2.B) that
U (f00 6:(&5" 0 ) = &7 f u(h™o (%00 6:(&" 0 §))) ¢(61ch) dh

H1

=& le u((h* o éo) e 6u((™ 0 &)™ o (W 0 £))) ¢(61ch) dh

<& fH (uh™ 0 &) + A (u(h™ 0 &) - u(h™ o &))) ¢(o,.h) dh
= Ug(&0) + A (Us(€) — u:(&0)) -

O

Remark 2.3. From Propositiofn 2]2(2) we have thatifis convex in the standard sense,
1/4
thenu is convex. However, the gauge functip(x, y,t) = ((x2 +Y2)? + t2) s convex

but is not convex in the standard sense, see Propogitipn 4.5.

3. NULL-LAGRANGIAN PROPERTY AND COMPARISON PRINCIPLE

In this section we prove Theorgm [1.2. Since this theorem places a central role in the
present paper, we briefly sketch the key idea. In the Euclidean case the determinant of the
Hessian of a smooth functianhas the following null-Lagrangian property

n 2

Zi odetDw) _ forallj=1,...,n,
= 6x. 8Uij

which allows to prove the following monotonicity property of the Hessian measure by

simple integrating by parts and without using the normal mapping| sée [12, Lemma 2.1].

Theorem (Monotonicity property of the Hessian measurkgt u andv be smooth stan-
dard convex functions in a bounded openQetith regular boundary, if «< v in Q and

u=ovondQ then
fdetDzu < fdetDzv.
Q Q

In our setting the operator déf(u) does not have a similar null-Lagrangian property
because the vector fieldsandY do not commute. However, frorp (1.1),

XY u+ Y Xu? XYu-YXu?
) )

H(u) = detH(u) + 12(@:u)® = X?u Y?u - ( ; _
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and if we sefX; = X, X; =Y, andr;; = X Xju, then

r ro1\2 1o —l21\2
H(U):rllrzz—( 12; 21) +3( 122 21) ;

and we have the following lemma.

Lemma 3.1(Null-Lagrangian property)For every smooth function u

2
Z Xi (aH(u)) , forj=1,2
arij

Proof.
aH(U) aH(U) (r12 + er) M1o—121
= I'p; = - 3( ) =T1p— 2r;
o 2 oy 2 )" 2 127 <2l
dH(u) ro+ r21) (r12 - r21) AH(u)
=~ -3 =TIy — 213 =r11.
AN ( 2 2 fa=cha ==

On the other hand,

5[ 2) < (%) . v(2)

i=1

= X(Y2U) + Y(Y Xu-2XY 1 = X(Y?U) - Y(XYU - Y[X, Y]u
=[X, Y]Yu=Y[X, YJu=[[XY],Ylu= 0

2, (8H(u) AH(U) AH(U)
ZXI( ori» ) ( ori» )+Y( Of o )

i=1

(3.4)

= X(XYu=2Y XU + Y(X?U) = Y(X?u) — X(Y XU + X[X, Y]u
= —[X Y]Xu+ X[X,YJu=[X,[X,Y]Ju=0

O

Proof of Theorer 1]2Since convex functions can always be approximated by smooth
convex functions as in the proof of Propositjon|2.2, it is not restrictive to assume
C®(Q). If Z = a1 0y, + @20y, + a3y, IS @ sSmooth vector field, then

(3.5) LﬁﬂMkiﬁxﬂmdﬁ—lﬁmM+W%¢N%dex

wherey = (v1, v2, v3) is the outer unit normal t6Q andv; = ;v + v, + @zvs.
Sincev = uondQ, v < uin Q and both functions are smooth up to the boundary,

D(v —u) and thereforery = Xv-u) and

it follows that the normal t&®Q isv = ———, —_
ID(v — u)| ID(v - u)l

Y(v - u)

YT De-ul’
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LetO< s<1andg(s) = H(v + sw), withw =u—-wv. Then

L{H(U)—H(v)}d§=folfso’(S)dde
:folf{i M0+ sw XX, }dgds

ff{i (a_”(“s"‘bxw) ( (U+SW))XW}d§ds

=A-B.
By Lemmg 3.1B = 0, and using[(315) in the first term we get

f faﬂ{., l(—(v+svv) X{W - vx)} do(¢)ds
Zzl —(v+sw)xW Xiw —dO'(f)ds
00 | Glj IDW

=YX+ [X, Y] Xw Xw \\ do(¢)
f L e g R R o
(by integrating |ndsf|rst)

1 Y2 _vyX xw\ [ Xw\, 1
:‘Qfm([—xv X ](U+")(Yw)’(vw)>md“(§)

bec;;:;
<[ _\)/(ZY —;ZX (u+v) ( 2 )( 2 )>:<7{(u+v) ( _421 )( _‘:21 )>20

for every¢ = ({1,45) € R?, sinceu + v is convex. This completes the proof of the
theorem. O

4. WEAK MAXIMUM PRINCIPLE

Let A = (&;) be a 2x 2 symmetric matrix such tha& > 0, and tracé > 0, a;; € C(D)
whereD c R3is an open set{; = X, X; = Y, andL = ijzl a;j (&)X X;.

Theorem 4.1. LetQ be a bounded open setk?, and we C%(Q). If Lw > 0in Q and
limsup._,., w(&) < Ofor eachp € 6Q, thenw< Qin Q.

We remark that Theoren 4.1 is true even for viscosity solutions and follows from the
subelliptic comparison principle proved in [1].
To prove Theorerp 4]1 we need two lemmas.
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Lemma 4.2. LetQ c R3 be an open bounded set, ancevC(Q). Then there exist € Q
such thaup,,g, ) W = Sup, w for everyp > 0, where B¢, p) is the Euclidean ball with
radiusp and centek,.

Lemma 4.3. LetQ be open and bounded. There exists a functigreW«t?(Q) such that
Wp > 0and Lwy < 0in Q.

Proof. Let 1 > 0 and chooséM € R such that sup, e < M; £ = (x,y,t). Let
Wo = M- el Xy, ThenWO > 0inQ, XiWp = —/le“, X%WO = —/lze“, XoWg = —/le“,
X%Wo = —/lzeﬂy, andX1X2W0 = XoXiWg = 0. HencelLw, = —/12(a11e/“‘ + apo eﬂy) <0in
Q. |

Proof of Theorerfi 4]1First assume thdtw > 0 in Q. By Lemmd 4., there exists € Q
such that sup.g, , W = sup, w for everyp > 0. If & € Q, thenw(&) = sup, w and so

Dw(¢&o) = 0 andD?w(&,) < 0. Hence

[ X2w XY
0 < Lw(&) = trace|A v Xw \2\,:;\]) (£o)
)  Xew XYW+ Y Xw)/2
= Tace\ A (xyw-+ Y xw,/2 Yaw (€0)
i 1 0
10
=trace| Al | _Zzyx] D°w|0 1 [|(&)
i 2y —-2X
1 O
~ 10 (L
=trace||0 1 A[O 1 _2X]DW (o)
2y —2X

= trace AD?W)(&) < O,

sinceA > 0 andD2w(&) < 0. This is a contradiction. Henag € dQ and consequently

w<0inQ. If Lw> 0inQ, then for eaclz > 0 we setw, = w—& Wy with wp as in Lemma
. We haveLw, = Lw — eLwp > 0 and limsup_,.; W.(¢) < limsup._,, w(§) < O for

each&y € 0Q. By the previous argumenty, < 0 in Q for eache > 0,andsov<0. O

Let us denote byH*(u) the Newton transformation as defined(in/[10]

H () = —(xvu\fli(xwz _(XYUQZJ !
We have
detH(u) = %trace H* () H(w)),
and
(4.2) trace " (u) H(v)) = trace (H*(v) H(u)).

From Theorem 4]1 we obtain the following comparison principle.
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Proposition 4.4. Let Q@ c R3 be an open bounded set,oue C?(Q) such that u+ v is
convex, andrace{H(u+v)} > 0. If detH(u) > detH (v) in Q and u< v ondQ, then u< v
in Q.

Proof. We have

0 < detH(u) — detH(v)
= % (trace (H*(u) H(u)) — trace (H*(v) H(v)))

= 7 (trace (+"(u) H(u — 1)) + trace (¢4'(u) ~ H' () H(e))

= 2 (wace (1'(W) H(u— 1)) + trace (') H(u—1))) by @1)
= 2 trace (4" (u+ o) H(u - 1)

= 2 trace (4" (u + o) H(w),

wherew = u—v < 0 ondQ. Applying Theorenj 4]1 tav with A = H*(u + v), the
proposition follows. m|

4.1. A comparison principle for “cones”. As a consequence of Proposition|4.4 we get
that “cones” that agreeing with an convex functioon the boundary of a baBl are above
uinsideB.

Proposition 4.5. LetQ = {¢ € R® : 0 < d(¢,&) < R}, andu(¢) = m(d(g—rj()) - 1). If
m > 0, thenu is convex inQ, detH(v) = 0in Q, anddetH (v) is integrable inQ.

Proof. If 7 € R3andg(¢) = f(£ o &), thenXg(é) = (X)(¢ 0 &) andYgé) = (Y f)(£ o &).
Therefore we can assume thgt = 0. Letr = (X2 + y?)? + t? andh € CY((0, +0)).

ThenXr = 4x3 + 4xy? + 4yt, Yr = 4yx2 + 4y® — 4xt, X2r = Y?r = 12(x* + y?), YXr =
4t, and XYr = —4t. If u(x,y,t) = h(r), thenXu = K (r) Xr, Yu = h'(r) Yr, X2u =
h(r) (Xr)? + br(r) X2r, Y2u = h”(r) (Y2 + h'(r) Y2r, XYu = h”(r) XrYr + h'(r) XYr,
Y Xu=h’(r) YrXr+ ' (r) Y Xr. Thus

(4.2) detH(u) = 48 (2 + Y22 (4rh”(r) + 3h (1)} ' (r).

Therefore detH{(u) = O if h’(r) = 0 or 4rh”(r) + 3h'(r) = O, that is,h(r) = C or
h(r) = rY4 1f h(r) = rY4, thenX2h(r) = 3r="7*(y(x* + y?) — xt)2 > 0 andY?h(r) =
3r74(x(x® + y?) + yt)? > 0, and sa¥/4 is convex inR? \ {0}.

On the other hand, dé{(u) < C r-¥2 and by [2.1),

R
f detH(u)dé < C ri2ds=C f p*p2dp=CR
ri/4<Rr rl/4<r 0

sinceQ = 4. O
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Proposition 4.6. Let u € C?(Q) be convex, witf2 = {¢ € R3: 0 < d(¢,&) < R}, and
u<o0on{¢eR3: d¢é&) = R). Then u< v, wherev is defined in Propositioh 4.5 with

m = —U(&o)-
Proof. Lete > 0, & = (X0, Yo, t0), £ = (X, ¥, 1),
U,(€) = U€) + & (3 + Y7,

and

0@ = ~(1 - V8) u(go) (M 1).

(1- Ve)R
We first claim thatu,(£) < v.(¢) for all £ € 9Q and for alle sufficiently small. Indeed,
if & = &, thenuu(&) < ve(&) if and only if Ve (X2 + y2) < —u(&) which holds for
all £ suficiently small. On the other hand, d{(¢, &) = R, thenv,(¢) = — Ve u(&) and
U-(€) < e (% +Y?) < & MaXye)-r( + ¥?) = & M. Henceu(€) < v.(€) ond(g, &) = Rif
Ve M < —u(&) which again holds for alt sufficiently small.

We also have

(4.3) detH(u,) = detH(u) + 2straceH(u) + 4&° > 0 = detH (v,)

in Q, and tracéH (u, + v.)} = traceH (u) + 8¢ + traceH (v,) > 0. Therefore from Propo-
sition[4.4 we get, < v, in Q, and the proposition follows letting — 0.
i

As a consequence of these propositions we get the following extension of ThHeofem 1.2
needed in the proof of the maximum principle Theofen 1.3.

Theorem 4.7.LetQ = {¢ € R3: 0 < d(¢, &) < R}, and letv € C%(Bgr(&o)) be convex i
satisfyingv = 0 on 9Bg(&o) and set ) = —v(&o) (d(fl’j()) - 1). Then

Jo (et s 12607 d < [ fdetr(o) + 12607 o

Proof. From Proposition 4]6 we have thak uin Bg(&). Lete > 0, we claim that
f {detH(u) + 12 @)?| d&
Br(¢0)\Bs(40)
(4.4) < f {detH(v) + 12 @w)?} dé + O(=?),
Br(£0)\ Bz (£0)

ase — 0. We may assume by the invariance of the vector fieldsghat 0. Since the
functionsu, v are both convex an@? except at 0, we proceed as in the proof of Theorem
[1.7 applied to the open s& = Bg(0)\ B.(0). The integralA in that theorem has now the
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form

f fBR(o){Zzl (_(U+ SW) Xjw- VX)} do(£)ds
f ﬁB (0){,J 1(8 .,(U+ SW Xjw - Vxl)} do(¢)ds

= A]_ —A2.

As in the proof of Theorein 1.2 < 0. We claim thaty, = O(¢?) ase — 0, in fact, each
summand ind, is O(¢?). Recall thatw = u — v. From the computations in the proof of
Propositior] 4.5, we have thig;d| < 1, [X;X;d| < cd™* and we see that

= f A+ sw) Xewy, dor(@)
0B,

© Or

= — f Y?(v + sw) XW dO'(f)
d@@)==

< C d- 1 dO'(f)
d(©)=¢ ‘|Dd|
- do(£)
4.5 =Cs&™' f —=,
(4-3) de== 1Dd|
for all 0 < s < 1. On the other hand, from the coarea formula and by (2.1)

f f d(e)=r O:g(dﬁ) fd - d¢ =CR.

So, by diterentiating the previous equality with respectRowe have f —O:gfi) =
d@©=R

C R and inserting this value in (4.5) we obtain thht = O(g?). Since all other terms
in A, can be handled in the same way, we obtain|(4.4) and the theorem follows letting
e — 0. O

IDd|

As a consequence of Propositjon]4.4 we obtain a simple proof of the fact that convex
functions are Lipschitz with respect to the distadc@ he fact that comparison with cones
implies a Lipschitz bound was already noted by Jensenlin [6]. A subelliptic version of
Jensen’s argument is also givenlin [8].

Proposition 4.8. LetQ c R® be an open set and @ C(Q2) convex inQ. Then for each
ball B c Q there exists a constantg&uch thaju(x) — u(y)| < Cgd(x,y) for all X,y € B.

Proof. We can assume that € C%(Q) and letBy(Xo, 2R) ¢ Q. Lety € By(X, R) and

$() = u(¥) — uy) + (e = Y12 + O = ¥22); X = (X1 %X, %), ¥ = (¥1.Y2,Ys), with

X € By(y, R). We haveH (¢+C, d(-,y)) > 0in By(y, R) and#(x) < C.d(x,y) ford(x,y) = R
[ 2R))?

whereC, = 2B ¥ 8d'am(Bd(X°’ )" \We have deti(¢) > detF(d(-y)) in

By(y, R) \ {y} so by the comparlson principle Propositjon|4.4 we get#iig} < C. d(X, y)
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for x € By(y,R). Lettinge — 0 we getu(x) — u(y) < Cd(x,y) for x € By(y, R) with

C = %F?’ZR)U andy € By(xo,R). If X,y € By(xo, R/4), thenx € By(y, R/2) and so
y € By(x, R) and by the previous inequality we gafy) — u(x) < Cd(y,x) = Cd(x,y).
Therefore we obtaifu(x) — u(y)| < C d(x,y) for all X,y € By(Xo, R/4). O

5. MaximMuMm PRINCIPLE OF ALEKSANDROV TYPE
To prove Theorerp 113, we need some preliminary results.

Proposition 5.1. Let u be convex i®2 open and bounded. Suppose& ondQ. Then
u<0inQ.

Proof. Lete > 0 andu,(x,y,t) = u(x,y,t) + & (X* + y?). We haveH(u,) = H(u) + 2¢1d,
o)

detH(u,) = detH(u) + 2etraceH (u) + 42,

Since detH ((x? + y?)) = 4&2, we get defH(u,) > detH(s(x% + y?)) in Q. Alsou, <
(X% + y?) on 9Q, and tracgH(u, + e(x? + y?)} = traceH(u) + 8¢ > 0. The proposition
then follows from Propositioh 4].4. O

The following lemma will be used repeatedly in the proof of Proposjtioh 5.3.
Lemma 5.2. Let&, € Bg(0) and¢ e I, N Bg(0). LetA > 0 be such that
¢ = &0 6,(&" 0 €) € Tlg, N 9BR(0).
Suppose u is convex ik@) and u= 0 on 9B(0). We have
() If & = (X0, Yo, to) andé = (0,0, tp), thena > 2 and
(56) e < 5 o)

1_
i and

@) If0<a,B<la+B<1 pl) <aRanddé&, ) <BR, thend >

(5.7) we) < L uie).
Proof. To prove the first part of (1), if = (X, y,t) € I, then we have that
€00 6.1(E" 01) = (%o + A(X = X0). Yo + AY = Yo). to + A(t — to)) € I,
in particularg” = ((1 — )Xo, (1 — A)Yo, t). Hence
R = p(&) = (- 28 + (1 - %) +18
= (1= (@ +13) +pE0)* - (B + )

<(@-*-1) (@+y3) +R"
and sgl - 1] > 1. Sinced > 0, it follows thata > 2.
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To prove the first part of (2) we write
R=p(¢) = p((&") " 0 6a(65" 0 €)) < p(éo") + p(6a(&5" 0 €)

= p(&0) + 1p(Ey" 0 &) = p(&o) + 1d(o, &)
<aR+ 18R

]__
and sol > ¢

To prove [5.6) and (5]7), by definition ¢f we have tha¥ = & o 61/1(&* o &'). Since
u(¢’) = 0andin any casg > 1, it follows from (2.3) thau(¢) < (1 - %) u(&o). Thus[(5.6)
and [5.7) follow from Proposition 5.1 since< 0 in Bg(0). m|

Proposition 5.3 (Harnack-type inequality for convex functiond)et u be convex and
u = 0 on dBR(0). Given&y € Bgr(0) there exists a positive constant @epending on
d(&o, 9BRr(0)), such that

u(0) < cu(&).
Proof. Let &y = (Xo, Yo, to) andé; = exp=XoX — YoY)(&o) = (0,0, tp) € Il,,. We obviously
have thatl(é1, &) = /%2 + Y2 < d(0, &) < R Applying Lemm(l) WithEy ~» & and
&~ & we get that

58) Er) < 560

We shall prove that there exists a cons@nt- 0 depending only of the distance from
&1 10 0BR(0) such that

(5.9) u(0) < Cyu(ér).

To prove [5.9) we may assunge # 0, and consider two cases.
Case 1.d(£1,0) = |to|Y? < R/2.
Vio

If to > 0O, defineo = 70 and put

& =expEeX)é1 = (o, 0, to),
& =expEY)éz = (o, 0t — 207,
& =exploX)és = (0,0, tg — 202 — 20%) = (0, o, to — 40?) = (0, o, 0).
By our choice ofr we have
expaY)és = (0,0,t) — 40%) = 0.
Let us remark that
o= %d(é:l, 0) < R/4.
We have
d(é1, &2) = d(&2. &3) = d(€3,64) = 0
plé2) =170 p(&s) =80 p(éa) =0



MAXIMUM AND COMPARISON PRINCIPLES ON THE HEISENBERG GROUP 15

Henceé,, &3,&4 € Br. Applying Lemma[5.R(2) withég ~» &3, € ~w» &, a = 1/2, and
B =1/4 we get that

W) < Su(Er).

Next, applying Lemma 5|2(2) withy ~» &, & ~» &, a = 17%4/4, andB = 1/4, we get
that
/4

3-17*
U(€s) < g —7aa Ué) < g U(fz)

Applying once again Lemnia §.2(2) now wigh ~» & andé ws &, a = 8Y4/4,5 = 1/4,
we get that
1/4

< Jogua U6 <5 U(fs)

U(és) <
Define
&9 = g406,(67) € T,
and choosa > 0 such that® e 9Bg. Applying Lemmd 5.2(2) now witlfy ~» &, and
&~ 0,0 =1/4,8 =1/4, we get that
2
u(0) < 3 U(Ea).-

This completes the proof of (3.9) fay > 0.
VT
2

If to < O, defineo =

& =expEY)ér = (0,0, 1),

&3 =expEX)é; = (0,010 + 207),

& =expaY)és = (0,0, 1o + 40).
By our choice ofr we have

exploX)és = (0,0, t + 40?) = 0.

Then, arguing as in casg> 0, we get[(5.D).
Case 2.R/2 < d(¢1,0) = [to? < R
Define

d = d(é1, 0BRr) _ VR —[tol

V6 V6
Obviouslyd? < R?/8. It is not restrictive to assummg > 0. We first prove that there exists
a universal constant9 C, < 1 such that

(5.10)

(5.11) u(0, 0, to — 4d?) < Cy u(&y).
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Let
&1 =1(0,0,1)
&2 = expdX)(&1) = (d, 0, %)
&3 = exp@dY)(&2) = (d, d, to — 2d°)
&a = exp(-dX)(és) = (0,d, to — 4d?)
&5 = exp-dY)(é) = (0,0,t — 4d?).
We haveti,; € Il fori =1,2,3,4. Let

£ = expdX)(£1) = (1d,0,t0) = £ 0 6,(&7% 0 &),

with 4 > 0 such that; € I, N dBg. Then
Rt = p(e)) = A%d* + 2 = A%d* + (R% - 6d)? = (1* + 36)d* + R* — 120°R?,
and so
12R? = (1% + 36)d? < (1* + 36)R?/8
which yieldsA > 2. Hence,
u(é2) < (1/2)u(é).
We have
pé)* = d* +1t5 = d* + (R - 60%)°

= 37d* + R* - 12R?d? = d?(37d? - 12R%) + R*

< d*(37/8- 12R2 + R* = (g (%7 - 12) ) R < R,
and

1
d(&,, =d< —R
(é2,&3) <\/§

P = expdY)(&2) = (d, Ad, to — 24d?) = & 0 6,(£5% 0 &)
and we pickl > 0 such that{ € I, N 9B, then applying Lemma 5.2(2) ity ~ &,

37 1
~w &3, =4 |=|— —-12]+ 1, andB = —, we get that
& &3 \/ ( ) ds 7 g

818
u(és) < AL \/% _\/3\4/% ! uE) < = U(fz)

Next,
o(&3 )4 (2d2)2+(t0 dz)2 4d4+(R2 8d2)2 68d* — 16R°d* + R*

< d’R?(68/8 — 16) + R* < (§ (%8 - 16) ) R < R,
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and L
d(&s,&4) =d < % R
P = expadX)(&) = (1 - Dd. d.to — 2d* - 24d°) = &30 6,(&5" 0 &),
with 2 > 0 such thal;ff) € dBr N Ilg,. Applying Lemm(2) WithEg ~ &3, & w &,

Let

_ 4168 _ _1 -1
a= \/8( 3 16)+1_ 2,and,B_ \/g,wegetthat
1
u(és) < Zu(fs)-
We have

p(Ea)* = d* + (to — 4022 = d* + (R — 100%)? = 101d* + R* — 20Rc?

— (101c? - 20R) P + R* < (101/8 — 20)R2c? + R¢

1/101

s(é(?—zo)u) R' <R,

and L
d(és.65) =d < % R
@ = expEAdY)(€9) = (0, (1 - ), to — 4dP) = &0 6,(&5" 0 &)

with A > 0 such that!” € I1,, N 9Bg, and applying Lemmia 5.2(2) withy > &4, & > &s,

Letting

1{101 V5 1
a= === -20|+1=—, andB = —, we get that
\/8(8 ) v AP

Ues) < FUED

Thus, inequality[(5.111) follows.
To complete the proof of (5.9) in Case 2, we iterate the inequality|(5.11)dJ_etd
(defined in[(5.ID))t: = to — 4d3, and in general

R? —t;
tj+1 = tJ - 4d12, and dj2 = TJ
R2 _t. R? —t; + 40? 2
2 _ j+1 J i 2
We haved:, = 5 - 5 = (1 *3 df. Thus,
N N 5 j
=t — 2 _t. - A4d? et
wa=to=4 Y=t 4d0;(3)

(5.12) =tg — (R? —to) ((g)m - 1).

17
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Pick N such that
tn < 7 < tn-1,
which amounts

1/In(5/3)
SR ) N

4(R? — tp)

We havety < ty.1 < -+ < 1) < tp and it is easy to check from (5]12), the choiceNof
and [5.10) thaty > —R?/4. Therefore (00, t;) € Br(0) \ Br2(0) for 0< j < N -1 and
(0,0,tn) € Brj2(0). Iterating [[5.ILN times, then yields

u(0, 0, ty) < CH u(&y).
Since 0< C; < 1, there isy > 0 such thaC, = e, and from [(5.13) we obtairu(< 0)

(5.13) N-1< In(

1/In(5/3)
u(0,0,ty) < C, exp(—y In (m) ) u(&y).

Since (Q0, ty) € Br/2(0), we can apply[(5]9) in Case 1 to g&€0) < C, u(0, 0, ty). Conse-
quently,
4(R2 _ tO) ¥/1In(5/3)
Y- u(&1),
which completes the proof df (3.9) in Case 2.
Finally, combining|(5.B) and (5.9) we obtain the proposition. ]

Proof of Theorerm 1]|3Define

U(O) <C.C, (

u(0) = -m
and

o) = m(d(go) - 1).

We havev = u = 0 ondBg, v is convex inBg andv > u in Bg by Propositiory 4J6. From
the comparison principle, Theorém4.7, we then get

f {detH (v) + 120} d¢ < f {detH (u) + 12u?} dé.

BR BR
Moreover,

f (detH(v) + 120%) dé = (g)z f (detH(d(Z, 0)) + 12 (B,d(Z, 0))2} dz
Br Br

m 2
- 12(§) R @ 0))2d¢

= Clmz
with
¢ =12 | (8:d(Z,0))’ds > 0.
By
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Let
u(éo) = minu = —mg.
Br

By Propositior} 5.8 there exists a constant 0 such that

my < }m.
C
Hence,
<2 n < 1 {(detH(u) + 12u?} d¢.
T2 T e? g, t

6. MonNGE-AMPERE MEASURES

19

6.1. Oscillation estimate. In this section we prove thatifis convex, we can control the

integral of detH(u) + 12(u;)? locally in terms of the oscillation af, Theoren 14

Let us start with a lemma on convex functions, which is similar to the Euclidean one

for standard convex functions [12, Lemma 2.3].

Lemma 6.1. If uy, u, € C%(Q) are convex, and f is convex & and nondecreasing in

each variable, then the composite functios=w (uy, Uy) is convex.

Proof. Assume first thaf € C?(R?), and sefX; = X, X, = Y. We have

2
Z g—x-up,
p=1

o
X XjW = Z XXUp+Za 0 XiUgXjup |,

and for everyh = (hy, hy) € R2

(H(w)h, hy = ZXXWhh

i,j=1

2

Z 6—up<ﬂ(up)h hy + Z 7.
p=1

0

2
hi)(z Xjuph;)
=

v

. . . - af .
sinceH (up) is non negative definite anglu— > 0 for p = 1,2, and the matrix
p

e
dugdup Dq=12

IS hon negative definite.



MAXIMUM AND COMPARISON PRINCIPLES ON THE HEISENBERG GROUP 20

If fis only continuous, then givem> O let
X_
h9=h [ o(*5Y) ey
R2

wheregp € C* is nonnegative vanishing outside the unit ballRsf andfgo = 1. Sincef

is convex, therf, is convex and by the previous calculatiap = fi(uy, Up) is convex. In
particular,w, satisfies Proposition 2.2 and sineg — w uniformly on compact sets as
h — 0, we get thatvis convex. O

Proof of Theorem 1]4Givené&, € Q let Bgr = Bg(&o) be ad—ball of radiusR and center
at & such thatBg c Q. Let B, be the concentric ball of radiusR, with 0 < o < 1.
Without loss of generality we can assuge= 0, because the vector fieldsandY are
left invariant with respect to the group of translations. Met= maxg, u, thenu— M <0
in Br. Givene > 0 we shall work with the functiom — M — & < —&. In other words, by
subtracting a constant, we may assume —¢ in Bg, for each given positive constast
e will tend to zero at the end of the proof.
Define

mo = IQRf u,
and

Mo
&) = = gy (R 1.

Obviouslyy = 0 ondBg andv = my on dB,r. We claim that is convex inBg andv < my

in B,g. Settingr = [|€]*, h(r) = ﬁ(?‘ - ), and following the calculations in the
-

proof of Propositiof 4]5 we get

2
detH(v) = 144(° + yZ)Z(L) >0,

1-o9YR?
and Mo
21 _ V2 — 2
X?h = Y?h = —-12 (x +y2)—(1_0_4)R420,

becauser is negative. Hence is convex inBr. Sincev — my = 0 0ndB,, it follows
from Propositior 5]1 that < my in B,r. In particularpy < uin B,r.
To continue with the proof we need the following lemma.

Lemma 6.2. Letp € Cy(R?), radial with support in the Euclidean unit ba%{z o(X)dx=
1, and let

(6.14) ) =2 [ p((x=y)/H) matysyal dyscy

The function { satisfies the following conditions:

(1) If x; > X, then there existsgh> 0 and a neighborhood V dfx;, x;) such that
fn(y1, ¥2) = y1 for all (y1,¥») € V and for all h< hy.

(2) There exists a positive constansuch that £(x, X) = x+ a h for all h > 0 and for
all x e R.
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(3) Forallh > 0, fy(-, o) is nondecreasing for each and f,(xs, -) is nondecreasing
for each x.

Proof. Proof of (1). IfX; > X, then there exists a culi@g centered atXy, X;) such that if
(z1,22) € Qthenzy > z. Hencex; — y; > X — Y, for all |(y1, ¥2)| < h with h suficiently
small. Then

(e, Xg) = P2 fM P/ =y dycye = 3 = f p(y/)y: dysdys

lyi<h

1
—xi=h [ ) [ dow)dt=x
0 st
Proof of (2). We have

fu(x, X) = h™2 fly |<h/o(y/h) maxx — y1, X - Y2} dyidys
—h? fw PO/ e mat-y, ysl)
=X +h? qu ” p(y/h) max—yi, -y} dy:dy,
=x +h? \f|y|<hp(y/h) max(ys, Y-} dy:dy,

=x +h p(y) maxys, y-} dyidy,
lyl<1

1
=% +h f t2p(t) f maxysi, Y2} do-(y) dt
0 st
1 —
C+h f £o(t) ly1 = Yol
0 st

! Y1 — Yol
:X1+hf tzp(t)f TdO'(y)dt: X1+6Yh.
0 st

The proof of (3) is trivial. ]

;‘ yi+y2 dor(y) dit

Continuing with the proof of Theoren 1.4, we define
Wh = fh(U, U).

From Lemmd 6J1w, is convex inBg. If y € B,g, thenuo(y) < u(y). If vo(y) < u(y), then
fh(u, v)(y) = u(y) for h suficiently small; and ifv(y) = u(y), then fy(u, v)(y) = u(y) + a h.
Hence

f {(detH(u) + 12@:u)?} d¢ = f {detH (Wh) + 12((wh))?} dé
B,R B,r

(6.15) < f {detH (Wh) + 12((Wh))?} dé.
Br
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Now notice thatf,(u, v) > v in By for all h suficiently small. In additiony < 0 andv = 0
ondBg so fy(u, v) = 0 ondBg. Then we can apply Theorgm [L.2u@ andv to get

f {detH (W) + 120wW)?} dé < f {(detH (v) + 12(v)?} d¢
Br Br

2
_ Mo 2 2 2
_48((1—0)R4) BR(3(x +y?)? +t9) dé

My
(1-0)
This inequality combined with (6.15) yields

2
- 48( ) (30 + y?)? + t?) de.
By

f {detH(u) + 12(,u)%} d¢ < C(mg)? < C(0SGs U + )2

BrrR

The inequality|[(T.8) then follows letting — 0 and covering’ with balls. |

Corollary 6.3. Let ue C%Q) be convex. For any compact doma& e Q there exists a
positive constant dndependent of tsuch that

(6.16) f detH(u) d¢ < C(0sgu)?.

Corollary 6.4. Let ue C?(Q) be convex. For any compact doma e Q there exists a
positive constant dndependent of tsuch that

(6.17) f(; , trace/H (u) dé < CRPoSG,U.

6.2. Measure generated by a convex functionWe shall prove that the Borel measure
defined byu(u) = fdetﬂ(u) + 12u? whenu is smooth can also be defined for general
convex functions. We call this measure the measure associated,\aitld we shall show
that the mapu € C(QQ) — u(u) is weakly continuous o€(Q).

Theorem 6.5. Given ue C(Q2) convex there exists a unique Borel measy(tg such that
when ue C?(Q),

(6.18) u(W(E) = L{detﬂ(u) + 1202} d¢

for any Borel set EC Q. Moreover, if y € C(QQ) are convex, andu— u on compact
subsets of, thenu(uy) converges weakly to(u), that is,

(6.19) f f du(u) — f  du(u),
Q Q
for any f € C(Q) with compact support if.

Proof. Let u € C(Q) be convex, and leiu,} ¢ C?(Q) be a sequence of convex functions
converging tau uniformly on compacts of2. By Theorenj 1.4

f {(detH (u) + 120 )?} d¢
o



MAXIMUM AND COMPARISON PRINCIPLES ON THE HEISENBERG GROUP 23

are uniformly bounded, for ever®’ € Q, and hence a subsequence of (#©éty) +
12(0;u)?) converges weakly in the sense of measures to a Borel mea@)ren Q. We
now prove that the map € C(QQ) — u(u) € M(Q), the space of finite Borel measures
on Q, is well defined. Accordingly, lety,} ¢ C?(Q) be another sequence of convex
functions converging ta uniformly on compacts of2. Assume (def (uy) + 12(0;uy)?)
and (detH(v) + 12(wy)?) converge weakly to Borel measurgsu’ respectively. Let
B = Bg € Q, and fixo € (0,1). Letn € C?(Q) be an convex function such that= 0

in B,r andn = 1 ondBr. IQ the d—ball Bg(0), the functionnp can be constructed as
follows. If v(¢) = 1 10_4 % — o*| and fy, is the function given by{(6.14), then define
n(¢) = (v, 0) with h sufficiently small. From the uniform convergence{ag} and{uvy}
towardsu, givene > 0 there exist¥, € N such that

—g < W(X) — k(X)) < g for all x € Bandk > k..

Hence .
W+ESW+m

onoBg for k > k. DefineQy = {¢ € Br: U + 5 > v + en}. From Theorer@z we have

f {detH (u) + 12@:u)?} d¢ < detH (v + €n) + 120wy + £in)?
Qx

Q

< | detH(w) + 120w )* + €2C

Br

+eC | (traceH () + 10rw)

Br

< detH (v + 120w )? + £°C

Br
(6.20) +eC | (traceH(v) + |0wd’ + 1)
Br
and by Theorerp 1]4 and Corolldry 6.4 the right hand side is bounded by
detH (v + 120w )* + e C.
Br

By definition of Q and since; = 0 in B, it follows thatB,r c Qx and so by[(6.20) we
get

(6.21) f detH(u) + 120U < f detH (v + 120w)? + £ C,
B,,—R BR

and lettingk — oo, we getu(B,r) < u’(Br) + Ce. Hence ife — 0 ando- — 1 we obtain

u(B) < 1/ (B).
By interchangindug} and{vc} we getu = y’.
To prove [[6.1P), we first claim that it holds whep € C?(Q2). Indeed, letu, be an
arbitrary subsequence af, sou,, — u locally uniformly asm — co. By definition of
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u(u), there is a subsequenug, such thap(ukmj) — u(u) weakly asj — oo. Therefore,
given f € Cy(Q), the sequencgg2 f du(uy) and an arbitrary subsequenféaf du(uy,),
there exists a subsequengef du(u,,) converging tof, f du(u) asj — oo and [6.19)
follows. For the general case, givérthere existal € C*(Q) such thau — uy locally
uniformly asj — oo. By definition of u(uy), there exists a subsequenafjg such that
y(u'j‘m) — u(u) weakly asm — oo. Let f € Cy(QQ), suppf = K c Q" € Q. There exists
m < mp < --- such that

|u'j‘nk(§) — u(&)l < 1/k, forall & e Y,

fg fd/,l(ulj(mk)— fg f de(u)

fork = 1,2,---. Hencey = u‘lf — u uniformly in Q" ask — oo, and so from the
- . mk
previous claim

and

< 1/k,

f f du(ve) — f fdu(u), ask — oo.
Q o

Therefore,
[ fauwy - [ fau)| < | [ fauw- [ foutoo|+| [ teutoa- [ faucw)
f f du(ve) - f fd,u(u)'—>0,ask—>oo,
Q Q

and the proof of the theorem is complete. ]

< +

<1+
~k

Corollary 6.6. If u,v € C(Q) are convex inQ, u = v ondQ and u > v in Q, then
pU)(Q) < pu()(Q).
6.3. Comparison principle for measures.

Theorem 6.7.LetQ c R3 be an open bounded set. lfue C(ﬁ) are convex i, u<v
onoQ andu(u)(E) > u(v)(E) for each Ec Q Borel set, then &« vin Q.

Proof. Assume Oc Q, A = diam@), £ > 0, andu,(X,y,t) = u(x,y,t) + & (X% + y> — A?).
We havex? + y> — A2 < 0 for (x,y,t) € Q, sou, < u < vin dQ. Suppose there exists
(X0, Yo, t0) € Q such thatu(Xo, Yo, to) > v(Xo, Yo, to). Hence the seb = {(x,y,t) € Q :
U(X Y, t) > v(x,y,t)} is non empty for alk sufficiently small. In additionD N oQ = 0.
SoD c Q andu, = v ondD. By Corollary[6.6 we get(u.)(D) < u(v)(D). On the other
hand, there exist, € C?(Q) convex inQ such thatu, — u uniformly on compact subsets
of Q. Letu (X, Y, t) = (X, Y, t) + & (X2 + y? — A%). We have from[(4]3) that

f {detH (u,) + (U)?) dé = f {detH (u) + 2s traceH (Uy) + 4e® + (U)?} dé
D D

> 11(W)(D) + 4% |D.

Lettingk — oo we get from Theorer 6.5 tha(u.)(D) > u(u)(D) + 4¢2|D| > u(u)(D)
obtaining a contradiction. O
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