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1 Introduction

The problem of optimal transportation is to find an optimal map that pushes masses
from one location to another, where the optimality depends upon the context of the
problem. These types of problems appear in several forms and in various areas of
mathematics and its applications: economics, probability theory, optimization, meteo-
rology, and computer graphics. We refer to [14] for a detailed and complete description
of the probabilistic approach of Kantorovitch to this problem and to the Preface to
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276 C. E. Gutiérrez, T. van Nguyen

Volume I of this work for a large number of examples of applications in econometrics,
probability, quality control, etc. In addition, for a recent presentation of the theory
and several applications we refer to [18].

The mathematical formulation of the optimal transportation problem considered
in this paper originates with Gaspar Monge 1746-1818. Let f,g € L!(R") be non-
negative compactly supported with [, f = [zn g, and let du = fdx, dv = gdx. The
Borel measurable map ¢ : R” — R” is measure preserving with respect to p and v if
w(@~L(E)) = v(E) for each Borel set E C R". Let S(u, v) denote the class of all these
measure preserving maps, and let ¢ : R” — R be a convex function, the cost function.
The problem is minimizing the cost functional?

Cls) = /C(x —5(x)) du(x) 1)
Rn
among all s € S(u,v), and the answer is given by the following theorem due to
Caffarelli, Gangbo and McCann, see [4,9] and also [17].

Theorem 1.1 Let ¢ : R” — R be C' and strictly convex, f,g and C as above. Then

(a) There exists t € S(u,v) such that C(t) = infses(,,v) C(S); . .

(b) tis essentially unique, i.e., if the infimum is attained also at t, then t(x) = t(x) for
a.e. x in the supp(f);

(c) tis essentially one to one, that is, there exists t* € S(v, ) such that t*(t(x)) = x for

a.e. x € supp(f), and t(t*(y)) = y for a.e. y € supp(g);
(d) There exists a c-convex function u such that t is given by the formula

1(x) = x — (De)" Y (=Du(x)).

Monge’s original problem is the case c(x) = |x|, and the minimizer is not unique,
see [7,16] for recent results.

The objective in this paper is to study the following fully nonlinear pde of Monge-
Ampere type arising in the problem of optimal transport:

g(x — Dc* (—Du(x))) det[I + D*c*(—Du(x))D*u(x)] = f(x) in 2, ©)

where Q is a bounded open set, g € LllO (R") is positive, f € Lll0 () is nonnegative,
and c¢* is the Legendre—Fenchel transform of ¢, see (3). Solutions to this equation are
understood in a weak sense and in a way parallel to the notion of weak solution to the
Monge-Ampere equation this time with a notion of subdifferential associated with
the cost function ¢, see Definition 3.1. Our main results are comparison and maximum
principles for this equation, and the solvability of the Dirichlet problem in this class
of solutions.

We emphasize that unlike the standard subdifferential for convex functions and at
the level of generality on the cost functions considered in this paper, the c-subdiffer-
ential (see Definition 2.1) is a nonlocal operator on the set of c-convex functions. That
is, if the inequality in Definition 2.1 holds in a subdomain Q" C €, then it does not
necessarily holds in all of Q2. A similar nonlocality is then inherited by the correspond-
ing Monge—-Ampere measures and the resulting pde’s. Also in general, the notion of
generalized solutions to (2) might not be closed under locally uniform limits. This

1 The convexity assumption is technical and to be able to use the tools of convex analysis.
2 A more general cost function can be used: ¢ = c(x, y), but for simplicity we choose ¢ = c(x — y).
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On Monge-Ampere type equations 271

closeness property holds under condition (18), see Lemma 3.3 and Remark 3.5, and
appears in Sect. 6 in the solution of the Dirichlet problem by approximation.

The paper is organized as follows. In Sect. 2 we study the notions of convexity and
subdifferential associated with the cost function ¢ and define the notion of generalized
Monge—-Ampere measure associated with (2). The notion of weak solution to (2) is
given in Sect. 3 where we also prove a stability property, Corollary 3.4. Section 4
contains maximum principles extending to the present setting the Aleksandrov—Bak-
elman—Pucci estimate for the Monge—Ampéere operator. Section 5 contains the proofs
of the comparison principles. Sections 4 and 5 have independent interest and are used
later to solve the Dirichlet problem. In Sect. 6 we solve the Dirichlet problem for a
class of domains strictly convex with respect to the cost function c, see Definition 6.2,
first for the homogeneous case, Theorem 6.7, next for the case when the right hand
side is a sum of deltas, Theorem 6.11, and finally for general right hand sides, Theorem
6.12 and Corollary 6.13.

2 Generalized Monge—Ampere measures

Let ¢ : R” — R be a continuous function and 2 be an open set in R”.

2.1 c-subdifferential and c-convexity?
Definition 2.1 Letu : Q — R U {+00}. The c-subdifferential d.u(x) at x € Q is defined
by
deu(x) ={p e R" :u(z) = u(x) —c(z —p) +c(x — p), Vz € Q}.
Also for E C Q we define 3.u(E) = Uycgdcu(x).

Definition 2.2 A function u : Q@ — R U {400}, not identically +0o0, is c-convex in Q if
there is a set A C R" x R such that

u(x) = sup [—c(x—y)—2xr] forallx e Q.
(y,A)EA

Remark 2.3 The definition of c-convexity is not stable by linear operations. For exam-
ple, the function u(x) = 1 — 1{x|? is x|?/2-convex, but 2u(x) = 2 — |x|? is not |x|?/2-
convex. However it can be proved, see [18], that if u is c-convex then fu is also c-convex
for every t € [0,1].

We shall consider the following conditions for the cost function c.

(H1) c¢:R" — Risa C! and strictly convex function.

. . . . c(x
(H2) c¢:R" — Ris astrictly convex function and limy|— 400 @) _
() x|
. . . c(x
(H3) c¢:R" — Risaconvex function and limy— 4o o =400

Notice that the function c(x) = (1 + |x|%)!/2 satisfies (H1) and does not satisty (H2).

Proposition 2.4 Suppose c satisfies (H3). If u : @ — RU{+o00} is lower semicontinuous
and convex, then u is c-convex.

3 Introduced in [6,8].
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278 C. E. Gutiérrez, T. van Nguyen

Proof Since every lower semicontinuous convex function is the supremum of affine
functions, it is enough to assume that u(z) = g - z + b. Since c is continuous and
lim|y|— 400 ¢(x)/|x| = 400, it follows sliding —u in a parallel fashion that —u + A is a
supporting hyperplane to ¢ at some point for some . That is, there exist x,, € R” and
Ay € R such that c(x,) = —u(xy) + Ay and ¢(z) > —u(z) + Ay for all z € R”. Given
x e Q,letyy =x —x, and Ay = —u(x) + u(x,) — A,. We have u(x) = —c(x — yyx) — Ay
and u(z) > —c(z —yyx) — Ay for all z € Q since u is affine. Setting A = {(yx, Ayx) : x € Q}
we obtain the proposition. O

Remark 2.5 Suppose c satisfies (H3). If u is a c-convex function in Q that is bounded
in a neighborhood of xo € 2, then d.u(xp) # . Indeed, without loss of generality
we can assume that the set A C R” x R in the definition of u is closed. Then arguing
as in Claim 2 of the proof of Lemma 2.10 below, there exists (y,1) € A such that
u(xg) = —c(xo —y) —rand sou(x) > —c(x —y) — A = u(xp) — c(x —y) + c(xo — y) for
all x € Q. Therefore y € d.u(xp).

Remark 2.6 Suppose c satisfies (H3). It follows from the convexity of c that if u is
c-convex and locally bounded in €2, then u is locally Lipschitz in Q. Indeed, let K C Q
be compact and x1,x; € K. From Remark 2.5, we have that d.u(x;) # @ for i = 1,2.
Let y; € dcu(x1). By Lemma 2.14, |y1| < R, and since c is locally Lipschitz we have
u(x2) — uxy) = —c(x2 — y1) +clxy —y1) = —C(K, R) |[x2 — x1].

Proposition 2.7 Let u be a function defined on 2, and suppose that xq is a point of
differentiability of u, and 9.u(xo) # 9. Then we have

(1) If (H1) holds, then
Beu(xo) = {xo — (D)~ (~=Du(xp))}.
(2) If (H2) holds, then
deu(xo) = {xo — Dc*(—Du(xo))},
where c* is the Legendre—Fenchel transform® of ¢ defined by

(y) = sup [x-y —c(x)]. 3)
xeR"
Proof Suppose first that c satisfies (H1). Let p € d.u(xp). Then u(x) + c(x — p) >
u(xp) + c(xp — p) for all x € Q with equality at x = x¢. That is, u(x) + c(x — p) attains a
minimum at xo and therefore Dc(xg — p) = —Du(xp). Since cis C L and strictly convex,
(Dc)~ ! exists on the image of Dc and we have p = xo — (De)~ L (—=Du(xg)).
To prove (2) we need the following definition.

Definition 2.8 The function u : Q@ — R U {£o0} is subdifferentiable at xo € 2 if u(xop)
is finite and there exists 7 € R" such that

u(xp +v) > u(xp) +v-z+o(v))

as |v| — 0. Let us denote by M,,(xo) the set of z’s satisfying the property above.

4 See [15, Chapter 11].
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On Monge-Ampere type equations 279

Suppose that (H2) holds, and let p € d.u(xp) with x¢ a point of differentiability of u.
Then

u(xo) — c(xo +v —p) + clxo — p) < ulxp +v) < uxo) + v - Du(xo) + o(|v]).
Hence c(xg+v —p) > c(xo —p) +v- (—Du(xp)) +o(|v|) as |v| — 0, and so —Du(xp) €

M(xo — p). From [9, Corollary A.2] we get that xop — p = Dc*(—Du(xp)) and the
proposition follows. O

Remark 2.9 Suppose c is strictly convex satisfying ¢ and ¢* are C2(R")> and u : @ — R
has a second derivative D%u(xg) at xo. Then if d.1(xq) # ), we have

[+ D?c¢* (—Du(xgp)) Dzu(xo) is diagonalisable with nonnegative eigenvalues. (4)

Indeed, let p € d.u(xp), then u(x) + c(x — p) > u(xp) + c(xo — p) for all x € Q. Hence
Du(xp) 4+ Dc(xg — p) = 0 and by Taylor’s theorem D?u(xo) + D*c(xo —p) > 0.So from
Proposition 2.7(2) we get

D?u(xg) + D*c (Dc* (=Du(xp))) = 0. (5)

On the other hand, from [13, Corollary 23.5.1 and Theorem 26.1] we have that
Dc* (Dc(x)) = x for every x € R" and Dc (Dc*(y)) = y for every y in the im-
age of Dc. Differentiating these equations yields D*c* (Dc(x)) D?*c(x) = I, and
D?c (Dc*(y)) D*c*(y) = I, for every x € R" and every y in the image of Dc. From
this we derive that for any y in the image of Dc we have D?c*(y) is invertible with
[D?c*(y)]~! = D%c (Dc*(y)), and letting y = —Du(xg), we obtain from (5) that

D?u(xp) = —[D*¢* (=Du(xo))]™" (6)
Since ¢* is convex, the symmetric matrix D?c* (—Du(xp)) is positive definite as it is

invertible. Therefore, (6) implies (4).

Lemma 2.10 Let Q C R” be an open set and suppose that (H3) holds. If u, : @ — R
is a sequence of c-convex functions such that u, — u locally uniformly in Q with u
locally bounded in 2, then u is c-convex in Q.

Proof By definition of c-convexity we have u,(x) = sup jeqa, [—c(x —y) — Al
Vx € Q, for each n. Since c is continuous on R”, without loss of generality we can
assume that each A, is a closed subset of R” x R.

Claim 1 1f {y;} and {A,} are sequences such that there exists constants A, B, r with
A < —c(xo = yr) — Ak (7)
and
—c(x—yK) — A =B 8)

forallx € B(xg,r) € Qandfor all k, then {y} is a bounded sequence, and consequently
{\r} is also bounded.

Suppose by contradiction that {y,} is unbounded. Passing through a subsequence
we can assume that |yx| — +o00. Let vi 1= x9 — yk. Since |vi| — +00, we may assume

5 If cis C2(R™) and D?c(x) is positive definite for all x, then ¢* € C2(R"), D?c*(x) is positive definite
for all x, and (¢*)* = ¢, see [15, Example 11.9, p. 480].
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280 C. E. Gutiérrez, T. van Nguyen

that |vg| > 1 for all k sufficiently large. Setting ¢ = 1 — ﬁ, we have ¢ — 1.
Vk
Applying (8) at x = xo + (¢x — 1)v, and using (7) we get

B > —c(xo + Gk — Vv — yi)) — Ag = —c(Gkvi) — Ak
> —c(Gkvi) +c(xo — yi) + A = —c(Grvi) + c(vi) + A.

Hence
B — A > c(vp) — c(Gkve). )

Since c is convex, this difference can be bounded using a subgradient py € dc(¢xvi):

1%
B —A > (pr,vi = Gvi) = (P, (1 = Eo)vi) = V<Pk, ﬁ> (10)
On the other hand, being py a subgradient also implies that
c(0) = c(&kvi) + Pk, 0 — Ckvic)- (11)

Since |vi| — 400, we have that ¢, > 0 and dividing (11) by gg|vi| — +o0 yields

timinf (pr, &) > tim inf SCEY0)
k— o0 V|

k—oo |kl

The assumption limjy|— 400 €(x)/|x| = 400 implies that both these limits diverge, yield-
ing a contradiction with (10). Therefore yj is bounded and since ¢ is continuous we
get from (7) that A, is also bounded and Claim 1 is proved.

Claim 2 For each x € Q there exists N, € N and a sequence (y,(x), A,(x)) € A, such
that u,(x) = —c(x — y,(x)) — Ap(x) for all m > N,.

Let ry € (0,1) such that B(x,r,) €  and u is bounded on B(x, r,). Then since
Uy, — u uniformly on B(x,ry), there exist constants M, > 0 and N, € N such that

M, < u,(z) < My Vz € B(x,ry) and Vn > Ni.

Since u,, is c-convex, for each n we can find a sequence {(y,’j (x), k’n‘ (x))}zoz1 C A, satis-
fying 1, () = limg, o[ —c(x = Y5 () = A5 (0], and uy (¥) =1 < —c(x = yx () — Ay (x).
Hence if n > Ny, then

—My =1 < —c(x = yy(x) = Ay (),
and
—c(z = Y = () Sun(2) <My Yz € Blx,ry).
So, from Claim 1, there exist (y, (x), A, (x)) € A, and asubsequence {(yf,j (x), A],;j (x))}fi1
such that (yﬁj x), kﬁj X)) = (Yn(x), Az (x)) as j — oo. Therefore,

Up(x) = ,-in;o [—e(x — y’ff (X)) — A'Zf 0] = —c(x — yp(x)) — An(x)

and Claim 2 is proved.
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On Monge-Ampere type equations 281

Claim 3 Let

By ={(y,4) € R" x R: (y,1) = lim (yy;(x), kn;(x)), for some subsequence 7;},
]J—>00 ;

and set A = U,cqBy. We claim that

u(z)= sup [—c(z—y)—Ar] VzeQ. (12)
Y,A)eEA

Let z € Q and choose r; € (0,1) as above. Then B(z,r;) C 2 and as before we have
—M(2) < uy(x) < M(z) Vx e B(z,r;), Vn>= N, If (y,(z),r(2)) is the sequence in
Claim 2, we have that for any n > N,

—M(z) < —c(z = yn(2)) — *n(2) and — c(x — yu(2)) — An(2) < M(z) Vx € B(z,ry).

We conclude from Claim 1 that {y, (2)},2 N, and {1, (2)};2 N, are bounded. Hence, there
exist (y*,A%) € R" x R and a subsequence {(yn (2), An, (221 Of {(¥n(2), An (2N},
such that (yp, (2), Ay, (2)) — (v*,1*). Therefore, (y*,1*) € B, C A and

w@) = lim uy, (2) = lim [~z = yn (2)) = An ()] = —c(z — Yy — A"

Thus to prove (12) it is enough to show that —c(z—y) —A < u(z) V(y,A) € A.Indeed,
let (y,A) € A. Then (y,)) € B, for some x € Q2 and hence there exists a subsequence
(0 0, 2y CONED, OF {9 (), An (013, Such that (v, (X), A (X)) = (v,). We have

Un;(2) = —€(Z = ynj(2)) = A (2) = —€(z = yn; (X)) — Ay (X) V.

Letting j — oo and since nj (X), A (X)) = (¥, 1), we then get u(z) > —c(z —y) — A.
This completes the proof of the lemma. O

2.2 A Monge-Ampere measure associated with the cost function ¢

In this subsection we define a generalized Monge-Ampere measure, and to do it we
need the following lemma, which is a generalization of a classical lemma of Aleksan-
drov.

Lemma 2.11 Suppose that either (H1) or (H2) holds. Let X C R" be a nonempty
bounded set and u : X — R U {400}, not identically +oo, be bounded from below on
X. Then the Lebesgue measure of the set

S= {p eR": p e du(x)) Nou(xy) forsome x1,x3 € X, x1 # x2}
is zero.
Proof Define for each y € R”,

u*(y) = sup [—c(x — y) — u(x)].
xeX

Since ¢ € C(R"), X is bounded, u # +o0 and u is bounded from below on X we get
u* : R" — R. Moreover, as c is locally Lipschitz on R”, it is clear that u* is also locally
Lipschitz on R”. Hence, if we let E = {x € R" : u* is not differentiable at x}, then
|E| = 0. We shall show that S c E. Indeed, let p € S then p € dcu(x1) N deu(xr)
for some x1,x2 € X, x1 # xp. Hence, u(z) > u(x;) — c(z — p) + c¢(x; — p), and
u(z) = u(x2) — ¢z — p) + c(x2 — p), ¥z € X. Thus, u*(p) = —c(x1 — p) — u(xy)
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282 C. E. Gutiérrez, T. van Nguyen

and u*(p) = —c(x2 — p) — u(x2). Moreover, by definition of u* we have u*(z) >
—c(x1 —2) —u(x;) Vz e R",and u*(z) > —c(xa — 2) —u(xz) Vz € R". So u*(z) >
u*(p) —c(xi — z) + c(x; — p),Vz € R", i = 1,2. Hence, we obtain x1,x2 € 9, u*,R™")(p)
where we denote h(x) = c(—x) for every x € R”". Note that 4 satisfies the same
assumptions as c¢. Then by Proposition 2.7 we must have p € E since x| # xp. The
proof is complete. O

Corollary 2.12 Let Q2 be an open set in R" and suppose that either (H1) or (H2) holds.
Letu: Q2 — RU {+o00} be such that on any bounded open set U € 2, u is not identical
to 400 and bounded from below. Then the Lebesgue measure of the set

S={peR": thereexist x,y € Q,x #y and p € dcu(x) N du(y)}
is zero.

Proof We can write 2 = Uy Qi where Qi C Q41 are open and Qi C Q are compact.
If p € S then there exist x,y € Q,x # y with u(z) > u(x) —c(z—p) +c(x —p) Vz € Q,
and u(z) > u(y) —c(z — p) + c(y —p) Vz € Q. Since Qy increases, x,y € Q,,, for some
m. That is, if

Sm={p e R": thereexist x,y € Q,,,x #y and p € d.(u, ) (x) N (U, L) M},

then we have p € Sj,,,1.e., S C U;’n‘jzlSm. But by the assumptions and Lemma 2.11 we
get |S,,| = 0 for all m. Hence the proof is complete. O

Remark 2.13 Suppose c satisfies (H3). Let Q2 be a bounded open set in R” and u €
C(R2) be c-convex. Then

p € dcu(x) if and only if x € 9;,(u*,R™")(p),
where h(x) = c¢(—x) and u*(y) = sup,cq [—c(x —y) — u(x)].

Proof It follows by the argument in Lemma 2.11 that if p € d.u(x) then x €
9w, R (p). Now if x € 9,w*,R")(p), then u*(y) > u*(p) — c(x — y) + c(x — p)
for all y € R". This gives by the definition of u* that for each y € R”, u*(y) > —c(z —
p) —u(z) —c(x —y) + c(x — p) for all z € Q. Picking y € d.u(x) which is nonempty by
Remark 2.5, then as u*(y) = —c(x—y) —u(x) we obtain u(z) > u(x) —c(z—p)+c(x—p)
for all z € Q. That is, p € d.u(x) as desired. O

Lemma 2.14 Suppose c satisfies (H3). Let u : @ — R be a locally bounded function in
Q. If K C Qis compact, then there exists R > 0, depending only on K and the L°°-norm
of u over a small neighborhood of K, such that

dc.u(K) C B(O,R).
Proof Indeed, assume that this is not true. Then for each n € N, there exists x, € K

and p, € d.u(x,) with |p,| > n. Hence u(x) > u(x,) — c(x — pn) + c(xn — pn)Vx € Q,
and since u is locally bounded, there exists M > 0 such that

—c(x—pp)+cxn—pn) <M VxeKs andVn € N, (13)

where § = (1/2) min {dist(x,3Q),1} and K5 = {x € Q : dist(x,K) < §8}. Let v, =
Xp — pn. Since |v,;| — 400, we may assume |v,| > 1 Vn. Setting ¢, =1 — §/|vy,| and
evaluating (13) atx = x, + (&, — D)vy € Ks yields M > c(vy,) — ¢(¢n vi). Applying the
argument used after the inequality (9) yields a contradiction. This proves the lemma.

O
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On Monge-Ampere type equations 283

Lemma 2.15 Suppose c : R" — Ris a continuous function. Let Q@ C R" be an open set,
ueCQ),and B={E C Q:0.u(E) is Lebesgue measurable}. We have

(i) IfK C Qis compact, then d.u(K) is closed. Moreover, if (H3) holds then 9.u(K)
is compact.
(ii) B contains all closed subsets and all open subsets of Q.
(iii) If either (H1) or (H2) holds, then B is a o-algebra on Q containing all Borel
subsets of Q. Moreover,

10.u(Q2\ E)| = |9:u(Q) \ du(E)| VE € B.

Proof (i) Let K be a compact subset of &, {p,}°. 1 C d.u(K), and suppose p,, — p.
We shall show that p € 9.u(K). For each n, since p, € d.u(K) we have p, €
dcu(xy) for some x,, € K. But K is compact, so there exist x € K and a subse-
quence {x;,} of {x,} such that x,, — x. We have u(z) > u(x,,) — c(z — pn,) +
c(Xp, — Pny), ¥z € Q. Passing to limit we obtain p € d.u(x) C d.u(K). Hence,
d.u(K) is closed. The second statement then follows from Lemma 2.14.

(ii) Let E be aclosed subset of 2. Then we can erte E = U | K, where K, are com-

pact. Therefore, d.u(E) = d.u(U32  Ky) = 10cu(Ky ) By (i), each d.u(Ky) is
Lebesgue measurable. So 9, u(E) is measurable i.e., E € B. The proof is identical
if E is open.

(iii) Suppose {E;}7°, C B. Since d.u(U2, Ej) = UX, d.u(E;) we then get d.u(U2, E;)

is Lebesgue measurable. So U: El- € B. We also have Q € B by (u) Now
suppose E € BB, we shall show that Q \ E € B. Indeed, we have

Ocu (2 \ E) = [3cu(82) \ 0cu(E)] U [deu(S2\ E) N dcu(E)].

By Corollary 2.12, the second set on the right hand side has measure zero. So
0.u(Q2\ E) is Lebesgue measurable and [3.u(2\ E)| = |0.u(2) \ d.u(E)|. Also since B
is a o-algebra and by (ii) B contains all closed subsets of €2 we get 55 contains all Borel
subsets of 2. O

From Lemma 2.15 we then define

Definition 2.16 Let g be a locally integrable function which is positive a.e. on R". Sup-
pose that c satisfies either (HI) or (H2), and Q2 is an open set in R". Then for each given
function u € C(R), the generalized Monge-Ampére measure of u associated with the
cost function ¢ and the weight g is the Borel measure defined by

wc(g, u)(E) = / g(y)dy
dcu(E)
for every Borel set E C Q. When g = 1, we simply write the measure as w.(u).

Remark 2.17 1f c satisfies (H2) and u € C(R2), then we know from Lemma 2.15(i) that
d:u(K) is compact for every compact set K C 2. Therefore the measure w.(g,u) is
finite on compact subsets of €2, and so w.(g, u) is a regular measure. Namely, it has the
following regularity properties

(g, u)(E) = inf {w(g,u)(U) : EC U C 2, U open}
for all Borel sets £ C €2, and
wc(g,u)(U) = sup {we(g,w)(K) : K C U, K compact}

for all open sets U C .
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Definition 2.18 Let u € C(2) and xo € Q. Then u is called strictly c-convex at xq if
dcu(xo) # ¥ and for any p € d.u(xg) we have u(x) > u(xp) — c(x — p) + c(xo — p) for
all x € Q\ {xo}.

Foru € C(R2), define I', = {x € Q : d.u(x) # @}. Then I, is a relatively closed set
in Qsince I', = {x € Q: u,(x) = u(x)}, where u, is the continuous function defined in
(23). We then have the following result noticing that I';, = Q iff u is c-convex in .

Proposition 2.19 Suppose that c satisfies (H2) and c* € C*(R"). We have
(1) Ifu e C*(Q), then

we(g,u)(E) = / g(x — Dc*(—Duw))| det(I + D*c*(—Du)D*u)| dx
ENT,

for all Borel sets E C Q.
(2) Ifin addition ¢ € C*(R") then for any u € C*(Q),

we(g ) (E) = / g(x — Dc*(—Duw)) det(I + D?*c*(—Du)D*u) dx
ENTy,
for all Borel sets E C Q.

Proof (1) Define s(x) = x — Dc*(—Du(x)) for every x in Q. Since ¢* € C*(R")
and u € C*(Q), it follows that s : @ — R”" is a C' mapping, and by Proposition
2.7 we have d.u(x) = {s(x)} for every x in Q satisfying d.u(x) # @. Let A={xe
Q : wisnot strictly c-convex at x} and let S be defined as in Corollary 2.12. Then
S| = 0 and we claim that A= (2 — T U [y Nns~(S)). Indeed, if x € A and
x € I'y then p = s(x) € d.u(x). Since d.u(x) can not contain more than one ele-
ment, there exists y € ©, y # x such that u(y) = u(x) — c¢(y — p) + c¢(x — p). Hence,
u(z) > ux) —c(z—p)+cx—p) =uly) —c(z—p)+c(y —p) for every z € Q. So
p € dcu(x) Nocu(y), ie., x € 51 (S). This implies the claim as the reverse relation
is obvious. We now let S C R” be a Borel set such that S ¢ S and |S'| = 0. Put
A=Q-T,Hudyn sfl(S’)), then clearly A is a measurable set, A C A, and as
deu(A) = 3T, Ns~1(S)) = s(Ty Ns~1(S)) ¢ § we have [d.u(A)| = 0. We now pro-
ceed the proof as follows. From the definition of A it is easy to see that s is one-to-one
on Q\ A, and hence one-to-one on €2 \ A. Therefore for any Borel subset E of 2, by
using the usual change variables formula we obtain

/ g(x — Dc*(—Du))| det(I + D*c*(—Du)D*u)| dx

ENTy,
= / g(s(x))| det Ds(x)| dx > / g(s(x))| det Ds(x)| dx
ENTy, E\A
= / g(y) dy = / gy dy & / g(y) dy = we(g.u) (E).
s(E\A) dcu(E\A) ocu(E)

Note that the equality (x) holds since [d.u(E) — d.u(E\ A)| = [d.u(E — (E\ A))| =
|[o.u(E N A)| = 0. Thus we have proved that
/ g(x — Dc*(—Duw))| det(I + D*c*(—Du)D*u)| dx > w(g,u)(E)

ENry,
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for every Borel set E C Q. Hence (1) will be proved if we show the reverse inequality.
To do that, let B = {x € Q : det Ds(x) = 0} and let E be a Borel set in Q2. Then for any
open set U with £ C U C Q, we can write the open set U\B as U\B = U2, C; where
{Ci}32, are cubes with disjoint interior and sides parallel to the coordinate axes. We
can choose C; small enough so that s : C; — s(C;) is a diffeomorphism. We therefore
have

/ g(x — Dc*(=Duw))| det(I + D*c*(—Du)D?u)| dx

ENTy,
= / g(s(x))| det Ds(x)| dx = / g(s(x))| det Ds(x)| dx
unry (U\B)NTy,
= / g(s(x))|det Ds(x)| dx = / g(s(x))| det Ds(x)| dx
(U2, CHNTy U2, o
Zi / g(s(x))|detDs(x)|dx:§: / g(y) dy
e, " énra

=3 0elg.u)(Ci N Ty) = weg. ) (U2, C) N T < (g u)(U).
i=1

Hence since the measure w.(g, u) is regular, we deduce that

/ g(x — Dc*(=Du))| det(I + D*c*(—Du)D?w)| dx < wc(g, u)(E).
ENTy,

This combined with the previous inequality yield the desired result for (1).
(2) This is a consequence of (1) and Remark 2.9. ]

3 Aleksandrov solutions

The equation (2) is highly fully nonlinear and when the cost function c is nice enough,
it is degenerate elliptic on the set of c-convex functions. Motivated by Proposition
2.19 and by using the previous results we shall define a notion of weak solutions for
(2) and study the stability property of the solutions.

Definition 3.1 We say that a c-convex function u € C(2) is a generalized solution of
(2) in the sense of Aleksandrov, or simply Aleksandrov solution, if

we(g. 1) (E) = / f00 dx

E
for any Borel set E C Q.
Proposition 3.2 Suppose c satisfies (H2), and that c,c* € C2(R"). Letu € C(2) be a

c-convex function. Then u is an Aleksandrov solution of (2) iff w.(g,u) is absolutely
continuous w.r.t. the Lebesgue measure and (2) is satisfied pointwise a.e. on Q.
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Proof Observing first that by [9, Corollary C.5], u is locally semi-convex® and hence
twice differentiable a.e. on Q in the sense of Aleksandrov. Also, by using Remark
2.9 and an argument similar to [11, Proposition A.2] we have that whenever u has an
Aleksandrov second derivative D%u(xp) at xo €  then

[0cu(Br(x0))]

_ 2 k0 2
A T B TP CPuonDiuto)l (14

and if in addition I + D?%c*(—Du(xg))D?u(xp) is invertible, then d.u(B,(xg)) shrinks
nicely to xg — Dc*(—Du(xyp)).

Suppose w.(g,u) is absolutely continuous w.r.t. the Lebesgue measure on the o-
algebra of Borel sets in ©2 and with density F(x). The proposition will be proved if we
show that

F(x) = g(x — Dc*(—Du(x))) det[I + D*c*(—Du(x))D*u(x)] a.e. xin. (15)

Since g > 0 a.e. on R” we get w.(u) is also absolutely continuous w.r.t. the Lebesgue
measure. Combining this with (14) we see that det[/ + D*c*(—Du(x))D?u(x)] is the
density of w.(u). Now let M be the set of points x € Q satisfying u has Aleksandrov
second derivative at x and det[I + D?c*(—Du(x))D?u(x)] > 0, and let H be a Borel set
in R” with Lebesgue measure zero such that every point in R” \ H is a Lebesgue point
of g. Define E = {x € M : x — Dc*(—Du(x)) € H}. Then it is clear from Remark 2.13
that £ = 9;,(u*,R")(H) N M and hence E is Lebesgue measurable by Lemma 2.15 as
u* € C(R"). We claim that |E| = 0. Indeed, let K C E be a compact set then we have
deu(K) C du(E) C H. Hence, [i det[l + D>c*(—Du(x))D*u(x)] dx = wc(u)(K) = 0.
This implies that |K| = 0 as the integrand is positive on K. Since E is Lebesgue
measurable, the claim follows because |E| = sup{|K| : K C E, K is compact}.

For each x € M — E since I + D?c*(—Du(x))D*u(x) is positive definite we get
d:u(B(x)) shrinks nicely to x — Dc*(—Du(x)), a Lebesgue point of g. Consequently,

2c@B@) _ p, 1B 1 / g(y) dy

m =
r—0+ |Br(x)] r—0t  |Br(X)|  [0cu(Br(x))]
dcu(By(x))

= g(x — Dc*(—Du(x))) det[I + D*c*(—Du(x))D*u(x)] Vxe M —E.

Thus we obtain
F(x) = g(x — Dc*(—Du(x))) det[I + D*c*(—Du(x))D*u(x)] a.e.on M. (16)

On the other hand, by letting B be a Borel set in  such that M C B and |M| = |B|
we have [9.u(Q — B)| = [, pdet[I + D*c*(—Du(x))D?u(x)] dx = 0 since det[] +
D2c*(—Du(x))D%u(x)] is zero a.e. on Q — M. Therefore,

[ Fos=ogo@-B= [ swaw=o
Q-B dcu(Q2—B)
which gives F(x) = 0 a.e. on  — B. This implies that
F(x)=g(x — Dc*(—Du(x))) det[I + D*c*(—Du(x))D*u(x)] a.e.onQ— M. (17)
From (16) and (17) we get (15) and the proof is complete. ]

6 This means that given x € Q there exist a ball By(x) and a nonnegative constant A such that
u(x) + )L|)c|2 is convex on By(x) in the standard sense, see [9, p. 134].
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In order to solve the Dirichlet problem for the equation (2), the following lemma
is needed in Sect. 6. Condition (18) is used to pass from local inequalities to global
ones, see the argument after (20).

Lemma 3.3 Let Q C R" be a bounded open set and uy € C(2) be a sequence such that
ur — u uniformly on compact subsets of Q2.

(@)

(ii)

If K C Q is compact, then
lim sup d.ui (K) C d.u(K),

k— o0

and by Fatou
lim sup w¢ (8, i) (K) = wc(g, 1) (K).

k— o0

Assume further that (H2) holds, uy are c-convex on Q and for every subsequence
{kj} and {zk;} C @ with Ik, = 20 € 02, we have

lim inf u(z;) < lim sup ug, (z;)- (18)
J— 00 j—o0

If K is compact and U is open such that K C U C 2, then we get
ocu(K) C liminf o1y (U)
k—o00
where the inclusion holds for almost every point of the set on the left hand side,

and by Fatou
wc (g, u)(K) = lim inf wc (g, 1) (U).
—00

Proof (i) Letp € limsupy_, o, dcux(K). Then for each n, there exist k, and xi, € K

(ii)

such that p € d.uy, (xx,). By selecting a subsequence {x;} of {xy,} we may assume
xj — xo € K. On the other hand, u;(x) > u;(xj) — c(x — p) + c(x; — p), Vx € Q,
and by letting j — oo, the uniform convergence of u; on compacts yields

ux) = u(xp) —c(x—p)+clxo—p) VxeQ

thatis, p € d.u(xp).

Without loss of generality we can assume that U C Q.

Let A = {(x,p)|x € K and p € d.u(x)} and for every z € R” we define the
auxiliary function v(z) = SUP(x pyed fxp(2), where for each (x,p) € A we denote
fip@) = —c(z — p) + c(x — p) + u(x) for all z € R". We first observe that
since d.u(K) is bounded by Lemma 2.14 and c is locally Lipschitz it is easy
to see that v is locally Lipschitz on R". If (x,p) € A, then u(z) > fyp(z) for
z € Qand so v < u on Q. Since by Lemma 2.10 u is c-convex, then by taking
p € dcu(z) we have v(z) > f; »(z) = u(z) for z € K and so v = u in K. Moreover,
3. (v,R™M)(x) = d.u(x) foreveryxin K. Nowlet S ={p e R" : p € 9.(v,R")(x1) N
3:(v,R")(x2) for some x1,x» € R",x1 # x3}. By Corollary 2.12, |S| = 0. There-
fore (if) will be proved if we show that 9.(v,R"*)(K) \ S C liminfi_, o, dcur(U).
Letp € 9.(v,R™")(K) \ S, then there exists xg € K such that p € 3.(v,R")(x¢) and
p & 0.(v,R™")(x) for every x in R \ {xo}. Hence we have

V) > V(o) — c(x—p) + oo —p)  Vx € R\ [xo). (19)
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Now let 8 := min, 7 {ux(x) — ux(x0) + c(x — p) — c(xo — p)}. Then this minimum
is attained at some x; € U. So 8, = up(xy) — ug(x0) + c(xx — p) — c(xo — p) and
ur(x) > up(xo) — c(x — p) + c(xo — p) + 8¢ Vx € U. Thus we obtain

up(x) = up(xp) —cx —p) +cg —p)  Vxe U. (20)

We first claim that x; — x¢. Indeed, let {xkj} be any convergent subsequence of {xy},
say to x € U. If x # x¢ then since u; — u uniformly on U, passing to the limit in (20)
and using (19) we get
u(x) = u(x) —c(x —p) +c(x —p)
= v(X) —c(x —p) +c(x —p)
> v(xo) —c(X —p) +clxo —p) —cx —p) + c(x —p)
=u(xg) —c(x —p)+clxo—p) YxeU,

in particular, u(xo) > u(xp), a contradiction. So we must have X, = X0 and hence we
obtain x; — xg € U.
We next claim that there exists k¢ such that for all k > kg we have

up(x) = up(xg) — c(x —p) +clxxg —p) Vx € €2,
in other words, the inequality (20) holds true in Q. Otherwise, we can find a subse-
quence {k;} and {zi;} c QU such that

Mkj(zkj) < ukj (xkj) - C(ij _p) + C(xkj _p) V] (21)
Since Q is bounded, passing through a subsequence, we can assume that zx;, — zo €

Q\U.If zo € @\ U, then by letting j — oo in (21) and using the assumption that
uy; — u uniformly on compact subsets of 2, we deduce that

v(20) < u(xp) — c(zo — p) +c(xo — p) = v(xo) — c(z0 —p) +clxo —p).  (22)
On the other hand, if zg € 92, then from (21) we obtain

lim sup uy; (zx,) < u(xo) — c(zo — p) + c(xo — p) = v(x0) — c(z0 — p) + c(xo — p).

j—oo
But (18) and since u > v on Q yield

lim sup uy, (zk;) > liminf u(zg,) > liminf v(zx;) = v(z0),
j>o0 7 j—00 / j—00 /

and therefore (22) also holds. This gives a contradiction with (19) since zg # xo.
So the claim is proved. But then we get p € d.ur(xg) for all k > ko and hence
p € liminfy_, o dcui(U) as xx — xo € U. This completes the proof. O

As an immediate consequence we have the following stability property, which will
be useful in various contexts later.

Corollary 3.4 Let Q@ C R" be a bounded open set and suppose that (H2) holds. If
{ux} C C(R) is a sequence of c-convex functions converging locally uniformly in Q to
a function u and condition (18) holds, then w.(g, uy) tend to w.(g,u) weakly, i.e.,

/ f(x) dwc(g, ug) — / f(x) doc(g,u)
Q Q
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for any f in Co(2).

Remark 3.5 We note that by following the proof of Lemma 3.3 we see that if either
uy are in C1() or uy, are convex on a convex set €2, then the above results still hold
without condition (18). The reason is that in these cases we have that (20) holds for
every x in an open neighborhood of xy iff it holds for every x in Q. However, this is
no longer true if u; are merely c-convex. We also remark that (18) is satisfied if either
ur — u locally uniformly and uy > u on 2 or uy — u uniformly on €.

4 Maximum principles

Let © be a bounded open set in R” and u € C(2). Consider the classes of functions

F(u) :={v: visc-convexin  and v(x) < u(x) Vx € Q},

G) :={w: wisc-concave in Q and w(x) > u(x) Vx € Q},
where w is called c-concave if —w is c-convex. Let

uy(x) := sup v(x) and u*(x):=

inf w(x). 23
veF(u) weG(u) ( )

Then u, is c-convex and u* is c-concave on 2. Moreover, if ¢ satisfies condition (H3),
then it follows from Remark 2.6 that u, and u™* are in C(2). We call these functions the
c-convex and c-concave envelopes of u in €2 respectively, and we have the inequalities

ue(x) <ux) <u*(x) VxeQ.
We also have that F(—u) = —G(u), and hence

—W"(x) =— inf wx)= sup v(x)= sup v(x) = (—u)s(x). (24)
weG(u) ve—G(u) veF(—u)

Consider the set of contact points
Ciw) ={xeQ: u(x) =ux)}; C*(u) ;== {x € Q: u*(x) = u®)}
which are relative closed in  if ¢ satisfies (H3). Then by (24) we get
Cy(u) = C*(—u). (25)
From the definitions it is clear that
0c(us) (Ci(u)) = 0cu(C(w)). (26)

Also it is easy to check if xg & C.(u), then d.u(xp) = . Hence, d.u(Q2) = d.u(Cx (1)) U
3u(Q2\ Cx(m)) = 3:u(Cy(u)). Therefore by combining with (26) we obtain

0c1(82) = 0cu(Cy (1)) = 0c(ux) (Cy(w)). (27)
Let
u(xo) = {p € R": u(x) < uxo) +c(x —p) —c(xo —p) Vx € 2}

be the c-superdifferential of u at xo. Notice then that 9¢(—u)(x¢) = d.u(xp).
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Lemma 4.1 Let ¢ : R" — R be a continuous function and Q@ C R" be a bounded open
set. Suppose u € C(2) is such that u < 0 on 9Q. Then for any xo € Q with u(xgp) > 0,
we have

Q2 (x0, u(x0)) C I°W)(C* (W),
where Q(x,) = {y eR":c(z—y) —c(x—y)+1t>0 VzeQl.
Proof Lety € Q(xg,u(xp)), then
c(z—y) —clxo—y) +ux) >0 VzeQ. (28)
Let ho :=inf{A: A4 c(z —y) —c(xo — y) > u(z) ¥z € Q}. By continuity we have
MFcz—y) —cxo—y) >u@) Vze. (29)

Consider the minimum min_ g [A0 + ¢(z — y) — c(xo — y) — u(z)] which is nonnega-
tive by (29). This minimum is attained at some point zZ € €, and we have

M+c@—y) —clo—y) —ui@) =0, (30)

because on the contrary Ao + c(z —y) —c(xo —y) —u(z) > € > 0,Vz € Q, and A
would not be the minimum. We now claim that z € Q. Indeed, since u < 0 on 9€2,
the claim will be proved if we show that u(z) > 0. By taking z = x¢ in (29) we get
Lo > u(xo), and consequently by (28)c(z — y) — c¢(xo — y) + Ao > 0, Vz € Q. Combining
with (30) yields u(z) = c¢(z —y) — c¢(xo — y) + Ao > 0. Thus we must have z € Q.
Therefore we have proved that if y € Q(xp, u(xp)), then there exists Z € Q such that
u(z) = c(z —y) — c(xo — y) + Ao, and since the above minimum is zero we also have

uiz) <ro+clz—y) —clxo—y) Vze.
Therefore by definition of u* we obtain
u(z) <u*@) <ro+cz—y) —clxo—y) VzeQ.
In particular,
u@) <u*(2) < ro+c@—y) —clxo—y) = u@).

So u*(z) = Ao+ c(Z —y) —clxo —y) = u(z) and hence z € C*(u). Moreover by
combining with the above inequality we get

u*(z) <hF+cz—y)—clxo—y) =u" @) +clz—y)—c(z—y) VzeQ.
Soy € 9°(u*)(z) C 9°(u*)(C*(«)) and this completes the proof. O
We notice that from Lemma 4.1, (24), (25) and (27) we have
2 (xo, u(x)) C W) (C* (W) = dc(— W) (C*(w))
= (=) (C* (W) = (=) :) (Ci (1)) = e (—u) (Ci(—u0)). (31)

Suppose ¢ : R"” — R is a continuous cost functjon satisfying ¢(0) = minyeprr c(x).
Let @ C R” be a bounded open set. For each x in Q2 and each ¢ > 0, let Q(x, ) be as in
Lemma 4.1, i.e.,

Qu,)={yeR":—t—c(z—y)+c(x—y) <0,Yz € Q},
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and define
Qu,)={yeR": —t—c(z —y)+c(x —y) <0,Vz € Q).

First observe that Q(x,0) = @, x € Q(x,¢) for any ¢ > 0 and Q(x, 1) is closed. Since
¢ is uniformly continuous on any bounded set of R”, it is easy to see that Q(x,) is
an open set for every x in Q and every ¢t > 0. Also if 0 < 14 < , then Q(x,f1) C
Qx, 1) C Qx,n), and U022 (x,f) = R". Particularly, we have Q(x,#) N B(x,#;) C
Q(x,1) N B(x, ) where the first set is compact and the later is a nonempty open set.
Therefore, for any x € Q and any 0 < #; < 2, we have that

[2(x,11) N B(x,11)| < |R(x,2) N B, ). (32)

The following lemma will be needed later.
Lemma 4.2 Suppose c satisfies eﬂher (H1) or (H2), and c(0) = minycrn c(x). Then
|Q2(x,1) — Q(x, )| =0forallx € Qand allt > 0.
Proof Let xy € Q and ty > 0. Define
F = {c-convex function v € C(Q) : v < 0 on Q and v(xg) < —to}
and

w(x) =supv(x) Vxe Q.
veF
If we let v(x) = —t9 — c(x — xg) + ¢(0) then it § clear that veTF. So F # ¢ and
moreover we have w is bounded from tzelow on Q,w < 0on 2 and w(xg) = —t9. By
using w(xg) = —1o it is easy to see that Q(xg, fp) = (W, Q) (x0).” Now let

S={peR": peiwQ)x)Nadw,Q)(x) forsome xi,x € Q, x1 # x2}.

Then |§| = 0 by Lemma 2.11. We shall complete the proof by showing that 2(xo, fo) —
Q (x0,10) C S. Indeed, ify e Q (x, fo) is such thaty ¢ S then asy € d.(w, Q)(xg) we get
—ty—c(z —y) +c(xo—y) < w(z) for all z in Q\ {x¢}. Particularly, since w < 0 on Q and
—ty < 0 we obtain —fy — c(z — y) +clxo—y) < 0 for all z in Q. That is, y € Q2 (xo, )

and hence Q(xo, %) — Q (x0,%) C S as desired. O
Now suppose g € L}UC(R”) is positive a.e. on R". Let B(g) = fR,, g(y) dy and for each
t > 0, define
no=inf [ goray (33)
xeQ
Q(x,))NB(x,t)

Then clearly £ : [0,+00) — [0,B(g)) with 2(0) = 0. We remark that by using the
Dominated Convergence Theorem and Lemma 4.2 it can be shown easily that the
function f(x) == [, ynpe. §0) dy is continuous on Q (a similar argument will be
employed in the proof of Lemma 4.3 below). Therefore, in the definition of 4 the
infimum is achieved, i.e.,

h(t)zmig / g(y) dy.
© Q(x,))NB(x,1)

By this fact and (32), we also have /4 is strictly increasing.

7 Notice that if ¢ satisfies (H3), then from Lemma 2.14 the set $(x, f) is bounded whenever x € €.
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Lemma 4.3 Suppose c satisfies either (H1) or (H2), and c(0) = ming» c(x). Let @ C R"
be a bounded open set. Then the map h : [0,+00) — [0, B(g)) is continuous, strictly
increasing, and onto with h(0) = 0. Consequently, it is invertible and h L [0,B(g)) —
[0, +00) is also continuous, strictly increasing with h=10) = 0.

Proof It remains to prove / is continuous and onto. Firstly, let 7y € [0, +00) and we
want to show £ is continuous at #. For this it suffices to prove that for any sequence
{tn} C (0,+00) with t,, — 1o, there exists a subsequence {n;} such that h(t,,].) — h(ty).

If {t,,} is such a sequence, then by the remark before this lemma there exists {x,} C Q
satisfying

h(ty) = / gy dy Vn.
Q (X, tn) B (Xn,tn)

As Q is bounded we can find a subsequence {xnj} of {x,,} and xo € Q so that Xn; = X0
as j — oo. We consider the following two cases.

Case 1 ty = 0. We have
h(ty) = / gy)dy = / 8 X )N Bt 1) (V) dy —> 0 = h(0)
Q(an»tnj)nB(xannj) B(xp,1)

by the Dominated Convergence Theorem since Xg(xnj’tnjmg(xnj’,nj)@) — 0 for all
Y # Xo.

Case 2 ty > 0. We have

= [ e di= [ g0, s, 0) d
Q(Xn].,t”j)ﬂB(an,[nj) B(x0,2ty)
— / 8 XQ(xo,10)NBxo.10) V) dy = / g(y) dy
B(xo,2t0) Q (x0,t0)NB(x0,t0)

by the Dominated Convergence Theorem since XQ(an’tnj)ﬁB(xnj’tnj)(_y) —

XQ(xo.10)NBxo.te) (V) Tor all y & E = [(S2(x0,%0) — Q(x0,10)) N B(xo, )] U [Q(x0,%) N
dB(xp, tp)], which has Lebesgue measure zero by Lemma 4.2. This can be easily veri-
fied by noticing the fact that R" = [Q(xg, ) N B]U Q(xo, 10)€ U B(x, 19)¢ U E. Thus we
have shown that

h(tn) — / g(y) dy.
Q(x0,10)NB(x0,f0)

Now we claim that fQ(xO 10)NBXoto) g(») dy = h(tp). Indeed, for each x € Q we have

¢ dy = lim / ) dy
j—>o0
Q (x,10)NB(x,t0) Q(x,t,,i)ﬂB(x,tnj)

> liminf_ o0 hi(tn) = / g(y) dy
Q (x0,0)NB (x0,10)
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where we have again used Lemma 4.2 in the first equality. Therefore, by taking the
infimum on the left hand side we obtain A(fp) > |, ot)NB o) §D) dy. So the claim is
proved since the reverse inequality is obvious. Thus we get 4(t,;) — h(tp) as desired.
This implies that % is continuous at #;.

Secondly, we want to show that £ is onto. We know that #(0) = 0. Now if we let
a € (0, B(g)) then since

g(y)ydy — B(g) ast— 400
Q(0,0NB(0,)

we can find a fyp > 0 such that a < fsz(o 0)NBO1) D) dy < B(g). For any x € Q and
any y € Q(0,7) N B(0,#) we have

—c(z—y)telx—y) =—cz—y) +c(=y) + [ctx —y) —c(=y)]
<t + sup lcw)) —cwp)| =1t < +00 Vz e,
wleQ,O;wzeB(O,to)
where Q) = {y € R" : dist(y, Q) < to}. Consequently, Q(0, ) N B(0,%) C Q(x,t1) N
B(0,19) for all x in Q. Hence, by picking #; sufficiently large if necessary we can
assume that Q(0,1) N B(0,f)) C Q(x,t;) N B(x,ty) for all x in Q. This implies that
Jo (00)nB(0sy) 8 dy < A(t1). Therefore, we obtain

h(0) =0 <a < / 5O dy < h(ty) < B(g).
2(0,t0)NB(0,10)

But then since /4 is continuous on [0, +00), there must exist a t» € (0, +o0) so that
h(ty) = a, which means that 4 is onto. o

From now on for convenience we will consider 4! as a one-to-one function from
[0, B(g)] onto [0, +o0] with h_l(B(g)) = +00. Therefore, h~1(a) < +00 onlyif0 <a <
B(g). By combining the previous results we obtain the following maximum principle
which holds for any continuous function on Q.

Theorem 4.4 Suppose c satisfies either (H1) or (H2), and ¢(0) = ming c¢(x). Let g €
L (R") be positive a.e. and 2 be a bounded open set in R". If u € C(R2) then

loc

max u(x) < max u(x) + b~ (we(g, —u) ().
Q Q2

Proof Let M = maxyq u(x) and let xo € Q be such that u(xp) > M. By Lemma 4.1
and (31) we have Q (xg,u(xg) — M) C 3.(—u + M)(Cx(—u + M)) = 9.(—u)(2). This
gives

h(u(xg) — M) < / gy dy < / g dy = wc(g, —u) ().
Q2 (x0,u(x0)—M) 0 (—u)(R)

Hence by taking the inverse we obtain u(xp) < M + h(w, (g, —u)(2)) and the proof
is complete. o

We end this section noticing that if the cost function c is convex, C' and satisfies
that there exist positive constants A, o such that [Dc(x)| < Alx|* for all x in R"
then Theorem 4.4 also holds with the function /4 defined in a simpler way, namely
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h(t) = inf, g [p, &) dy = min, s [5. ,8() dy. The advantage of this definition is
that it is independent of ¢ and in many cases when the function g is simple enough we
can calculate 4 and h~! exactly. For example, when g = 1 we have the following result
which is an extension of the well known Aleksandrov-Bakelman-Pucci maximum
principle.

Theorem 4.5 Suppose ¢ : R" — R is a C' and convex function satisfying there exist
positive constants A, a such that |Dc(x)| < Alx|* for all x in R". Let Q be a bounded
open set in R". We have

(a) Ifu € C(Q) then

max u(x) < max u(x)+ A w;%diam(Q) 19 (—10) (Ca(—1))] 7.
Q

(b) Ifue C2(Q) N C(Q) and in addition ¢ satisfies (H2) with c¢* € C2(R"), then

max u(x) < max u(x) + A oy " diam(Q) / |det( — D*c*(Du)D?u)|dx
Q
Ci(—u)

Proof (a) Let M = maxsq u(x) and xo €  be such that u(xo) > M. For any z € Q
and y € R", we have from the convexity of ¢ and the assumptions that

c(z—y) —clxg—y) +ulxg) —M > Dc(xo —y) - (z — x0) + u(xg) — M

> —Alxo — y|*|z — xo| + ulxo) — M
> —A diam()|xo — y|* + u(xg) — M.
— M\«
So if y € B(xp,R) where R = (%) , then we get c(z —y) — c(xo —

y) + u(xg) — M > 0,VYz € Q. That is, B(xo, R) C Q(xo,u(xo) — M). Therefore, by
Lemma 4.1 and (31) we obtain

onR" = |B(x0, R)| < |$2(x0, u(x0) — M)| < [9c(—u)(Ci(—w))]

oru(xg) —M < A w;%diam(ﬂ)|86(—u)(C*(—u))|%. This completes the proof of

part (a).
(b) This follows from (a) and the first part of Proposition 2.19.

5 Comparison principles

We begin with the following basic lemma.

Lemma 5.1 Suppose ¢ : R" — R is a continuous function. Let Q@ C R" be a bounded
open setand u,v € C(Q2). Ifu=vondQandv > uin Q, then

0:v(£2) C 0cu(S2).

Proof The proof is the same as in [10, Lemma 1.4.1] for the standard subdifferential
but we include it here for convenience.
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Letp € d.v(2). There exists xg € Q such thatv(x) > v(xg) —c(x—p)+c(xo—p) Vx €
Q. Define

a = sup (v(xo) — c(x — p) + c(xo — p) — u(x)}.
xeQ

Since v(xg) > u(xg) we have a > 0. Also, there exists x; € Q such that a = v(xg) —
c(x1—p)+c(xg—p)—u(x1) andsou(x) > u(xy)—c(x—p)+c(x;—p),Vx € Q. Moreover,
v(x1) > v(xp) — c(x1 — p) + c(xo — p) = u(x1) +a. Hence, if a > 0, then x; € Q and we
get p € deu(xy) C u(R). If a = 0, then u(x) > u(xg) — c(x — p) + c(xo — p), Vx € ,
and we obtain p € d.u(xp) C 9.u(£2). This completes the proof. O

We next have the following result which gives a stronger conclusion than Lemma
5.1.

Lemma 5.2 Supposec : R" — Risalocally Lipschitz continuous function. Let Q@ C R"
be a bounded open set and u,v € C(). Suppose that the set G := {x € Q : v(x) > u(x)}
satisfies G C Q. Then 9,v(G) C Int(d.u(G)).

Proof Ifp € 3.v(G),then there exists xg € G suchthatv(x) > v(xg)—c(x—p)+c(xo—p)
for all x € Q. Let € = v(xp) — u(xg) > 0 and consider the hypersurface of the

form v(xp) — c(x — q) + c(xo — q) — S, where g will be chosen in a moment. Fix
a ball B sufficiently large such that x — z € B for all (x,z) € @ x B(p,1). Choose
€ . Then for any g € B(p, M) we have

€

~ AlclLips) + €

v(x0) — c(x — q) + c(xo — q) — % = v(x0) — c(x — p) + ¢(x0 — p)

+ex —p) —cx — q)]
€

+c(xo — ¢q) — c(xo — )] — 7

€
<v@) +2|cllLipmlp —ql — 5= v(x) Vxe Q.
(34)
We shall show that B(p, M) C d.u(G). Indeed, for any q € B(p, M,) let

a = sup {v(xp) — c(x — q) + c(xo — q) — % —ux)}.
xeG

Since v(xg) —u(xo) = €, we geta > 0. Also observe thatif x isin Q\G, thenv(x) < u(x)
and so by combining with (34) we get

v(xg) —c(x —q) +c(xo — q) — % —u(x) <v(xg) —c(x—q)

+c(xo—q)—§—v(x)§0<a.

Soin fact a = sup,cq {v(x0) — c(x — q) + c(xo — q) — % — u(x)}. Now by the definition
of a there exists x; € G such that a = v(xg) — c(x; — q) +clxo—q) — % — u(x1) and
hence

V(x0) = €1 = @) + e(xo = ) = 5 — ) = V(o) = ¢(x = g) +clxo — @) — 5 — u(¥)
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for all x € @, or equivalently,
u(x) = u(x) —c(x —q) +c(x1 —q) Vx € Q. (35)

On the other hand, applying (34) at x = x; yields
€
vixy) Z vxo) — et —q) +clxo —q) = 5 =ulx) +a > uxy).

Therefore, x; € G and hence from (35) we get g € d.u(x1) C d.u(G), i.e., B(p, M¢) C
d.u(G). This completes the proof of the lemma. O

We recall a lemma from [9] adapted to the case of the c-subdifferential.

Lemma 5.3 (Lemma 4.3 from [9]) Suppose c satisfies (H3). Let Q@ C R" be an open
set and u,v € C(Q). Assume that G = {x € Q : v(x) > u(x)} is bounded, and
X = {x € Q : dulx) Nv(G) # @} is nonempty. If p € Q with u(p) = v(p) and
ocu(p) N ocv(p) = @, then dist(p, X) > 0.

Proof Suppose dist(p, X) = 0. Then there exist x, € X such that x, — p. Hence
there exist z, € G and y, such that y, € d.u(x,) N 9.v(z,). Since p € Q, it fol-
lows from Lemma 2.14 that d.u(U,{x,}) is bounded. So passing through a subse-
quence, we may assume that z, — zo and y, — yo. Since y, € d.u(x,), we have
u(z) = u(xy) —c(z — yn) + c(x, — yp) for all z € Q. Letting n — oo yields yg € d.u(p),
and from the hypotheses yo & 9.v(p). So there exists t € Q such that

V(1) < v(p) — c(t — yo) + c(p — yo). (36)

On the other hand, since y,, € 9.v(z,), we have

V() = v(zp) — ¢t — yn) +¢c(Zn — Yn)
> u(zy) — c(t — yp) + c(zy — yn), since z, € G
> u(p) — c(zn — yo) +c(p — y0) — c(t — yn) + c(zn — yn), since yo € du(p).

Lettingn — oo we get v(t) > u(p) —c(t —yo) +c(p —yo) = v(p) —c(t —yo) +c(p — yo)
contradicting (36). ]

We now consider conditions which force w.(g,u)(G) > w.(g,v)(G). This will be
used to prove the comparison principle Theorem 5.5.

Lemma 5.4 Suppose c satisfies (H2) and g is positive a.e. and locally integrable in R".
Let Q C R" be a bounded open set and G = {x € Q : v(x) > u(x)} where u,v € C(Q).
Suppose that G # 0, G C Q and d:u(xg) N dv(xg) = @ for some xo € 9G. Assume
further that xy € Int(spt(w.(g,u))). Then we have

wc(g, ) (G) > wc(g,v)(G).

Proof Let X = {x € Q: d.u(x) N d:.v(G) # #}. Then if X # @ we have from Lemma
5.3 that dist(xg, X) > 0. Therefore, there exists » > 0 such that B(xp,r) C € and
d:u(B(xg,7r))N3:.v(G) = @, in particular, d.u(G N B(xg, r)) Nd.v(G) = . This obviously
holds if X = ¢. From Lemma 5.2, 0.v(G) C 0.u(G). Thus we must have 9.v(G) C
0.u(G\B(xo,r)).Since xg € Int(spt(w.(g,1))), there exists r > 0 small enough such that
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B(xg,r) C spt(wc(g,u)). As xg € 3G, we then get that ¥ = G N B(xg,7) C spt(wc(g,1)).
‘We therefore obtain
(8, w)(G) = wc(g,u)(G \ B(xo,1)) + wc(g,u)(G N B(xp,r))
> (g, V)(G) + wc(g,u)(G N B(xo, 1)) > w:(g,v)(G).

This completes the proof. O

By using Lemma 5.4 we are able to prove the following comparison principle, which in
particular gives the uniqueness of solutions for the Dirichlet problems considered in
the next section. In the following theorem we denote S := spt(w. (1)) \ Int(spt(w,(1))).

Theorem 5.5 Suppose c satisfies (H2). Let g be positive a.e. and locally integrable in
R™ Q C R" be a bounded open set, u,v € C(Q) be c-convex in 2, and

wc(g,u)(E) < wc(g,v)(E)]  forall Borel sets E C . (37)
Assume that

for every open set D € Q with |0.v(D \ spt(w:(u)))| = 0, there exists (38)
a closed set F C 9.v(S N D) such that 1d.v(SN D)\ F| = 0.

Then we have

min {u(x) — v(x)} = min {u(x) — v(0)}.
Q IR

Proof For simplicity we shall present the proof when g = 1, i.e., when w.(g,u) and
wc(g,v) are replaced by w.(u) and w.(v) respectively. However, it can be readily
checked that the same argument works for general g. To this end, we only need
to note that from the assumptions on g we have spt(w.(g,u)) = spt(w.(u)) and if
E,F C R" are two measurable sets with E C F and [, g < oo, then [, g = [pgif and
only if |E| = |F]|.

By adding a constant to v if necessary, we can assume without loss of generality that
minyq {u(x) — v(x)} = 0. We shall prove that u(x) > v(x) Vx € Q. Indeed, suppose
not, then there exists x €  such that v(X) — u(x) = maxg [v(x) —u(x)] > 0. Let
8 = [v(X) —u(x¥)] > 0. For every 0 < § < §, define ws(x) := v(x) — 8 in Q and

Ds ={xeQ:ws >u®X)}=1{xecQ:wsx) > u(x)}.8

We have ¥ € Dg, and ws(x) = v(x) — 8 < u(x) — 8 < u(x) for x € Q. Hence Dy C Q
and D5 = {x € Q : ws(x) = u(x)}. Applying Lemma 5.2 we obtain

dcv(Ds) = 9cws(Ds) C Int(dcu(Ds)). (39)

Since v is c-convex, it follows from Remark 2.5 that d.v(Ds) # @.
Therefore w.(u)(Ds) > 0 and consequently

spt(we(u)) N Ds # W, for0 < 8 < 4. (40)

Denote V = Int(spt(w.(1))) and fix a 8 € (0,5). We then consider the following
cases.

8 1t 8 < 8. then Dy, C Int(D)).
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Casel V N Ds = @. Since spt(we(u)) = SU V, from (40) we get that S N Dy =
spt(wc(u)) N Ds # ¥, and so

10cv(Ds)] < 19cu(Ds)| = we () (spt(we(u)) N Ds)
= o) (SN Ds) = [3:v(SN Dy)| < [0cv(Ds)l.

Therefore [3.v(Ds \ spt(wc(u))| = 0. Thus, from (38) there exists Fs closed, Fs C
0.v(S N Dg) with |9,v(S N Dg) \ Fs| = 0. So

[0cv(Ds)| = 10cv(S N Ds)| = |Fs. (41)

In addition, Fs C 8.v(Ds), so it follows from Lemma 2.14 that F;s is a compact set.
Moreover, Fs C d.v(Ds) C Int(d.u(Ds)). Therefore, we obtain

[Fs| < |0cu(Ds)]. (42)
From (41) and (42) we deduce that |0.v(Ds)| < |d.u(Ds)| which contradicts (37).

Case2 VN Ds # @.

Since Ds is open, V N Ds # ¢). We then decompose the nonempty open set V' into
the union of its disjoint connected open components Vi UV, U --- UV, U --- Note
that the number of connected components of V is at most countable.

Case 2 A there exists a connected component V; of V such that V] N Ds # ¢ and
VN DS # 0.

This implies that V; N Ds # ¢ and V] N D§ # §. But as V; is connected, then we
claim that there exists a connected open component, say O, of the nonempty open set
ViN Ds such that 0ONaDs + ¥. To prove this claim we may assume V; N D§ # @, since
otherwise V; C Ds and so O = V; does the job. Let x; € V; N Ds and x; € V; N Dg.
Since V; is connected, there is a curve y C V; connecting x1 and x;. Since x; € Ds and
xy € DS, if we go along y from x; to x2, then y will hit dDj; for the first time at some
point z. Now let y; be the sub curve of y connecting x; and z. Clearly y1 \ {z} C V;NDs
and hence y; \ {z} lies in some connected component O of V; N Ds and so z € O. The
claim is then proved.

Next let

O = {x € O | u and v are differentiable at x}.

Since u and v are differentiable a.e. on Q2 we get O = O a.e.Nowif d.ws (xX)Nocu(x) =9
for all x € 0, then from Proposition 2.7(2) we have that x — Dc*(—Dws(x)) =
x — Dc*(=Du(x)) Vx € O. Therefore we obtain Du(x) = Dwg(x) for a.e. x € O. It
follows that u — wj is constant on O, and hence constant on O by continuity. By using
the fact that u = ws on dDs and O N dDs # ¥ we then get u = wg on O. Since O
is nonempty and O C Dy, this contradicts the definition of Ds. Thus we must have
dews(x0) N deu(xg) = ¥ for some xg € O. We first claim that 0 < wg(xg) — u(xg) <
maxg[ws(x) —u(x)] = maxDT[w[s(x) — u(x)]. Indeed, we only need to show the second
inequality. Suppose by contradiction that it is false, then by letting p € 9.w;(xg) we
have for every x € Q

u(xp) — c(x — p) + c(xo — p) = ws(xp) — c(x — p) + c(xg — p) — [ws(x0) — u(xp)]
<ws(x) — mgX[Wa(X’) —u(x)] < ws(x) — [ws(x) — u(x)] = u(x),
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so p € dcu(xp), a contradiction. This proves the claim. Now define wj(x) = ws(x) —
[ws(x0) — u(xp)] in Q and let G := {x € Q : wi(x) > u(x)} C Ds. Then we get G is
nonempty by the claim. Moreover it is clear that G is open, G € Qand G = {x € Q :
wi(x) = u(x)}. We also have wj(xo) = ws(xo) — [ws(xo) — u(x0)] = u(xo). Therefore,
Xxo € G and since xp € O C Int(spt(w.(u))), applying Lemma 5.4 we obtain that
|0.u(G)| > |9,v(G)|, a contradiction.

Case 2 B otherwise we have that each V; is either contained in D; or contained in Ds.
Define two open sets V and V* as follows

Vi =Upcp,ViCDs and V™= Uviepe Vi C Ds.

Then we have V = V; UV, VinVi* =0,V = Vi UV Also Vi # 0, Vi C Dy
and W C D§. Let f/g‘ = {x € V§ | u and v are differentiable at x}. If we can find
Xg € f/g such that d.ws(xg) N d.u(xp) = @, then by arguing as in Case 2 A we obtain a
contradiction. Therefore, we can assume that d.ws(x) N d.u(x) # @ for all x € f/g‘. But
again as in Case 2 A these yield that v — u is constant on each connected open compo-
nent of V§. We claim that 7; C Ds. Indeed, since otherwise there exist X € dDs and
a sequence {x,} C V; such that x, — . Therefore, v(x,) — u(x,) — v(X) — uX) =4.
Since 0 < 8 < & and v(x) — u(x) > & for all x € Dy, we can pick a ng large enough
such that § < v(xp) — u(xy,) < 8. Define § 1= v(xy,) — u(xy,), then § € (0,5). As
Xn, € V3§, xp, must belong to some connected open component V; of V. But since
v — u is constant on V;, we then deduce that v(x) — u(x) = Sforallx e V;i. However,
this implies that V; C 3Dy, which is impossible because V; is a nonempty open set.
This yields a contradiction and the claim is proved. Now as V§* C D§ and by the
claim, we have

spt(wc(w)) N Ds = (Vi UV US)NDs = ViU (SN Dy).
So we obtain
[0cv(Ds)| < |0cu(Ds)| = we(u)(spt(we(u)) N Ds) = wc(u)(7§ U (SN Dy))
< [0:v(VE U (SN Ds))| = [3:v(VE) U d:v(S N Dy)| < [8:v(Dy)l,

and |8cv (D,g \ spt(wc(u)))| = 0. Thus from (38) there exists a closed set Fs C 9.v(SN
Djs) with [0,v(S N Dy) \ Fs| = 0 and therefore

18:v(Ds)| = [8:v(VE) U dev(S N Dy)| = [8:v(VE) U Fy). (43)

Since Fj is closed, F5 C d.v(SNDs) C 3.v(Ds), and the last set is bounded by Lemma
2.14, we have that Fs is compact. Also 9.v(V}) is compact. Moreover, from (39), we

have 3CV(V7§) U Fs C 0.v(Ds) C Int(d.u(Dy)). Therefore, we get

19:v (V) U Fs| < |8cu(Ds)|. (44)

From (43) and (44) we deduce |9,v(Ds)| < |d.u(Ds)| obtaining a contradiction. The
proof is completed.

Remark 5.6 (On condition (38)) We remark that condition (38) holds if

S has no limit points in the interior of Q. (45)
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Indeed, itis easy to see that (45) holds if and only if for each D € Q open, the set SN D
is closed. Thus, if spt(w. (1)) = V with V open subset of Q or spt(w. (1)) is convex with
nonempty interior or spt(w (1)) is a finite set, then (38) holds.

6 Dirichlet problem
6.1 Homogeneous Dirichlet problem

Definition 6.1 A bounded set Q C R" is called strictly convex if for any z € 0%, there
exists a supporting hyperplane H of Q such that H N Q = {z}.

Definition 6.2 Let ¢ : R” — R be a continuous function. A bounded set @ C R" is
called strictly c-convex if for any z € 9, any § > 0and any a > 0, there exist y,y* € R"
such that

cx—y)—c(z—y) >0 W edQ, and c(x—y)—c(z—y) >a Vx e Q\ B(z,8) (46)
and

c(z—=yH—c(x—y*) > 0Vx € 0Q, and c(z —y")—c(x—y*) > a Vx € 9Q\ B(z,9).
(47)

To illustrate this definition we give several remarks.

Remark 6.3 1If c(x) = ¢(|x]) with ¢ : [0,00) — R continuous and strictly increas-
ing, then (46) implies that Q satisfies the exterior sphere condition, that is, for every
z € 09, there exists an open ball B satisfying BN Q = {z}.

Proof Let z € 9Q. We claim that we can find a y € R”\Q such that
lx—y|>|z—y|, forallxe Q. (48)

If we assume the claim for a moment, then we see that B(y,|z — y|) N @ = ¢ and
z € B(y, |z —y|) N Q. Therefore, if we let y be the midpoint of the segment yz and B be
the open ball centered at j and with radius |z — y|/2, then it is clear that BN Q = {z}
as desired.

It remains to prove the claim. Let a be such thata > max, 5co [c(x —y) —c(z — )]
and let § = diam(£2)/2. Then by (46) there exists y € R” such that

cx—y)—c(z—y) >0, forallxe i, (49)

and

- diam(2
cx—y)—clz—y) >a, foraller\B(z,%()). (50)
From (50) and the choice of a, we must have y ¢ Q. Then if x € ©, let X be a point on
the segment xy and on d2. From the form of ¢ and (49) we have, c(x —y) > c(x —y) >

¢(z —y) and we are done. O

Remark 6.4 1f c(x) = ¢(|x|) is convex with ¢ : [0,00) — R continuous and strictly
increasing, and the open set Q verifies the first inequality in (47), then  satisfies the
enclosing sphere condition, that is, for each z € 92 there exists a ball Bg D Q with
z € 0BR.
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Proof We first see that the first inequality in (47) holds in Q. Because if x € Q, then
there exist two points x1,x2 € 92 such that x = tx1 + (1 — H)x for some 0 < ¢ < 1.
Hence

c(x =y =cx; =y + A -2 —y*)
<tc(x; —y") + 1A —elxa —y")
<tez—y)+ A -tc(z—y*) =clz—y").

Therefore
QC{x:¢(x—y"D) =oz—y*D}
==y =lz—y"}
= Blz—y*\(y*)7
that is, 2 satisfies the enclosing sphere condition and in particular, €2 is strictly convex.
]
. . c(x) o
Remark 6.5 1If ¢ : R" — R is convex and limy— o ﬁ = 400, and Q is strictly
X

convex, then (46) holds.

Proof Let z € 32,8 > 0, a > 0, and P(x) = 0 be the equation of the supporting
hyperplane to Q at z. We can assume Q C {x : P(x) > 0}. Since € is strictly convex,
there exists n > 0 such that {x € Q : P(x) < n} C B(z,8). That is, P(x) > n for all
x € Q\ B(x,8). We can write P(x) = A - (x — z) with A € R". Since dc(R") = R" (dc
means the standard subdifferential of c), we get that %A € dc(w) for some w € R”. If
y =z —w, then %A € dc(z —y) and hence

cx—y)—clz—y) = %A-(x—m - %P(x) >0
for all x € Q, and
Cx—y)—c@z—Y) = A x—2)=-Px)>“n=a
n n n
forallx € @\ B(z,9). ]

Remark 6.6 Let ¢ : R” — R be a convex function such that c(x) = ¢(|x|) for some
nondecreasing function ¢ : [0,00) — R satisfying ¢ € C'(m, c0) for some m > 0 and
limy— 100 ¢’ (1) = +00. If Q@ C R” is a bounded open set satisfying the enclosing sphere
condition, then  is strictly c-convex.

Proof In view of Remark 6.5, we only need to verify (47). We may assume m = 0
because we will see below that we can pick y* as far as we want from Q. Let z € 9,
8 > 0,a > 0, and Bgr(zo) be an enclosing ball for z. If H is the supporting hyperplane
to the ball Bg(zo) at z, then H N Q = {z}. Let H~ denote the halfspace containing
and let H' denote the complementary halfspace. Consider the line passing through
z and orthogonal to H. Let L and L’ be the rays starting from z and lying in H* and
H~ respectively. We have that zg € L.

Let L) ={yel :|ly—zl>R}.Ify e L, then Q@ C B(y,|y — z|) and hence
c(z —y) —c(x —y) > 0for all x € Q. Therefore, (47) will be proved if we show that
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’

there exists y* € L, such that ¢(z — y*) —c(x — y*) > aforallx € 9Q \ B(z,§). From
the strict convexity of €2, there exists 8 > 0 such that

X—y Z—X
x—yl lz—x

| > B, VxedQ\B(z8), and Vye L/ZO with |y — z| large.
Again from the convexity of ¢ we then get

cz—y) —cx—y) = De(x—y) - (z—x) = ¢'(x —y]) |z — x| —2 . =%

b=yl 1z — x|
> ¢'(Ix — y) 85,

forallx € 9Q\ B(z,8) and all y L’ZO with |y — z] large. Since limy—, 4o ¢ (f) = 00,
(47) follows picking y = y* € L’ sufficiently far from z.
This completes the proof. o

Under the assumption that the domain is strictly c-convex we solve the homoge-
neous Dirichlet problem as follows.

= +4o00. Let

Theorem 6.7 Suppose that c satisfies condition (H1) and limy|— oo %
X

Q C R" be a strictly c-convex open set and v : Q2 — R be a continuous function. Then

there exists a unique c-convex function u € C(Q) Aleksandrov generalized solution to
the problem

det[I + D*c*(—=Du(x))D*u(x)] =0 in Qu
=1y on Q.

Proof Define
Fi={fx)=—cx—y)—A: yeR" A eRandf(x) < ¥(x) on dQ}.
Then since ¥ is continuous on 92 we have that F is nonempty. Let

u(x) =sup{f(x): f € F}. (51)

Claim 1 u =+ ondQ.

It is clear from the definition of u that u < ¢ on 9. Now let z € 9%, and
€ > 0. Then we can find § > 0 such that | (x) — ¥ (z)| < € for all x € B(z,8) N 0L2.
Choose a = ¥ (z) — € — m where m = min {¢/(x)|x € 9Q \ B(z,8)}. Since Q is c-
strictly convex, there exists y € R” such that c(x — y) — c(z — y) > 0Vx € 92 and
cx—y)—c(z—y) =avx € 9Q\ B(z,9).

Let f(x) := —[c(x — y) — c(z — y)] + ¥ (2) — €. We claim that f < ¥ on d2. Indeed,
ifx € B(z,8) N3, then f(x) = —[c(x —y) —c(z =N+ ¥ (2) —€ ¥ (2) —€ < Y (x).
On the other hand, if x € 9Q2 \ B(z,§), then we have c(x — y) —c(z —y) > a and hence

J)=—lcx=y) —cz=N+¥@) —e =-[¥ (@) —e—ml+¥(@) —e=m =Y.

Therefore f € F. Thus, u(z) > f(z) = ¥ (z) — € for all ¢ > 0. Hence, u(z) > ¥ (z) and
this proves Claim 1.
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Claim 2 uis c-convex and u € C(2). B
From the definition it is clear that u is uniformly bounded from below on .

Now let g(x) = —c(x) + maxyq [V + c]. It is clear that g > ¢ on 9%, g is c-con-
vex and as ¢ € CL(R") we have 9:.8(2) = {0} and so |9.g(£2)| = 0. Hence for each
f(x) = —c(x —y) — A € F, it follows from the comparison principl_e Theorem 5.5 that

f<ginQand therefore u is uniformly bounded from above on . Thus, we get u is
uniformly bounded on 2. Particularly, this implies that u is c-convex and moreover
from Remark 2.6 we obtain u € C(R2).

Claim 3 u is continuous up to the boundary.

Let z € 9Q and {x,} C Q be a sequence such that x, — z. For any ¢ > O,
we can find § > 0 such that |y (x) — ¥ (z)] < € for all x € B(z,8) N 3. Choose
b =M — {¥(z) — e where M = max {¢(x)|x € 9Q \ B(z,8)}. Since  is c-strictly con-
vex, there exists y* € R” such that c¢(z — y*) —c(x —y*) = 0 Vx € 9 and
cz—y)—clx—y">b Vx € 0Q\ B(z,6).

Let A(x) := c(z — ¥*) — c(x — y*) + ¥(2) + €. For x € B(z,8) N 92 we have
h(x) > ¥ (z2)+€ > ¥(x),and forx € 9Q \ B(z,8) we have h(x) > b+ (2) + € > ¥ (x).
Therefore, we get A(x) > ¥ (x) on 92. Moreover, h is c-convex, 9:4(2) = {y*}, so
|0:h(2)] = 0. Thus for any f(x) = —c(x —y) — A € F, as in Claim 2 we obtain
f < hin Q. Hence u(x) < h(x) = c¢(z — y*) — c(x — y*) + ¥ (z) + € in Q. This yields
lim sup u(x,) < ¥(z2) + € and hence lim sup u(x,) < ¥ (z) since € > 0 was chosen arbi-
trary. On the other hand, for any € > 0, by constructing a function f € F as in Claim 1
we get u(x,) > f(xn) = —[c(xn —y) —c(z —y)1 + ¥ (z) — €. Soliminf u(x,) > ¥ (z) —¢€
for any € > 0 and hence lim inf u(x,) > ¥ (z). Thus lim,_, o u(x,) = ¥(2) = u(z) and
we obtain u € C($).

Claim 4 9.u(2)| = 0.
Let p € 9.u(2). Then there exists xo € Q2 such that

u(x) > u(xp) — c(x —p) +cxo —p) Vx € Q.

Therefore if we let f(x) := u(xp) — c(x — p) + c(xp — p), then since u(x) = ¥ (x) on
Q2 we get f(x) < ¥(x) on d2. We now claim that in fact there is { € 9 satisfying
f(&) = ¥(¢). Indeed, since otherwise there exists € > 0 such that f + € < ¢ on <.
Then the function f(x) + € € F and hence u(x) > f(x) + € for all x € Q. In particular,
u(xg) > f(xo) +€ = u(xp) + €. This is a contradiction. So f(¢) = ¥ (¢) = u(¢) for some
¢ € 992. But then we get

u(x) = u(xo) — c(x —p) +c(xo — p)
= u(xg) — c(¢ —p) +c(xo —p) —c(x —p) +c(C —p)
=f@)—cx—p)+c@G—p)=u@)—clx—p)+ct—p) VxeQ.
Sop € 8:(u, 2)(x0) N dc(u, Q) (¢).ie.,p € S where S is defined as in Lemma 2.11. That
is o.u(2) C S and the claim follows from Lemma 2.11.

Thus we have shown the existence of a generalized c-convex solution. The unique-
ness follows from the comparison principle Theorem 5.5 and this completes the proof.

[m}

Remark 6.8 In case c(x) = %lxlp ,with 1 < p < o0, then the conclusions of Theorem
6.7 and Lemma 6.10 hold when  satisfies only condition (46), in particular, this is
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satisfied when Q is strictly convex by Remark 6.5. And consequently, for power cost
functions Theorems 6.11 and 6.12 and Corollary 6.13 below are also true when the
domain  satisfies only condition (46).

Proof We notice that condition (47) is only used in Claim 3 to prove that for any
z € 9Q and any € > 0 we have limsup,_, ; .o u(x) < ¥ (2) + €. Therefore the remark
will be proved if we establish this using only condition (46). In fact, from Remark 6.3,
Q satisfies the exterior sphere condition and thus Q2 is g-regular with g the conjugate
of p. From [3, Theorem 4.7] there exists w € wha(Q) N C() weak solution to the
g-Laplacian

_div (|Dw(x)|q_2Dw(x)) +n=0, inQ and w=—y ondQ.

Notice that div (|[Dw(x)|92Dw(x)) = div (Dc* (Dw(x))). For each f(x) = —c(x —
y) — XA € F,we have —f(x) > —y(x) on 2, and —div (Dc* (—Df(x))) +n = 0. Hence
by the comparison principle [3, Theorem 3.1] for the g-Laplacian we get that —f > w
in ©, and therefore u(x) = supsc 7 f(x) < —w(x) for all x € Q. m]

Remark 6.9 When ¢ is a constant function, the proof above shows that Theorem
6.7 holds when €2 satisfies a condition weaker than c-strictly convex, namely: for any
z € 09, thereexisty, y* € R" suchthatc(x—y)—c(z—y) > Oand c(z—y*)—c(x—y*) > 0
for all x on 9.

6.2 Nonhomogeneous Dirichlet problem

1

Throughout this section we assume that g € L; .

with the following lemma.

(R™) and is positive a.e. We begin

Lemma 6.10 Suppose that c satisfies condition (H1), and limy|— 1o % = +o0. Let
X

Q C R" be a strictly c-convex open set, and  : 9Q — R be a continuous function.
Then for any set E @ Q2 and for any number o € R, there exists a c-convex function
u € C(Q) satisfyingu =y on 9Qandu < a on E.

Proof Define
F={fx)=—ctx—y)—Ar: yeR" 1eR, f<yoniQandf <wonE}.
Since ¥ is continuous on 92 we have that F is nonempty. Let

u(x) = sup f(x) for all x € Q.

feF
The proof now follows as in Theorem 6.7 with some obvious modifications in Claim
1. O
. . . c(x)
Theorem 6.11 Suppose that c satisfies condition (HI), limy— ﬁ = +oo, and
X
c¢(0) = mingeprr c(x). Let Q C R" be a strictly c-convex open set, ¥ € C(3%),
distinct points x1,...,xN € @, and ay, . .. ,an positive numbers. If
01+'~'+0N</g(y)dy, (52)
]Rn
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then there exists a unique function u € C(Q), c-convex solution to the problem

we(gu) =N a8y, inQ (53)
u =Y onodf.

Proof Let

H={veCQ):visc-convex in Q, v[yo = V,0(g,V)(RQ)

N
= > welg (), and / g0 dy <arfori=1,....N}.
i=1 Bev(xy)

From Theorem 6.7, let W be the solution to w.(g, W) = 0 and W = ¢y on 2. We have
W € H, and it follows from definition (51) that

v<W, foreachveH. (54)

For each v € H define

Vvl = /[W(x) —v(x)]dx =0,
Q

and let

B = sup V[v].
veH

We shall prove that there exists u € H such that 8 = V[u] and u is the desired solution
to the problem (53).

Claim 1 There exists L € R such that

L <vinQandforallv € H. (55)

Proof of claim 1 Applying Theorem 4.4 to —v we get

max(—v) < max(—v) + h Y (we(g,v)(Q)),

where the function 4 is given in (33). Since w.(g,v)(R2) < a; +--- 4+ any < B(g), and
h~1is increasing, we obtain that

iny > L :=mi —h! —00.
ngnv_ nal%znw (@i +---4+an) > —oc0

Claim 2 There exists a c-convex function w € C(Q) with w = ¥ on 9Q and

wx) <v(x), inQandforallve H.

Proof of Claim 2 Using Lemma 6.10 we can construct a c-convex function w € C(S)
such that w = ¢ on 92, and w < L on {xq,...,xn}. Next let v € H and define

Gy, ={he C(Q):hisc-convexin , hlsq < ¥, h(x;)) <v(x;) fori=1,...,N},
and
P(x) = sup h(x), xeQ.

heg,
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Notice thatv € G,,andsov < v. Alsov(x;) = v(x;) for 1 <i < N. We claim thatv = v.
We have v = v on dQ2. So if we prove that w.(g,v) < w.(g, V), the claim will follow from
the comparison principle Theorem 5.5. Since the measure w.(g, v) is concentrated on
{x1,...,xn}, it is then enough to show that

ocv(x;)) CoV(x), i=1,...,N.

If p € 3.v(x;), then v(x) > v(x;) — c(x — p) + c(x; — p) =: h(x) forallx € Q. Buth € G,
so h < ¥in Q. Since h(x;) = v(x;) = ¥(x;), we then get p € 9.V(x;) as desired. We now
notice that from Claim 1, we have that w(x;) < L < v(x;)forl <i < Nandsow € G,,
and consequently w < v. This completes the proof of Claim 2.

Recall that 8 = sup,.4, V[v], and from Claim 2, 8 < V[w] < co. Then there exists
a sequence {u,} C H such that V[u,] 1+ 8 as n — oco. From (54) and Claim 2 we have
that

wx) < u,(x) < W), Vxe Q. (56)

Claim 2A There is a subsequence {u,,} and u ¢ C(2) with u = v on 9% such that
uy, — ulocally uniformly in Q as k — oo. We denote this subsequence u.

From (56), {u,,} is uniformly bounded in €. Since u, is c-convex in 2, from Remark
2.3 we know that given K C Q compact, u, is Lipschitz in K, say with constant C(K, n).
We claim that C(K, n) is uniformly bounded in n. Indeed, from the hypotheses on c we
have that c satisfies condition (H3) and therefore by Lemma 2.14 there exists R > 0
such that d.u,(K) C B(0,R) for all n = 1,2,.... Choose the ball B which is large
enough such that z — p € B for all z € K and p € B(0, R). Then for any x,y € K, by
choosing p € d.u,(y) and since c is convex on R” we have

Up(x) — up(y) > —c(x —p) + c(y — p) > —llcllLip) X — yI.
Similarly, we also have u,(y) — u,(x) > —lcliLip)lx — yl. Thus |u,(x) — u,(y)| <
llcliLipslx — y| for all x,y € K, that is, C(K,n) < |c||Lips) for all n. This proves the
claim. Therefore {u,} are equicontinuous on K and uniformly bounded in Q2. From
(56) and since w = W = ¢ on 0%, by Arzela-Ascoli’s lemma there exists a subse-
quence {u,, } converging uniformly on compact subsets of  to a function u € C(Q)

satisfying u = y on 9Q2. Also u is c-convex by Lemma 2.10. This completes the proof
of Claim 2A.

Claim 3 u € H, and V([u] = sup,4 VIv].

It is enough to show u € H. We first see that w.(g, ux) — w(g, u) weakly in Q. To
prove this we use Lemma 3.3 and so we only have to check that condition (18) holds.
Indeed, if Tk, —> 20 € 9, then from (56) we have

lim sup u; (zx;) > limsup w(zx;) = w(z0) = ¥ (20)
= lim W(zy;) = liminf W(zy;) = liminf u(zg,).
Second, since the measures w,(g, ux) are concentrated on {xy, ..., xy}, it follows from

Lemma 3.3 that

) dy = welg, up)(xi}) — welg, ) () = / ) dy,
Oeltf (X;) deu(x;)
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as k — oo for 1 < i < N. This implies that facu(x,') gy)dy < a;for1 <i < N. Also
the measure w.(g, u) is concentrated on {xq,...,xy} since it is the limit of measures
concentrated on that set. Thus, we get Claim 3.

Claim 4 The function u solves the nonhomogeneous Dirichlet problem (53).

It is enough to show that j:%u(xl,) g(y)dy = a; for 1 <i < N. Suppose by contradic-
tion this is not true. Then there exists 1 < iy < N such that facu(xl,o) g(y) dy < aj,. By
relabelling the indices we may assume that there exists a number 1 < £ < N such that

/ gy dy <a;, forl<i<{ and / gyydy =a;, forf+4+1<i<N.
Dt (x;) Ocu(xi)

Given n € N define

_ 1
G, ={veC(Q):visc-convexin Q, vjgo < ¥, v(xg) <u(xy) — —forl <k <?¢
n

and v(x,;) < u(x,;) for£ +1 <m < N}.

1 _
Since u — — € Gy, we have G, # (. Define wy, (x) = sup,., v(x) for x € Q. We have
n

1
wnp(xg) = ulxg) — —, for1 <k <€ and w,(x;,) < u(x,;,), foré +1 <m < N.
n

‘We now claim that
Jng such that Vi > ng, w,(x,,) = u(x,,) forl+1<m <N. (57)

Indeed, by definition fr’)cu(xm) gy)dy =ay, > 0forf+1 <m < N,andso |d.u(x,;)| > 0
for £ +1 < m < N. Hence there exists p,; € d.u(x,,) such that f;,,(xr) < u(xy) for
1 < k < £, where f,(x) = u(xy) — c(x — pm) + ¢(Xm — pm). Because if on the contrary
for each p € d.u(x,,) there exists x; for some 1 < k < £ and with f,,(xx) = u(xg), then
p € ocu(xy) and so

Ocu(xm) C {p € R" : p € deu(x) Ndu(y) for some x,y € Q, x # y}.

Hence by Corollary 2.12, it follows that |d.u(x,,)| = 0, a contradiction. Therefore
there exists ng such that

1
fn () < ulxg) — —
no

forall £ +1 <m < Nand 1 < k < ¢, and so the last inequality holds for all
n > ng. Hence f,, € G, for £ +1 < m < N and for all n > ng, and consequently,
Wi (Xm) > fin(Xm) = u(x,,) and (57) is proved.

Claim 4A w,, € H for sufficiently large n.

Notice that constructing a sufficiently negative c-convex function w(x) whose values
are ¢ on 92 as in Claim 2, we have that w € G,, and so w, € C(2) with w,, = ¢ on
Q.

We first show that the measures w.(g, w,) are concentrated on {xq,...xy}. Let
B C Q be an open ball such that BN {x1,...xy} = #. We claim that |d.w, (B)| = 0. Let
p € 0wy (B). Then there exists z € B such that w, (x) > w,(z) —c(x —p) +c(z —p) =:
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f(x) for allx € Q. We claim that there exists y € Q\ B such that f(y) = w,(y). Suppose
by contradiction this is not true, so f(x) < wy(x) forallx € Q\B. Then f(x)+¢ < wy(x)
for all x € Q \ B for some € > 0 sufficiently small. Notice that f(x) + € is c-convex in
Q and therefore f + € € G,,. Hence f(z) + € < wy(2) = f(2), a contradiction. It then
follows from the claim that p € 3.(w,, Q)(y) and then

3cWn(B) C {p € R": p € 8c(Wp, Q)(x) N dc(wy, Q)(y) forsome x,y € Q, x # y}.
From Lemma 2.11 we then conclude that |d.w,(B)| = 0.

We have

u(x) — % < wp(x) < ux), forx e Q (58)

1
where the first inequality holds because u — — € G, and the second holds because
n

1 - _
G, C Gy. Consequently, —— < wy,(x) — u(x) < 0in Q so w, — u uniformly in Q

and therefore w.(g,w,) — wc(g,u) weakly, and since w,.(g, w,) are concentrated on
{x1,...,xn} we get from Lemma 3.3 that

/ gy)dy — / gy dy < ag
0cWn (Xg) deu(xg)

for 1 < k < ¢, and so there exists ny > ng such that for all n > n; we get

facwn(xk) gy)dy < ai for 1 < k < £. Now let n > ny, we shall show that w, € H.

Indeed, from (57) and (58) we have that d.w,, (x,,) C dcu(xy,), for£+1 <m < N, and
SO

/ gy dy < / gy)dy =ap, foré+1<m<N.
0cWn (Xm) dcu(Xm)
Thus, Claim 4A is proved.
Finally, from (58) and since u(xx) — wy, (xg) = ni for 1 < k < ¢ we then get that

1
Viwn] = [ W& —wp, (0] dx = Vu] + [q [u(x) —wp, ()] dx > V[u], a contra-
diction by Claim 4A. This completes the proof of Claim 4 and hence the theorem is
proved since the uniqueness follows from Theorem 5.5. O

6.3 Nonhomogeneous Dirichlet problem with general right hand side

Theorem 6.12 Suppose that c satisfies condition (HI), limy— 4o = 400, ¢(0) =

c(x)

x|
minyegrr ¢(X), and g € Llloc(]R") is positive a.e. Let Q C R" be a strictly c-convex open
set, and € C(3K2). Suppose that u is a Borel measure in Q satisfying spt(n) C Q and

w() < / g(y) dy. (59)
Rn

Then there exists u € C(Q) that is a c-convex weak solution to the problem w.(g,u) = 1
in Q and u =  on 0Q2. Moreover, the solution is unique if in addition u satisfies

the set S := spt() \ Int(spt(w)) has no limit points in the interior of Q. (60)
@ Springer
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Proof First fix a subdomain Q' of Q such that spt(u) C Q' € Q. By the assumptions
we can select a sequence of measures {u;} satisfying pu; — u weakly in 2, each u;
is a finite combination of delta masses with spt(x;) C Q' and {;(€2)} is uniformly
bounded by a positive constant A which is strictly less than [p, g(y) dy. Hence for
each j, by Theorem 6.11 there exists a unique c-convex weak solution u; € C() to the
problem w. (g, u;) = u;in Q and u; = ¥ on dK2. Then by using the maximum principle
Theorem 4.4, we have

—minu — . . -1 .
min i mgX( u,)snggX( wj) +h™ " (wc(g, u)(2))

= —miny + R (i) < — min y + h Y (A) =: C < +oo.

Moreover, by Lemma 6.10 we can find a c-convex functionw € C (Q) satisfyingw =
on 32 and w < —C on Q'. From Theorem 6.7, let v € C(2) be the unique c-convex
weak solution to the problem w.(v) = 0in Q and v = ¢ on 2. Then we have

wx) <ui(x) <vx) VreQ (61)

for every j, where the first inequality is proved using the argument in the proof of
Claim 2, Theorem 6.11, and the second follows from Theorem 5.5. It can be showed
casily that {u;} has a subsequence converging locally uniformly to some function u in
Q. Then by (61) we have w < u < v. Therefore u € C(Q) with u = ¢ on 3. Hence
by Lemma 2.10 and Corollary 3.4 we obtain that u is a weak solution to the Dirichlet
problem. The uniqueness follows from the comparison principle Theorem 5.5. O

In the last theorem, the assumption that the measure © has compact support in 2
can be substituted by the existence of a c-convex subsolution to the equation with the
given boundary condition. Indeed, we have the following.

Corollary 6.13 Suppose that c satisfies condition (HI), limy— 10 %

X
minyegrr ¢(x), and g € L}OC(R") is positive a.e. Let Q C R" be a strictly c-convex open
set, and € C(9). Suppose that v is a finite Borel measure in 2 satisfying (60) and
there exists a c-convex function w € C(Q) such that w.(g,w) > nin Qand w = v on
0K2. Then there exists a unique u € C(2) that is a c-convex weak solution to the problem

wc(g,u) =pin Qand u = on Q.

= +o00, ¢(0) =

Proof Let § = spt(u) \ Int(spt(n)) and for each positive integer j denote Q; = {x €
Q : dist(x,92) > 1/j}. Define

K}' = (Qj nsS)u Q]' N Int(spt(w))

which is a subset of spt(u), and u;(E) = ,_i]_—lu(E N K;) for every Borel set E C Q.
J
Then since u satisfies condition (60) we have K; is a closed set and hence spt(u;) =

spt(ulk;) = K;. Moreover, as S does not contain any interior point and the sets €; N .S
and ; N Int(spt(u)) are disjoint, we get Int(spt(u;)) = Int(K;) = Int(2; N Int(spt(i)))
= @; N Int(spt(n)). Therefore, if for each j we let S; = spt(u;) \ Int(spt(u;)), then we
obtain S; = ©; N S. This implies that condition (60) is satisfied with S replaced by S;.
We note also that u; — p weakly in € since for each compact set K C Q we have
uj(K) — u(K) because
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Iim (KN Kj) = lim p((KNQiNS)U (KN NInt(spt(n))))
j—00 j—00
= pn((KNS) UK NInt(spt(n)))) = n(K Nspt(pn)) = u(K).

Now since uj(2) < H%M(Q) and u(2) < w (g, w)(Q) < fRn g, we get uj(Q) < fRn g

as ( is a finite measure. Thus, by Theorem 6.12 for each j there exists u; € C(Q) that
is a c-convex weak solution to the problem wc(g,u;) = p; in Q and u; = ¥ on 9.
Hence as wc(g, uj) = pj < o < wc(g, w) and the measures y; satisfy condition (60), by
applying the comparison principle Theorem 5.5 we obtain

wx) <ui(x) <vx) VrxeQ (62)

for every j, where v € C () is the c-convex weak solution to the homogeneous Di-
richlet problem. Then by following the argument in the proof of Theorem 6.12 we get
the desired result. o

In general to find a c-convex subsolution is a nontrivial task. However, in the fol-
lowing by using Bakelman’s result on the existence of a convex weak solution to the
R-curvature problem we shall show that c-convex subsolutions do exist in a number
of important cases. In order to do that we need to recall some concepts introduced
by Bakelman. Suppose R € L. (R") is positive a.e. on R” and  c R”" is a bounded

loc
open set. For each convex function u on 2, define the measure

oR,u, E) = / R(y)dy for all Borel sets E C €,
du(E)

where du denotes the standard subdifferential. We then have the following relation
which in particular says that when g is bounded from below by a positive constant ¢y
then a convex subsolution to the R-curvature problem with R(y) = co det D%c*(— y) is
indeed a c-convex subsolution to our problem.

Lemma 6.14 Suppose c satisfies condition (H2) and c* € C2(R" \ {z0}) for some z¢ in
R", and g(y) > ¢y > 0 for a.e. y. Let R(y) = co det D*c*(—y) a.e. on R" and assume that
R is positive a.e., and let @ C R" be a bounded open set. Then for any convex function
u € C(Q), we have
wc (g, u)(E) > co|E| + w(R,u, E)  for all Borel sets E C Q.

Proof Noticing that since c¢* is convex, we have R € L}OC(R”) (see for example [11,
Corollary 4.3]). Also, as w.(g,u) > cow.(u), it is enough to show the above estimate
with the left hand side is w.(u) and with ¢y = 1. Assume first that u is a convex
function satisfying u € C2(©) and D%u(x) > 0in Q. Let s(x) = x — Dc*(—Du(x)) for
x in , and define K, = {x € Q : Du(x) = —z¢}. Then K|, is relatively closed in Q and
s € CL(Q\ K,). We observe that since D?c* (y) is symmetric nonnegative definite for
every y in R” — {zo} and D?u(x) is symmetric positive definite for all x in €, we have
D?c*(y)D*u(x) is diagonalizable with nonnegative eigenvalues for every such x and
y. But then by diagonalizing, it is easy to see that det(I + D?c*(—Du(x))D*u(x)) >
1 4 det(D*c*(—Du(x))D?u(x)) for all x in Q \ K,,. Particularly we have det Ds(x) > 0
on 2\ K.
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Now let E be an arbitrary Borel set in Q. We claim that

we(u)(E\ K,) > / | det(I + D*c*(—Du)D?u)| dx. (63)
E\Ky

Indeed, let U be any open set with £\ K;, C U C Q2. We can write the open set U \ K,
as U\ K, = ugglci where {C,-};?i1 are cubes with disjoint interior and sides parallel
to the coordinate axes. As det Ds(x) > 0 on U\ K,,, we can choose C; small enough so
that s : C; — s(C;) is a diffeomorphism. We therefore have

/ |det(I + D*c*(—Du)D*u)| dx < / | det Ds(x)| dx

E\Ky U\Ky
= / |det Ds(x)| dx = / | det Ds(x)| dx
VEiG Uioilcoi
o o0
= Z/|detDs(x)| dx = Z / dy
=17 i=1 7
Ci s(Ci)

[e.¢]
= Z |0.u(C;)| by Proposition 2.7 (2)
i=1

= 0@ (U2,C) < we@) (U \ Ky) < we@)(U).

Since c satisfies condition (H2), the measure w, (1) is regular. Hence, we deduce from
the last inequality that (63) holds. Next, as du(ENK,) = {Du(x) : x € ENK,} C {—z0}
we have [0u(E N K,)| = 0. Hence,

o(R,u, ENK,) = 0. (64)

We also note that since u is convex and u € C?(R2) we get from Proposition 2.7 (2)
that

IU(ENK,) ={x —Dc*(—Du(x)) : x e ENK,} = {x — Dc*(zp) : x € ENK,]}.
Thus,
w.W(ENK,) =|ENK,|. (65)
Combining (63), (64), (65) and by the above observation we obtain
ocW)(E) = wc(w)(ENKy) + o) (E\ Ky)
> |EN Kyl + / | det(I + D*c*(—Du)D?u)|dx
E\Ky
> |ENK,| + / [1+ det D*c*(—Du) det D*u] dx
E\K,
=|E|+ / R(Du(x)) det D*u(x) dx = |E| + (R, u, E\ K,,)
E\K,

— |E| + o(R,u, E).
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So the lemma holds for any convex function u € C?(Q) satisfying D’u > 0 in Q.
For the general case, choose a sequence of convex functions {v,,} C C2() such that
vin — u locally uniformly in Q. Define u,,(x) = v (x) + %|x|2. Then D?u,, > 0in
for every m and {u,,} still share the above properties of {v,,}. Hence, by applying the
previous result we get w¢ (i) > ||+ o (R, uy,,.) in Q for all m. But as {u,,} are convex
and uy,, — u locally uniformly we have w.(u;,), o (R, u,;,,.) converge weakly to w.(u)
and w (R, u,.) respectively (see Remark 3.5). Therefore, by passing to the limit we get
the desired result. O

We will need the following proposition which is a simple extension of Aleksandrov
maximum principle (see [10, Theorem 1.4.2]). Note that here we only need u > 0 on
02 instead of u = 0 on 92 as in Aleksandrov’s result.

Proposition 6.15 Suppose R(y) > cily|=2K for a.e. y in R" with k < % Let Q2 be a
bounded convex open set in R", and u € C(RQ) a convex function with u > 0 on Q. We
have the following:

(i) Ifk <0, then

1/(n—2k)
ulx) > — [7diam(§2)”’2k’1dist(x,BQ)w(R, u, Q)] Vx € Q.
cic(n, k)
(ii) If0 < k < 1, then
1 1/(n—2k)
u(x) > — [ diam(Q)" dist(x, 92)! " w (R, u, Q)] Vx € Q.
cic(n)

Proof Let xy € Q be such that u(xg) < 0 and let F = {v € C(Q) : v is convex, v <
uon 92, and v(xg) < u(xg)}. Then F # @ as u € F. Define

w(x) = sup v(x) for x € Q.
veF

Since Qis convex, there exists 4 € C(2) which is harmonicin € and # = 1 on 9$2. Then
by Yvriting w as a supremum of affine functions_it is easy to see that u(x) < w(x) < h(x)
in , and hence the convex function wis in C(2) with w = uon 92 and w(xy) = u(xp).

This implies that dw(2) C 9u(2) from [10, Lemma 1.4.1]. On the other hand, by the
definitions of subdifferential and the function w we have

aw(xp) ={peR":wkxo) +p-(x—x0) <ulx) onaiQ}
D{peR" 1 ulxp) +p-(x—x0) <00ndR} = avixg),

where v is the convex function whose graph is the upside down cone with vertex

(x0,u(x0)) and base €2, with v = 0 on d2. Therefore, dv(xg) C du(2). Moreover, by
—u(xp)

dist(xp, 3€2)

that the convex hull K of the n-dimensional ball B (O, d;;l(lf‘g)) and py is contained in

the proof in [10, Theorem 1.4.2] there exists pg € R with |pg| = such

dv(xp). Consequently,

oRu= [ Rydza [p¥aza [ wFa 6o
u(2) K H(ta,B)
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where t = —u(xg) > 0, « = dist(xg, 9R2), 8 = diam(2), and H(t, «, 8) denotes the con-
vex cone in R” with vertex at (0, ..., 0,¢/«) and with base the ball B(0,¢/8) C R"™ the
orthogonal hyperplane to the x,-axis at the origin. Noticing that in the last inequality
above we have used the fact that the function |y| =2 is radial. If 0 < k < %, then we
have

2k ok tja[ t—az/p
2k ! ! n-2
H(t,o,B)
t/o
_wpa 2k/ t—az\" ! dr — wp—2 =2k
T n-1\« B Z_n(n_l)(xl—2k'3n—l'
0
(67)
If on the other hand k < 0, then
t/ja t—az/B
VI dy = o (W +2) ™ W' dh | dz
H(t,a,p) 0L o
t/a| t—az/B
> wn_2 / / (h* + 257 " Shdh | dz
0 [t—az/28
t/a 3 t—az/p
> wy—p min {273 1}/( ) / (W +zH*hdh | dz
t—az/2B
t/a PH(FE)?
_ c(n) (t—az) / s ds | dz
24552
)1k
_ c(n) / I—az 2, t—az
T 20 —k) ¢ B
)1k
t —
—[z2+( 2/;”) :| dz
t/o
- c(n)3l=* Y
—2(1 -k 2B
0
1—k n—2k
dz = c(n)3 t ' (68)

2n=2k(1 — k)(n — 2k) o pr=2k—1
From (66), (67), (68) and the definitions of ¢, &, and 8 we derive the desired results. O

We next recall the notion of local parabolic support due to Bakelman which describes
more precisely the geometry of domains which are between being strictly convex and
satisfying the enclosing sphere condition. For a bounded open convex set 2 C R”,
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let z € 3. Then there exist a supporting hyperplane « to  at z and an open ball
BRg(z) such that the convex (n — 1)-surface 92 N Br(z) has a one-to-one orthogonal
projection I, : 3Q2 N Bgr(z) —> «. Moreover, the unit normal 7 to « in the direction
of the halfspace where Q lies passes through interior points of Q. Denote by Sg(z)
the set I, (02 N Br(2)). Let &, -+ ,&,_1,&, be the Cartesian coordinates introduced
in the following way: z is the origin, the axes &, - ,§,_1 lie in the plane «, and the
axis &, is directed along the interior normal 7 to 32 at the point z. Clearly, the convex
surface 92 N Br(z) is the graph of some convex function ¢ (&, - ,&,_1) defined on
SR(Z)‘ ObViOUSIYa ‘p(07 e 10) = 07 and (P(Sla e 95}1—1) = 0’ V(‘i:], e ’Sn—l) € SR(Z)‘
We will say that Q2 has a parabolic support of order r > 0 at the point z € 9%, if
there exists r, € (0, R) and b(z) > 0 such that

42
O(EL - En1) = b@)EE +- - +%‘5_1)% V1, 5 6n-1) € S, (2),
i.e., the convex (n —1)-surface 92N B,_(z) can be touched from outside by the (n —1)-

dimensional paraboloid &, = b(z)(’;‘l2 4+ + 53_1)% of order % at z.

Definition 6.16 Let 2 C R” be a bounded open convex set and t > 0. We say 92 has
a parabolic support of order not more than t if at every boundary point z of Q, 92 has
a parabolic support of some order t; € [0, ].

We will also consider the following condition for the Borel measure p:
(G) There exist a > 0 and € > 0 such that

w(E) < alE| for all Borel sets E C Q\ Q, (69)

where Q¢ = {x € Q : dist(x, Q) > €}.
We can now state the following theorem whose second part is due to Bakelman
(see [2, Theorem 11.4]).

P
Theorem 6.17 Let c(x) = ﬁ with 1 < p < oo, and R(y) = cp det ch*(—y). Suppose

that @ C R" is a bounded open and strictly convex set, v € C(9R2), and w is a finite
Borel measure in Q. Consider the Dirichlet problem

oR,u,.) =pnin Q,and u = on 3%2. (70)
We have

1 -
() Ifp <2+ 7 then (70) has a convex weak solution u € C(2).
n—

1
(i) If2 + — < p, and in addition p satisfies the assumption (G) and 92 has
n—
a parabolic support of order no more than t for some nonnegative t satisfying
np—2 n+t+1
- <
2p—1 T+42

, then (70) has a convex weak solution u € C().

n2-q

Proof First observe that R(y) = co(g — 1)|y|"9=2 = co(q — 1)|y|_2T), where g > 1
is the conjugate of p, i.e., 1% + % = 1. Hence, f]R" R(y)dy =co(g—1) fw |y|n(c1—2) dy =
+o0. Proof of (i). Since w is a finite Borel measure, there exists a sequence of measures
uj converging weakly to u such that each p; is a finite combination of delta masses
with positive coefficients and {u;(2)} is bounded by some positive constant B. For
each j, by using [1, Theorem 2] we can find #; € C(2) which is the convex weak
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solution to w(R,uj,.) = pjin Q and u; = ¥ on 9Q. If we let W € C(€2) be the convex
weak solution to det D?W = 0in Q and W = ¥ on 92, then u; < W on Q. We now
prove that {u;} is also uniformly bounded from below in Q. Indeed, let & € 92 and
€ > 0. There exists § > 0 such that |y (x) — ¥ (§)| < € for |x — &] < 8, x € 9Q. Let
A -x+ b = 0 be the equation of the supporting hyperplane to € at £ and assume
that @ C {x : [(x) > 0}, where /(x) := A - x + b. Since Q is strictly convex, there is
n > O such that {x € Q : [(x) < 5} C Bs(&). Let M = min {y/(x) : x € 9Q,[(x) > n}
and consider the function a(x) = ¥ (§) — € — «l(x), where « is a constant satisfying
K > max {W,O}. Hence a(§) = ¥ (§) — € and it is easy to see that a(x) < ¥ (x)
on Q2. Set vj(x) = uj(x) — a(x). Thenv; € C(S) is convex and v; > 0 on 0. By using
Proposition 6.15 and noting 2 — g < 1/n we see that there exists « > 0 depending only
on g such that

vi(x) = — [C(n, g, Qdist(x, 02w (R, v;, 2] on Q.

But we have by the definition of v;

o(R,vj,Q2) =cy(g—1) / ly + Kk A"4=2) dy

uj(2)
— (g —1) / v+ kA4 dy
ou;(2)N{ly[>2«|Al}
+eolq —1) / ¥ + kA dy

duj(N{ly|=2«|Al}

3\"@-2)  ,{\"4@-2) 5
< max (5) (5) co(q—1) / ly"@=2 dy

()
+co(g — 1) / |2|"4=2) dz
B(0.3¢|A])

3 n(q—2) 1 n(q—2)
= max (i) (E) w(R,uj, Q) + C(n, q) (k| A"~

< C(n,q,k,|Al, B).
Therefore, we obtain
W) > uj(x) > a(x) — C(n,q,«, |A|, B, Q)dist(x, 32)*/" 4D on Q. (71)

This shows that {u;} is uniformly bounded on © and hence we can extract a subse-
quence still denoted by {u;} which converges locally uniformly on €2 to some convex
function u € C(2). This gives w(R,u,.) = u on Q. Moreover, (71) also implies that
for every & € 3Q we have limgsy—.¢ u(x) = ¥ (&). Thus the proof of (i) is completed.
On the other hand, (ii) follows from [1, Theorem 6] or [2, Theorem 11.4] with » = 0.

O

Since convex functions are c-convex, Lemma 6.14 together with Theorem 6.17 pro-
vides the c-convex subsolution w needed in Corollary 6.13 when g is bounded from
below by some positive constant ¢y and the cost function c(x) = 11;|x|P, 1<p< o

@ Springer



316 C. E. Gutiérrez, T. van Nguyen

We remark that in these cases in fact we have w.(g, w)(E) > co|E| + u(E). Therefore,
we do not really need the technical assumption (60) in Corollary 6.13 to ensure the
existence of a c-convex weak solution. The reason is that in that proof one can simply

take p;(E) = n(EN Q) + C—,O|E|. We then also have p; — u weakly, uj < wc(g,w),
]

wj(R) < wc(g,w) () < fR,, g, and spt(u;) = Q. The last fact allows us to use Theorem
5.5 to obtain (62).

We conclude our paper mentioning that some related results concerning C? esti-
mates for solutions to the optimal transport equation (2) have been considered in the
recent paper [12] under the restrictive assumption that the cost function c satisfies a
condition involving its fourth derivatives namely condition (A3) in that paper.
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