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1. Introduction

When radiation strikes a surface separating two homogeneous media I and II with different refractive indices, part of
the radiation is transmitted through media II and another part is reflected back into media I. It is even true that at normal
incidence a small percentage of radiation is internally reflected. The amount of radiation transmitted and reflected depends
on the angle of incidence, and it can be calculated using the Maxwell equations of electrodynamics and is explicitly given
by the Fresnel formulas; see the classic fundamental book by Born and Wolf [1, Section 1.5]. Indeed, if media I and Il have
refractive indices ny and n, respectively, and if an incident wave propagates with unit direction x and the transmitted wave
has unit direction m, then the percentage of internally reflected energy can be conveniently written for our purposes as

(x) ! 14+ C_ A +[1-2 + 2] u
r(x) = — K —ZKX-M K
(1—«2)? \Lx-m It +17 It +13

where x = n,/n;. Therefore, the percentage of energy transmitted is t(x) = 1 — r(x). This expression for r follows from the
classical Fresnel formulas and Snell’s law; see Section 4. Here I; and I are the coefficients of the amplitude of the incident
wave, which might depend on x in a continuous way. It is important to notice that from Snell’s law, x — km = A v, where
v is the unit normal to the surface at the striking point and A > 0. This implies that the function r(x) is a function only
depending on x and the normal v.

In this paper we consider the problem of constructing a surface interface of media I and II in such a way that both the
incident radiation and the radiation we want to transmit are prescribed, and the splitting of energy described before is
taken into account. Indeed, we propose the following new model. Suppose we have f € L'(£2) and g € L!(£2*), both 2, 2*
are domains in the sphere in R3, the space with physical significance for our problem. The question is to find a surface R
parameterized by {p(x)x : x € £2} that separates media [ and Il such that each ray emanating from a point source, the origin,
in the direction x € £2 with intensity f (x) is refracted into a direction m € £2* and received with intensity g(m). From the
Fresnel formulas a surface R is only able to transmit in the direction x an amount of energy equal to

f@)tzX)

where tg = 1 — rg, since the amount f (x)r5 (x) is reflected back. As we said, the function tz (x) depends of course on the
surface R but only through x and the unit normal vector v = v(x) at the striking point; see (4.7). Since we will be seeking for
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Fig. 1. Refracted and reflected vectors.

Fig. 2. Refracted vectors for an ellipse refracting into a fixed direction.

refracting surfaces R, which, in particular, are convex or concave, the normal vector v(x) exists for almost every direction
x. Also tz (x) = G(x, v(x)), with a function G(x, x') continuous in £2 x £2* and so tg is defined for a.e. direction x. We then
propose the following model: the refracting surface R is a solution to our problem if

fX) ta(x)dx > /g(m) dm (1.1)
Tr(F) F

for each Borel subset F C £2*. Here 7 (F) is the collection of all directions x € §2 that are refracted into a direction in the
set F; see Section 3. We prove that if R is a refractor, then the function t (x) is continuous relative to the set £2 \ S, where
S is the set of directions where p is not differentiable, i.e., |S| = 0; see Proposition 5.3. Therefore t (x) is measurable and
so (1.1) is well defined. Since a fraction of the energy is used in internal reflection, to be able to transmit and receive g(m) a
little extra energy will be needed at the outset. A refractor & will be admissible to transmit the amount g if

f F(0) tr(x) dx > / g(m) dm. (1.2)
2 2%

Since a priori we only know f, g and not R, we do not know if this is satisfied. In order to make sure this is the case, it can
be proved that, for example, if n,/n; = « < 1,thenr(x) < C. < 1forallx € £ suchthatx-m > « + €,> wheree > 0
and with C. independent of R, see Section 4.1. So if we assume that the input energy is sufficiently larger than the output
energy, then (1.2) holds. More precisely, if

1
/ Fxdx = / g(m) dm,
2 1- CE 2%
then (1.2) holds.

Fig. 1 represents an arc of ellipse separating glass and air, x = 2/3, where the refracted and reflected directions are
multiplied by the Fresnel coefficients t (x) and r (x) respectively. Fig. 2 represents all the refracted vectors in an ellipse having
the uniform refraction property, i.e. all rays are refracted into a fix direction, where the refracted vectors are multiplied by
the Fresnel coefficient t(x). Notice that the size of the refracted vectors close to the critical angle, i.e., x - m = « tend to zero.

With this model we solve our problem, that is, we show existence of solutions, even for Radon measures u instead of g.
The basic geometry of the refractors is described in [6] and depends on k. Indeed, the surfaces having the uniform refracting
property are semi ellipsoids if x < 1 and one sheet of hyperboloids of two sheets if k > 1; see Lemma 2.2. A difficulty in our
case is the presence of the coefficient tz (x) in (1.1). This prevents us from using the optimal transportation methods used
in [6]. The route used now is to solve first the problem when the right hand side is a linear combination of delta functions and
then proceed by approximation. To carry out this we need to understand how the Fresnel coefficients, which are discussed
and estimated in Section 4, evolve when a sequence of refractors converge; see Section 5. When the measure u in the target
is discrete, refractors always overshoot energy in one direction, Theorems 6.2 and 6.9. When u is any Radon measure, it will

2 We recall that the physical constraint for refraction is that x - m > « for k¥ < 1, see Lemma 2.1.
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be shown in Section 6.2 that refractors transmit more energy in any a priori chosen direction m, € £2* which lies in the
support of u, and there is one refractor overshooting the least amount of energy in the direction of m,; see Theorem 6.11,
and Section 6.3.

Finally, we show in Section 8 that the surface solution to the problem satisfies an inequality involving a fully nonlinear
pde of Monge-Ampére type.

To place our results in perspective, we enumerate some related results in this area. The refractor problem assuming
energy conservation, i.e., tz (x) = 1in(1.1), was considered for the first time in [6] for the far field case, and in [5] and [7]
for the near field case. For reflectors also assuming energy conservation, see [4,10,3,2] for the far field problem, and [8], and
[9] for the near field.

We believe this paper is the first contribution to construct a refractor taking into account the energy used in internal
reflection.

2. Preliminaries
2.1. Reflection and transmission

Let I" be a surface in R" that separates two homogeneous and isotropic media I and Il where radiation propagates with
velocities v and v,, respectively. The refractive index of media I is n; = c/vy, where c is the velocity of propagation of light
in vacuum; similarly for media I, n, = c/v,.

If a light ray with direction x € S"~! travels through I and strikes I” at the point P, then this ray is split into two rays with
directions:

(a) r =ray reflected inside media I (internally reflected),
(b) m = ray refracted or transmitted inside media II;

all are unit vectors. The internally reflected ray satisfies x — r = 2(x - v) v, where v is the normal unit to I" at P in the
direction of medium II, and - is the Euclidean inner product. For the transmitted ray m we have

n (xxv)y=ny (mxv).

So all vectors x, v, r and m are coplanar. If 6; = angle between x and v, the incidence angle, and 8, = angle between m and
v, the refraction angle, then we get the familiar expression of Snell’s law of refraction: n; sinf; = n, sin6,. So the vector
nix — npym is parallel to the normal v. That is, if ¥ = n,/ny, then we have Snell’s law in vector form

X—kKkm=Av, (2.1)

forh=®Xx-v); @) =t — /1 —Kk"2(1 —t2).

We recall the following physical conditions for refraction, [6, Lemma 2.1].

Lemma 2.1. Let nq, and n;, be the indices of refraction of two homogeneous media I and II, respectively, and k = n,/nq. Then a
light ray in medium I with direction x € S"~! is refracted by some surface into a light ray with direction m € S"~! in medium II
ifandonly if m - x > k, whenx < 1; and ifand only if m-x > 1/k, whenk > 1.

It is important to determine the surfaces that have uniform refracting property, that is, those that refract all rays
emanating from the origin into a fixed direction; see [6, Section 2.2]. These surfaces geometrically depend of the value
of k. Fork < 1and b > 0, let E(m, b) be given by

1-—

This surface describes a semi-ellipsoid with axis m and foci O and

E(m,b):{p(x)x:,o(x): = xeS 1, x~m2/<}. (2.2)

12_K:2 m. If on the other hand, k > 1, define forb > 0

H(m,b) = {p(x)x:,o(x) = ,xeS" x-m> 1/K}. (2.3)

km-x—1
Then H(m, b), is the sheet with opening in direction m of a hyperboloid of revolution of two sheets with axis m and foci at

Oand 2bm,
1—k

The uniform refraction property is then given by the following lemma.

Lemma 2.2. Let nq and n, be the indices of refraction of two homogeneous media I and II, respectively, and k = n;/n;. Assume
that the origin O is inside medium I, and E(m, b), H(m, b) are defined by (2.2) and (2.3), respectively. We have:

(i) If « < 1and E(m, b) is the interface of media I and II, then E(m, b) refracts all rays emitted from O into rays in medium II
with direction m.

(ii) If « > 1 and H(m, b) separates media I and II, then H(m, b) refracts all rays emitted from O into rays in medium Il with
direction m.

Fig. 3 illustrates the uniform refraction property in an ellipse with « = 2/3, that is, the ellipse is made of glass and outside
is air.
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Fig. 3. Refracting property in the ellipse.

3. Refractor mappings and properties
Let £2 and £2* be two domains of the unit sphere S*~! of R" with [92| = 0.
3.1. Casex < 1
Suppose medium I is denser than medium II, so k = ny/n; < 1. Suppose that £2 and £2* satisfy the property that

inf - m-x>«.
meR* xe

Definition 3.1. A surface R in R" parameterized for x € §2 by p(x)x, with p(x) a positive functlon is a refractor from 2to
2~ if for any x, € §2 there exists a semi-ellipsoid E(m, b) with m € £2* such that p(x,) = and p(x) < - forall

1—km-Xo 1—

x € £2. We call E(m, b) a supporting semi-ellipsoid to R at p(x,)x, or simply at x,.

From the definition, refractors are concave and therefore continuous.

Definition 3.2. Given a refractor R = {p(X)x : x € £2}, the refractor mapping of R is the multi-valued map defined for
X, € 2 by

Nz (x,) = {m € £2* : E(m, b) supports R at p(x,)x, for some b > 0}.
Given m, € 2* the tracing map of R is defined by

Ta(my) = {x € 2 :m, € Ng(x)}.
We now prove some basic properties about the refractor and tracing mapping; see [6, Section 3.1]. Note that T (£2%) = £2.
Lemma 3.3. Any refractor is globally Lipschitz on £2.
Lemma 3.4. If m € 2%, then Tx(m) is closed in £2.

Lemma 3.5. We have

(i) [T(F)I° C Tx(F) forallF C 2%, with equality except for a set of measure zero.
(ii) The set € = {F C 22* : Tx(F) is Lebesgue measurable} is a o -algebra containing all Borel sets in £2*.

The following lemma is not proved in [6] and it will be used later.
Lemma 3.6. Let R; = {pj(x)x : x € 2}, j > 1 be refractors from 2 to 2*. Suppose that 0 < a; < p; < ay and pj — p
pointwise in 2. Then:

(i) R := {p(X)x : x € 2} is a refractor from £2 to 2*.
(ii) For any compact set K C §2*

lim sup TR (K) C Tr(K).

j—>o0
(iii) For any open set G C 2*,
T#(G) C lim inf(fﬂj (G) US,
j—>o0

where S is the singular set of R.
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Proof. (i) Fix x, € £2. Then there exist m; € £2* and b; > 0 such that E(m;, b;) supports R; at p(x,)X, and thus

b; b;
pilke) = ———— and px) < ——
1—xmj-x, 1—rxm;-x
for all x € £2. Consequently
b; b;
—J <g and < —2L —
1—xm;-x, 1—xm;-x

for all j and therefore
ai(1—«x)<b <a

for all j. If need be by passing to a subsequence we obtain m, and b, such that mj; — m, € 2% and b; — b,. We claim
E(m,, b,) supports R at p(x,)X,. Indeed

b; _ b,
1—xmj-x, B 1—xmg,-X,

p(Xo) = lijm pj(Xo) = lijm

and
b; _ b,
T—xmj-x  1—km,y-x

p(x) = lim pj(x) < lim
J J

for all x € £2. Thus R is a refractor.
(i) Let x, € limsup Tz, (K). Without loss of generality assume that x, € 7z,(K) for all j > 1. Then there exist
m; € Ng;(x,) NK and b; such that

b; bj
and pj(x) <

X)) = —— - J
i) 1—km; - x 1—km;-x

for all x € £2. As in the proof of (i) we may assume that m; — m, € K and b; — b, and conclude that E(m,, b,) supports R
at p(x,)x,, proving that x, € Tz (m,). Hence x, € 73 (K).
(iii) Let G be an open subset of £2*. By (ii) lim sup TR (G C T/(G) as G is compact. Also

lim sup[ T, ()] C lim sup{[T, (G)]° U [T, (G) N T, (G} (3.1)

j—o0 j—oo
and by Lemma 3.5 the right hand side of (3.1) is equal to lim sup;_, ., Tﬂj(Gc). By (ii) we will then have
lim sup[T,(G)]° C T(G) = {[Tz(G)]° U[Tr(G) N Tz (G)I1}.

j—oo

Taking complements we obtain

{lim SUD[Tﬁj(G)]C} D [TR(G)]IN[T(G) N Tr(G)].

j—oo
Consequently

liminf 7z, (G) 2 [T (©)] N [T2(G) N T (C)]"

and thus
[[T2(@]1N[T&(G) N Tz(G)I]US C liminf Tz, (G) US.
j—oo

But 7 (G) N T (G*) C S.Thus
T2(G) C T(G) US C liminf 7% (G) US
j—o00

asrequired. O

Lemma 3.7. Let f € L'(£2). The set function defined by
Ge(F) = f(x) dx

is a Borel measure in §2*.
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Lemma 3.8. Let R = {p(X)x : x € 2} be a refractor from 2 to 2* such that inf,_5 p(x) = 1. Then there is a constant C,
depending only on «, such that

sup p(x) < C.

xeR
Proof. Suppose inf,.5 p(x) is attained at x, € £2, and let E(m, b,) be a supporting semi-ellipsoid to R at p(x,)x,. Then

b, b,

and p(x) < Vxe 2.

1=pkx)= ——— %
1—kmg - X, 1—xm,-x

From the first equation we get that b, = 1 — km, - X, < 1 4 « and using this in the inequality we obtain
1+« _
p(x) < —— forallx e 2
1—«
and this proves the lemma. O

3.2 Casex > 1

We have in this case that medium II is denser than medium I.
Suppose that £2 and £2* satisfy the physical property that
inf - m-x>1/k+e€ (3.2)
meR* xe
for some € > 0.

The set up when ¥ > 1 is similar to the case k < 1, a main difference is to use the semi-hyperboloids H(m, b), defined
by (2.3) in place of the semi-ellipsoids E(m, b).

Definition 3.9. A surface R in R" parameterized for x € £ by p(x)x, with p(x) a positive function, is a refractor from 2to
£2* for the case k > 1if for any x, € £2 there exists a semi-hyperboloid H(m, b), m € §£* such that p(x,) = and

p(x) > Kmf(q for all x € £2. We call such H(m, b) a supporting semi-hyperboloid to R at p(x,)x, or simply at x,.

b
Km-Xo—1

With this definition refractors are convex and therefore continuous. The refractor mapping of R and the tracing mapping of
R are also defined similarly.

Definition 3.10. Given a refractor R = {p(x)x : x € 2}, the refractor mapping of R is the multi-valued map defined by for
X, € 2

Nz (X,) = {m € 2% : H(m, b) supports R at p(x,)x, for some b > 0}.
Given m, € £2* the tracing mapping of R is defined by

Tr(m,) = {x € 2 : m, € Na(x)}.
Similar statements to those mentioned in Section 3.1, with similar proofs, also hold in this case.

4. Fresnel formulas

Electromagnetic radiation can be represented as a plane wave of the form
r-x
E(r,t) = Acos (a) (t — —) +5> ,
v

where A is a constant vector in R> called amplitude vector, r is the vector position in R3¢t represents the time, v is the
velocity of propagation in the media, x is the unit direction of propagation, w is the angular frequency, and § is the phase;
see[1, Chapter 1].It follows from the Maxwell equations that the field E(r, t) is perpendicular to the direction of propagation,
thatis, E(r, t) -x = 0. A plane wave emanates from the origin with unit direction x, the incident wave, traveling for a while in
media I and strikes a surface I" separating media I and II at point P. Then the wave is split into two waves: a transmitted (or
refracted) wave propagating on media Il and a reflected wave propagated back into media I. Suppose v is the normal to I”
at P in the direction of media II. Consider I7 the plane containing the vectors x and v which is called the plane of incidence.
Let 6; be the angle between these vectors (the incident angle), and take a right hand orthonormal system of coordinates
{a, B, v} with origin at P such that the vector « lies on /7. We can write x = sinf; « + cos6;vandA = ao + b B + cv and
since A - x = 0, we have that

A= —ccosb;a+bp+csinb;v.
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Itis customary to call b = I, the perpendicular component because the vector bg is perpendicular to the plane of incidence,
and ¢ = I, the parallel component; see [1, Section 1.5]. In addition, since the amplitude vector may depend on the direction
of propagation, we have that

Ax) = —Ij(x) cos O + 1, (x) B+ Ijj(x) sinG; v,
so in general the incident plane wave has the form

. r-x
E'(r, t) = A(x) cos (a) (t — v_) + 6) ,
1

where vy is the velocity of propagation in media I. From the Maxwell equations this field gives rise to a magnetic field Bi(r, t)
that is also perpendicular to the direction x of propagation and is also perpendicular to E'(r, t), and having the form

. 1 . r-x
r,t) = — (-1, (x)cosba —Ij(x 1 (x)sinf;v)cos|w - — .
B'(r, t) . (—1.(x) cos I (x) B+ 1.(x) sin6; v) ( (t >+5>

1

Let us now introduce m, the direction of propagation of the transmitted wave, and let 6; be the angle between the normal v
and m. Similarly, if s is the direction of propagation of the reflected wave, then 6, is the angle between the normal v and s.
We have from the Snell law of reflection that s = sin 6, o 4 cos 6, v = sin6; & — cos 6; v. Then the corresponding electric
and magnetic fields corresponding to transmission are

. e _ rem\\ rem
E'(r,t) = (-Tjcosba + T B+ Tsin6;v) cos(w |t ———) ) =Eycos (o |t — —

%)
t 1 . r-m ¢ r-m
B'(r,t) = — (—TLcosGa — Ty B+ Ty sin6;v) cos(w|t——) ) =Bjcos(w|t——]);
1% o)
and similarly the fields corresponding to reflection are

, r-s r-s
E'(r,t) = (—Rjcosb, & + Ry B + R sin6;, v) cos (a) <t - —)) = E[, cos (a) <t - —))
. 1 . r-s . r-s
B'(r,t) = — (—R_cos6,a —R B+ Ry sin6,v) cos|w(t—— )| =Bycos|w|t——]).
U1 U1 U1

Taking into account the Maxwell equations in integral form and the continuity of the tangential components of the electric
and magnetic fields at the interface surface I, one gets (see [1, Section 1.5.2]) the Fresnel equations expressing the
amplitudes of the reflected and transmitted waves in terms of the amplitude of the incident wave:

2n; cos 6;

T =
I ny cos 6; 4+ ny cos 6; I

2nq cos 6;
L= L
ni cos 6; + ny cos 6,
ny €os 6; — nq cos 6,

1
ny cos 6; + ny cos 6; I

nq cos 6; — ny cos O,
R, =

1

ni cos 6; 4+ n, cos 6;

where n; = c/vy and n; = c¢/v,.

It is convenient for our analysis to rewrite these equations in terms of the directions x and m. Indeed, we have cos 6; = x-v
and cos 6 = m - v; and set k = n,/n;. From the Snell law, x — km = Av, so the Fresnel equations take the form

T 2x-v [ — 2x-(x—Kkm)
”_Kx-v+m-v ll_(KX+m)-(X—Km) I
2x-v 2x-(x—km)
T, = 1= 1
X-v+Kkm-v x+xkm) - (x—xm)
R _kX-v—m-v _(Kx—m)~(x—/<m)
e ex vamov VT kxtm - x—km) |
X-V—Kkm-v _(x—Km)-(x—Km)

T X v rcmov b X+ikm) - x—xm)

Notice that the denominators of the perpendicular components are the same and likewise for the parallel components.
The reflection and transmission coefficients, that is, the percentage of energy transmitted and reflected, are given by

o (Tl 0 mcost (IEGI\
Ji EL|) J' mycos; \|E)|)

see [1, Section 1.5.3]. By conservation of energy or by direct verification R + 7 = 1.
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We then have from Fresnel’s equations that

(/cx—m)-(x—/cm)i|2 2 [(x—xm)~(x—xm)]2 2

[Egl* =Ri + R} = [

(kx+m)-(x—kxm)| | xX+km)-x—km)|
and so
9%=<|E_‘5|>2=R2'+Ri
|| It +13

_|:(/<x—m)-(x—/<m):|2 Iﬁ [(X—Km)'(X—Km):r 7
Tl kx+m) - (x—km) B+ X+oem)-(x—em)| 2412

! [ZK A+ 2)]2 h +[1-2 +?] i
= — K —ZKX-m K
(1—«2)2\|[x-m 1ﬁ+1§ 1ﬁ+li

which is a function only of x - m, and also of x if the perpendicular and parallel components depend on x. In principle the
coefficients I and I, might depend on the direction x, in other words, for each direction x we would have a wave that changes
its amplitude with the direction of propagation. The energy of the incident wave would be f (x) = |E§)|2 = )% 4+ 1. (x)2.

. . - . . 2 . ..
Notice that if the incidence is normal, that is, x = m, then R = (L—Z) which shows that even for radiation normal to the

interface some energy is used in reflection. For example, if we go from air to glass, ny = 1and n, = 1.5, we have k = 1.5 s0
R = .04, which means that 4% of the energy is lost in internal reflection when incident radiation is normal to the interface.
Let us introduce the following notation

¢(s)—; Z—K—(1+K2)2a+[1—2/cs+/c2]2/3 (4.1)
(1 —k2)? S ’ '
2
where o = % and 8 = IH(X;ZL'E'% We further assume « and 8 depend on x continuously.> We then have
o
¢(x-m) =AR. (4.2)

We notice that from the Snell’s law
X—Km=Av

with

A=Wk -v) where¥(t) =t —«x+/1—r"2(1—t2). (4.3)

So we can write
1 1
xm=—-—(1—-Ax-v)=—1—-¥YXx-v)x-V).
K K

Consequently, the reflection coefficient {R, and therefore the transmission coefficient 7~ are both functions of x - v, that is,
the direction of propagation and the normal to the interface surface, that is,

%:¢(%(1—W(x-v)x-v)); T=1—¢(%(1—W(X'U)X'V))~ (4.4)

4.1. Estimation of the Fresnel coefficients

For later purposes we need to estimate the function ¢. We have0 < «, 8 < land o + 8 = 1. Set
2k ) 2 912
g = -+, h(t) =[1-2ct+«*]",

S0 p(t) = m () a +h(t) p).

3 Later on for the application in Theorems 6.2 and 7.5 to show that refractors overshoot in one direction, we will assume I, , Iy are constants.
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Case/c <1 Supposex +e<t<1lWehaveg'(t) = —4x [% — (14+«%)] 5,50g/(t) > Ofort > iz,andg(t) <0

11’;2 < 1for € > 0 small. Therefore, g decreases in the interval [« + €, 1+K2 1,
and g increases in the mterval [ + 5, 1]. Hence
max g(t) = max{g(k +¢€),g(1)}.

[k+e€,1]

We have that g(1) = (1 — k)% and g(k + €) > g(1) for € small, so
max g(t) =gk + €).
[k+e,1]

On the other hand, h'(t) = —4« [1 — 2kt + KZ], andso h'(t) > Ofort > % and h'(t) < Ofort < % Since % > 1,
the function h is decreasing in the interval [« + ¢, 1] and so

max h(t) = h(k + €).
[k+€,1

Therefore we obtain that

1
X GO = G @8l + )+ fhle ).

It is easy to see that
gk +e) < (1—«>?, and hk +¢€) < (1—«?)?
and so we obtain the bound

max ¢(t) <C. <1,
[k +e,1]

with

C = X{g(:c—l—e) h(/c+e)} (45)

(1—=«2)2" (1 —«?)2
independent of o and 8. We notice also that C. — 1ase — 0", and C. — (L;Z)Z as € — (1 — k). Also notice that the
function ¢ in (4.1) is in general not decreasing in the interval [x + €, 1], that is, one can choose « close to one and $ close
to zero with ¢ 4+ 8 = 1, so that thls is the case.

Case k > 1.For € small we have 1 ~te< ZKZ < 1,s0 as before, g decreases in the interval [% +e€

s Toe 2] and g increases

in the interval [-2<, 1]. Hence

+2’

1
max g(t) = max {g (— + e) ,g(])} .
[(1/k)+e€,1] K

Since now k > 1we have thatg(1) < g (% + €), for € small, and so

max g(t) =g((1/k) +e€).
[(1/k)+€,1]

Since we always have 1+I’:

max h(t) = h((1/k) +€).
[(1/k)+e 1]

> 1, the function h is decreasing in the interval [(1/«) + €, 1] and so

Therefore we obtain that

1
[(1/mx)i)§,1]¢(t) = =22 (e g((1/) +€)+ Bh((1/k) +€)).

Itis clear that g((1/k) +¢€) < (1 —«?)?,and h((1/k) +€) < (1 —«?)> when 0 < € < 1 — (1/«). So we obtain the bound

max ¢(t) <C <1,
[(1/K)+€,1]

with

g((1/k) +¢€) h((1/k) +€)
C. = max{ d_sD? ° (1_r2)p (4.6)

independent of @ and 8.
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Definition 4.1. A refractor R is a weak solution of the refractor problem with emitting illumination intensity f on 2 and
prescribed refracted illumination intensity w on £2* if

/ fXtrx)dx > u(w)
TR ()
for every Borel subset w of 2*. Here

tﬂ(x)zl—qb(% (1—\1/(x-v)x-v)), (4.7)

where ¢ and ¥ are given by (4.1) and (4.3) respectively, and v is the outer unit normal to R at a.e. x € £2. Also 7y is defined
with ellipsoids if « < 1 and with semi-hyperboloids if x > 1.

5. Properties of the ellipsoids

Suppose b = (b, ..., by) has positive coordinates, my, ..., my are different points in the sphere S"~!, and £2 c $"!
withinf, g ooy X - m; > k. We let
. b;
o(x) = min

1<isN 1 —kx-m;’

and R = R(b) = {p(x)x : x € 2}.

Lemma 5.1. If xo € Tz(m;) and X, is not a singular point to R, then the semi-ellipsoid E(m;, b;) supports R at the point Xo.

Proof. Since m; € Nz (Xg), there exists a supporting semi-ellipsoid E(m;, b) to R at the point x, for some b > 0. We prove
that b = b;. Indeed, p(x) < —2— for all x € 2 with equality at x = xo. Hence —2— < —2_ andsob < b;.Ifb < b;,

1—kx-mj 1—kxg-mj — 1—kXxp-m;
then
b; -
o) < < , VYxe g,
1—kx-m 1—«kx-m
SO p(X) = mingy; % This implies that there exists k % j such that 1_:)’;”()( is a supporting ellipsoid at xo. This

means that at xo, there are two supporting ellipsoids to R with different axes my, m;, and therefore x, is a singular point, a
contradiction. O

Ifata point x, the ellipsoids E(m;, b;) and E (imy, by) support R (b) with my # m;, then x, is a singular point, and therefore
the points supported by two ellipsoids with different axes form a set of measure zero.

Lemma 5.2. Let E(my, by) be a sequence of semi ellipsoids with my — m and by — b, as k — oo. If z, € E(my, by) with
zZx — zZgask — oo, thenzy € E(m, b), and the normal v (z;) to the ellipsoid E(my, by) at z satisfies vi(zx) — v(zo) the normal
to the ellipsoid E(m, b) at the point z.

Proof. Indeed, the equation of E (my, by) in rectangular coordinates is |z| — kmy - z = by, then the normal vector at z is
w(z) = é—‘ — kM, and so vg(zy) = I% — Kkmy —> ‘% — km which is the normal to E (m, b) at zo. The normal at z written in
polar coordinates, with z = p(x)x has the form v, (x) = x — kmy so v,(X) — x — km = v(x), the normal to the ellipsoid
E(m,b). O

Proposition 5.3. Let R = {p(x)x : x € 2} be a refractor from 2 to 2*. Let S be the singular set of p. Then the Fresnel
coefficient t(x) is continuous relative to the set §2 \ S, and therefore is a Lebesgue measurable function in 2.

Proof. We shall prove that r is continuous. Suppose C; < p(x) < G, with G, i = 1, 2, positive constants. From (4.4),
r&(x) is a function ¢(x) = F(x, v(x)) which is defined in £2 \ S where F(x, m) is a continuous function in £ x £2*.

To prove that r (x) is continuous we shall prove that it is both lower and upper semicontinuous relative to the set £2 \ S.
For the lower semicontinuity relative to the set £2 \ S, we shall prove that the set

E,={xe2\S:¢(x <a}

is closed relative to 2 \ S, for all «, that is, if x;, Xp € Q \ S, withx; — xp and x; € E,, thenxy € E,. First we claim that
if x; — xo with X, xo € €2\ S, then there exists a subsequence x;, such that v(x;) — v(xo), as | — oo. Let E(m;, b;) be a
supporting ellipsoid to the refractor at p(x;)x;. So

b:
pX) < ————
1—xmj-x
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with equality at x = x;. Hence
Ci(1—k) < Ci(1—km;-x) < b; < G(1—«mj-x) < G(1—«?).

Therefore, there is a subsequence b;, — by > 0 and m;, — mg, as [ — oo. Then by Lemma 5.2 we have the claim.
Now if x; € E,, then ¢(x;) = F(x;, v(x;)) < «, but from the claim, there exists a subsequence x;, such that v(x;) — v(xo)
as | — oo. Then from the continuity of F we are done. O

Lemma 5.4. Suppose R; and R are refractors with defining functions p;(x) and p(x) and corresponding Fresnel coefficients ¢;
and ¢, respectively. Suppose p; — p pointwise in Q2 with ¢ < pi(x) < Gin 2 for some positive constants C; and C,. Let S be
the union of all singular points of all the refractors R; and R. Then foreach y ¢ S there is subsequence ¢;, (y) — ¢(y) as £ — oo.

Proof. Giveny ¢ S and j, there exist b; > 0 and m; € 2* such that p;(z) <
then have that

binj.z for all z € 2 with equality at z = y. We

1—«

b
G=—""=G
1—xkmj-y

and so
Ci(1— k) < Ci(1 —km;j-y) < bj < (1 —xm;-y) < G(1—«?),

that is, b; is bounded away from zero and infinity. Therefore there exist subsequences b;, — b > 0, m;, — m € £2*, and
so the semi-ellipsoid E(m, b) supports R aty,soy € Tg(m).Ify & S, then the normal vj,(y) to the ellipsoid E(m;,, bj,)
equals the normal to the refractor R;, aty, and the normal v(y) to the ellipsoid E(im, b) equals the normal to the refractor
R aty. Since E(mj,, b;,) tends to E(m, b) as £ — oo, it follows that v;,(y) — v(y) fory ¢ S as £ — oo from Lemma 5.2.

Consequently ¢;, (y) — ¢(y) fory ¢S. O

The following theorem is needed in the proof of Theorem 6.11.

Theorem 5.5. Assume the hypotheses and notation of Lemma 5.4. Let F C 2" compact, F; = Tg, (F), and ¢; are the Fresnel
coefficients of R;. Then

lim sup X, ()5 (y) = ¢(¥) lim sup xx,(¥), (5.1)
j—oo J—>00
limsup x5 V) ; (V) < X720 V)PV, (5.2)
Jj—o0
lim sup / X ()i (X0f () dx, < / ¢ (Of (x) dx, (5.3)
jooo J@2 T (F)
fory &S, the union of the singular sets of all p; and p. If F is any set contained in 2%, then we also have
lim inf x5 (/)¢;) = $() liminf x5, (5.4)
forally &S.

Proof. Let F* = limsup;_, o, F; = (2 U F- Ify & F*, theny € [ J;Z, (5, Ff, thatis,y ¢ F; for all j > k and hence both
sides of (5.1) are zero.

Fixy ¢ S.1f y € F*, then the right hand side of (5.1) equals ¢(y). If lim sup;_, ., xr;(¥)9;(¥) = B(y) > 0, then there is a
subsequence Fj, such that limg_, o, XE;, (»)¢;, (¥y) = B(y) > 0.Hencey € F, for all £ sufficiently large. This means y € T(le (F)

andsoy € ‘Tﬁjl (m;,) for some m;, € F for all £ sufficiently large. By compactness there is a subsequence of m;, converging
to some m € F, and therefore y € 73 (F) and XE, (¥) < X7z () for £ large. Now from Lemma 5.4, there is a subsequence
(depending on y) such that ‘pflk ) — ¢ () as k — oc. Consequently, B(y) = limy_, o X5, (.V)‘Pje, ) = ¢(y), so we obtain
k <
that
lim sup x; (V)9 (V) < X7 WP W),
J—>00

and (5.1) for y € F*. On the other hand, ify € F* and limsup;_, ., XEWei(y) =0, then limy_, o, X, »¢j,(y) = Ofora
subsequence, and y € F;, for all £. Therefore lim,_. ¢;,(¥) = 0. Once again from Lemma 5.4 limy . o ¢;,, (¥) = ¢(y) = 0
for a subsequence. This completes the proof of (5.1). Inequality (5.3) follows from (5.2) from reverse Fatou lemma.

It remains to prove (5.4). Let F, = liminf, F; = Upo, ﬂ;’;’k F.Ify & F,, then the right hand side of (5.4) is zero;
andy € (N2, U;:k Ff, so there exists a subsequence Fj, with x5, (y) = 0 for all £. Therefore lim,_, o xr;, ()¢, (¥) = 0
and consequently liminf;_, o xrWMi(y) = 0. So both sides of (5.4) are zero. Suppose now that y € F,. There are two
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possibilities liminfj,« xr (")$;j(y) = 0 or liminfi, o xr(¥)¢;(y) > 0. In the first case, there is a subsequence such
that lim,_, X5, W¢j,(v) = 0,and sincey € F,, x5(y) = 1 forj large and so lim,_, o ¢, (y) = 0. From Lemma 5.4,
®j,, V) = ¢(y)ask — ooandsop(y) = 0.Incaseliminf;, xX; V() = B(y) > 0,we haveliminfi_, », ¢j(y) = B(y) > 0
and so lim,_,» ¢;,(y) = B(y) and once again from Lemma 5.4, ¢, (y) — &) = B(y) as k — oo and the proof is
complete. O

Remark 5.6 (Invariance by dilations). Suppose that R is a refractor weak solution in the sense of Definition 4.1 with
intensities f, u and defined by p(x)x for x € £2. Then for each @ > 0, the refractor «R defined by « p(x)x for x € 2 is
a weak solution in the sense of Definition 4.1 with the same intensities. In fact, E(m, b) is a supporting ellipsoid to R at the
point y if and only if E(m, « b) is a supporting ellipsoid to R at the point y. This means that 73 (m) = 7,2 (m) for each
m e 2*. Also Tyz = Tx.

6. Existence of solutions when k < 1
We prove existence first in the discrete case and then pass to the limit.

6.1. Existence of weak solutions when . is discrete

Let my, my, ..., my be distinct points in £2*. For b = (by, ..., by) with each b; > 0, we denote by R(b) the refractor
defined by
— b;
R(b) = {,o(x)x :x € 2, p(x) = min —‘} (6.1)
I<isN 1 —xkm; - X

We have the following proposition.

Proposition 6.1. Let S be the singular set of the refractor R = R(b), then

Na(2\S) C{my,...,my}, forN>1, (6.2)
and (6.3)
Ne(£2\S) ={mq}, forN=1. (6.4)
Proof. Letxy ¢ S and let l_:ﬁ be a supporting ellipsoid at x,. There exists j such that p(xg) = 1—Kbr]ﬁ = and 1—:]@« supports

p. Since X is not a singular point of p, it follows that m = m;.
(6.4) follows immediately form (6.2) since S = @ and Nz(2) #@. O

The following is the main theorem in this section and states existence of solutions to the refractor problem when u«
is a discrete measure. Assuming that the amplitudes I, I, of the incoming wave are constants, the solution in Theorem 6.2
overshoots energy in the direction m;. In other words, the amount of energy send by the refractor to the direction m; exceeds
the prescribed value. We will prove later on in Theorem 6.9, that there is a refractor that overshoots the least amount of
energy.

Theorem 6.2. Let f € L'(£2) with infgf > 0, my,...,my € $£2% distinct points with N > 2, g1,...,8v > 0, and
n= ZL &i Om;. Suppose that infycg 1<j<y X - M; > k + €, and
1 I
[ sz @, (65)
2 1-C

where C, is given in (4.5). Then there exists b, = (bq, ..., by) € RN, b; > 0 and a refractor R, = R(b,) such that
/ fX)tz,(X)dx = g
TRo (M)
fori=2,...,N,and

/ FOtz,(X)dx > gi.
TRo (M)

Therefore, R, is a weak solution to the refractor problem with intensities f and u; that is, fTm @) f)tg,(x)dx > pu(w) for each
0
Borel set w C $2%, and satisfies

/ f®)tz,(®)dx = p(w), (6.6)
TRo (@)

for each Borel set v C £2* withm; € w.
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Remark 6.3. If N = 1, then the problem might be overdetermined. We have that & (b) equals the ellipsoid E(m;, b;) for
some by > 0 all over 2. Clearly this predetermines the value of t3 (x) and so the value of fﬁf(x)tg{ (x)dx, and therefore we
must have

/ fOtz(x)dx > gi. (6.7)
2

Thus it will not be reasonable to expect existence of a solution for values g; which do not satisfy (6.7).

To prove Theorem 6.2, we first establish the following two lemmas and Theorem 6.6.
Lemma 6.4. Let W be the collection of b = (1, by, ..., by) with b; > 0 such that R(b) satisfies
Grp) (M) = / f@tgpyX)dx < g fori=2,...,N
TR(b) (M;)

where the g;’s and f are as in Theorem 6.2. Then
i W#£0.
ii. fb=(1,b,,...,by) € W then
1

1+«
fori=2,...,N.

< b (6.8)

Proof. (i.) If for some i = 1, E(m;, b), is a supporting semi-ellipsoid to R (b) at p(x)x then

b - b *) < 1 - 1
= p(x
1—k2 7 1—xkmj-x p T 1—xm-x " 1—«

and sob < 1+ «. Therefore, if b > 1+ « forall2 < i < N, then E(m;, b;) cannot be a supporting semi-ellipsoid to
R(b) atany x € £2, and therefore, from Lemma 5.1, the set 7 &) (M;) is contained in the set of singular points of R(b) for
i=2,...,N,and consequently Gzp)(m;) = 0 < g;. Hence takingb = (1, by, ..., by) withb; > 1+« for2 <i < N, yields
beWw.

(ii.) First notice that if at a point xo, the ellipsoids E (m;, b;) and E (m, by) support R(b) with my # m;, thenx, is a singular
point, and therefore the points supported by two ellipsoids with different axes form a set of measure zero. From this, we
have thatif b € W, then g; < Ggm)(m;). Indeed,

N N
ZGR(b)(mi) = Z/ F®)trm ®)dx
i=1 i=1 Y Tr) (i)
= / FOtam (X)dx
UL TRy (mi)
= /f(X)l'R(b)(X)dX
7]

> (1- Ce)/f(x)dx
2

N
> p(@) =Y &
i=1
and so we have that

N
(81 — Grpy(M1)] + Z [8i — Gapy(mi)] < 0.
i=2

Ifbe W,

N

Zgi — Grpy (m;) = 0.
=2

Thus g1 < Ggw)(m1).
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Suppose that R(b) = {p(X)x : x € £2}. We shall prove that there exists a point p(x,)x, such that p(x,)x, €

R(b) N E(my, 1) and p(x,)x, & E(my, b;) for all i > 2. Otherwise, Tz (m;) C S where S is the singular set of p. But
then,

Grpy(my) = / F®tgm ®)dx < /f(x)tﬂ(b) (x)dx =0
TR(b)(Mm1) N

contradicting the fact that g; > 0. Then
1 b;

p(Xo) = <
1—xkmq-X, 1—xkm;-x,
fori =2, ..., N, from which we conclude that
1
< bl‘
1+«

foralli=2,...,N. O

Lemma 6.5. Let b; = (bj, e b’,k,) andb, = (b3, ..., bY) withb; — b, in RN asj — oo. Suppose R; = R(b)) = {p;(x)x :
x € 2}and R, = R(b,) = {p(x)x : x € 2}. Then, p; — p uniformly on 2.

Proof. Ifx, € 2,

by
pj(%0) — p(Xo) = pj(x)) — ————— forsomel,
1—xm-x,
b b _ Wb
“1l—xm-x, 1—km-x,  1—k '
thus pj — p uniformlyon 2. O
Theorem 6.6. Let § > 0. Then Gg ) (m;) are continuous in the regionRs = {b; : b; > 6, i=2,...,N}, forall1 <i <N.

Proof. Letb;,j > 1be asequence in R; converging to b,. Suppose also that R(b;) = {pj(x)x : x € 2}Yand R(by) = {po (X)X :
x € 2}. By Lemma 6.5, p; — p uniformly on £2. Moreover for any x € £2 andj > 1,
5 by
<
1+x — 1—xkm-x
forsomel € {1,2,...,N}.Also

/ 1 1
i(x) = min ! < < .
A 1<isN 1—kmj-x ~ 1—kmy-x ~ 1—«

We thus obtain ay, a; > O such that0 < a; < p;j(x) < a, forall jand forallx € 2.Let G C 2% be a neighborhood of m;
such thatm; € Gforl #i.Ifx, € 'T;R(bj)(G) and x, ¢ S, there exists a unique m € Gand b > 0 such that

b _
0i(x0) = and pj(x) < —— forallx € £2.
1 1—«xkm-Xx

—Km- X,

But by definition of R(b;), m = m, for some [ = 1,...,N. Thus m = m;. From this we conclude that Tz, (G) C
TRy (m;) US. Combining this with Lemma 3.6(iii.) and the fact that S has measure zero, we obtain

/ F Xty (X)dx < / F () trony (X)dx
TR(bo) (G

lim infTR(bj) (m;)Us

< / F ()t (X)dx + f F ()t (X
lim inff]’ﬁ(hj)(mi) S

- / Xumint ) (0 (0 (0. (6.9)
2

By applying (5.4), to (6.9) we get,

/ FX)trm,) X)dx < /Xlim inf T (mp) (X Ry (O (X)dx. (6.10)
TR(bo) (G) 2 J
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It is also true that
Xiiminf 7 ;) (m;) (x) = lim inXTR(bj)(mi) (x).

Using this in (6.10), we obtain

/ F () tay ()dx < / T inf X7y om (Ot (OF (0
TR(I,D)(G) 2 J

from which we deduce by Fatou’s lemma that
/ f®trwp,) (x)dx < lim iﬂf/ X Tz, (m) X Erepy) ROf (X)dx
Tﬁ(ba)(c) 2 ]
= lim inf[ tR(by) x)f x)dx.
TR(bj)(mi)
To complete the proof we shall prove that
lim sup / trpy) Xf (X)dx < / F ) trm,) (X)dX. (6.11)
TR(by) (Mi) TR(bo) (C)

First notice that

lim sup/ trpy) (f (¥)dx = lim sup/xfﬂ(b,)(mi)(x)tﬁ(bj)(x)f(x)dx
TR(by) (Mi) 2 !

IA

/ lim sup g g, (m) )tz by (Of (X)lx
2

where the last inequality is due to reverse Fatou’s Lemma. By (5.1) and the fact that limsup ng%j)(mi)(x) =

Xlim sup Tﬁ(bj) (mj) (X); we have

/ llm Sup XTﬁ(bj) (m,-) (X) tﬂ(bj) (X)f (X) dx = / Xlim sup T:R(bj) (mi) (X)f (x) tﬁ(ba) (X)dx
2 2

= / lim sup x¢R<bj)(mi)(X)f (X)trb,) (x)dX
2

= / F () trm,) (X)dx.
lim sup Tﬂ(bj) (m;)

But then by Lemma 3.6(ii.),

/ F (Xt (R)dx < / F (%)t (X)dx
lim sup Teﬂ(bj) (m;) TR (bo) (G)

from which we conclude (6.11) and therefore concluding the proof of the theorem. O
We shall now complete the proof of Theorem 6.2.
Proof of Theorem 6.2. Fixb = (1, by, ..., by) € W and consider
W={b=(1,by,...,by) eW:b <b fori=2,...,N}.
Then from Lemma 6.4(ii.) and Theorem 6.6, W is compact. Consider the map
d:W —>R

given by
N
d(b) = > b,
i=1

whereb = (1, by, ..., by).Letb* = (1, b3, ..., by) be such that

b* = arg mind(b).
bew
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R(b*) is the refractor we are looking for. We first show that fTﬂ(h*)(mj)f(x)tﬁ(b*)(x) = gj, forj = 2,..., N. Suppose the
contrary and without loss of generality that

/ F@trep(X) < &.
Trp*) (M2)

Take 0 < A < 1 and consider b} = (1,Ab3,...,b}). Ifx, € Tﬂ(bi)(mi), X, is not a singular point of R(b}), and p
is the defining function of R(b*), then, from Lemma 5.1, the ellipsoid E(m;, b]) supports both R(b}) and R(b*) at x,,
when i # 2, and in particular, from the Snell law, the normals at x, to both R(b}) and R(b*) are the same. Hence
Tﬂ(b;)(mi) \ (singular set of R(b})) C Trw* (m;), and t,R(b;)(x) = tgp~ ) forallx € ’J‘:R(b;)(mi) outside the singular
set of R(b}), i # 2. Therefore

/ f@trep: ®)dx = / F®trp (x)dx
Tj{(b;’i)(mi) T

Jﬂ(bi)(mi)

< f F X trwn (dx < f i %2,
Trb*) (Mi)

Then by using Theorem 6.6, we choose A sufficiently close 1 so that Gb; (mz) < g, concluding that b} € W. But this is a
contradiction as it implies d(b}) < d(b*).

Second, we show that fTR(b*)(m])f(x)tiﬂ(b*)(x) > g;. From the proof of Lemma 6.4 (i), me*{)(m])f(x)t(R(b*)(x) > gi.
Suppose by contradiction that the equality holds. Hence

N N
/ FOtap) (dx =Y Gaae(m) = Y g < (1-Co) / feodx
£2 i=1 i=1 2
obtaining
/ FEOLA =€) = trps) (0] dx > 0.
2

From (4.4), we have tg ) (x) > 1—C..Sinceinf, f > 0, we obtain tgp)(x) = 1—-C.ae.x € Q.Forx e E = Tap(M)\S,
from (4.1) and (4.2), we have that tgp+(x) = 1 — @¢(x - my), so ¢(x - my) = C. for x € E. We have that |[E| > 0. We
claim that the linear set E' = {x - m; : x € E} is infinite. Otherwise, there exist cy, ..., cx such that E' = {cq, ..., cx}. If
Ej={x € E:x-m; = ¢}, thenE = UX | E;. ButE; is contained in S"~! intersected with the plane {x € R" : x - m; = ¢;}, s0
its spherical measure is zero, and therefore |[E| = 0. This is a contradiction, and the claim is proved.

On the other hand, since the amplitudes I, and I of the incoming wave are constant, the function ¢ (s) in (4.1) is piecewise
strictly monotone, and therefore {s : ¢(s) = c} is afinite set for each constant c. So it is impossible that ¢ = C, on the infinite
set E'.

Finally, for  C £2* Borel set, we have

N N
Tr(@) = | Ta(@) N Tam) = | J Tzl N {m}), ae.,
j=1

=1
and so
N
)t () dx = / (Xt () dx
/’Jin(w) g ; TR (@N{m;}) %
= / fOt@dx=Y / F®)tr () dx > 1(w).
jmjew TR (@N{m;}) jmjew T (m))

Therefore, if my € w, then we obtain (6.6). O

Remark 6.7. Notice that if pg is the defining function of the refractor in Theorem 6.2, from the proof of this theorem and

Lemma 6.4, it follows that pg(x) > m forallx € $2.

Remark 6.8. Theorem 6.2, with © = Zi\lﬂ 8 Om;, yields the existence of a refractor so that N — 1 directions m; receive
exactly an amount of energy equal to gj, while the remaining direction my, receives an amount of energy bigger than gj.

We complete this subsection showing that there exists a refractor R, as in Theorem 6.2 that overshoots a minimum
amount of energy.
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Theorem 6.9. Let C denote the class of all refractors as in Theorem 6.2. There exists R, € C satisfying
/ f®)tg,(X)dx = g
TRo (M)

fori=2,...,N,and

/ f)tg,(x)dx = inff fX)tg, (x)dx. (6.12)
TRo (M1) Rpec TRy, (M1)
Consequently,
/ f)tg, (x)dx = inf/ FX)tg, (x)dx (6.13)
TR, (@) RbEC J7a, (@)

for every Borel subset @ C 2*.

Proof. Identifying the refractors in Theorem 6.2 with vectors, we set

ec={beR": / f®)tg, ()dx = g;,2 <i <N, / FX)tg, X)dx > g1 ¢ .
TRy, (M) TRy, (M1)
Letb = (by,...,by) € C, Rp = {op()x : x € 2}, ap = Min,p Pp(x), and seth = ib. From Remark 5.6, the refractor

Ry = {opX)x 1 x € 2} is a rescaling of the refractor Ry, and therefore refracts in the same way as the refractor Ry, so

b € €. Moreover, min, g p;(x) = 1. Then by Lemma 3.8, we have p;(x) < Cforall x € 2 with a constant C depending
only on .
Since

Gy (Mi) := / ftz, (X)dx > g >0
Tﬂﬁ(mi)

foralli = 1,..., N, we have that given 1 < j < N we can pick a pointx; € T (m;) \ S, so that the ellipsoid E(m;, b))

1—kx-

supports R(b) at x;. Since p;(x) < C that gives bi m < C from which we deduce that Bj < (1+«)C.
This proves that the set

~ 1
C= {—b :bece, o =minpb(x)}
Op xeR

is bounded from above by a constant depending only on «.
b

To prove that this set is bounded from below as well, choose b € Candlet y € 2and £ besuchthat1 = P ) = ey

Since p;(y) = minq<j<y 1_:% we have 1 < 1—:;1,~-y forall 1 <j < N and from this we conclude that 1 — x < Bj for all j.

Therefore, € is bounded from above and below by positive constants. Consider now

I = jnf/ f(x)tﬁl_)(x)dx.
'Jfﬂﬁ(mﬂ

beC

Clearly g; < I and there is a sequence Bj € € such that Gﬂ(f,j) (mq1) — I. By compactness there is a subsequence of these I3j

that converges to some point b, € @, and by Theorem 6.6, the refractor R, := J%(BO) is the one that overshoots less energy.
Again by (6.5), and the fact that inf, f > 0, as it was shown at the end of the proof of Theorem 6.2, the refractor R(b,)
satisfies G5\ (M1) > g1.

This is useful to prove (6.13). Indeed let w € £2* and m; € w. Then

f)tg, (x)dx = g = inf/ f)tg, (x)dx.
/ffﬁo () " Z € Jrg, (@) e

miew
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Ifm1 € w,

/ fF®)tg,®)dx
TRo ()

/ FOta, ()dx + / 0tz (X)dx
TRo (w\m1)

TRo (M)

= g+ inf/ fx)tg, (x)dx
Z A€ Jg, (my) "

miew,i#1
= / f®)tg, ®)dx + inf / f®)tg, (X)dx, VYRp € C
Ty (@\my) € J gy (m1)

-~

TRy (M1)

< / £ ®)tg, (X)dx + / f@ta,0dx, YRy € €
TRy (@\my)

= / f®)tg, x)dx, YRp € C.
‘Tﬂ\’b (o)
Then taking infimum over Ry, € C and since Ry € C we are done. O

Remark 6.10. We mention that for the case considered in [6] when all energy is transmitted, that is, when tz (x) = 1, the
energy condition (6.5) is replaced by

/g(X) dx = (1(£2%).
2

This yields the definition of solution with equality, in other words, in this case Ggm)(m;) = f(fﬁ () fx)dx = g, for
i=1,2,...,N.

6.2. Existence of weak solutions when (. is a Radon measure

In this section, R($2, £2*) denotes the collection of all refractors from §2 to £2*.

Theorem 6.11. Let f € L'(2) with infsf > 0, and let 1 be a Radon measure in £2*. Suppose that infyco.meo+ X - M > k + €
and

1 _
/f(x) dx > T n(£2%), (6.14)
2 — Le

where C, is given in (4.5). Let m, € supp (w), the support of u, and
C= {R e R(2, 2% : nw) < / f (%)t (x)dx Yo with equality when m, & a)}
TR (w)

for all Borel sets w C $2*. Then

(i) C # 0, i.e., there exists a refractor solution to the refractor problem in the sense of Definition 4.1, with intensities f and ;
(ii) There exists R, € C such that

/ f®)tg,®)dx = inf / fX)tr (x)dx
TRo (Mo) REC J7p(mo)

and consequently,
/ f)tg, (x)dx = inf/ fx)tg (x)dx (6.15)
Tro (@) REC J7(0)

for every Borel subset w C 2*.

Proof. To prove part (i), partition the domain £2* into a disjoint finite union of Borel sets with non empty interiors and
with small diameter, say less than §, so that my is in the interior of one of them. Notice that the x-measure of such a set is
positive since m, € supp (u). Of all these sets discard the ones that have p-measure zero. We then label the remaining sets
w1y a),l,l and we may assume mo € (w;)° and (/) > 0. Next pick m{ € w}, so that m; = my, and define a measure

on £2* by

Ny
p =D m@)s,.
i=1
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Then
(@) = u(@) = (1€ [ reas
2
Thus by Theorem 6.2, there exists a refractor

: b;
R = X)X : X) = min ——
1 {Pl() p1(x) 15i§N11—Kmi1-x}
satisfying
mi(w) f/ fX)tg, (x)dx
T, (@)

with equality if m, & w.

Next subdivide each a)j] into a finite number of disjoint Borel subsets with non empty interiors and with diameter less
than §/2, and such that m, belongs to the interior of one of them. Again notice that since m, € supp (u), the set in the
new subdivision containing m, has positive p-measure. Again discard the ones having w-measure zero and label them

2

consider the measure 1, on £2* defined by:

N
m:imdmg
i=1
Then
12(2%) = p(2%) < (1-C) Lf(X) dx.
Once again by Theorem 6.2, there exists a refractor

b;
Ry = X)X : X) = min ————
2 {,02( )X 2 p2(X) LR p— -x}
satisfying
mwff F ()t z, X)dx
TRy (@)

with equality if m, & w.

@3, ..., oy, . We may assume by relabeling that w{ C @; and my € (w37)°. Next pick m{ € @7, such that mj = m, and

By this way for each £ = 1, 2, ..., we obtain a finite disjoint sequence of Borel sets wf 1 <j < Ng, with non empty

interiors, diameters less that §/2* and u(w) > 0 such that m, € ()°, @
all £ and j. The corresponding measures on £2* are given by

Ng
o= m@)d,
i=1
satisfying

e(2) = p(2%) < (1-C) ff(X) dx.
2

We then have a corresponding sequence of refractor solutions given by

b;
,“R = . = i —_—
¢ {pz(X)x Pe(X) 12§r§z@1_,¢mf.x}
and satisfying

W@S/ F (X)t, (X)dlx
TR, (@)

with equality if m, & w.

+1

1

¢ . ¢ 0 onr 0 _
C w7, and pick m; € w; with m; = m,, for



C.E. Gutiérrez, H. Mawi / Nonlinear Analysis 82 (2013) 12-46 31

From Remark 6.7 we can normalize R, so that infg p;(x) = 1. Then by Lemma 3.8 there exists C such that

sup pe(x) < C

xe2
forall¢ > 1.
Also if x,, x; € £2 and E(m,, b,) is a supporting semi ellipsoid to R, at p;(x,)x, then for x; € £2 we have
b, b,
Pe(X1) — pe(Xo) < -
1—xkmg- X 1—kmg - X,
Kkm, b,

= X1 — X
1—kmy-x11—kKkmg - X,

=

X1 — Xol|-
——llx1 = x|

By changing the roles of x, and x; we conclude that

C
[pe(X1) — pe(X0)| < ] lx1 — x,|| forall £.

— K

Thus {p,} is an equicontinuous family which is bounded uniformly. Then by Arzela-Ascoli theorem, if need be by taking a
subsequence, we have that p, — p uniformly on §2. By Lemma 3.6(i), R = {po(x)x : x € §2} is a refractor.
Set

Gg, (@) = f f®tg,®dx, and Ggr(w) = f fx)tg(x)dx.
TRy (@) Tr(w)
We shall prove that Gz, converges weakly to Gz. To that end we first prove that for any closed subset F of 2F

lim sup Gg, (F) < G (F). (6.16)

Indeed, from Theorem 5.5 we get that

lim sup ﬁm (F) = limsup/ f®tg, X)dx

TR,y (F)
< /lim SUP X7z, ;) (X)f (X)tr, (X)dx < fX)tr(x)dx = Gz (F).
Q2 Tr (F)

Moreover for any open set G C £2* we have

Gz(G) = f)tr(x)dx < lizm infGg, (G). (6.17)
T2(G) oo

Indeed, from Lemma 3.6 we have

GM®=/ f@%mws/ Ftr(dx
T2(G) liminf 7, (6)

{—

= /“Zm inf y7z, () () tr(X) f (X)dx
0Q* — 00 d

= / lim inf X7, (©) (X)tz, (x) f(x)dx by (5.4),
oF (—>o

{— 00

< lim inf/ X7, (©) Otz (x) f)dx = liZm infGg, (G),
Q* — 00

by Fatou’s lemma. Consequently Gz, — Gz weakly.

Since p¢(w) = Gg, (w) for every Borel set w with m, ¢ w, we obtain that 1, converges weakly to Gz on 2%\ {m,}. On
the other hand, since u, — u weakly, we conclude that

p(@) = Gg(w)

if m, & w. Moreover for any Borel set @ C £2*, we have 1, (w) < Gg, (). Since u; — p weakly and Gz, — Gz weakly,
we then conclude that 4 < Gg and the proof of (i) is complete.
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To prove (ii) without loss of generality assume that for all refractors R = {p(X)x : x € 2} € C, min,zp = 1.
Otherwise we consider p(x) = %‘)) where m, = min, g 0. Then by Lemma 3.8, for all refractors R = {p(x)x : x € 2}, we

have p(x) < C with C depending only on «.
Let

I=inf{/ f(x)tﬁ(x)dx:ﬁe@}.
Tr(mg)

We want to find a refractor R, = {p,(X)x : x € 2} such that I is attained when R = R,. We claim this is the refractor
transmitting the least amount of energy in the direction my. .
By definition of infimum, there is a sequence R = {pr(X)x : x € 2} of refractors in € such that

I = lim f®)tg, (x) dx.
k—o00 T, (o)

By Lemma 3.8, we have 1 < py < C(x). The py’s are uniformly Lipschitz in §2 because if p € R(£2, £2*%), we can write
b

b K
X) — p(xp) < — <b X — Xol,
p®) p(O)_l—Km-x 1—km-xo — (1—/<)2| o

with p(xg) = 1—Kbm-x0’ Since p is uniformly bounded, b is also uniformly bounded and therefore p is uniformly Lipschitz.

By Arzela-Ascoli there is a subsequence p, converging uniformly to some p,. Since

Gy (@) = / fX)tz,)dx = p(w)
Ty (@)

for each w such that m, & w, and Gg, converges weakly to Gg, in 2%, we have that Gg,(®) = p(w) for all w with m, ¢ w.
By Theorem 5.5 we have:

I = lim sup/ f)tg, (x) dx < fo oy J ®) E, (%) dx.
k—oo  J7g, (mo) °
Therefore, if m, € w, we have

n(w) < Gg,(w)

since for all k we have u(w) < Gg, (w). Therefore R, € C.
We claim that

I = / Fx)tg, (x) dx.
TRo (Mg)

Note that to prove our claim, it only remains to prove that

I > / f(x)tﬂo(x) dx. (6.18)
Tro (Mg)

Consider an open set G containing m,. From Lemma 3.6(iii), we have
T, (G) C liminf T, (G) US,
k— o0

where S is the singular set of R,.
Then

/ ) tr, () dx < / F) ta, (0 dx
TRo (G) lim iorcl)f TRy (G)US

k—

= / F®X) tg, (x) dx
lim ior;n)f'f,ﬂk @)

k—

= / Xiimin 73, 6) (X) f (%) [, (X) dx
.Q K—> 0O

by (5.4)

= /XlliminfTﬁk(G) (%) tz, () f(x) dx
Q K— OO
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since

Xiiminf 7z, (¢ (%) = liminf x7; ) (x) we get
k—o0 k— o0 <

= / likminf XTR’((C)(X) tg, (%) f(x) dx
o k—oo

which by Fatou’s Lemma gives

IA

lim inf / X7, 6 (X) Lz, (%) f (x) dx
~ Jg

k—

k—o00

= liminf / tg, () f(x) dx + / tg, () f(x) dx
k=00 \ J7g, (G\mo) Ty, (mo)

= likm inf (,u(G \ mg) + / tg, () f (%) dx)
=0 TRy, (M)

= u(G\mp) +1,

lim inf / b, (0 () dx
TR, (G)

for all open sets G containing mg. Since the measure p is a Radon measure and hence outer regular; i.e. for any measurable
setE

Ww(E) = inf{u(G) : E C G, G open},
we have from u(G \ m,) = u(G) — n(m,) that
inf{e(G\ mp) : Gopenm, € G} = inf{u(G) : Gopenm, € G} — u(m,) = 0.

Therefore we obtain (6.18).
We can now proceed as in the last part of the proof of Theorem 6.9 to obtain (6.15). O

6.3. Discussion about overshooting

In this subsection, we will discuss the question of overshooting to the direction my € supp u for refractors in the class
C defined in Theorem 6.11. Let R be any refractor in C, and recall (6.14).

Case u(mg) > 0.

We shall prove in this case that for each open set G C £2*, with my € G, we have

)f(X) tz(x) dx > p(G). (6.19)
TR(G

Notice that since R € G, we have equality (6.19) for each G with my ¢ G. Suppose by contradiction there exists an open set
G, with mg € G, such that

F&) tr(x) dx = pn(G).
Tr(G)

Under this assumption, we are going to prove that tz(x) is constant a.e., regardless of (mp) > 0. We have Tz (2% = 2,
and T3 (£2*) = Tz(£2* \ G) U 72(G) where in the union the sets are disjoint a.e. Then

/ F) (0 dx = / F0 tr(x) dx
2

TR(£2%)

= /  ftr®)dx+ f() tr(x) dx
TR (£2*\G)

T2 (G)
= (2% \ G) + pu(G) = u(2%)

=< (1_Ce)/f(x)dx
2
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and so we get*

/f(X) (tr(x) — (1 —=Ce)) dx < 0. (6.21)
2

From (4.4) and the estimates in Section 4.1, we have tz (x) — (1 — C.) > 0, and since inff > 0, (6.21) implies that
tr(x) =1—C., forae.xe 2.

Since f%2 (myf ¥ tr(X) dx = p(mo) > 0, the set E := Tr(mo) \ S has positive measure (S being the singular set of R). If
x € E, then we have thattg (x) = 1 — ¢p(x - mgp), so ¢(x - mg) = C. for x € E. Now with the argument at the end of the proof
of Theorem 6.2 we obtain a contradiction.

Therefore (6.19) is proved.

Case j1(mg) = 0 and fzﬂ(mo)f(x) ta(x) dx > p(mg) = 0.

In this case we also have that (6.19) holds. Suppose by contradiction this is not true. Again from the above argument
tr(x) = 1 — C. a.e. Since the set 7z (mg) has positive measure, again from the argument mentioned above we obtain a
contradiction. So (6.19) follows.

Case w(mg) = 0 and fTﬁ(mO)f(x) tr(x) dx = pu(mg) = 0.

This implies that the set 7 (mg) has measure zero. Let G be any open set containing mg. We have

f@) tr(x)dx = / f&) tr(x)dx + f f@) tr(x) dx

T (G\mg) Tr(mg)
= u(G\ mg) + u(mg) = u(G).

This identity also holds for any open set not containing my, and so for any open set contained in £2. Since both measures
fz@(.) f(X) tz(x) dx and u are outer regular, then they are equal, and therefore in this case the refractor does not overshoot.

TR(G)

7. Existence of solutions when « > 1

In this section we prove existence of weak solutions for the refractor problem when n,/ny = « > 1. That is, if n; and
n, are the refractive indices of two homogeneous and isotropic media I and II, respectively, then medium II is denser than
medium I. The proofs are similar to the case ¥k < 1 and we just indicate the differences.

Suppose that £2 and £2* are two domains of the unit sphere S"~! of R with the physical property that

inf o m-x>1/k+¢€ (7.1)
meR* xeR
for some € > 0.

The refractor problem in the case ¥ > 1 can be solved in a similar manner to the case x < 1. The main difference is to
use the branch H(m, b), in (2.3), of a semi-hyperboloid of two sheets in place of the semi-ellipsoids E (m, b). Refractors in
this case are defined in Definition 3.9.

The following proposition regarding the Fresnel coefficient t (x) is proved in a similar way as in Proposition 5.3.

Proposition 7.1. Let R = {p(x)x : x € £2} be a refractor from §2 to £2* for the case k > 1. Let E be the singular set of p. Then
the Fresnel coefficient t(x) is continuous relative to the set §2 \ E.

We also have the following lemma similar to Lemma 5.2.

Lemma 7.2. Let H(my, b)) be a sequence of semi-hyperboloids with m; — mand by — b, as| — 0. Let z; € H(m,, b)) with
z1 — zg asl — oo. Then zg € H(m, b), and the normal v;(z;) to the semi hyperboloid H(m,, b;) at z; satisfies v;(z;) — v(zp) the
normal to the semi hyperboloid H(m, b) at the point z.

Proof. Inrectangular coordinates the equation of H(m;, b;) is km;-z—|z| = b;. Then the normal vector atzis v;(z) = kxm;—
and so

z
lz|”

Z
v(z) =km— — —> km— —
|z |zo]

which is the normal to H(m, b) at zo. The normal at z written in polar coordinates, i.e.,z = p;(x)x has the form v;(x) = xm;—x
so vj(x) = km — x = v(x), the normal to the hyperboloid H(m, b). O

4 Notice that if instead of (6.14), we assume the stronger condition

(1-0C) / f@)dx > p(2%), (6.20)
2

then in (6.21) we obtain a strict inequality which yields a contradiction. That is, (6.20) implies (6.19) in any case, i.e., when p(mg) > 0.
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The proof of the following lemma goes verbatim with that of Lemma 5.4.

Lemma 7.3. Suppose R; and R are refractors with defining functions p;(x) and p(x) and corresponding transmission coefficients

tj and t, respectively. Suppose p; — p pointwise on Q withC; < pi(x) < Gin 2 for some positive constants C; and C,. Let S be
the union of all singular points of all the refractors R; and R. Then for eachy & S there is subsequence t;, (y) — t(y) as | — oo.

A statement like in Theorem 5.5 follows from Lemmas 7.2 and 7.3. We can also prove the following lemma about the
refractor measure.

Lemma 7.4. Let R be a refractor from 2 to 2*. Let f € L'(2) withinfsf > 0. Define a set function on Borel subsets of 22*, by
Gw(F) = FX)tr(x)dx
Tr(F)

where dx is the surface measure on S"~' and t (x) is as given by (4.7). Then G is a finite Borel measure defined on C. G is called
the refractor measure associated with R and f .

We now discuss the existence of solution for the case x > 1.
7.1. Existence of a weak solution when w equals sum of delta measures

Let my, my, ..., my, N > 2 be distinct points in £2*. Forb = (by, ..., by) € RY with each b; > 0, we denote by R(b)
the refractor defined by

R(b) = {,o(x)x 1X € 2, p(x) = max L} ) (7.2)
1<i=N km; - X — 1

We remark that the statements in Lemma 5.1 and Proposition 6.1 also hold when k¥ > 1 with R(b) defined by (7.2).
We now state the existence of weak solution for the case ¥k > 1 when refraction happens only in finitely many directions.

Theorem 7.5. Let f € L'(2) with infzf > 0, and let my, ..., my, N > 2 be distinct points in 2*. Let gy, ..., gy > 0 and
n= Zf;giémi. Suppose that infyeo 1<i<n X - M; > % + ¢, and
1 _
fx)dx > wn($2%), (7.3)
2 1-Ce

where C, is as in (4.6). Then there exists b, € RN and a refractor R (b,) such that
| rwaema=g
TR (bo) (Mi)
fori=2,...,N,and

/ fFtz()dx > g;.
TR(be) (M1)

Therefore, R is a weak solution to the refractor problem with intensities f and u, that is, me @) fta(x)dx > u(w) for each
Borel set w C 2%, and satisfies

/ F@tr(x)dx = p(w),
TR (w)

for each Borel set w C £2* withm; & w.

The proof is analogous to the proof of Theorem 6.2 and it follows as a consequence of the following lemmas.
The proof of the following lemma is similar to that of Lemma 6.4.

Lemma 7.6. Let W C R" be the set givenas W = {b = (1, b,, ..., by) : b; > 0} with the property that for allb € W, R(b)
satisfies

Grm) (M) = / f®tgp®dx < g foralli=2,...,N,
TR (b) (Mi)

where g;s and f are as in Theorem 7.5, then
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i W0
ii. fb=(1,by,...,by) € W then

Kk—1
bi <

€K
foralli=2,...,N.

Proof. (i). If for some i # 1, H(m;, b), is a supporting semi-hyperboloid to R (b) at p(x)x then
b b 1 1
— > =px) = >
€ kmj-x—1 kmyp-x—1 Kk —1

and sob > ke/(k — 1). Therefore, if 0 < b; < ke/(k — 1) forall2 < i < N, then H(m;, b;) cannot be a supporting
semi-hyperboloid to R(b) at any x € £2, and therefore, from the analogue of Lemma 5.1 when « > 1, the set 7, R(b) (M)
is contained in the set of singular points of R(b) fori = 2, ..., N, and consequently Gzmy(m;) = 0 < g;. Hence taking
b=(1,b,,...,by) withO < b; < xke/(k — 1) for2 <i < N,yieldsb € W.

(ii). First notice that if at a point xo, the semi hyperboloids H(m;, b;) and H (my, by) support R (b) with my # m;, then xg
is a singular point, and therefore the points supported by two semi hyperboloids with different axes form a set of measure
zero. From this, we have thatif b € W, and gy < Gg@p)(m1). Indeed,

N N
D Gam(m) =) F ) taam) (dx
i=1 i=1 Y Tr(b) (M;)
:f f(X)l'm(b)(X)dX
U TRy (mi)
= / FX)trm) (x)dx
2

> (1 —Cs)/_f(x)dx
2

N
= (@ =7y g
i=1
and so we have that

N
[g1 — Grp) (M) + Z [gi - G:R(b)(mi)] <0.

i=2

Ifbe W,

N
Zgi — Grpy (m;) = 0.
i=2

Thus g1 < Gﬁ(b)(mﬂ.

Suppose that R(b) = {p(X)x : x € £2}. We shall prove that there exists a point p(x,)X, such that p(x,)x, €
R(b) N H(my, 1) and p(xo)x, & H(m;, b;) for alli > 2. Otherwise, Tzp)(m;) C S where S is the singular set of p. But
then,

Garp(my) = / FOtamX)dx < /f(x)f,ﬂ(b) (x)dx =0
TR(b) (M1) S

contradicting the fact that g; > 0. Then
1 b;

p(x,) = >
Kmq-X, — 1 Kkm;-Xx, — 1
fori =2, ..., N, from which we conclude that
k—1
b,’ <
€K

foralli=2,...,N. O

We also have the following property similar to Theorem 6.6.
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Theorem 7.7. Let § > 0. Then Gr)(m;) are continuous in theregionRs = {b = (1,b, ..., by) : 0 < b; <§,i=2,...,N},
forall1 <i<N.

Proof. Letb;, j > 1be asequence in Rs converging tob, € Rs. Let R(b;) = {pj(x)x : x € 2},and R(b,) = {p(X)x : x € 2.
From the analogue of Lemma 6.5 for « > 1, we have p; — p uniformly on 2. Moreover, forany x € 2 andj > 1,

b] 5 1
pj(X) = ——— <maxy—, —
kmp-x—1 €K K€
forsomel € {1, 2,...,N}and also
1 - 1 < (%) i
i(x) = max ———.
K—l_xml-x—l_pj 1<i<N km; - X — 1

We thus obtain a;, a; > Osuch that 0 < a; < pj(x) < a,.LetG C £2* be a neighborhood of m; such that m; & G for | # i. If
X, € 'J‘R(bj)(G) and x, ¢ S, there exists a unique m € G and b > 0 such that

b b _
pj(x%y) = ——— and pj(x) > ——— forallx € £2.
Km-x, — 1 km-x—1
But by definition of R(b;), m = m; for some | = 1,...,N. Thus m = m;. From this we conclude that Tﬂ(bj)(G) C

TRy (m;) US. Combining this with Lemma 3.6(iii) and the fact that S has measure zero, we obtain
/ FX)trp,) X)dx
TR(bo) (G)

<

/ F X trpy) X)dx
lim inf?fﬂ(bj) (m;)Us

< / F (X tpoy (Odx + / F (Xt roy (X
liminf’fﬁ(bj)(m,-) S

g

| Xiiminf 7a ) (mi) X)f () tzm,) (X)dX. (7.5)
By applying (5.4), to (7.5) we get,

s}

/ Z(X)trp,) () dx < /Xlim inf T, (mp) (XD ER (b)) (X) (X)dX. (7.6)
TR(bo) (G 2 J

It is also true that
Xiiminf T ;) (m;) (x) = lim iﬂszR(,,j)<mi) (x).

Using this in (7.6), we obtain
/ E(X)trm,) (R)dx < / liminf x5, ) my Xtz (X)g(X)dx
TR(bo) () 2 !
from which we deduce by Fatou’s lemma that
/ E(X)trm,) (x)dx < liminf / X T, () X ER b)) (X)g (X)dx
TR(bo) (G) 2 !
= lim inf/ tR(b)) (x)g (x)dx.
TR(by) (Mi)
To complete the proof we shall prove that
lim sup / tR(b)) x)gX)dx < / Z(X)tRby) (X)dX. (7.7)
TR(by) (Mi) TR(bo) (C)

First notice that

lim sup / trey) (X)g(x)dx = limsup f X T, (mp) X ER(by) (X)g (X)dX
TR(by) (Mi) 2 !

IA

/ lim sup XT ) (m) Xtz (x)g(x)dx
7]
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where the last inequality is due to reverse Fatou’s Lemma. By (5.1) and the fact that limsup X{f_ﬂ(bj)(mi)(x) =

Xlimsup T (by) (mi) (x), we have

/ lim sup X(Jiﬂ(bj) (m;) (X) tﬂ(bj) (X)g (X) dx = /
2

[im sup Xy, () () E o) ()8 (X) dX
2

= / Xlim sup TR(bj) (m;) (%) tR(by) (g (x) dx
2

= / g(X)fa(b,,) (x) dx.
lim sup Tﬁ(bj) (m;)

But then by Lemma 3.6(ii),

/ £(X) o (X) dx < / £(X)tnio () dx
lim sup Tﬂ(bj) (m;)

TR(bo) (G)
from which we conclude Eq. (7.7) and therefore concluding the proof of the theorem. O
We shall now prove Theorem 7.5.
Proof of Theorem 7.5. Let 7 > 0 be small and
W={b=(1,by,...,by) eW:b;>fori=2,...,N}.
Then from Lemma 7.6(ii) and Theorem 7.7, W is compact. Consider the map
d:W —>R

given by

d(b) = XN: by
i=1

whereb = (1, by, ..., by).Letb* = (1, b}, ..., b}) be such that

b* = arg max d(b).
bew

R(b*) is the refractor we are looking for. We first show that f%(b )(m_)g(x)tﬂ(b*)(x) = fi,forj = 2,..., N. Suppose the
) T
contrary and without loss of generality that

/ X trp (%) < fo.
TR(b*) (M2)

Take A > 1andconsiderb} = (1, Ab3, ..., by).Ifx, € TRt (m;), X, is not a singular point of R (b5), then, from the analogue
of Lemma 5.1 forx > 1, the semi hyperboloid H (m;, b}) supports both R(b}) and R (b*) atx,, wheni # 2, and in particular,
from the Snell law, the normals at x, to both R(b}) and R(b*) are the same. Hence 7 ﬂ(bi)(mi) \ (singular set of R(b})) C
Tre+(m;), and teﬂ(bp(x) = trepy+) () forallx € Tﬁ(bp(mi) outside the singular set of R (b5), i # 2. Therefore

/ gtz (X)dx = / g trp+) (X)dx
T‘R(bi ) (my)

TR("K) (m;)

< f £ e (X < fir i 2.
TR (w*) (mi)

Then by using Theorem 7.7, we choose A sufficiently close 1 so that Gp: (mz) < f, concluding that b} € W. But this is a
contradiction as it implies d(b}) > d(b*).

To prove that fTR(b*)(ml) g(X)trp+) (x) > f1, we proceed exactly as in the proof of Theorem 6.2. O

Remark 7.8. Similarly to Remarks 6.8 and 6.10, we have the same observations when x > 1.

Remark 7.9. For ¥ > 1and as in Theorem 6.9, there is a refractor overshooting a minimal amount of energy.
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7.2. Existence of weak solution when i is a finite Radon measure

To prove the existence theorem for the case when u is any Radon measure we first state the following lemma which is
the counterpart of Lemma 3.8.

Lemma 7.10. Let R = {p(X)x : x € 22} be any refractor from 2 to 2* such that inf,.5 p(x) = 1. Then there is a constant C
such that

sup p(x) < C.
xe2

Proof. Let H(m,, b,) be the supporting hyperboloid of R at p(x,)x, where x, is given by
p (o) = sup p(x).

XeN2
Then
b, b, _
p(x,) = — and p(k) > Vx € 2.
KMy - X — 1 Kmy-x—1
Since
b, - b,
k—17kmy-x—1
forallx € 2,

b
< inf ———— < inf p(x) = 1.
Kk—1 xe2 kKMmgy -x — 1 xe2

Thus b, < ¥ — 1 and
K
PXo) < ——
€K

asrequired. O

We now state and prove the main existence theorem.

Theorem 7.11. Let f € L'(2) with infzf > 0, and let u be a Radon measure in £2*. Suppose that infyeo:mep* X - m > % +€
and

1 —
o= = ui@, (78)

where C, is given in (4.6). Let m, € supp (u), the support of u, and
C= {R eRQ, 2 nww) < / f (%)t (x)dx¥Ye with equality when m, ¢ a)}
TR (w)

for all Borel sets w C §2*. Then

(i) C # ¥, i.e., there exists a refractor solution to the refractor problem, in the sense of Definition 4.1, with intensities f and ;
(ii) There exists R, € C such that

/ fX)tg,(x)dx = inf f FX)tr(x)dx
TR (Mo) REC J72m0)
and consequently,

/ fX)tg, (x)dx = inf / fx)tzr(x)dx
TRo (@) REC J7p(w)

for every Borel subset w C 2*.

Proof. The proof proceeds in the same way as the proof of Theorem 6.11 using now Lemma 7.10 instead of Lemma 3.8. The
limiting process follows from the analogue of Theorem 5.5 which now follows from Lemmas 7.2 and 7.3. O

Remark 7.12. A discussion similar to the one in Section 6.3 applies for « > 1 to the refractors in Theorem 7.11.
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8. The differential equation for the problem

Let X denote a point in the sphere S"~!, and set X = (x, x,) Withx = (X1, ..., X,_1). Let R = {p(X)X : X € 2} bea
solution of the refractor problem from £2 to £2* with emitting illumination intensity g and prescribed refracted illumination
intensity f. Let U = {x = (x1,...,%:—1) : (X, /1 —|x|?) € £2} be the orthogonal projection of 2. If we assume £2 is a
subset of upper unit sphere Sﬁ‘r‘l = S" 1 N {x, > 0} then we can identify £2 with U. Moreover we can consider p as a
function of x, with x € U. For the purpose of deriving the partial differential equation, we assume throughout this chapter
that p is C? smooth.

Let Y € S"~! be the refracted direction of the ray X by the surface p(X)X. Recall, from Snell’s law (2.1) that

Y = %(X—@(X-v)v), (8.1)

where

D)=t —«ky/1—k72(1 —t2), (8.2)

and v is the outward unit normal to the refractor at the point p(X)X. We denote by T the map X > Y and we considered it
defined in U; thatis, T : U — 2*.

SinceY = (y1,...,yn) € S, wehaveY - 8,Y = 0for 1 < k < n — 1. Therefore the vectors 3;Y,1 < k < n — 1 are
in the tangent plane to the sphere at the point Y. Let ug € U. The tangent plane to the sphere at Y (1) is the collection of
points

P(u) = Y(uo) + (1Y (o), - - -, In—1Y (o)) (U — up)

u € R"!. Let R be the (n — 1)-dimensional box given by R = [sy, t;] X -+ X [Sp_1, t,_1]. Let Py = P(S1, ..., Sq—1), P1 =
P(t17 sza s ey Sn—])v PZ :P(Sla t27 53_7; LI ] Sn—])rIJj = P(S], ey Sj—]a t:ja Sj+17 ey sn—l)v and Pn—l = P(S17 ey Sﬂ—27 tﬂ—])'We
have that the vectors PoP; satisfy PoP; = (tj — s;) 9;Y (up) for 1 < j < n — 1. Notice that the (n — 1)-dimensional volume of
T(R) is approximately the (n — 1)-dimensional volume of the box B on the tangent plane. Recall that the volume of the box
generated by n vectors in R" is given by the determinant of the matrix whose columns are the given vectors. Since Y (1) is
perpendicular to the tangent plane at this point and |Y| = 1, the (n — 1)-dimensional volume of the box B is equal to the
n-dimensional volume of the box B’ generated by B and Y. We then obtain that the (n — 1) dimensional volume of B is given
by

Bl = (t1 —$1) - - - (tn—1 — Sp—1) | det]]| (8.3)

where ] is the matrix (which we call Jacobian matrix of T) given by

0iy1r -+ O Y1
012 T On—1Y2 Y2
J= ...
01Yn—1 -+ On—1Yn—1 Yn—1
81)’1‘1 e 8n—lyrz Yn

Since oy, = —yln y10ky1 + -+ + Yn_10kYn_1) for 1 < k < n — 1, replacing these values in the last row of ] and using the
fact that the determinant is multilinear in the rows yields

) 0yr -+ On—)i
det] = — det| o2 G2 | (8.4)
n .
01Yn-1 -+ On—1Yn—1

If we denote the matrix in (8.4) by Dy then Dy = (9;y;), 1 <i,j <n—1and
1
det] = — det Dy.
n

If dSg= and dSq, denote the area elements corresponding to £2* and the volume element corresponding to U respectively
then

dSo+
|det]| = asﬂ ) (8.5)
U

. . . — dSe
Also if dS¢ is the area element corresponding to 2 then ﬁ

NN
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Let x, & S where S is the singular set of R and m, = Tx(x,) = T(X,) where T is viewed as a map on 2. Letr > 0 and
B:(m,) be the ball centered at m, with radius r and contained in £2*. Then from the energy condition

/ Ftr()dx = / g(m)dm
TR (w) w
we have

|T& (Br(m,))| 1
t d.
Brmo)l TG oD Jra iy O EOHZ B0 o

g(m)dm.

If asr — 0, both |B;(m,)| and |T&(B;(m,))| tend to O, then by Lebesgue Differentiation Theorem, we deduce that
ftzr(x)dSg = g(T (x))dSgx.
Combining this result with (8.5), we obtain

dSgr _ SOtz

|det]]| = < .
dSu 1— [x[%g(T(x)

We now find the | det Dy| explicitly to show this Jacobian is an operator of Monge-Ampére type.

8.1. A Monge-Ampeére type operator for p

In this section we shall derive the Monge-Ampére equation satisfied by p. First, we prove that the normal v to R has the
following expression obtained in [9] for reflectors, and used there to derive the pde satisfied by 1/, where p is the defining
function of the reflector. For convenience of the reader, with give the full proof of the formula for the normal noticing the
difference in the sign because we consider the outer normal.

Lemma 8.1. The unit outer normal v to the surface R at the point p(x)X, X € £2, is given by

v::—Dp@)+X(p@)+DP@fXX (8.7)

Vo2 + Dp|?> — (Dp - x)?

where X = (x, /1 — |x|?) and ﬁp(x) = (01p(X),...,dh_10(x),0) = (Dp(x), 0).

In addition, we have

X-v= p . (8.8)
VP2 = (x-Dp)? + Dp[?
Proof. First notice that the vectors d,, ((x, X,) o(x)) are tangential to the graph of the refractor fork = 1, ..., n—1.Therefore
we have
axk (%, x)p(x)) - v=0
fork=1,...,n— 1.Write v = (V/, v,). Calculating explicitly the derivatives we get,

n—1 n—1

Xk

0 E dikvi + Oy, 0 E xvi = [ p——= - — V1= [x|205,0 | vn, (8.9)
i=1 i=1 v1—|x|

fork=1,...,n—1.
If n, & are row vectors in R", the tensor product is the n x n matrix defined by
E®@n=2¢&n,

with the multiplication of matrices. Moreover if I is the n x n identity matrix and C is any constant, then the
Sherman-Morrison formula says

G
1+CE-n

In matrix form, (8.9) will then become

I+cE@n ' =1 (8.10)

t

X
V1= |x|?

(p1+DpRx) (V) = (p

—v1- IXIZ(D/))t) Vn.
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D -1
p_](l-i-—p@)()
P
Dp
—1 o ©X
o\ = —5,—
1+7X

_1( DP®X )
=p [ — —F—-).
p+Dp-x

From (8.10) we have

(pI+Dp®x)"!

Therefore
Dp ® x
W) = (I ) — 1= |x]2(Dp)*
4 o+ Dp-x /1 — |x|? p
0
=p —V1—|x2(Dp)" — (Dp @ x)x'
1- |><|2 V1= 1x[*(p +Dp - x)

||2

p T Dp Dp ®X)(Dp)f> v

Now observe that for any row vectors £, i, y we have (£ ®n)yt = (n-y)&'. So (Dp ®x)x' = |x|>(Dp)t and (Dp ®x)(Dp)" =
(x - Dp)(Dp)". Therefore

_ x>0 V1 —Ix?
"Nt 1 /1_ 2 _ .D D t n
wr=e (,/1—|x|2 < M i w0 ptDpx" p)>( p))”

p‘l( AA—— P (Dp)f> Un
1—[x? V1 —=1x*(p+Dp - x)
1 t 1 t
T AP (X BV ET TN ) .

So writing the normal as a row vector we get

, B 1 B 1
v:(v,vn)—(m (x p-l—Dp-xDp)’l)vn' (8.11)

Using this formula we get that

7 ()
X-v= Vn.
1—|x2 \p+Dp-x

Since v is the outer normal to the refractor at X, we must have X - v > 0. Therefore v, and p + Dp - x must have the same
sign. Also since |[v'|> + v2 = 1, we obtain from (8.11) that

(p2—<x-Dp)2+ |Dp|2)vz =1
(1= 1xI)(p + Dp - x)? '
Notice here that p? — (x - Dp)? + |Dp|? > O since [X| = 1. So
1—[x2)(p + Dp - x)? 1— |x|?
=+ (2 X% (o rp )2=:|:|p+Dp-x| _ |2| . (8.12)
p* — (x-Dp)* + |Dp| p* — (x-Dp)? + |Dp|
Hence from (8.11)

V= (U/, Vn)

+p+D x|\/ (1= Ix® ! <x _ D) 1

= *|p+Dp- - P
p? — (x-Dp)* + [Dp> \ /1 — |x]2 p+Dp-x

_iIP+Dp~XI< Do+ +Dp-%) V1 —1x[*(p +Dp - x) )

p+Dp-x \/p2—(x-Dp)>+Dp* /o2 — (x-Dp)% + [Dp|?
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and (8.7) follows. Moreover,
|p + Dp - x| P
p+Dp-x /p? —(x-Dp)* + Dp?

If o+ Dp - x > 0, then v, is positive and so in (8.12) we need to choose the plus sign. If p + Dp - x < 0, then v, < 0 and so
in (8.12) we need to choose the minus sign. Therefore in any case we obtain (8.8). O

X-v=4=

For brevity let us first introduce the functions;

| —=2——
A/ 22 +1pI2—(px)?

h(x,z,p) = , (8.13)
V22 +pl2 = (p - )?
where @ is defined in (8.2), and
wx,z,p) =1-9@ : ZErpox
VZ2+1plP = (00?2 ) V22 +1pl2 — (p - x)?
=1—-hx,z,p)(z+p-x). (8.14)

We now prove the main result of this section.

Theorem 8.2. If p is the function defining a refractor R, solution to the refractor problem with intensity f € L'(£2) on 2 and
g € L'(£2*%) on 2%, then

fOOtaX)k" T w
2(T(x)) b1 (1 —p (#x — Dp> : Dph> ’

where C~1is given in (8.22), B given by (8.20), h is defined in (8.13), and w defined in (8.14).
Proof. From (8.1), (8.7), (8.8), and the definitions of h and w we get that the components of y in (8.1) can be written as

| det(D*p + C™'B)| < (8.15)

1
yi=— (W, p(x), DP(N))xi + h(x, p(x), Dp(X)) py;), 1<i<n-—1,

and

1
Yo = ;wx/l — |x%. (8.16)

Differentiating y; with respect to x;, with 1 < i,j < n — 1, we get

1 n—1
9y = — (w 8ij + Xi <wx,- + w; px + Z Wpy )Oxkxj> + h(x, p, Dp) pxy

k =1
n—1

+ Px; (hxj + h, Dx; + Z hpk ,Oxkxj)) .
k=1

Recall that all the vectors x, Dp, Dyw, Dyw, D,w, Dyh, Dyh are regarded as row vectors. The matrix Dy = (9;y;), 1 < i,j <
n — 1, can then be written as

1
Dy = - (w] +x® Daw + w,x ® Dp + x® ((D2p) (Dpw)')'

+h(x, p, Dp) D*p + Dp ® Dyh + h, Dp @ Dp + Dp ® ((sz)(Dph)t)l) :

Note that if u, v are both row vectors and A is an n x n symmetric matrix, then u ® (Avt)t = (u ® v)A, and we obtain the
formula

Dy = %(wI+x®wa—|—wzx®D,0+D,o®th+thp®Dp
+ (x® Dyw) D*p + h(x, p, Dp) D*p + (Dp ® Dyh) D*p) .
Let
C(x) = (x® Dyw) + h(x, p, Dp) I + (Dp ® Dyh) (8.17)
Bx) =wl+x®Dyw+ w,x®Dp +Dp &®Dyh+ h, Dp ® Dp. (8.18)
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So

1 2
Dy = — [B(x) + C(x) D°p]. (8.19)
We have Dyw = —Dyh (z+p-x) —hp,w, = —h, (z+p-x) —h,and D,w = —D,h (z + p - X) — hx. So we can write
C(X) = —(p +Dp - ) (x ® Dyh) — h(x ® X) + h(x, p, Dp) I + (Dp ® Dyh)
= ((—=(p +Dp - X)x +Dp) ® Dyh) — h(x ® x) + h(x, p, Dp) I
= ((=(p+Dp - X)x + Dp) ® Dyh) —h ((x ®x) —I)
= h((h™" (=(p + Dp - x)x + Dp) @ Dyh) + (%) @ %) + 1))
= h(M; + M)
= hMy (I + M5 ' M),
with
Mi=—h""((p+Dp-x)x—Dp) ®Dph, My = ((—X) ®%) +1;

and
B(x) = wl —x® (Dyh(p + Dp - x) + hDp) — (h,(p + Dp - x) + h)x ® Dp + Dp & Dyh + h,Dp ® Dp.
= (1= (po+Dp-x)h)I — ((p+ Dp -x)x —Dp) ® Dyh
—x® ((2h + h,(p +Dp - x)) Dp) + h, Dp ® Dp. (8.20)
From the Sherman-Morrison formula we have that if M = I + £'5 where £ and 7 are any vectors, then
det M =14+£ -7, M*:I—L. (8.21)
1+&-n
We can calculate explicitly the inverse of C(x) noticing it is the product of two matrices having the form of M. We have
1 -1 X®xX
Cl=—(I+M'M) M and M,'=1I N
h ( + 2 1) 2 2 + —l _ |X|2

Ifwesetv =h""((p+Dp-x)x — Dp), thenl + M; ' My =1 — M; ' (v ® Dyh) = I 4+ (—M; 'v') Dph. Therefore

_ M; "vt) Dyh
(I+M;1M1)]:I+ (zv)tp — N
1— (M;"vt) - Dyh

and so
1 XQ®x
Cl=-w[I : 8.22
i (1 755) &22)
Let us calculate this matrix more explicitly. We have
1
M*l t — t th t
S Pl
=h"" | (p+Dp - X)X = (Dp)' + — |X|2th ((p +Dp - x)x" — (Dp)t)}
=" (p+Dp - X)X = (D) + — M (IxI*(0 4+ Dp - x)x* — (Dp -x)xf)]
e
=h!'| ——x'— (Dp)|.
TP ( p)}
So
-1 P
N =1+ (8.23)

1—h*1< o x—Dp)-Dph’

1—|x?

5 Notice that this is the first fundamental form of the upper sphere parameterized by X (x1, X2, . . ., Xn_1) = (x1 ..... Xn_1,/1— |x|2). The coefficients

of this form are g = 3;X - X = &; + ﬁxixj, 1<i,j<n-—1
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and det & = 1 . Therefore from (8.22)
17h—]( L Dp) Dph

detC = ™ 1(1 — [x[?) (1 —p! (1 p|x|2x - Dp> - Dph> . (8.24)
Notice that for row vectors «, 3, &, n, we have (¢ ® 8)(§ ® n) = (B - §)(«¢ ® n). Then

i 1[ X® X (M_] t)Dh (M_l t)Dh X® X
cl=-|1+ =+ + 5
h T=IxP 1= (w) -Dph - \1— (M 0t) - Dy ) \ 1= 1|

M, "v) Dyh
=1 I+ x®x2 (45 :)) tp I 1 : ((M5"0") Dph ' x)
h T=® 1 — (M) Db (1= |x2) (1—(M2—1uf) -Dph>
i M, 'v) Dyh -
=1 I+ x®x2 ( ) n x-Dph ((Mz_]vt) ®x>
h_ T=x> 11— (m;'0t) - Dyh (1—|x|2)(1—(M2v) Dh)
1] XQ X 1 x-Dph
=—|I+ + M Dyh + ———x
h  1—xp? 1—(<M2_lvt)t-Dph( 2 v)< (1—1x2) )}

S =

X®X 1 (_1[ P t}) x-Dyh
I+ + h xt — (Dp) Dh+ —2—x]| |.
| 1P 1— (") Dy 1— [x2 (-

A= ! (hl[ p x—(D)D poh 4 X Dol
T (G ) Dy et T -

We have (45 'v!)" - Dph = h™! [ £ (x- Dph) — Dp - Dyh ] So

Let

1 P x-Dph
A = 5X—Dp ) ® | Dph+ ———=x |,
h— [+ (x- Dph) — Dp - D] N1~ K (1= 1x?)

_%[ 1—||2 ‘A’]‘

From (8.19) Dy = & C (C™'B(x) + D?p) , and so

and

1
detDy = —— det C det (C™'B+ D’p). (8.25)
Kn—]
Combining (8.4), (8.6), (8.16) and (8.25), we obtain

L 1 ) f®tgw
—y detC det (CT'B+D ,0)‘ <T@

Finally from (8.24) we get

n—2
| det(D*p + C™'B)| < FXOtr ()% w .

2(T(x)) hn-1 (1 — (1jl’xlzx — D,o) : Dph>
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