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1. Introduction

It is known that the intensity of radiation is inversely proportional to the square of the distance from the source. In
particular, at large distances from the source, the radiation intensity is distributed over larger surfaces and therefore the
intensity per unit area decreases as the distance from the surface to the source increases.

In this paper, we solve a problem in radiometry involving the inverse square law, see e.g., [1, Section 4.8.1, formula (10)]
and [2, Chapter 4]. We begin explaining the concepts needed to pose the problem. Suppose that f(x) denotes the radiant
intensity in the directionx € S 2 measured in Watts per steradian; in other words, we are assuming the radiation emanates
from the origin in a non isotropic fashion. Here S? denotes the spherical surface of radius one centered at the origin in R3. If
we have a piece of surface £2 C S?, then the total amount of energy received at £2, or in other words the radiant flux through
£2, is given by the surface integral

qs:/f(x)atx.l
2

The irradiance E is the amount of energy or radiant flux incident on a surface per unit area; it is measured in W/m?. We
notice that in this case radiation flows perpendicularly through £2. If the piece of surface 2 C S? is dilated by r with respect
to the origin, then the new surface r2 is contained in the sphere of radius r centered at the origin. If there is no loss, then
the radiant flux on £2 and the radiant flux on r£2 must be the same. Therefore, if r§2 has a larger area than £2,ie.,r > 1,
the average amount of energy per unit area at r§2 must be smaller than the average amount of energy per unit area at £2.
Likewise if r < 1, then the energy per unit area in r §2 gets larger. Let @, &, be the radiant fluxes at £2 and r §2, respectively.
As we said, by energy conservation @; = &,. If |2| denotes the surface area of §2, we have that the irradiance in £2 is

Ei = \%ll' and the irradiance atr§2 is E, = I:D_KSI' Therefore

¢} D E 1 X
Er:—lz ! =—1=—/&dx (11)
re2| el 2 |2 Jo r?
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1 The units for this quantity are Watts because the units for £2 C S? are considered non dimensional units, i.e., £2 is measured in steradians.
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Suppose we break the domain 2 = U}\’: 1 £2;, with £2; disjoint, and such that f is approximately equal to a constant f; on £2;.

Then the radiant flux q) received at §2 satisfies @ = Z]N 1 ®; where @; is the radiant flux at £2;. We have ®@; = (&), and the
,>r

irradiance E; in £2; is —~ | Q L and the irradiance Er inrg2;is . So, as before,
E; 1 X ; Xi
PRL TR RS (PR B NP
j 2 2] 2 2

We then have that

1 N 1 N 1 N
[re0ga=>" [ rwgaxYoro i~ Y giai~ [ Fw
$2 =179 j=1 j=1 2

where E" (x) represents the irradiance over an infinitesimal patch over r§2 around the direction x.

Now, instead of considering a patch of surface on r$2, we look at a sufficiently smooth surface given parametrically by
o (x)x for x on a piece of S2. We fix a unit direction y, and take an infinitesimally small neighborhood of y in S?, say B, (y). We
want to calculate approximately the area of the piece of surface described by A(y) = {p(x)x : x € B.(y)}, and the irradiance
over A(y). The tangent plane T at p(y)y has normal unit v(y). The region on the tangent plane for x € B.(y) is denoted by
T(y) ={z €T :z/|z| € B:(y)}. Let us calculate the area of T(y). Notice A(y) and T (y) have approximately the same area.
Consider the plane T’ perpendicular to the direction y passing through p(y)y, and denote by T’(y) the region on that plane
forx € B.(y),i.e, T'(y) = {z € T' : z/|z| € B.(y)}. We have that

IT" W)

T ~ .

T ~ Vo)
Therefore

W)

A ~ .

A o)

On the other hand, by similarity
IT' W~ p1)*B: W),

and we then obtain that
0 ()*|Be (V)I
v(y)
The irradiance on the infinitesimal area A(y) then equals
radiant flux over A(y) o0 f (0 dx _fOy v
IAY)| TP B0l  p(y)?
yvQ)

IAQ)| ~

Therefore, if we have a piece of surface o in R*> parameterized by a function p(x)x for x € £ with 2 < S?, and we
have radiant intensity f (x) for each x € £2, then based on the above considerations we introduce the following quantity,
measuring the amount of irradiance at the patch of surface o (£2), by the surface integral

/ﬂ)x?ﬁ), (12)

where v, (x) is the outer unit normal to the surface o at the point p(x)x. Notice that if o is far from the source, then p is
very large and therefore the irradiance on ¢ is very small. Formula (1.2) generalizes the inverse square law in radiometry
from [1, Section 4.8.1, formula (10)].

The problem we propose and solve in this paper is the following. Suppose f is a positive function givenin £2 € S? and n
is a Radon measure on a bounded set D contained on a surface in R?, and dist(0, D) > 0. Suppose radiation emanates from
the origin with radiant intensity f (x) in each direction x € £2. We want to find a reflector surface o parameterized by p(x)x
for x € £2 such that the radiation is reflected off by o into the set D and such that the irradiance received on each patch of
D has at least measure 7. In other words, we propose to find o such that

X-v(x)
r,(E)f(X) p(x)?

foreach E C D, where the set 7, (E) is the collection of directions x € £2 that o reflects off in E. We ask that all rays reflected
by o cover the whole target D, that is, 7, (D) = £2. In particular, from (1.3) we need to have

v(X)
(x)2

dx > n(E), (1.3)

dx > n(D), (1.4)




C.E. Gutiérrez, A. Sabra / Nonlinear Analysis 96 (2014) 109-133 111

and we say in this case that the reflector ¢ is admissible. Since f and 7 are given but we do not know the reflector o, we do
not know a priori if (1.4) holds. However, assuming that the input and output energies satisfy

1
/f(X) dx > E"(D)’
2

where C is an appropriate constant depending only on the distance between the farthest point on the target and the source,
and from how close to the source we want to place the reflector, we will prove that there exists a reflector o satisfying (1.3);
see condition (4.4) and Theorems 4.5 and 5.1. In particular, we will see that if the target D has a point very far away from
the source, then the constant 1/C will be very large and therefore, for a given  we will need more energy f at the outset
to prove the existence of a reflector satisfying (1.3). We will also see that, in general, for each fixed point Py in the support
of the measure 7, we construct a reflector that overshoots energy only at Py, that is, for each set E € §2 such that Py &€ E
we have equality in (1.3); see Theorems 4.5 (parts (2) and (3)) and 5.1. In Sections 4.2 and 5.1, we show that it is possible to
construct a reflector that minimizes the overshooting at Py, that is unique in the discrete case, see Theorem 4.10.

To solve our problem, we introduce the notion of reflector and reflector measure with supporting ellipsoids of revolution,
and show that (1.3) makes sense in terms of Lebesgue measurability, Section 3. With this definition, reflectors are concave
functions and therefore differentiable a.e., so the normal v(x) exists a.e. To obtain the o -additivity of the reflector measure
given in Proposition 3.15, we need to assume that the target D is contained in a hyperplane or D is countable. This is needed
in the proof of Lemma 3.2 and Remark 3.3, a result that might fail otherwise, see Remark 3.4.

With this definition of the reflector, the reflected rays might cross the reflector to reach the target, in other words, the
reflector might obstruct the target in certain directions. This physical issue can be avoided by assuming that the supporting
ellipsoids used in the definition of the reflector have the target contained in their interiors. Another kind of physical
obstruction might happen when the target obstructs the incident rays in their way to the reflector. All of these are discussed
and illustrated in Section 3.1.

In Section 2, we show properties of ellipsoids of revolution that are needed in the proofs of our results. In Section 4, the
problem is first solved in the discrete case, that is, when the measure 7 is concentrated on a finite target D. The solution
for a general measure 7 is given in Section 5. Section 6 contains the pde for the problem which is a Monge-Ampére type
equation.

In Sezction 7, we consider and solve the problem in the far field case, that is, when D is replaced by a set of directions in
2% C S°.

We finish this introduction mentioning results in the literature that are relevant for this work and put our results in
perspective. The reflector problem in the far field case has been considered by L. Caffarelli, V. Oliker and X.-]. Wang, see
[3-5]. The near field case is in [6] where the notion of reflector defined with supporting ellipsoids is introduced. In all these
papers it is assumed that f o f (%) dx = n (target), and the model does not take into account the inverse square law. For the
far field refraction, models taking into account the loss of energy due to internal reflection are considered in [7].

We believe this paper is the first contribution to the problem of constructing a reflector that takes into account how far
it is from the source.

2. Ellipsoids

Let .£ be a plane in R® and P € R be a point not in .£. An ellipsoid of revolution having a focus at P is the locus of the
points X such that |X — P| = edist(X, «£), where 0 < ¢ < 1is a constant. £ is called the directrix plane. Notice that this
determines the other focus which might not be the origin. Let f := dist(P, £) be the focal parameter of the ellipsoid. If O is
the origin in R3, P is an arbitrary point, and ¢ > |0 — P| := OP, then the ellipsoid of revolution E(P) with foci O and P, is
given by {X : |X| 4+ |X — P| = c}. The polar equation of such ellipsoid is

c2—op?
2c
X) = ———, 2.1
W= (21
wherem = %, x € 2. The eccentricity of E(P) is by definition & = %, and we have 0 < ¢ < 1. We show that £ is the plane

perpendicular to the line with direction m and having distance to the origin c%. Indeed, let M € E(P) be the point where

the distance between £ and E(P) is attained. We have PM = ¢ dist(M, .£), and OP 4+ 2PM = c,so PM = C_ZOP = %(1 —&).
Then

dist(0, £) = OM + dist(M, £) = OP + PM + dist(M, £)

1 1\ ¢
:OP—|—<1+—)PM=C£+(1+—>—(1—8)=C
& e) 2

1+ &2
2¢

’

as desired. We then have the following formula for the focal parameter:
c(1—¢?

f =dist(P, £) = dist(0, L) — OP = 5
€
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We also have that

c? —oP?
—fe, (2.2)
2c

v_vllere d represents the radius of the circle obtained by intersecting the ellipsoid with a plane through O perpendicular to
OP.

From the definition of d we get 2cd = c* — OP?, and dividing both sides of this equation by ¢? yields £ + 24¢ — 1 = 0.
Solving for £ we obtain:

J1+ ¢ d (2.3)
£ = _— = —. .
oP2  OP

Therefore, we shall denote by E;(P) the ellipsoid of foci O and P having the polar equation

d
1—ex-m

d:=

pa(x) = (2.4)
The ellipsoid is very eccentric if ¢ & 1, this means that d is very close to zero and the ellipsoid degenerates to a segment.
We will work with ellipsoids that are not too eccentric, that is, with d/OP > §, with § > 0 arbitrarily fixed. In other words,
the eccentricity will be arbitrary but controlled in advance. However, if we take into account physical issues presented in
Section 3.1, then we need to choose ¢ sufficiently large, see (3.3).
We have the following simple proposition that will be used frequently in the paper.

Proposition 2.1. Let O be the origin in R> and P # O. Fix § > 0 and consider an ellipsoid Eq(P) with d > § OP. Then there exists
a constant 0 < ¢s < 1, independent of P, such that E;(P) has eccentricity & < c; and we have

< min pg(x) < max pg(x) < . 2.5
1+ cs _xeszpd()_xesz Palx) = 1—cs (2.5)
Proof. From the definitions of d and & we have
op = 2 (2.6)
1—g? .

Sinced > 5§ OP = Zliizd we have £2 4+ 28¢ — 1 < 0. Solving this quadratic inequality and keeping in mind that & > 0 yields

e<—8+V1+68%2:=c5 <1. (2.7)

Then using Eq. (2.4) and noting that 1 —& < 1—¢ex-m < 1+ ¢, we obtain
d d d d

< — < (X)) < —— <
1+C(;_1+8_'Od()_1—8_1—c5

forallx e S2. O

We recall the following proposition borrowed from [6, Lemma 6].

Proposition 2.2. For ellipsoids of fixed foci O and P, the eccentricity ¢ is a strictly decreasing function of d, and for each fixed x,
0a(X) is a strictly increasing function of d.

Proposition 2.3. The outer unit normal vq to the ellipsoid E4(P) at the point pq(x)x is given by

X—em

va(x) = (2.8)

x —em|

Proof. Lety = p4(x) x, then x = y/|y| and from Eq. (2.4) |y| — em -y = d. So the ellipsoid is a level set of the function
h(y) = |ly| — e m - y, and so by computing the gradient of h the formula immediately follows. O

From the law of reflection we obtain the following well known fact.

Proposition 2.4. Given an ellipsoid E;(P) with foci O, P, each ray emitted from O is reflected off to P.
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3. Reflectors and reflector measures

In this section we introduce the definition of reflector and reflector measure, and prove some properties that will be used
later in the paper.

Definition 3.1. Let £2 C S such that |3§2| = 0. The surface 0 = {p(X)x},5 is a reflector from 2 to D if for each xy € £2
d op

Texm Withm = &

there exists an ellipsoid E;(P) with P € D that supports o at p(xg) Xo. That is, E4(P) is given by p4(x) =
and satisfies p(x) < pq(x) for all x € £ with equality at x = xo.

Notice that each reflector is concave and therefore continuous.
The reflector mapping associated with a reflector o is given by

Ny (X9) = {P € D : there exists Eq(P) supporting o at p(xg)Xo};
and the tracing mapping is
,(P)={xe 2 :Pc N;(x)}.
We prove the following lemma of crucial importance for the definition of reflector measure. For its proof, we use a real

analysis result proved afterwards in Lemma 3.5.

Lemma 3.2. Suppose D is contained in a plane IT in R>, and let o be a reflector from §2 to D. Then the set
S = {x € Q2 : there exist P; # P, in D such that x € 7, (P;) N 7, (P2)}
has measure zero in S2.

Proof. Let N be the set of points where o is not differentiable. Since p is concave, it is locally Lipschitz and so the measure
of N in S% is zero. Let us write S = (S N N) U (S N N¢). We shall prove that the measure, in S2, of S N N€ is zero.

Letxo € SN N, then there exist Eq, (P1) and Ey, (P,) supporting ellipsoids to o at xo with Py # P,, and X, is not a singular
point of . Then there is a unique normal vy to o at Xo and vy is also normal to both ellipsoids Eg4, (P1) and Eg, (P,) at Xo. From
the Snell law applied to each ellipsoid we then get that

i = Xo — 2 (Xo - Vo) Vo,

Pi—Xo
[Pi—Xo|

Pi—=Xo P, —Xo
IP —Xol  |P2—Xol

wherer; =

is the reflected unit direction by the ellipsoid Eg, (P;), with Xo = p(x¢)Xo, i = 1, 2. Therefore

This implies that X, is on the line joining P; and P,, and since D C IT we get that E := {p(xg) Xo : X0 € S N N¢} C I1. That
is, the graph of o, for x € S N N¢, is contained in the plane 1.

We will prove that the set S N N¢ has measure zero in S2.

Case 1: O € I1.We have p(z) z € I, for eachz € SN NF¢, then incident ray with direction z is contained in I7. This means
that S N N¢ C [T, and therefore S N N€ is contained in a great circle of S> and therefore has surface measure zero.

Case 2: O ¢ II.In this case, IT cannot be a supporting plane to o at any x € F := S N N, Otherwise, if IT supports o
at some z € F, the ray with direction z is reflected off at the point p(z)z into a ray with unit direction r, on the plane I7.
If vg is the unit normal to 77, then vy L r,. By the Snell law, r, =z — 2 (z - vg) vy, and so p(z)z - vo = 0,and so O € I1,a
contradiction.

To show that F has measure zero we will use the notion of density point to a set. Let w(x) be the polar equation of the
hyperplane /7. We have that p(x) = w(x) forallx € F. Let zy € F. Since p is concave, there is a plane H,,, with polar radius
h;, (x), that supports o at p(zo) zo. That is, h,,(x) > p(x) for all x € £ and h,(z0) = p(20). This plane is unique because zg
is not a singular point of o, and therefore 0 ¢ H,,. Since IT is not a supporting plane, we have that H,, # I7, and then the
sets At = {x € $% : h,y () > wx)}andA_ = {x € s2: h,, () < w(x)} have both non empty interiors.

Consider the line IT N H,, := ¢, which passes through p(zp) 2o, and the plane J containing the line £ and the origin. The
point p(zg) zo € J. For each r > 0, the planeJ divides each spherical ball B;(zy) into two disjoint pieces B, (zy) ™ and B, (zo) ™
having the same spherical measure, B, (zy) = B, (z9)* UB,(z9) ~, and with B, (zg) ™ = B,(z9) NA™ and B,(zp) ™ = B, (z9) NA™.
We have for x € F, that h,;(x) > p(x) = w(x),soF C AT, and therefore F N A~ = (4. Then

B, (z0) NF = (B:(20)" NF) U (By(29)” NF) C By (z0)"

and consequently we get

1
IBr(z0) N Fl, < |Br(20)+| = 5 |B; (20);
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| - |« denotes the spherical Lebesgue outer measure in S? (notice that we do not know a priori if the set F is measurable in
the sphere). That is,
|Br(z0) N F|

Zp) = limsup —— < 1/2.
f(z0) r—>op B - /

So
zo€e{zeF:f(z) <1}:=M;

but the set M has measure zero by Lemma 3.5. Therefore the measure of F is zero in S? and the proof of the lemma is
complete. O

Remark 3.3. If D is a finite or countable set, then the conclusion of Lemma 3.2 holds regardless if D is on a plane. In fact, let
D = {P;}32,, with O ¢ D. Let IT;; be the plane (or line) generated by the points O, P;, P;. Following the proof of Lemma 3.2 we
have that

SN N¢ - Ui# Hij,

and since the surface measure of S N N N IT; is zero we are done.

Remark 3.4. We present an example of a target D that is not contained in a plane, a set 2 € S?, and a reflector o from £2 to
D such that the set S in Lemma 3.2 has positive measure. Consider the origin O, the point Py = (0, 2, 0), and the half sphere
S_={X = (x1,%,x3) : [ X — Py] = 1,x3 < 0}. Let D = S_ U {Py}, and consider the ellipsoid Eq(Py) = {pa(x)x},cs2 With d
large enough such that it contains D. Let £2 = {x = (a, b, ¢) € S? : ¢ > 0} and the reflector o = {0g(X)X},c5-

Each point P € D is reached by reflection, because the ray from P, passing through P intersects o at some point P’ and
since o is an ellipsoid the ray emanating from O with direction P’/|P’| is reflected off to P. We can see in this case that the set
S in Lemma 3.2 has positive measure. Indeed, let P € D, P # Py. By continuity there is an ellipsoid of revolution Ey (P) with
foci O and P that supports o at some unit direction xp. That is, xp € 7, (P). Since o is an ellipsoid we also have xp € 7, (Pp).
Since there is a one to one correspondence between the points P and xp, the measure of S is positive.

Similarly, Lemma 3.2 does not hold when D is contained in a union of planes. For example, let P = (0, 2, 0), C be the
closed disk centered at (0, 2, —1) and radius 1 contained on the plane z = —1, and let the targetbe D = P U C.Ifo isa
sufficiently large ellipsoid with foci O, P, and containing D, then the set 7, (P) N 7, (€) has positive measure.

Lemma 3.5. Let S C R" be a set not necessarily Lebesgue measurable and consider

fx) ;== limsu m
TR B

where | - |, and | - | denote the Lebesgue outer measure and Lebesgue measure respectively. If
M={xeS: f(x) <1},

then |[M| = 0. Here B, (X) is the Euclidean ball centered at x with radius r.
Moreover, if B (x) is a ball in a metric space X and p* is a Carathéodory outer measure on X,? then a similar result holds true
forallS C X.

Proof. We first assume |S|, < o0. Fix x € M. There exists a positive integer m such that f(x) < 1 — % < 1, and let my be
the smallest integer with this property. So for each > 0 sufficiently small we have

m l—l, forall0 < § <. (3.1)
o<r<s  |Br(¥)] My
Given a positive integer k, let M, = {x € M : m, = k}. We have M = U2, M. We shall prove that [Mj| = 0 for all k. Suppose
by contradiction that |[M|. > 0 for some k, we also have that |M|.. < oo. Let us consider the family of balls # = {B; (X) }xem,
with B, (x) satisfying (3.1). Then we have that the family # covers M in the Vitali sense, i.e., for every x € M, and for every
n > 0there is ball in & containing x whose diameter is less than 1. Therefore from [8, Corollaries (7.18) and (7.19)] we have
that given ¢ > 0 there exists a family of disjoint balls By, ..., By in ¥ such that

IMls —& < [MyNUYL, Bi|, and

N
Y 1Bl < (14 &) |Mls.

i=1

2 From [8, Theorem (11.5)] every Borel subset of X is Carathéodory measurable.
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Since M C S, then from (3.1) we get

N N
1 1
Ml — & < [SNUL Bi| <D ISNB| < <1 - E)Z'Bf' <(1+e) <1 - E) M,

i=1 i=1
then letting ¢ — 0 we obtain a contradiction.

If |S], = oo, we can write S = U3, S; with [Sjl,. < 0o. Let fi(x) = lim sup, _,o 2O

[Br ()]

.We have f; < f, and so
xeS:fx) <1} =UZ{xeS:f(x) <1} CUZ{x €S fitx) <1}

and the lemma follows.
This argument applies to the case of a general metric space, because the Vitali covering theorem in that context is available
from the book of Ambrosio and Tilli [9, Theorem 2.2.2.], and then the second part of our lemma follows. O

As a consequence of Lemma 3.2 we obtain the following,.

Proposition 3.6. Suppose o is a reflector from 2 to D and the target D is contained in a plane or D is countable. If A and B are
disjoint subsets of D, then t,(A) N 1, (B) has Lebesgue measure zero.

Remark 3.7. We assume that the target D is compact, and let us set M = maxpcp OP. We are interested in reflectors o such
that they are at a positive distance from the origin. Say we want p(x) > a > 0forall x € £2. To obtain this, by Proposition 2.1
it is enough to pick § > 0 such that % > a and impose the condition that d > 6M for each supporting ellipsoid E;(P) to
.

Definition 3.8. Suppose D is compact not containing 0, and M = maxpp OP. For each § > 0, we let 4(8) be the collection
of all reflectors 0 = {p(X)x},cp from §2 to D, such that for each x, € 2 there exist a supporting ellipsoid E;(P) to o at
p(xo) xo withP € Dandd > § M.

The following proposition will be used in Section 5.
Proposition 3.9. If 0 = {p(X)X},. is a reflector in 4(8), then p is globally Lipschitz in §2, p is bounded,? and the surface o is
strictly convex. The Lipschitz constant of p is bounded uniformly by a constant depending only on é and M.

Proof. Letx, y € 2. Then there exist P € D withd > M such that E;(P) supports o at p(x)x, i.e., p(z) < pa(z) forallz € 2
with equality at z = x. Therefore

P —px) = p¥) — pa(x) < pa(¥) — pa(x) = 1_de.m_ 1_gdx-m
ed
S —exm—ey om0
< ed x—y| = wm—ﬂ by (2.6)
sy 2(1—¢)?
< =Y e e

Interchanging the roles of x, y, we conclude that |p(y) — p(¥)| < % tii |x —y|.

To prove boundedness of p, from the definition of 4(8) we have p(x) > M letx, € 2, then there exist Eq, (Po)

— l4cs
supporting o at p(Xg)Xo. By Proposition 2.1, p(x) < pg,(x) < 1d—_055 for every x € £2.
Let [Ty the plane tangent to Eg, (Pp) at p(Xg)Xo and let po(x) be its polar equation. By strict convexity of the ellipsoid, we

have pg, (x) < po(x) forallx € 2,x # Xo, and Pdy (X0) = po(Xo). Therefore the strict convexity follows. O

Proposition 3.10. If o = {p(X)x},q is a reflector in A(8), then o admits the following “Harnack type” inequality:

+ Cs

1
max p(x) < min p(x).
xeR 1—Cs5 xef2

Proof. Since o € A(8), then p is bounded below. Letx, € £2 be the point where p attains its minimum. Moreover, there exist

Py € Dand dy > 8M such that Eq, (Pp) supports o at p(xg)Xo. By Proposition 2.1, min,.5 p(X) = p(X0) = pd,(X0) > 1‘10%,

and for every x € 2 p(x) < Pdy () < li—OCS < }f—i‘; min, o p(x). O

3 The bound is not necessarily uniform for all o € A(§).
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We now continue proving properties of reflectors that will permit us to define the reflector measure given in
Proposition 3.15.

Proposition 3.11. Assume O ¢ D with D compact such that either D is contained on a plane or D is countable. Let o € A(5)
and let S be the set from Lemma 3.2. Suppose {xn}o0 {, Xo are in £2 \ S and X, — Xq. If Eq, (P,) and Eq,(Po) are the corresponding
supporting ellipsoids to o at x,, and xo, and v(x,), v(Xo) are the corresponding unit normal vectors, then we have

(l) limp_, o0 dy = do
(2) limy_ oo Py = Py
(3) limp_s 00 V(Xn) = v(Xo0).

Proof. We prove that for every subsequence {n,} there exists a sub-subsequence {ny,} for which (1)-(3) hold. Indeed, we
have lim;_, o Xn, = Xo. Since D is compact, there exists a subsequence P“kl converging to some P; € D. Since OP; > 0, we

— —

OPny, , opP,

then have My, = O — my = o7
1 0

LetMnkl = ,o(xnkl )xnkl,andMo = p(xg)Xo, then by continuityofp,Mnkl — Mpasl — +o00.Then Cny, = oM +M”k,P”kl —

nkl
L .- 0Py 0P} . .
o = OMo + MoP; > 0. By definition of eccentricity, &n, = Tk’ and ey, — &, = . Notice that since o € 4(3), we have
k| 0

Em, < Cs < 1, and so 0 < g; < ¢s < 1because OP; > 0. In addition, by Eq. (2.6), dnk, — dy with OPj = 1260‘?02, obtaining

dy > M.

0

d”kl
17€"kl X'm"k,

Let us now consider the ellipsoid Ed6 (Py). Note that p(x) < forallx € £2, with equality atx = Xy, - Ifl > 400,

we then obtain that p(x) < 1_;% for all x € 2, with equality at x = x,. Therefore xy € 7,, (Pg) N 7, (Po), but since xg € S¢
0 0
we get P| = Py. The ellipsoids Ed6 (Po), Eg,(Po) have the same foci and a common point p(xp)Xo, then they are identical and
so dy = do, &5 = €9, and my; = my. Therefore, by Eq. (2.8), V(X”kl) — V(Xg) as | — oo.
Hence the proposition follows. O

Definition 3.12. Let § > 0 and let D be compact with O ¢ D. Given ¢ € A(3), we define §, = {E € D : t,(E)
is Lebesgue measurable}.

Lemma 3.13. If E C Dis closed, then E € 4.

Proof. It is enough to prove that 7, (E) is a closed subset of £2. If 7, (E) = #, the result is trivial. Let x, be a sequence in
7, (E) with x, — Xo, and let E4, (P,) be ellipsoids supporting o at p(x,)x,. Since E is compact, we can use the proof of
Proposition 3.11 to show that there exist a subsequence of ellipsoids Ednk (Py,) converging to some ellipsoid Eq, (Py) such
thatdy > 6M, Py € E, and Eg,(Py) supports o at p(Xg)xo. Therefore Xy € 7, (E). O

Proposition 3.14. If O ¢ D with D a compact set contained either on a plane or D is countable, then §,; is a sigma-algebra on D
containing all Borel sets.

Proof. By Lemma 3.13, 4, is non empty. That 4, is closed under countable unions is immediate since 7, (U,J;"lO F,-) =
Uf;of 7, (F;). To show that 4, is closed under complements, let E € §,. We have
7 (E) = N, ' (E)
={X: N, X)NE=@}U{x: N, (x) NE # D, Ny(x) NE £ @)}
= (fa(E))c U (TG(EC) N TU(E)) >

and the measurability of z,, (E) follows from Proposition 3.6.
By Lemma 3.13, 4, contains all closed sets, hence it contains all Borel sets. [

We are now ready to define the notion of reflector measure.

Proposition 3.15. Assume the target D is a compact set with O ¢ D such that D is contained on a plane or D is countable. Let
f € L'(£2) be non-negative, and let o be a reflector in 4(8) for some § > 0. We define

x-v(x)

n(E) = f&) dx

o (E) P2 (x)

for each Borel set E. Then i is a finite Borel measure on D.
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Proof. By Proposition 3.14, 7, (E) is Lebesgue measurable for each Borel set E. By Proposition 3.11 the function x - v(x) is

continuous relative to £2 \ S. Also since o € A(8) then p is continuous and bounded below, it follows that the function ’; 2”((;‘;

is continuous relative to £2 \ S.

Letx € £2 \ S, by (2.8) and Proposition 2.1, we have x - v(x) = 1|:—£"m"|1 > };EB > 0, where ¢ is the eccentricity of the
supporting ellipsoid to o at p(x)x. From Proposition 3.6, |S| = 0 and therefore w(E) is well defined for each E Borel set and
is non negative. To prove the sigma additivity of w, let E, E,, . . . be countable mutually disjoint sequence of Borel sets. Then
by Proposition 3.6, u(E; N E;) = 0 for alli # j, and hence p1 (UL E) = Y w(E). O

To complete the list of properties of the reflector measure, we show the following stability property.

Proposition 3.16. Suppose D is a compact set with O ¢ D and such that D is contained on a plane or D countable, and let
f e L' (£2) be non-negative. Let o, be a sequence of reflectors in A(8) for some fixed § > 0, where o, = {pn(X) X}, are such
that pn(x) < b forallx € §2, for all n and for some b > 0, and p, converges point-wise to p in 2. Let 0 = {p(x)x},ca. Then we
have

(1) o € A(8), e, forallx € §2 there exist P in D and d > 8M such that E4(P) supports o at p(X)x.
(2) If u is the reflector measure corresponding to o, then u, converges weakly to (.

Proof. First notice that % < pn(x) < b, and so p satisfies the same inequalities. Let us prove (1). Take xq € £, then there
exist P, in D, and d,, > 8M, such that E4, (P,) supports o, at p(xp) Xo. By Proposition 2.1, we have b > pn(xp) = pg, (x0) >
li”%, concluding that SM < d, < b(1 + c;). Therefore, there exist subsequences d,,, and P, converging to do, and Py,
respectively, such that Py € D, and 6M < dy < b (1 + c;). Moreover, by Eq. (2.3) the eccentricity of Ed,, (Py,) converges to
the eccentricity g of Eq,(Pg) and 0 < g9 < c;, therefore Pd,, CONVETges to P, .

On the other hand, p;, (x) < P, (%), with equality at x = xo. Letting k — 00, we get that p(x) < pq,(x) with equality
at x = Xo. Hence E4, (Py) supports o at p(xg)Xo where Py € D and dy > M. Hence, o € A(S).

To prove (2), let S, and S be the sets in Lemma 3.2 corresponding to the reflectors o, and o, respectively. We have
IS, = |S| =0,and so H := U,J;"f S, U S has surface measure zero. For x € £2 \ H, we have that Ng, (x) and N, (x) are single

valued, and by Proposition 3.11 the normal vectors v, (x), v(x) are continuous relative to 2 \ H. Let h € C(D), we have

X - vp(x)
hdu, = / h (N, (X)) f(x) dx.
/D " Jaw ( ) P2 (x)
Since h is continuous on a compact set, p,(x) > % and x - v,(x) < 1, it follows that the integrand is bounded uniformly

in n by an integrable function over £2 \ H. So we can use the Lebesgue dominated convergence theorem if the point-wise
limit of the integrand exists. _

By assumption, p, — po point-wise. We claim that M, (x) — M, (x) for each x € £ \ H. Indeed, since ,, and N,
are single valued on £ \ H, we have Ny (X) = {Py} and N, (x) = {Po} (P, and Py uniquely depending on x). Let P,, be a
subsequence of P, then from the proof of (1) above, P,, has a convergent subsequence to P where P € W, (x). Since N, is
single valued at x we get P = P, and the claim is proved. Since h is continuous, we conclude that limp_, o0 (N, (%)) =
h(~N, (x)) forallx € £2 \ H.

For each x € £ \ H, there exists a unique sequence of ellipsoids Eg, (P,) supporting o, at p,(x)x, and these ellipsoids
converge to Eq, (Py) which supports o at p(x)x. We show that the normals v, (x) converge to v(x) forx € £\ H.In fact, from
Eq. (2.8) we only need to show that ¢, — g9 and m, — mg. That m,, — mg is a consequence that P, — Py. By definition of
eccentricity, &, = % with ¢, = OM,, + M,,P,, where M,, = p,(x)x. Since p,(x) — p(x) we get that ¢, — co = OMy + MyPy
with My = p(x)x.

We conclude that

Jm [ B 000 =

and so

X - (%) X'V(X)d

dx:/ h(No (%)) f (X) ———dx,
Q2\H

P2 (x)

lim | hdu, =/hd,u foreachh € C(D). O
D D

n—oo

Corollary 3.17. If D = {P1, P,, ..., Py} and o,,, o, iy, u are as in Proposition 3.16, then
lim  wn(P) = w(Py).
— 400

n

Proof. Define h;(P;) = 8{ 1 <i,j < N.Since D is discrete, h is continuous on D, then by the previous proposition

lim pn(P) = lim /hi(y)dﬂn(y) =/h10’)du(v) =puP). O
n——+0o0 n——+0o0 D D
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o~
|

()P =(1,0),Q = (0, 1), E;»(P) and (b)P =(-1,.2),Q = (1,0),Es5(P) and Es (Q).
E14(Q).

Fig. 1. Reflectors illustrating obstruction.
3.1. Physical visibility issues

With Definition 3.1 of reflector, the reflected rays might cross the reflector to reach the target, in other words, the reflector
might obstruct the target in certain directions. This is illustrated in Fig. 1(a). In this section, we show by convexity that if the
ellipsoids used in the definition of reflector are chosen such that they contain all points of D in their interiors, this obstruction
can be avoided, that is, the reflector will not obstruct the target in any direction. For example, in Fig. 1(b) each reflected ray
will not cross the reflector to reach the target.

Indeed, let {Eg}ic; be a family of ellipsoids with foci O and P;, such that the convex body B enclosed by all {Eg,}ic; is a
reflector. Let us assume that all P;’s are in the interior of B, and D = {P;}i¢; is compact. We shall prove that under this
condition any ray emanating from O is reflected into a ray that does not cross the boundary of B to reach the target. Suppose
by contradiction that there is ray r emanating from O so that the reflected ray r’ crosses the boundary of B to reach the
target. Then r hits 9B at some point P, and so P is on the boundary of some ellipsoid Eg;, and the reflected ray r’ crosses the
boundary of B at a point Q to reach the target at, say, P;. Since P; is in the interior of B, P € 9B, and B is convex, the segment
(1 —t)P 4+ tP; € Int (B) forall0 < t < 1. Since for some t, Q is on this segment, then Q belongs to the interior of B, a
contradiction.

To assure that each supporting ellipsoid in the definition of reflector, contains all points in D, we proceed as follows. Take
m = minpep OP, M = maxpep OP. Let P;, P; € D, P; be inside the body of the ellipsoid with foci O and P; if and only if

or,
OP,' +P1PJ <G=—,
&j
Op;
with eccentricity ¢ satisfying

thatis,ifand only if ¢; < for all P;, P; € D. Therefore, in the definition of the reflector it is enough to choose ellipsoids
m
EL —.
M —+ diam(D)

(1—&2) OP;
By Eq. (2.6), d; = 2181 ’

1 (et
M+diam(D)

m
2 M+diam(D)

(3.2)

. Hence by monotonicity of d we have that (3.2) is then equivalent to

d; > OP; forall P; € D,

2
1_(M+d€gm(D))
—_—m M.
M=diam(D)
Therefore, to avoid obstruction of the target by the reflector, we can consider reflectors in the class 4(§) with

M+diam(D) —s
2 = 0p.

and so it is enough to choose d >

é >

__m
M+diam(D)
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To complete this section, we mention the case when the target is on the way to the reflector, that is, the incident rays
cross the target before reaching the reflector. Clearly, this can be avoided if we assume that £2 N D* = (), where D* is the
projection of D on S2.

4. Solution of the problem in the discrete case

Definition 4.1. Let 2 C S? with [02| = 0,D = {P;, P,, ..., Py} be such that O ¢ D, and M = maxpep OP. Let dy, ..., dy
be positive numbers and w = (dq, da, .. ., d,,). Define the reflector o = {p,, (X)X}, x € £2, where

Pw(x) = min pg (x),
1<i<N

with pg, (X) = ﬁ 1+ op2 d' -and m; = gp‘,OP = |OP,-|.

Lemma4.2. Let 0 < § < &', and let {p,, (x)x} be the reflector with w = (d;, ..., dy), whered; < &' M and d; > 8 M for
1<i<N.Iff e L'(2)andf > 0a.e. then

vy, (X )
1u(D) = /fo 2?) >C@Xm®/ﬂmw (4.1)
2
where C(8, §', M) is a constant depending only on 8, 8’ and M.
Proof. From inequality (2.5), pg,(x) < 125 < ]‘S—I‘C" and so by the definition of the reflector p,(x) < ]‘S/_"C/g . From

Proposition 3.9, the set of singular points of the reflector p,, has measure zero. So for each x € £2 not a singular point,
there exists 1 < i < N such that

X.U(x)_x.v(X)_l—EiX-m,'>1—8i>]—C5 (42)
v @ K—eml ~ 1+e 140 '

by Propositions 2.1 and 2.3. Therefore * "“’((’;) > (1*:;5)2321\/1)2 = C(8, 8, M) for a.e. x, and consequently

X Vy (X)
2(x)

To prove the strict inequality, suppose by contradiction that we have equality. Since f > 0 a.e., we then would get that

Hw (D) 2/_f(x) dx = C(5,8’,M)f_f(x)dx.
2 2

X Vy (X)
oz (X)
If X is not a singular point of p,, and xo ¢ S (S defined in Lemma 3.2), then there exists a unique 1 < j < N

such that p,,(Xg) = Pd; (Xo) and ,ow (Xo) < min;y pg;(Xo). By continuity there exists a neighborhood Vy, of xy such that
Pw(X) < mini pg,(x) for all x € V,, and therefore p, (x) = Pd; (x) for all x € Vy,. On the other hand, from (4.2) and (4.3)

=C(5,8, M), forae.xe . (4.3)

we get that p,, (x) > L— or x outside a set of measure zero. Since p,, is con inuous, we get that p,, is constant on V,, a
t that p, (x) > {22 f td t of S t t that tant on Vy,
contradiction. O

The following lemma is similar to [6, Lemma 9].

Lemma 4.3. Consider the reflectors 0 = {p,(X)x}yep and 6 = {pp(X)X}en, With w = (dq,d,...,d, ..., dy) and
w = (d{,da, ...,d,...,dy),such that d; < d,. We write in this case w >; w.
If w and i are the corresponding reflector measures, then f(P;) < w(P;) fori # L

Proof. Let 1 <i < N withi # L. Ifx € 75 (P;), then
P (%) < pg(x) forall1 <j<N.
Forj # I, d; = d;, s pg (%) = pq;(x). Forj = |, since d; < d,, from Proposition 2.2 we have Pz (%) < pa,(x). Then

P4 (%) = P (X) < pgy(0) forall 1 <j<N.
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Therefore, 75 (P;) C 7, (P;) fori # [, and so

- X I)(X) d( )
P) = dx = — 4 ax
w(P;) r;,(P,»)f( X) —— 200 r(;(Pi)f( ) ,o ( )
_ X- vdl(x)
B r&(ﬁ)f() Pd,()
< Foo XA g F60 X2 e — . 0
o (P) ,Od( X) o (P) P2 (x)

As in [6] we obtain the following corollary.
Corollary 44. Let wy = (d}, d}, ..., dY) and w, = (d?,d3, ..., d%). Definew = (dy, dy, . .., dy) where d; = min(d!, d?),
we write w = min(wi, wy). Let w1, (2, i be their corresponding reflector measures. Then
w(P) < max(uq(Py), ua(Py)) forall1 <i <N.
Proof. Fix i with 1 < i < N. Without loss of generality, we may assume that d; = d/, ie, d! < d? Consider
Ug, Uy, Uy, ..., Uy, and their corresponding reflector measures vg, vy, V4, ..., vy as follows:
U = (d},dy, ..., dy) = w
= (dla d;a d;’ ceey d[l\])
= (dlv d2’ d; ) d[]\])

U =(dy,....did},,,....dy) for1<j<N-1

uy = (d1,dy, ds, ...,dy) = w.
With the notation of Lemma 4.3, we have ug >4 uy >; - - - >y uy. Since d; = dl.l, we have u;_; = u; and hence
Vi_1 = V.
If1 <j<i—1,thenbyLemma4.3
vi(Py) < vi1(Py),
and likewise fori+1 <j <N
vi(P) < vi_1(Py).
Since uy = w, we get vy (P;)) = w(P;). Therefore
uP) =wvnP) < < viP) = vie(P) < -+ < wp(P) = pa(P) < max(ua (P, ua(Py)).

Ifd; = d?, ie, d? < d! then we define uy = (d3,d3, ...,d%) = wyandy; = (dy, ..., d;, d]2+1, ..., d%) and proceed in a
similar way.
Since i was arbitrarily chosen, we obtain the corollary. O

We now prove the existence of solutions in the discrete case.

Theorem 4.5. Let 2 C S?> with |32] = 0,f € L'(2) such that f > O a.e. g1, 8>, ..., gy positive numbers with N > 1. Let

D ={Py,P,,....,Py}suchthat O & D, and let M = max;<;<n OP;. Define the measure n on D by n = vazl gibp,. Fix 6 > 0, let
k > “:—E‘; where c; is from (2.7), and suppose that
[ ro0dn = @) (44)
p = ek '
where C(8, k8, M) = —1=0)
* T (14cs) (kSM)2” ~ ~ ~
Then there exists a reflector w = (dy, ..., dy) in A(5), i.e.,, with d; > M for 1 < i < N, satisfying:

1) 2 =UL, %P
(2) pu(P;) = gifor 2 <i < N, where 11 is the reflector measure corresponding to w; and
(3) u(P1) > g1.
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Proof. Consider the set:

W = U):(d],...,dN):d]=k5M,di28M,/Lw(Pi)=/ f(x) 'ZIU() X<gi7i=2""7N
‘L’Gw(pi) ( )
We first show that W # ¢. In fact, take wo = (d, ..., d3) with d} = kM, d? = t6M for2 < i < N witht > 1to be
chosen. By Proposition 2.1, we have P x) < ff—"c’;; and po (x) > {i"é’ fori =2, ..., N.If we pick t sufficiently large, then

Pl (%) < ppx)fori=2,...,Nandallx 2. Hence Puy(X) = pd?(x) for every x € £2. Therefore po(P;}) = 0 < g; for

i=2,...,Nandso (k6M, t6M, ..., t6M) € W fort > k(1 + ¢5)/(1 — cs).
W is closed. In fact, let w, = (dY, ..., dy) € W convergingtow = (dy, ..., dy),and let i, and p be their corresponding

reflector measures. We have d; = k6M and d; > M fori = 2, ..., N. We have that w, € 4(§), and by Proposition 2.1:

Puy (X) < ]"f—’g Then by Corollary 3.17

wuP) = lim pu,(P;) <g; foralli=2,...,N.
n—oo

Therefore w € W.
We next prove that if w € W, then u,,(P;) > g;. In fact, we have

/'Lw(Pl) — 81 = [//Lw(D) - (//Lw(PZ) +--+ Mw(PN))] — &1
= Mw(D) - (gl + I/Lw(PZ) +- 4+ /’Lw(PN))
> py@D) — (81 +&+ - +8n)

C((S,k(S,M)/_f(x)dx—n(D) by Lemma 4.2
2

\

\

A%

C(6, ks, M) (Wﬁ(m) —n(D) =0 by condition (4.4).

Let dl = k8M, and d; = inf,ew d; for 2 < i < N.Take the reflector c = {3 (x)x} and its corresponding measure [, with
W = (dq, ..., dy). We have that d; > M for 2 < i < N. Since W is closed and the d;s are bounded below, the infimum is

attained at some reflector w; = (kSM, d., ..., d ., d;, dl 1reees d ) € Wfor2 < i < N.Let u; be the reflector measure

» Yi—1>
corresponding to w;. Since w = miny<;<y W, it follows from Corollary 4.4 that

(P < max (ft2(Py), i3 (Py), ..., an(Py)) <g for2 <i <N,

andsow € W.

It remains to prove that in fact we have (P;) = g; for alli > 2. Without loss of generality, suppose that the inequality
is strict for i = 2, thatis, u(P;) < g.Take0 < A < 1, w;, = (kéM, Adz, ds, ...dy), and let W; be the corresponding
reflector measure. We claim that d, > SM. Suppose by contradiction that d, = M. Then by Proposition 2.1, Pd, <

Hg, we have Pd, = Pdy- Therefore t5(P;) € 75(P), and by Proposition 3.6, we have

1—cs

and pg, > {‘frl‘c/’ but since k > 1=

|75 (P1)| = |75 (P1) N 75 (P,)| = 0, hence fi(P;) = 0, a contradiction. This proves the claim, and therefore Ad, > §M for all
A sufficiently close to one. Moreover, by Lemma 4.3, uy (P;) < u(P;) < g; fori > 3, and by Corollary 3.17

il—>m1 a(P2) = i(Py).

Then there exist Aq close to one such that u, (P;) < g and Ady > SM, for \g < A < 1.Hence w; € W contradicting the
definition of d;. We conclude that w satisfies conditions (1)-(3). O

Remark 4.6. The reflector constructed in Theorem 4.5 might obstruct the reflected rays before reaching the target and also
can be in the way to the target. To avoid this, and as it was explained in Section 3.1, it is enough to choose § > §p, with p
defined in (3.3), and that £2 N D* = @ where D* is the projection of D over S2.

4.1. Comparison with the solution in [6, Theorem 7]

The purpose of this section is to compare the reflector constructed in [6, Theorem 7] where the inverse square law is not
taken into account, with the reflector constructed in Theorem 4.5.
Let us assume that

/f(x) C(8 k. M) n(D), (4.5)

with k > }J_F—E‘; The reflector in [6, Theorem 7] is constructed when § = 4, k = 4, and the energy measure at the target D

equals n(D)/C(4, 16, M). With the same method there, it can be proved that given § > 0 and k > }fg and the densities
satisfying (4.5), there exists a solution 6* = (k6M, d3, ..., df,) € A(5) such that
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(1) ULt (P) = £2,
1 .
(2) ftg*(Pj)f(x) dX = G & V1 =i<N.

Suppose k = }’:—E‘; We compare ¢ * with the reflector o constructed in Theorem 4.5. If 7« (E) has positive measure, then
from the argument in Lemma 4.2 we have that

X-v*(x)
W (E) = / f(x) dx > C(8, ks, M) f(x)dx = n(E).
7% (E) p*(x)? 7% (E)
If P; ¢ E, then from Theorem 4.5
X-v(x)
E) = —— dx.
n®) = | 100~ dx

On the other hand, if p* is the parametrization of o *, then

*X> ,
p()—1+q

and obviously x - v*(x) < 1. Then for each Borel E C D we have
L p* 1 2
[ e M g < L1 | seoa
T+ (E) o*(x) (M) 7+ (E)

(1 + c5)? 1

: n(E)

(6M)? C(8, kS, M)

(14 ¢5)* (14 ¢5)(k8M)?

= ToM? (-gp ®

1 5
(1“5) n(E)
— Cs

1+¢)\° X v(x)
dx.
= <1 _C8> rg(E)f(X) p(x)? *

Therefore we obtain the estimates
1— 5 L pF . L pF
( C“) / Foo O e o [ po X0 gy o / Foo X gy
1+c¢s 7% (E) p*(x) o (E) px) 7% (E) p*(x)

for each Borel set E with P; ¢ E (the left inequality is true for every E Borel). As a consequence ¢ * is not a solution in the
sense of Theorem 4.5, but for each Borel set E not containing P; we have

.l 5
0 < 1*(E) — n(E) < ((1 +E‘S) - 1) n(D).

—

The error then goes to zero uniformly in E as § — oo.

4.2. Discussion about overshooting in the discrete case

Theorem 4.5 shows the existence of a solution that overshoots energy at P;. We are next interested in finding a solution
that minimizes the overshooting at P;.

Definition 4.7. Let§ > Oand k > t—ﬁg (> 1). With the notation of Theorem 4.5 we define the following.

MW={w=C(,...,dy) :dy =kéM, d; > M, u,,(P;) <g; for 2 <i < N}. _ _ _

(2) The reflector 0 = {py (x)x}, and its corresponding reflector measure i1, where w = (dy, ..., dy) with d; = kM, and
d; = infy,cw dijfor2 <i < N.

B)e={w=({,...,dy):d =kéM,d; > M, u,,(P;) = g; for 2 <i < N}.

4 D={w=(=,...,dy) :di > M forall i, py(P1) > g1, w(P;) =g for 2 <i < N}.

Proposition 4.8. Under the assumptions of Theorem 4.5 we have that

(1) w e WNEN D, and hence the three sets are non empty.
2)e=wno.
(3) W is closed and unbounded, € and D are compact.
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Proof. (1) Follows from Theorem 4.5.
(2) Follows from the fact proved in Theorem 4.5 that for each w € W, u,,(P1) > g;.
The first part of (3) follows from the proof of Theorem 4.5.

To prove that D is bounded, let w = (dy, ..., dy) € D.For 1 <i < N we have
X Vy(X) X - Vg, (x)
g <mP)= | f@—2Tdx=[ fo—021>"
75 (P}) P (%) 5 (P}) 0d; (%)
X - m)>? 4 5
< [ro—san= [ o0t s B
Q pd, di
Therefore
d <2 I 1l (2
&i
so O is bounded. To show that D is closed, let w, = (df, ..., dy) € D converging to w = (ds, ..., dy), and let u, and

be their corresponding reflector measures. By Proposition 2.1, we have:

5 ( W11 ) )
&1
di

<
1—cs

[ X<
o _pwn()_1_%

And then by Corollary 3.17, we have pu(P;) = lim,_ o un(P;) = gifori = 2,...,N,and u(Py) = lim,_ o un(P1) > g1.
Therefore, w € O and so D is closed.
The compactness of € is hence concluded from (2). O

The following proposition shows that there exist solutions in the sets € and £ that minimize the overshooting at P;.

Proposition 4.9. Under the assumptions of Theorem 4.5 we have:

(1) There exist we € C such that . (P1) < py,(Py) forallw € C.
(2) There exist wp € D such that .y, (P1) < py,(Py) forallw € D.

Proof. We will only prove part (2) because part (1) is similar. There exists a sequence w, € D such that: lim,_, o un(P1) =
inf,ep pty (P1). By Proposition 4.8, £ is compact, then there exists a subsequence wy, converging to wg € D, and

T4¢ — pw”k ) 1

Mo (P1) = lim gy, (P1) = inf gy, (Py). O
n— oo wel

. We conclude from Corollary 3.17 that:

In the following theorem we show that among all solutions in €, the solution that overshoots the minimum amount at
Pq is w. Moreover, if §2 is connected then w is the unique such solution.

Theorem 4.10. Let w = (dq, ds, ..., dy) € C and w its corresponding reflector measure. Then
u(D) < u(D),
where i is the reflector measure corresponding to w. Moreover, if 2 is connected and ji(D) = (D) then:
di=d; foralll1<i<N.
Proof. Since w and w are in C, then u(P) = j(P,) forall2 < i < N. By definition of w = (dy, ..., dy) we have

di = kM = dyand d; < d;forall2 < i < N, since @ C W. Let o and ¢ be the reflectors corresponding to w and w,
respectively. Now, let x € 75 (P1), i.e., pg, (x) < pg,(x). Then by Proposition 2.2:

pd; (X) = pg, (x) < pg(x) < pg;(x) forall2 <i<N.
Hence x € 7, (P;) and so 73 (P1) C t,(P;). Therefore:

[(Pr) = / f(X) le( ) / f(X)w dx, sinced; = d;
75 (P) pd (x) @ (P) Pg, (%)

X l)d]( )
=< /[\”(pl)f(X) 5] (X) X /’L( 1)

We conclude that (D) < (D).
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Suppose now that £2 is connected and we have equality, i.e., i (P;) = u(P) forall1 <i < N.Let] = {1 <i < N : d; = d;}

and] = {1 <i < N : d; < d;}. Our goal is to prove that J is empty. First notice that I # ¢, since 1 € I. Similarly as before
75 (P) C 1, (P;) for all i € I, and therefore

wey = [ fo0 W g [ e 5% g Sincedi = d,
7o (P}) g X) o (P}) /Od (*)
Vg (%) 7 (%)
= Foo =0 g4 / f®) z—d‘(dx
7 (P) Pg2 ) 5 (P)\75 (P}) rz X)

X g, (x)

— ) + / T o
o) Ta(Pi)\f&(Pi)f(X) Pﬁ.(x) i

Since w(P;) = i (P;) and f(x) > Qa.e,weget |7, (P) \ 75 (P)| = 0,and so |z, (P})| = |75 (P;)| fori € I.

Suppose now that J # VJ and letx € Uje] 7, (P;), then x € 7, (P;,) for some j, € J. By Proposition 2.2 we have:

Pi(X) = pg (X) < pg; () < pg;(x) = pg,(x) foralliel.

Then by continuity of pg,
x € Int (U 5 (Pj)> and so U 7, (Pj) < Int (U 75 (Pj)> :
jeJ jel Jjel

Since £2 is connected and Ui

open set (Int (., 7 (P))) \ U, 7o (P) then:

@) = (U r(,(Pj)) UA with Al > 0.

jeJ Jjel

7, (Pj) is closed, we get that the set A = Uje] 75 (P) \ Ujej 7, (P;) contains the non empty

This yields a contradiction because
12] = |U_; % (P)| = |Uie1 6 (P + |Ujg 75 (P |
= |Uie1 7o P)| + |Ujey 7o ()| + |A]
= |USY % (PO| + |Al = 12] + |A].

We then conclude that ] = ¢, and so d; = 5,~ forall1<i<N. O
5. Solution for a general measure

Theorem 5.1. Suppose the target D is compact, O ¢ D, and either D is contained on a plane, or D is countable, and let
M = maxpep OP. Let 2 C S?, with |02]| = 0, f € L'(2) withf > 0 a.e, and let n be a Radon measure on D.

Givend > 0,k > }fg , with c¢s from (2.7), we assume that

1
/s'zf(X) dx > mﬂ(ma (5.1)

1—cn)?
where C(8, k8, M) = M%

Given Py € supp(n), the support of the measure n, there exists a reflector c = {p(X)x},cp from £ to D in A(8) such that

X-V,(X)
E - ,
B = | f0 =50 o

for each Borel set E C D, and

X- vp(x)

E) =
n(E) TU(E)f() 200

for each Borel set E C D with Py & E; and ]Tga < px) < {‘f—"c/gfor allx € 2.
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Proof. Partition the domain D into a disjoint finite union of Borel sets with small diameter, say less than &, so that Py is
in the interior of one of them (D has the relative topology inherited from R?). Notice that the n-measure of such a set is
positive since Py € supp(n). Of all these sets discard the ones that have n-measure zero. We then label the remaining sets

Dl,..., D}\,1 and we may assume Py € (D})° and n(Djl) > 0for 1 <j < N;.Nextpick P! € D/, so that P| = Py, and define a
measure on D by

Ny
m=y_ nDHdy.
i=1
Then from (5.1)

n1(D) = n(D) = C(8, kd, M) /_f(x) dx.
2

Thus by Theorem 4.5, there exists a reflector

g
o1 = X)x: p1(x) = min —————
1 {;01() p1(%) min, l—ei]x-m}}
s

with dl = kM, d! > M for2 <i < Ny, m] = % for 1 < i < Ny, and satisfying

1

XV, (%)

E ———dx,
mE) < /fm@)f(x) e

with equality if Py € E, for each E Borel subset of D.
Next subdivide each Dj], 1 <j < Ny, into a finite number of disjoint Borel subsets with diameter less than /2, and such

that Py belongs to the interior of one of the subdivisions of D%. Again notice that since Py € supp(n), the set in the new
subdivision containing Py has positive n-measure. Again discard all sets having n-measure zero and label them D?, . . ., D,z\,z.

We may assume by relabeling that D? C D} and Py € (D3)°. Next pick P? € D?, such that P? = Py and consider the measure
n, on D defined by:

Ny
2= nD})sy.
i=1
Then
m2(D) = n(D) < C(8, k&, M) /_f(X) do (x).
2

Once again by Theorem 4.5, there exists a reflector

. d'2
0y = {Pz(x)x tp2(x) = min Tlxmz}
si=Ny I — &7 x-m;

—

2
with d? = kM, d? > SM for2 <i < Np, m? = % for 1 <i < N», and satisfying

1

XV, (%)

E —=—dx,
() < fw)f(x) e

with equality if Py € E, for each E Borel subset of D.
By this way foreach £ = 1, 2, ..., we obtain a finite disjoint sequence of Borel sets Df, 1 <j < N, with diameters less

that £/2* and n(D;) > Osuchthat Py € (D$)°, DE*! € D¢, and pick P/ e D} with P{ = Py, for all £ and j. The corresponding
measures on D are given by

Ng
ne = 1Dy
i=1
satisfying

ne(D) = n(D) = C(5, k8, M) /_f(x) dx.
2
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We then have a corresponding sequence of reflectors given by

d¢
o = {pe(X)x pe(x) = min e—'}
1<i<N; 1 — gt x - m!
Py
with d$ = kéM, d’ > SM for2 <i < N, m} = % for 1 < i < Ny, and satisfying
Vg (X )
ne(E) < fx ) — " dx,
Ty (E) pZ(x)

with equality if Py ¢ E, for each E Borel subset of D. Since o, € A(5) for all £, it follows by Proposition 3.9 that o, are Lipschitz
continuous in £2 with a constant depending only on § and M. In addition, from Proposition 2.1, and since d = kéM, we have

sM < polx) <
X
1o - Y =712
By the Arzeld-Ascoli theorem, there is a subsequence, denoted also by p;, converging to p uniformly in £2. From
Proposition 3.16, 0 = {p(x)x} is a reflector in 4(8) and the reflector measures w4, corresponding to oy, converge weakly
to u, the reflector measure corresponding to o. We also have that 1, converges weakly to n, and n,(E) = u.(E) for every
Borel set E C D with Py ¢ E, and each ¢. Then we obtain that n(E) = w(E) for every Borel set E C D with Py ¢ E. Since
n¢(E) < ug(E) for any Borel set E C D, we also conclude that n(E) < w(E). O

Ve, x.

Remark 5.2. Remark 4.6 also applies to Theorem 5.1.

5.1. Discussion about overshooting

In this section, we will discuss the issue of overshooting to the point Py € supp(n) and show that there is a reflector that
minimizes the overshooting. Indeed, let Py € supp(n) and

X-v,(x
I = inf :[ fx) 2—p() dx : o is areflector as in Theorem 5.1} . (5.2)
5 (Pp) p*(x)
There exists a sequence of reflectors o, = {x(x)x} such that
X-v, (X
I = lim f) +() dx.
k=00 Sy, (po) Pic (%)

Therefore from Proposition 3.9, p; are uniformly Lipschitz in £2, and by Theorem 5.1 uniformly bounded. Then by the
Arzela-Ascoli theorem there exists a subsequence, also denoted py, converging uniformly to p. By Proposition 3.16,

o = {pkx)x} € A(S), and the corresponding reflector measures w, and wu satisfy u, — w weakly. In particular,
— fra o f® Xp””((’;) dx, and we are done.
We now compare (£ (Pg) with n(Pp).
. *)
Case 1: ;1 (Po) = [, ) f(®) XVZ”(X); dx > 0.
In this case, we shall prove that for each open set G C D, with Py € G, we have:

F0) X-v,(x)

7 (G) P2 (x)

in other words, the reflector overshoots on each open set containing Py. Notice that from Theorem 5.1 we have equality in
(5.3) for each Borel set not containing Py. Suppose by contradiction that there exists an open set G, with Py € G, such that

X-v,(x)
o (G)f(X) P2 (x)

dx > 1(G), (5.3)

dx = n(G).

%W is constant a.e. We have 7, (D) = £2, and 7, (D) = 7, (D\ G) U, (G)

Under this assumption, we are going to prove that o

where in the union the sets are disjoint a.e. Then

p(X) _ p(X)
/:?f(X) p2(x) dx = r(,(D)f(X) p2(x)
X v,(x) p(X)
— —d
/rg(D\G)f(X) P2 (x) o r(,(c)f( ) P2 (x)

= n(D\ G) +n(G) = n(D) = C(8, ks, M) /_f(x) dx
2
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from (5.1), and so we get

X-v,(x
/f( ) ( 2 —C(6,I<8,M)) dx < 0, (5.4)
p*(x)
As in the proof of Lemma 4.2 we have x/‘]”z"(g) — C(8,k8,D) > 0,and since f > 0 a.e., Eq. (5.4) implies that
X-v,(X) _
5 =C(5,ké,M), forae.xe . (5.5)
p*(X)

We will show this implies p is constant. Notice that since o € 4(§) we can apply inequality (4.2) at each non singular point.
So from Eq. (5.5) and the form of the constant C

yov® < kSM )2

2 _
PO = o — \Tog,

atae.y € £.Since p(x) < 1"5"" so p(x) is constant a.e., and since p is continuous, then is constant in £2. This is a

contradiction. In fact, suppose p is constant, then o 1s a piece of sphere with center O and by the Snell law every ray emitted
OPO
|OP,

from O is reflected off by o to O. Recall that mg =
|7 (Po)| = 0, contradicting the case assumption.
Therefore (5.3) is proved.
Notice that if n(Py) > 0, then w(Pg) > 0 and so the reflector overshoots.

Case 2: u(Py) = fza (Po)f ®) vap(();) dx =

This implies that |z, (Pg)| = 0 and n(Po) = 0. Then for each G open neighborhood of Py we have

.So if x € t,(Py), then x, mg are collinear, i.e., x = +mg, therefore

X-V,(X) (x) X-v,(x)
G) = P d :f Y +/ P d
#(©) rr,(c;)f(X) P2 (x) * ra(G\Po)f(X) P2 (x) dx ra(PO)f(X) P2 (x) ¥
= n(G\ Po)
= n(G).

This identity also holds for every open set not containing Py, and so for any open set in D. Since both measures p and » are
outer regular then they are equal. Therefore in this case the reflector does not overshoot.

5.2. Optimization of § in (5.1)

Inequality (5.1) is a sufficient condition for the existence of a reflector and depends on § > 0. If we choose § so that the
right hand side of (5.1) is minimum, then we can choose the radiant intensity f such that we have equality in (5.1) and this
will give the minimum energy required at the outset to have a reflector. We calculate here the value of § for which the RHS
of (5.1) is minimum. Indeed, the only conditions imposed on é and k are that § > 0 and k > t—i‘; We then have

_ (1 — C5)3 1 (1 — Ctg)5 —
€16, = o < W e

with cs = —8 + +/1 + 82. After some computations we get

e lims_,or(8) = 0.
o lims_, o, 7(8) = 0.
dr 2(1—cs)*(4cs—1)

o - = .
524/ 1482 (14c5)*

ds
Therefore the absolute maximum of r in (0, +00) is attained when ¢ = }1, that is, when § = %. The corresponding

. 1+1 . .
value of kis k = 1—3‘ = %; and the corresponding constant is
1

15 25 1 15 108
Cl— — M|=—1r|—)=——.
8 8 M? 8 3125 M2
However, if we take into account the obstruction issue discussed in Section 3.1, we need § > &p. Therefore, if §p < % then
one can take § = 15/8 in the argument above to obtain a constant that minimizes the outset energy required to obtain a

reflector in A(15/8) that does not obstruct the target. Otherwise, if 5p > % for any § > §&p there is a reflector in A4 (8)
solving our problem and not obstructing the target but the corresponding constant C(§, k§, M) cannot be maximized.
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5.3. An observation

We remark that the existence results in this paper can be extended to the case when the function ”("2) in(1.3)isreplaced

by F(x-v(x), p(x)) where F(u, v) is a continuous and strictly positive function of two variables. In particular, if F is constant,
then we recover the results of [6]. Similarly to Proposition 3.15 we define the finite Borel measure on D by

w(E) = fEF(x-vXx), p(x)) dx

o (E)

when F is defined in [1 £ 1] |:

e rxnax ,o(x)] In addition, the stability property from Proposition 3.16 holds true also

1+4cs°’

in this case when F is continuous on [1 Jf , 1] [ 15+Mc , b] With the set up of Lemma 4.2, we obtain the following inequality
that replaces (4.1)

M (D) =/f(X)F(X-v(X),p(X)) dxz( min  F(u, v))/f(X) dx (5.6)
o (u,v)eK; o
where F is continuous on Kj 5 = [:ii, 1] X [{i"za, 16115]‘ and with equality in (5.6) if F is constant. Finally, the analogue

of Theorem 5.1 now follows under the assumption

/f(X) dx > — F(u U) n(D), (5.7)
(u,v)€Ks ks

with F continuous on K; ys. If F is constant and there is equality in (5.7), then there is no overshooting, i.e.,

( )f(X)F (x-v(x), p(x)) dx = n(E)
7o (E

for each E C D Borel set.
6. Derivation of the near field differential equation

Set X = (x, X3), a point on £ C S?, withx = (x1, x2). Consider the reflector o = {,0(X)X}, the solution of the near field
problem from §2 to D with radiant intensity f (x), with a measure 7 defined on D that is absolutely continuous with respect

to Lebesgue measure, i.e., n = gdy with g a positive function in L' (D). Let U = {x : (x, v/1 — |x|?) € £2}.If £2 is in the upper
hemisphere S, we can identify £2 with U and assume that p is a C? function on U.IfX € S? and Y € S? is the direction of
the ray reflected off by o, then by the Snell Law

Y=X-2X- -vX)) vX) (6.1)

where v is the outer unit normal to the reflector o. To derive the equation of the problem, we assume that D C {x3 = 0}.
If D is contained in a general surface, then the equation is deduced from this as in [10]. If the surface o reflects off the ray
with direction X into the point Z € D, then

Z=pX)X+|Z—-px)X]Y.
Let T be the map on U, x — Z.Since D C {x3 = 0}, T(x) = (21, 22, 0). If dSg, dSp and dSy, denote the surface area elements
of 2, D, U, respectively, then we have:
dSp 1
| det(DT)| = — dSep = ——
dSy, T 1P

where DT denotes the Jacobian of T. From (1.3) we have that for every set E C D

x-v(x)
/ f ) dx > / g dy,
15 (E) px) E

and as in [10, Formula (8.11)] we get

f&) X-vX))

dSy,

| det(DT)| < . (6.2)
V1= X2 p2(x) g(T(x))
From [7, Lemma 8.1] we have
—Dp+Xx Dp -
_ Do XwHDr N g x.v= p , (6.3)
VP2 +Dp2 = (Dp - x)? VP> +Dp2 = (Dp - x)?

where Dp(x) = (319(x), 320(X)), Do(X) = (310(X), d2p(x), 0).
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Applying the calculations from [10, Appendix] when x = 1 and n = 3 we get
det(DT) = det (D*p + A(x, p, Dp)) (2p)*F (F + Dp - DyF)
with F := F(x, p(x), Dp(x)),

u

A 12 +p2—(p-x)?

F(x,u,p) = TG 0t 2utp - ,
P P P A u2+IpI>=(px)?
and
1
AX, p, Dp) = ————————— [(F + pF,)Dp ® Dp + pDp @ D,F].*

p (F+ Dp - D,F)
Replacing these formulas in inequality (6.2), we conclude that p satisfies the following Monge-Ampére type equation
f(x)
4g(T(0))v/1— X2 [F(F + Dp - DyF)| p3y/p? + |Dp|? — (x- Dp)?

(6.4)

|det (D*p + 4 (x, p(x), Dp(x))]| <

7. The far field case

The method used in the above sections can be applied similarly to construct a far field reflector, that is, the target D is
replaced by a set £2* C S2. Suppose radiation emanates from the origin O with given radiant intensity f (x) for each direction
X € £ C S?, and we are given a Radon measure 7 on £2*. We want to construct a reflector surface 0 = {0(x)X}xcp such
that the radiation is reflected off by o into £2* such that

X-v(X)

f&x)

75 (E) 1Y (X)z

foreach E C £2* and where 7, (E) is the collection of directions x € §2 reflected off by o into E. We assume the initial energy
condition

1
/Qf(X) dx > En(ﬂ*) (7.2)

where C is constant depending only on 2, £2* and on how close from the source we want to place the reflector. In fact,
given my € supp(n) we will construct a reflector o such that we have equality in (7.1) for every set E not containing mg. As
in the near field case, we next introduce the definition of the solution and some properties now done with paraboloids of
revolution.

dx > n(E) (7.1)

7.1. Paraboloids of revolution

A paraboloid of revolution with focus O and unit axis direction m can be interpreted as an ellipsoid of eccentricity 1
and foci O and P, where P is a point at infinity in the direction m. Therefore, by Eqs. (2.2) and (2.4), the polar equation of a
paraboloid P;(m) of focus O and axis direction m and focal parameter d is

pe0) = —2 withx € S\ {m). (7.3)
1—x-m

In this case, it is immediate that for fixed x and m, py is strictly increasing in d. By Eq. (2.8), such a paraboloid has outer unit
normal v with

X—m

v(x) = (7.4)

x —m|’

We also have from the Snell law the well known fact that each ray emitted from O with direction in S? \ {m} is reflected off
by P4(m) into the direction m.

7.2. Far field reflectors and measures

Definition 7.1. Let 2 C S?, with |3£2| = 0. The surface ¢ = {p(X)x} 5 is a reflector from £2 to £2* if for each x, € §2 there
exists a paraboloid Py (m) with m € £2* that supports o at p(xg) Xo. That is, P;(m) is given by pg4(x) = Fiom with x # m and
satisfies p(x) < pq(x) for all x € £2 with equality at x = x,.

4 For a, b vectors in R?, a @ b is the matrix a‘b.
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In order to prevent the degenerate case we will suppose that x - m # 1forallx € £2 and m € £2*. By compactness there
exists a uniform 0 < § < 1 such that:

x-m<1—8 Vxe£2,me Q"

Notice that each reflector is concave and therefore continuous.
The reflector mapping associated with a reflector o is given by

N, (Xo) = {m € £2* : there exists P;(m) supporting o at p(xo)Xo};
and the tracing mapping is
,(m) ={xe2:me Ny (x)}.

Proposition 7.2. Let 0 < § < 1and suppose 2 - 2* < 1— 8. If Py(m) is given in (7.3) with m € 2%, then

d d
— < min pg(x) < max pa(x) < —. (7.5)
2~ xe2 é

Proof. The proof follows from the factthat —1 <x-m<1-4§. O

Remark 7.3. We are interested in reflectors o such that they are at a positive distance from the origin. Say we want
p(x) > a > 0forall x € £2. To obtain this, by Proposition 7.2 it is enough to pick d such that d > 2a and impose the
condition that d > 2a for each supporting paraboloid Py(m) to o.

Definition 7.4. For each a > 0, we introduce the class #(a) of all reflectors o = {p(X)x},. from £ to 2* such that for
each xg € £2 there exists a supporting paraboloid P;(m) to o at p(xg)xg with m € £2* and focal parameter d > 2a.

Proposition 7.5. If o = {p(x)x} is a far field reflector in A(a) and 2 - 2* < 1 — §, then p is Lipschitz in 2, is bounded,” and
the surface o is strictly convex.

Proof. Strict convexity follows as in Proposition 3.9. Fix X, € £2 and my € A, (xo), then there exists a paraboloid Py, (mo)
supportmga at p(xo)xo. Since for every x € £2, there exist P;(m) with m € £2* supporting o at p(x)x, then by Proposition 7.2
5 < pa(x) = p(X) < pgy(X) < %0, concluding that d < 2d° .Now take y € 2:

d
p) — p&x) = p(y) — pax) < pa(y) — pa(x) = y—x)-m
(I-x-m(1—y-m)

2d,
< —Ix—yl < le—yl

and therefore the Proposition follows. O

We have from [4, Lemma 1.1] the following.

Proposition 7.6. If o is a reflector from £2 to £2*, and A and B are disjoint subsets of £2*, then 7, (A) N 7, (B) has Lebesgue
measure zero.

As a consequence of Proposition 7.5 and the proof of Proposition 3.11 we obtain the following.

Proposition 7.7. Suppose 2 - 2* < 1 — 6. Let o € A(a) and N be the set of singular points of . Suppose {xn}o2 4, X are in
Q \ N and x;, — Xo.If Py, (my) and Py, (mg) are the corresponding supporting paraboloids to o at x, and Xo, and v(x,), v(Xo)
are the corresponding unit normal vectors, then we have

(1) limnaoo dn = dO

(2) limp_, oo my = mg

(3) limy_, o0 V(X)) = V(Xop).

Using Propositions 7.6 and 7.7, and proceeding as Section 3, we get the following results.

Proposition 7.8. Let f € L'(£2) be non negative, 2 - 2* < 1—§, and let 6 = {p(X)X},p be a reflector in A(a) for some
a > 0. We define

w® = [ Foo 2P g
75 (E) (X)

for each Borel set E C §2*. Then pu is a finite Borel measure on £2*.

5 The bound, and the Lipschitz constant are not necessarily uniform for all o € A(a).
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Proposition 7.9. Suppose 2 - 2* < 1— 8. Let o, be a sequence of reflectors in #(a) for some fixed a > 0, where oy, = {p; (X)X}
such that p,(x) < b forallx € 2 and p, converges point-wise to p in 2. Let & = {p(x)x}. Then we have:

(1) o € Aa).

(2) If w is the reflector measure corresponding to o, then u, converges weakly to (.

Corollary 7.10. If 2* = {my, my, ..., my}and o,, o, Wy, 4 are as in the above proposition, then
lim pp(mi) = p(m).
n——+o0o

7.3. Solution of the problem

Definition 7.11. Let 0 < § < 1,and let 2 C S? and 2* = {m;, m,, ..., my} be such that 2 - 2* < 1—4.Letd,, ..., dy
be positive numbers and w = (dy, dy, . . ., d,). We define the reflector o = {p,, (X)x},c5 by

Pw(x) = min pg (x),
1<i<N

with pg,(x) =

1
—X-m; *

Lemma 7.12. Let 0 < d/, and let {p,, (x)x} be the reflector with w = (d, . .., dy), whered; < da.If f € L'(2) andf > O a.e.,

then
Dy (X )
1, (D) = / fo* 2"’ x> C(d,8) | fdx (7.6)
5 (%) ol
where C(d’, §) is a constant depending only on a’ and 8.
Proof. From Proposition 7.2, pg, () < %1 < % and so by Definition 7.11 p,,(x) < % From Proposition 7.5, the set of

singular points of the reflector p,, has measure zero. So for each x € §2 not a singular point, there exists 1 < i < N such that
X-Vy(X) =x-vg(X) =

3
Therefore ¥ > = .— (¢, §) for a.e. x, and so

o5 — 2d
w()
(D
(D) = /f() e

To prove that the inequality is strict we proceed as in Lemma 4.2. O

dx > C(d, 3)/f(x)dx

The statements of Lemma 4.3 and Corollary 4.4 hold true in the far field case and we therefore obtain the solution in the
discrete case.

Theorem 7.13. Let 2 € 5,0 < & < 1,and f € L'(£2) such that f > 0 a.e. Suppose g1, g, . . ., gy are positive numbers with
N > 1,and .Q* {m1, my, ..., my} € S? be such that 2 - 2* < 1 — 8. Define the measure n on 2* by n = ngzlg,ﬁmi. Fix
a> 0and d > =2, and suppose that

1 *
/_f(x)dx > C(a’,é)n(Q )s (7.7)

where C(d', §) = o /2
Then there exists a reflector w = (d, d,, . .., dy) withd; > 2a for 1 < i < N satisfying

) 2 = UL 1 (my). ) )
(2) m(m;) = gifor 2 < i < N, where [ is the reflector measure corresponding to w; and
(3) i(my) > g1.

For the general case we have the following.

Theorem 7.14. Let 2, 2* C S%, suchthat 2 - 2* <1 —6 forsome0 < § < 1.Let f € L' (2) be such that f > 0 a.e., and let
1 be a Radon measure on 2*. Givena > 0,and a’ > 4—" we assume that

1 ) *
/Qf(x)dx > C(a,’(s)n(ﬂ )s (7.8)

where C(d', §) = %~
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Then given my € supp(n), the support of the measure n, there exists a reflector ¢ = {p (X)X}, from £2 to 2* such that

X-V,(X)
E 14
1B =< | 050

for each Borel set E C 2*, and

dx,

X-v,(x)
E) = — 2 ax,
n(E) rg(E)f(X) 2(x) x

for each Borel set E C £2* with my & E. In addition, the reflector o = {p(x)x} belongs to A(a), and a < p(x) < %,for all x.

Proof. Using the proof of Proposition 7.5, we have that every reflector solution in Theorem 7.13 with w = (@', dy, ..., d,)

andd > ‘g—“, d; > 2a, satisfies

/

asp(x)g% and [p() — p)| <

/

2a
5
Hence the Arzela-Ascoli theorem can be applied and the proof follows as in Theorem 5.1. O

Ix—y| forallx,y e 2.

7.4. Overshooting discussion

As in the near field case, there exists a far field reflector o such that:

Mo(mg) = inf {/ f(x)x ‘Zv(x) dx : o areflector as in Theorem 7.14} .
T (M) 1Y (X)

Moreover, for every open set G containing mg we have 1o(G) > n(G) if ug(mg) > 0, and ©o(G) = n(G) if we(mg) = 0.

7.5. Derivation of the far field differential equation

We use the notation from Section 6. Let o = {p(X)X} be a far field reflector from £2 to £2* with emitting radiance
intensity f (x), and n = g dx with g a positive function in L' (£2*). Recall U = {x : (x, /1 — |x|2) € £} and suppose p is C.
Keeping in mind (6.1), we now let T be the map on U defined by x — Y.If DT is the Jacobian of T, then as in the near field
case we can deduce that

f&x) X -v(X))
1—[x]2 p*(x) g(T(x))
We also have from the proof of [7, Theorem 8.2] when x = 1 and n = 3 that

| det(DT)| < (7.9)

det(DT) = w\/ﬁ det(D?p + C~! B) det(C)
with
C(x) =x® Dyw + hl + Dp ® D,h
B(x) = wl +xQ Dyw + w,x ® Dp 4+ Dp @ Dyh 4+ h,Dp ® Dp

det@©) =h1—xP) (1—hn"' (—2—x—Dp)-D,h
1—|x?
where h := h(x, p(x), Dp(x)), w := w(x, p(x), Dp(x)), and
2z
2+ P~ (-0
Replacing these values in Eq. (7.9), and using (6.3) we conclude that p satisfies the following Monge-Ampére type equation
f)|w]
gT() (1 = W) 2|1 = h=1 (2% = Dp) - Dyh| /o7 + IDpI2 = (Dp -2

wix,z,p) =1—hx,z,p)(z+p-x).

h(x,z,p) =

|det(D*p + C7'B)| < (7.10)
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