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AsstrACT. In IR?, Lipschitz continuous viscosity solutions to the K-prescribed
Levi curvature equation are smooth and strictly pseudoconvex if K is smooth and
strictly positive, see [2]. We show here thatin R***!, n > 1, a similar result does not
hold; that is, we prove the existence in C"*!, n > 1, of nonsmooth pseudoconvex
hypersurfaces with smooth Levi curvature.

1. INTRODUCTION

This paper concerns the existence of non-smooth viscosity solutions to the Levi
curvature equation. The equation was first introduced by Bedford and Gaveau in
[1] and recently it has received attention in [6], [3], [11], [2], [9], [8], and [4].

The set up is as follows: Q c R*"*! is an open set, and K : Q X R — Ris a given
function. We denote by & = (x, y,t) points of R**!, with x,y € R"and t € R. A
function u : 3 — R is a classical solution to the K-prescribed Levi curvature if
u € C*(Q) and satisfies the pde

(1.1) LK u) =0,

with £ defined in 2.1)). In this case it is said that the Levi curvature of the graph
of u equals K. A notion of viscosity solution to this equation was introduced in
[11] and [4] yielding the notions of generalized Levi curvature and generalized
pseudo-convexity, see Subsection Of course, this raises the question of the
regularity of viscosity solutions. Indeed, if n = 1, and K is smooth and strictly
positive, then it is proved in [2] that every Lipschitz continuous viscosity solution
to the equation is pseudo-convex and smooth, and therefore it solves the
equation in the classical sense. The purpose of this paper is to show that the picture
is different in higher dimensions. Indeed, we show here that whenn > 2, viscosity
solutions may not be regular when K is positive and smooth, and therefore the
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one-dimensional pseudo-convex hypoellipticity result from [2] no longer holds in
higher dimensions. Precisely, we prove the following theorem which is the main
result of the paper.

Theorem 1. Suppose n > 2, and K € C*(B; X R) is a bounded and strictly positive
function satisfying either one of the following conditions

(H1) s ¥ K(¢, s) is strictly increasing for every fixed &, or
(H2) K is independent of & and nondecreasing in s.

Then there exists r € (0,1) and a pseudoconvex viscosity solution u to the equation
(1.2) L(Ku)y=0 in B,

such that u € Lip(B,) with u ¢ C'(B,) if n = 2, and u ¢ C'# for any B > 1 — 2 when
n > 2. B, denotes the Euclidean ball in R*"*! centered at the origin with radius r.

The proof of this theorem uses Pogorelov’s counterexamples, see [10] or [5,
Section 5.5], and its extensions developed by Urbas in [12] to show existence of
viscosity non classical solutions to real curvature and Hessian equations. A
principal tool used to carry out the proof of our theorem is the comparison
principle proved in [4, Theorems 4.1 and 4.2].

Our paper is organized as follows. Section [2| contains preliminaries about
viscosity solutions for the Levi equation. In Section 3| we show existence of
solutions in small balls, which is used in Section | to prove the main theorem.

2. PRELIMINARIES AND DEFINITIONS

We recall some definitions and basic results needed in the paper.

2.1. The prescribed Levi curvature equation. Let Q c R*"*! be open. The
function u : Q — R is a classical solution to the K-prescribed Levi curvature
equation if u € C?(Q) and satisfies the pde

2.1) L(K, u) := det A(Du, D*u) — K(&, u) F(Du) = 0,

for all & € Q, where Du and D?*u denote the gradient and Hessian of u in all the
variables x, v, t, respectively,

(1 + |DupP)*s*

F(Dw) = 2"
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and the matrix A(Du, D?u) is an n X n matrix defined as follows. For { =1,--- ,n,

let

dy, U — Oy, 1 Ol
1+ (8tl/l)2 !

—0y, U — 0y, udsu

(2.2) a; = ay(Du) = T+ @ "

bg = b[(DH) =

and let a be the column vector with components a,, and b the column vector with
components b;. Let X be the n X (2n + 1) complex matrix defined by

r =, —il, a-ib),
where I, is the n X n identity matrix. Then the matrix A(Du, D?u) is defined by
(2.3) A(Du,D*u) := L D*u 7.

Equation (2.1) geometrically means that the hypersurface M,, graph of the
solution u, has Levi curvature equal K, agreeing to let

M, :={zeC" : z=(x+iy,t+iulx,yt)),(x,yt) € Q.

2.2. Viscosity solutions to the prescribed Levi curvature equation. Given 1 and
¢ real functions in Q, we say that ¢ touches u from below (above) at &, € Q if
u(&o) = P(&o) and P(&) < (Z)u(&) for all £ is some neighborhood of &.

The function u : QO — R is a viscosity subsolution to the equation if u is
bounded upper semicontinuous in Q, and for every ¢ € C*Q) and for every
&o € Q such that ¢ touches u from above at & we have A(D¢, D*¢)(&) > 0 and
LK, $)(&) > 0.

Analogously, the function u : () — R is a viscosity supersolution to the equation
if u is bounded lower semicontinuous in Q, and for every ¢ € C*(Q2) and for
every & € Q such that ¢ touches u from below at & and A(D¢, D*$)(&p) > 0 we
have L(K, ¢)(&) < 0.

A function u : QO — R is a viscosity solution if it is both a viscosity subsolution
and a viscosity supersolution.

We remark that these definitions are equivalent to the ones given in [11] and [4],
and imply that the epigraph of a viscosity solution u is a pseudoconvex domain
of C"*! in generalized sense, see [4, Section 2]. We express this property by simply
saying that u is pseudoconvex.

2.3. A Comparison Principle. The following comparison result plays a crucial
role in the proof of Theorem
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Let u be a viscosity subsolution and let v be a viscosity supersolution to the equation
2-1) in a bounded open set QO ¢ R*"*1. If K satisfies the assumptions in Theorem [I|and

limsupu(&) < lign énf v(&) forevery &y €0Q,
&= o0

then u < vin Q. This Comparison Principle is proved in [4, Theorem?2 4.1 and 4.2].

3. A PRELIMINARY EXISTENCE RESULT

In this section we prove the existence of a Lipschitz-continuous viscosity solution
to a Dirichlet problem for £(K,.) on the ball B,, for r sufficiently small. The
boundary data will be the restriction to dB, of a convex function ¢ in B, satisfying
the equation det A(Dgp,D*p) = 0 in B,. The crucial point of this preliminary
existence result is the dependence of the gradient of the solution only on the
gradient of ¢. The proof is a refinement of the one of Lemma 5.1 in [4].

Throughout the section we assume that the curvature function K satisfies the
assumptions in Theorem [T} and

1
(3.1) supK < —,
b 2R

for some 0 < R < 1. Geometrically, this condition means that

2 K < inf K"
(3.2) lei]; < ng ac, (@)

where Cy is the cylinder of C**!
Cr:={(x+1iy,t+it) : (x,y,t) € Bg,T € R},

and KggR (9) denotes the Levi-curvature of the boundary of Cy at the point 4.
Indeed, since the real function

(q) = kP + [yP + 2 = R?, g = (x+iy,t +i1),

is a defining function of Cg, using (5) from [8] we easily get

K™ _ R? + 12 Vo= . . P
QCR(‘?) = SRz g=(x+iy,t+it) € ICg.
As a consequence: infgeyc, K;@R (q) = ﬁ, showing that 1) is equivalent to li

To prove our existence result, Proposition 3, we show the following lemma,
which provides a strict subsolution to (2.1)).
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Lemma 2. Let 0 <7 < R < 1 and let ¢ € C*(By) be a convex function. For each A > 0
define
ur(&) = (&) — Ad(¢), &€ By,

where d(&) := r*> — & Then, there exists A* > 0, only depending on r and supg, Do,
such that

(3.3) L(K,uy)>0in B,, forevery A > A"
Proof. If p € R*"*! and X is a (2n + 1) X (2n + 1) complex matrix, we define
Alp,X)=X(p) X T (p)
where X(p) is the n X (2n + 1) complex matrix
X(p) = (I, =il,, a(p) —ib(p)), I, =n X n identity matrix,

and a(p) and b(p) are the column vectors with respective components,

_ Pn+1 — P1P2n+1 _ —P1 = Pn+1 Pan+1
al(p) - 1+ (P2n+1)2 ’ and bl - 1+ (p2n+1)2

Since @ is convex, D*u, = D*p — AD*d > — AD?*d = 2Al,.;. As a consequence:

, 1=1,...,n.

det A(Du,, D?u,) 5 (ZA)ndetA(Du;\,IZHH)
F(Du,) F(Du,)
det (Z(DuA) Z(DuA)T)
=@y F(Duy)
1 2+ |a(Duy)? + |b(Duy)?
_ n an—1
— 20)"2 o
1+ DuwP 1 1 @)
> (21 n2n 1 = - ——
2 OV 2 G FDu) ~ 2 1+ Dinp)

D
Then, since Du, (&) = 2A (_ga + 5), letting ¢ = supg, |Del|, we have:

2A
det A(Du,, D?u,) 1 1
F(Du,) T2 (HPH+HDE

This inequality, together with condition (3.1), easily implies the existence of a
positive constant A* = A*(r, c¢) such that (3.3) holds. O

Using the previous lemma and arguing as in [4, Proposition 5.1], we obtain the
main result of this section.



6 C. E. GUTIERREZ, E. LANCONELLI, AND A. MONTANARI

Proposition 3. If 0 < r < R < 1, and ¢ € C*(By) is a convex function such that
L(K, ) < 0in By, then the Dirichlet problem

(3.4) L(K,u)=0, in B,, u=q on JB,
has a viscosity solution u € Lip (B,) satisfying

(3.5) lull ey + lllyy iy < G

where C only depends on r, IIgOIILM(ﬁ), IIDQIILW(Q), and IIDKIILW(@.

Proof. Let u; = ¢ — Ad be the function given by the previous lemma with A > A"
Then u, € CZ(B_r) and is a classical subsolution to £(K,u) = 0 in B,. Moreover,
uy = @ on dB,. On the other hand, since L(K,p) < 0 in By, ¢ is a classical
supersolution to L(K, ) = 0in B,.

Then, by [4, Theorems 1.1 and 1.2 ], the Dirichlet problem has a viscosity
solution u € C(B,) satisfying u, < u < ¢ in B,. Hence supy |ul < supg |¢l +
Ar. On the other hand, by Lemma supg |Du,| can be bounded by a constant
only depending on r and supy |Dg|. By the interior gradient estimates in [4)
Proposition 5.1], we can conclude that u € Lip(B,) with llull;,&;, only depending
on 7, |9l «@p, 1DPllL @, and  [IDKI| -

O

4. PROOF OF THEOREM 1

Throughout this sectionwe denoteby x = (x1,x"), ¥’ = (x2,..., %),y = (Y1, ¥), ¥ =
(Y2, ..., yu) with x,y € R", and & = (x, y,t) is a point in R*"*1.
As in the previous section, we fix R €]0, 1[ such that

(4.1) sup K <
o 2R

For0 <o <1and 0 < r < R we define

1
42)  w,(x,y) = wo(x, X, 1, y) =P+ + )0+ WP+, a=1- ~

and

’700(5) = wa(xr Y, t) := Mw,(x, ]/)/ (/J)a(é) = qbg(x, Y t) :=2M(o + |x,|2 + |y/|2)a’

with M a positive constant that will be determined later. We have

Yo <Yy <Py, in By.
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Sincen > 2, the exponenta = 1- % > % and so that ¢, is convex in R***1. Moreover,
¢, is smooth for ¢ > 0, and independent of x;, y; and t. From (2.3) we then obtain

Dips Diyo 0
A(Dgs, D*$,) = T| D2y D2, 0 |E7 = (D2, ¢+ D2, s +i(D2,, — D2, )h,)
0 0 0

n

jm=1 /

and since the first column and the first row of this matrix are null vectors we get
det A(D¢,, qu)o) =0.
Therefore:
4.3) LK, ¢,) = =K(-, p5)F(Dpp,) <0 in B;, Vo €]0,1].
Thus, applying Proposition 3} the Dirichlet problem
L(K,u)=0 in B,, u=¢, ondB,
with 0 €]0,1[ and 0 < r < R, has a viscosity solution u, such that
” Ug ||L°°(B_,) + ” Us ”Lip(B_,) < C(I”, G/M)

with C(r,0, M) depending on o only through C(¢s) =l ¢o ll,«@y + | Do llpg)-
On the other hand, an elementary computation shows that C(¢,) < 8M. Then, we
can choose C(r, 0, M) independent of ¢, and so

(4-4) ” Us ”L‘”(B_,) + ” Us ”Lip(B_y) < C(T,M).
Now we claim that, if 0 < r < R, we can fix M = M(r) such that
(4.5) LK Y,)>0 inB, Voe€lor[

Assuming this claim for a moment, we can use the Comparison Principle of

Section to compare u, with i, and ¢,. Indeed, by and @.5), ¢ and 1,

are, respectively, classical supersolution and subsolution to £L(K, u) = 0 in B,. On
the other hand 1), < ¢, in By, in particular, on dB,. Thus, by the Comparison
Principle,

(4.6) Uy < U, <P, inB,, Yo€]0,r[.

The uniform estimate implies the existence of a sequence o; ™\, 0 such that
(4s,)jen uniformly converges to a viscosity solution u € Lip(B,) to the Dirichlet
problem

L(K,u)=0 inB,, u = ¢y on JB,;

the proof of this fact is very similar to the one given in [7, p. 1241].
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Moreover, from (4.6), we get
Yo <u<¢y in B,.
In particular
(4.7) Mr?x* < u(0,x2,0,...,0) < 2M|x, .
These inequalities imply:
ugCl, if2a=1 (ie. n=2)
and
u ¢ CY, forevery g >2a—1 :1—% if 2a > 1 (i.e. n > 2).

The first statement is trivial. For the second one we only have to remark that if
2a > 1, then d,,u(0,0,...,0) = 0 = u(0,0,...,0) so that, if u would be C'#, with
B > 2a — 1, we would have u(0,x,,...,0) < Clx,|"*# for a suitable C > 0 and for
every x; sufficiently small. Hence, by the first inequality in (4.7), it would be
p < 2a — 1, a contradiction.

To complete the proof of the theorem, we are left with the proof of Claim (4.5).
Direct computations show that

IDw,? = 4((x} + y1)(o + WP + [y
+ (WP + |y P + 25+ )P0 + WP+ [y )2e)
and
(4.8) det A(Dw,, D*w,) = 2*'f,

with
Palo + [P+ Iy P) + a”lo(P + ly'P)
(0 + P +1y'P)
For convenience of the reader we include the proof of (4.8). Since w, isindependent

fo=a"(P+x+y)"?

of t we have
D2 w, Dﬁng 0 )
A(Dw,, D*w,) =X| Diw, Diw, 0 (L7
0 0 0

(P2 2 2 2 "
= (Dx/xmwﬁ +D, , ws +i(Dy,, Dy],x’ﬂ)wg)],,m:1

_ n
(0+ 2P aznz;

~ ZiZm
aZ1Zy, (r +|z1) (Of‘sfk +a(a - 1)ailz'|2) jm=2

=4(o +12P)*!
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where z; = x; +1iy;,z’ = x’ + 1y’ (we use complex coordinates to make the formulas
compact). Since (@ — 1)n = -1, we get

det A(Dw,,D*w,) = 4"(0 + |2Z’1*) ! de t{

ZiZm
azfizn (P + P (ad + ala - 1)L

n
0+ 21 azz; )
) jm=2

n

=4" det ! NSl zZiz
azlm (1’2 + |21|2) (Oé(sjk + a(a — 1) = ) jm=2

o+|z’[2

n
47 det| | 0
= e _ - ZiZm ZiZm
azl(gﬂzw (7" + |le )(0(((5 ik + a((X 1)O’-IZ|Z'|2) alellz cr-:lz’|2 jm=2

ZiZm n
=4 det( (7 + |ziP) (adp + ale = D) - P e ).,

:=4" detT,

whereI'isa (n—1) x (n — 1) Hermitian matrix. It is easy to see that A; = a(r* +|z1]?)
is an eigenvalue of I' with multiplicity n — 2. Now, traceI’ = (n — 2)A; + A, with

Mo =P + 2P [ + ag@ - )—EE ) = g p L
o+z? o+z?
(2 +12P) + 2P
24 o

o+ |z

Th 21 = (2 oyua P(EHEP)+EE :
us, detl' = Af™ Ay = &"(r* + |z21|*)"" =7 = fo, which completes the
proof of (4.8).

Then, for every o €]0, 77,

(4.9) |Dw,|* < 22¢%3¢4*+2 in B,,
and
(4.10) fo =2 a" "V in B,.

On the other hand, from (4.8) and (2.3), keeping in mind that i), = Muw, is
independent of t, we get
det A(Dys, D*o) 2M)" f,
F(Dy,) T A+ M Dw,P)E
Therefore, from and (.9), we obtain
det A(Dy,, D*,) . (@Ma)' rHn=)
F(Dy,) T (1 + 2243 phar2 2y

(4.11)

n B,.
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Choosing M = 27476/2y72071 the right hand side of (4.11) equals
(20()" 2—(3/2)n+11,.—n B C(I’l) .
D42 o T 2R
Then from (4.1) we obtain
1
LK $.) = det ADy, D) = KC,Yo)FDYs) > FOPo) (57 -
This proves claim and completes the proof of the theorem.

if r < (2C(n))""R.

K(, ¢g)) > 0.
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