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Abstract

For cost functions ¢(x, y) = h(x — y), with h € C2 (R" \ {0}) N C! (R") homogeneous of
degree p > 1, we show L*-estimates of Tx — x on balls, where T is an h-monotone map.
Estimates for the interpolating mappings 7; = t(T — I) + I are deduced from this.

Mathematics Subject Classification 47HO5 - 49Q22 - 26B35

Contents

[u—

Introduction . . . . . . .
2 LOP-eSHMALES . . o v v vt e e e e e e e e
3 Estimates for the displacement interpolating map . . . . . . . . .. ... Lo
3.1 L%-estimates of the interpolating map . . . . . . . . . . ...
3.2 L%-estimates Of densities . . . . . . . . . .
3.3 Connection with fluids . . . . . . . . . .
4 Differentiability of Monotone maps . . . . . . . . ... e e
SOAPPENdiX . ...
References . . . . . . . . . . e

1 Introduction

This note originates looking into the recent and very interesting paper by Goldman and Otto
[9] containing a new proof of the regularity of optimal maps for the Monge problem when
the cost is quadratic. Our intention has been to investigate the validity of similar results for
powers costs |x — y|” with 1 < p < oo, and in that endeavor we came up with local L*°-
estimates for monotone and interpolating maps relative to that cost, inequalities (2.5) and
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(3.7), respectively; these extend [9,Lemma 3.1]. More generally, our estimates hold when
the cost is given by a C? function that is homogeneous of degree p. Since we believe that
these estimates may be useful to obtain regularity results for optimal transport when p # 2,
and may have independent interest, it is our purpose to present them here. Moreover, we are
able to show that these estimates suffice to prove, with modifications, several important steps
in parallel with those carried out in [9] toward the super-linear growth as in Prop. 3.3, eq.
(3.15) of that paper; we will not provide these details in this note. However, a missing part is
a replacement for p # 2 of the so called quasi-orthogonality property proved in [9,Step 3,
proof of Prop. 3.3]. Recent regularity results for general cost functions are considered in [15]
but they do not include the case of non quadratic power costs, see Remark 3.1. We mention
that global L estimates for optimal maps in terms of the p-Wasserstein distance are proved
in [5].

The note is organized as follows. Section 2 contains a detailed proof of the L°°-estimate
(2.5) on general balls. In Sect. 3, we introduce a notion of monotonicity (3.1) thatis equivalent
to (2.2) and used it to prove in Sect. 3.1 the estimate (3.7) for interpolating maps. Section 3.2
shows, as a consequence, L -estimates for the densities of the transport problem. Sect. 3.3
shows that the quantity on the right hand side of the L°-estimate (2.5) is comparable to an
integral of a fluid flow. Section 4 is self-contained and shows an L*°-estimate for monotone
maps minus an arbitrary affine function, Lemma 4.1, which implies point-wise differentia-
bility of locally integrable monotone maps, see Lemma 4.4 and Theorem 4.5. Finally and
for convenience, we include an appendix with the formula (5.1) which is the starting point
to prove the main estimate in Sect. 2.

2 L°°-estimates

If c(x,y) : D x D* — [0, 400) is a general cost function, then from optimal transport
theory, the optimal map for the Monge problem is given by 7" = JVc,¢ where ¢ is c-concave
and
Neg(x) ={m € D* : ¢(x) + ¢ (m) = c(x, m)}
with ¢¢(m) = infep (c(x, m) — ¢ (x)), see for example [8,Sect. 3.2]. This implies that
cx, Tx)+c(y, Ty) <c(x,Ty)+c(y,Tx) 2.1

assuming 7T x is single valued for a.e. x € D. In our analysis below we will only use that T’
satisfies (2.1); and that T'is optimal will not be used.

We assume that the cost ¢ has the form c(x, y) = h(x — y) where h > 0 is a convex
function in R*with h € C'(R™) N C2(R" \ {0}). What we have in mind is to obtain L*°-
estimates for u(x) = Tx — x, as in the paper by Goldman and Otto [9,Lemma 3.1], but when
h is positively homogenous of degree p for some 1 < p < oo. For this ¢, (2.1) obviously
reads

h(x—=Tx)+h(y—-Ty) <h(x—-Ty)+h(y—Tx), (2.2)
I that is, T is h-monotone, or equivalently

h(—u(x)) +h(-u@y) <h(x—y—-u@y)+h(y—x—uXx). (2.3)

! 1t can be proved that each multivalued map that is #-monotone is single valued a.e.; the proof will appear
elsewhere. See also Footnote 4 below.
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Defining
G(a,b) = h(a — b) — h(a) — h(b),
and assuming that & is even, the inequality (2.3) reads
—Gx—y,u(y) =Gy —x,ulx)+2hx—y). 24
Our purpose is then to prove the following local L°°-estimate.

Theorem 2.1 Suppose h € C'(R") N C* (R™ \ {0}) is nonnegative, even, convex, positively
homogeneous of degree p, for some p > 1, and min,cgn—1 h(x) = m > 0. If T is a map
satisfying the monotonicity condition (2.2) for a.e. x,y € R" and u(x) = Tx — x, then

sup  |u(y)l
YEBg r(x0)

1/(n+p)
LiR (R fiy o U0)IP dix)

. 1-B\""" (p-DC
i 77 Fpp OI7 d 5( 2 ) (n+1)C o 25)

B (p-1)
Ly R (R P fa gy 0O dx) )
1—,3)" P(p—1)Cy

1
I &0 g 1N dx = ( 2 n+1)Crw,’

IA

foreach R > 0, xog € R", and 0 < B < 1 with positive constants Cy, Cy depending only on
p,n and h, with w,, = |B1|; and with L depending only on p,n and h, and L, depending
onlyon p,n, h and .

Proof Our goal is to estimate the supremum of |u| over a ball by the L”-norm of u over a
slightly larger ball. To do this, the idea is to use (5.1) and estimate the integrals by integrating
(2.4) in x. The strategy of the proof is as follows:

(1) using (5.1) we can write (2.6);

(2) since h is even, homogeneous of degree p, with ming,—1 4 > 0, a lower bound for the
left hand side of (2.6) in terms of |u(y)| follows.

(3) we estimate B in (2.6) from above also in terms of |u(y)]|, using that £ is C2(R" \ {0})
and Vh is homogenous of degree p — 1;

(4) next, using at this point that T is h-monotone, we obtain an upper bound for A in (2.6)
in terms of an average of |u(x)|;

(5) optimizing the resulting inequality (2.9) in r, yields the desired estimate.

u(y)
o ) .
identity (5.1) with v(x) ~» —G(x — y, u(y)) and the ball B, (y) ~» B,(y + r w) yields

Letussetw =

| andr = 6§ |u(y)l|, with § > 0 to be chosen; u(y) # 0. Applying the

vy +ro) =-Gro, u(y))

Z—f G (x —y,u(y) dx
By (y+r w)

- p“{/ (DT(x = y = 1), Dy (G (x = y, u(y))) dx dp
™ Jo x—y—rol<p
—A+B. (2.6)
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We first estimate the left hand side of (2.6) from below. Write for0 < § < 1
—G(ro,u(y)) = —G@u(y),u(y)) =h@u(y)) + hu(y)) —h@u(y) —u(y))
=@ 4+1->0=8")hu(y) > §8h(u(y)) for § small
> Zmsul”

since & is even, homogeneous of degree p, and is strictly positive in the unit sphere.
Therefore, we get the following lower bound for the left hand side of (2.6): there exists
8o > 0 depending only on % and independent of y such that

—Glro.u®) = %a ()P, for0 <8 <, @.7)

with o = u(y)/|u(y)| and r = § |u(y)|, for each y with u(y) # 0. On the other hand, if

8 > §p, then ﬁ > §p, implying obviously that |u(y)| < BL’ and obtaining the bound
u(y 0

lu(y)| < al forO <r <a.
80

We now turn to estimate the right hand side of (2.6). Let us first calculate D, G(z, v):
D.G(z,v) = Dh(z — v) — Dh(2).

Hence

D, (G (x —y,u(y)) = (D;G)(x — y,u(y)) = Dh(x — y — u(y)) — Dh(x — y),

and so
n ("
B=— | o 1/ (DT (x—y—rw), Dh(x—y—u(y))=Dh(x~y)) dx dp.
™ Jo x=y—ro|<p

Let us analyze the inner integral
I(p,r,y)= / (DI'(x —y —rw), Dh(x — y —u(y)) — Dh(x — y)) dx.
[x—y—rol<p
Making the change of variables z = x — y — r w yields
I(p,r,y)= / (DI'(2), Dh(z + ro — u(y)) — Dh(z + rw)) dz.
|zl<p
We have that DA is homogenous of degree p — 1 so

Dh(z +rw) = Dh (Iz—l—rwl M) =|z+row/” ' Dh <M>
|z +r ol |z +r ol

Write, with e a fixed unit vector in $"~1,

/ (DT'(z), Dh(z +r w)) dz
lz|<p

= / <DF(z), Dh (M>> lz+roP!dz
lzl<p lz 47wl

0 0
=/ <DF(Ov),Dh (u» [Ov +r Oe P! dv,
vl<p [Ov + 7 Oe|

with O rotation around 0 with Oe; =
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Ov+ro0
_ / <0 (DT (v)), Dh (u» |0v +r Oey [P~ dv
lvl<p |Ov+r Oeq|

Ov+ro
:/ (Dr(v),of <Dh (u)» |0v +r Oey|P~! dv.
lvl<p |Ov+r Oeq|

/ (DT'(z), Dh(z +r @ — u(y))) dz
lzl<p

=/ <DF(Z), Dh (M)> Iz-i-rw—u(y)ll’_l dz
lzl<p |z+rw—u(y)l

: Ov+r Oey —
- / <DF(0v), Dh (M» [0V +r Oey —u()|P~! dv,
Jl<p [Ov+r Oep —u(y)|

Similarly,

with O rotation around 0 with Oe| = w

_ ; Ov+r Oep —u(y) _ p—1
= /‘v‘fp <DF(v), o (Dh <—|Ov+r Oey —u(y)\)>> |Ov+r Oep —u(y)| dv

Ov+r Oey — |u(y)|Oeq 1
= DT (v), O' (Dh ( |Ov +7 Oep — |u(y)|0Oe1|P~" dv,
/\U‘5p< [0+ 7 0ey — [u(y)| O LT

since w = u(y)/|u(y)|.

Then

1<p,r,y):/ <Dr(v>,|v+<r—|u(y)|)e1|"“ 0’Dh<
[v[=p

(] o
—lw+re”" 0" Dh Ov+rOer dv
|Ov +r Oeq|

Ov+ (r — [u(y)]) Oey )
[Ov + (r — u(y)])Oe |

We write

n r 1
B=" p"*‘l(p,r,ymp:n/ N G r y) d.
0 0

rl‘l

Now making the change of variables v = r¢ in the integral [ yields

1<rz,r,y>=/ <Dr(r;>, e+ (r — ) e P~ O’Dh( 00O & = Ju)h Oy )
¢t

[0(rg) + (r — lu(y)]) Oey|
_ Or¢)+rOe
_ p—1 ot n
et ralt o Dh<|0<r;>+r0e1|)>’ @

_ 0¢ + (1 — [u(y)|/r)Oey
=P DI(¢), 1— P ‘O’Dh( )
' ./mg< @ le+ i =imel 10¢ + (1= |u(y)|/r) Oe1]

_ p—1 t 0{ + 0e1
[¢ +eql O" Dh (7\0{+0e1\ dg

and next letting » = § |u(y)| as before yields

1 3 O¢+ (1 —1/8)0¢;
B = PP "1/ <DF , 1—1/8) P! ’Dh( )
nurs? [ 1 \PT@1 1+ A= 18y el 0Dk | o

_ 0¢ + Oe
— rltoph| ———""\)dcd
¢ + el (|0§+061|>> ¢dt

1 80()+ (8 —1)Oe
_ P n 1/ <DF ,OrDh( >>
nlu(y)| /0 ! s © 8§0()+ (58— 1)Oe|

1804+ @G =1 e P~ dedr
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L 0(¢) + Oey _
- pgr | ogn ‘/ <DF ,0'Dh (7» +el|PVde dr
nlu(y)| /0 el ) 00 1 Oar] [ + el ¢

=nlu()|’ S F (),
where
] —
F((S):/ l‘nil/ <DF(§),OZDh< 30()+ (6 —-1)0e; >>
0 l¢l=t 180() + (8 — 1)Oey|
I8¢+ (8 — e de dt

0()+ Oey _
—apl/"l/ <DF ODh( )> +e PV de dr.
e (2), 10(0) + Ocy| ¢ + el ¢dt

Let us set

b §0() + (8 —1)Oey
Fi(8) = " 1/ <DF ,0th< >>
1) /ot ez \PTO 50) + (6 — 1)0e|

16+ —DelPNdear

1
=/ t”_]/ (DT'(2), 0'Dh (8 O(£) + (8 — 1) Oey)) di di;
0 [gl=<t

and
YA O(¢) + Oe _
F>(8) = 8P ‘/ " 1/ <DF ,0th<7>> + e PV de dt.
2(8) A e ) 10(0) + Ocy| ¢ + e e
Since

1
/t”*l/ (DT'(2), O'Dh (—0ey)) dt dt =0
0 |<t
it follows that
1
F1(8)=/ t”’l/ (DT(£), 0" (DR (8 O(¢) + (8 — 1)Oey) — Dh (—Oey))) d¢ dt
0 [¢l<t

and so

1
|F1(8)] S/O t"_l/l‘ IDT($)| 10" (Dh (8 O(5) + (8 — 1)Oey) — Dh (=0ey)) | d¢ dt
¢l=t

1
< / t”_l/ DTG Dh (8 O() + (8 —1)Oe1) — Dh (—Oey) | d¢ dt
0 [¢l=<t
since O is a rotation.

Since Oey is a unit vector and & € C2 (R” \ {0}), it follows that 4 is C? in a small neighbor-
hood of §”~! and we can then write for § small (and |¢| < 1)

W:=Dh(@0O({)+ (@ —1)Oe1) — Dh(—0ey)
1
:/ D*h (—0e; +58(0C + Oey)) 8 (0C 4 Oey) ds.
0

Since |¢| < 1 we then get the bound |W| < C é, and inserting this estimate in the definition
of Fi we obtain |F1(8)| < C 8. In addition, since Dh is continuous, it is bounded in §"~!
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and so |F>(8)| < C’§P~!. Therefore, F(§) — 0 uniformly in y as § — 0T when p > 1.
Consequently, there exists §; > 0 such that F'(§) < 4ﬂ for0 < § < §; and so
n

B<Z s
<7 lu0
for 0 < § < §1. Combining this with (2.7) and (2.6) yields the inequality
%u(y)v’s <A, for0<8<3$ (2.8)

with § = min{8y, 8;} independent of y-depending only on n, p and h- and with r = § |u(y)|.
We next estimate A from above. To do this will use (2.4). From (2.6)

A=—][ G(x—y,u®y) dXS][ (G(y—x,u(x))+2h(x —y)) dx
By (y+r w) By (y+r o)

=][ G(y—x,u(x))dx—i—Z][ h(x —y)dx
B (y+rw) By (y+r w)

:][ (h(y —x —u(x)) —h(y — x) — h(u(x))) dX+2][ h(x —y)dx
B, (y+r ) B

r (y+r o)
:][ h(y—x—u(x))dx—][ h(u(x))dx
By (y+rw) Br(y+rw)

+ ][ h(x — y)dx, since h iseven
By (y+r w)

S][ h(y—x—u(x))dx—l—f h(x —y)dx, sinceh >0
By (y+r w) B (y+r w)
= A + Aj.

Let us estimate A;:

A1=7[ h<|y_x_u(x)|w> dx
B, (y+r o) [y —x —u(x)|
:][ v —x — u(o)| (L‘”‘(”) dx
By (y+r w) [y —x — u(x)|

max h(x) ly —x —u(x)|”dx
xesn—1 By (y+r w)

IA

<M 2P |y = x|P + |u(x)|P) dx
By (y+r )

=2y ly —x|Pdx +2P"' M lu(x)|? dx;
By (y+rw) By (y+r w)

A2:7[ h<|x—y|x_y>dx
B, (y+r w) |x — yl

X —
:][ |x—y|”h< y)dfo |x — y|P dx.
B, (y+r o) |x — ¥ B, (y+r w)

‘We then obtain

A<2r 'y lu()|P dx + (2P~ + 1) M Ix — y|P dx,
B, (y+r w) B, (y+r w)
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with M = max,cg-1 h(x). We have

1
f I — yIP dx = I — yIP dx
B, (y+r w) |Br (0)| [x—y—rw|<r
_ 1
B S

=rp][ lz 4wl dz < 2P rP.
B1(0)

rz+w)|Pr'dz withrz=x—y—rw

Let us now fix a ball Bg(xp), and suppose y € Bgr(xo) withO0 < 8 < 1, R > 0. Then
1—
B, (y +rw) C Br(xp) forr < T'BR and so

1
][ ()P dx < uCol? dx.
By (y+r ) |B-(0)| JBr(xo)

Combining these estimates with the lower bound (2.8) and the upper bound for A we obtain

M _
%|u(y)|p6§ ll lu(x)|P dx + M, r?, for0 <8 < 3§

" JBp(xo)
with § structural constant independent of y and with r = § [u(y)|, for y € Bgr(xo) and
r<(1—pBR/2; My = 2°"'M/w,, My = 2P (2P~ + 1)M. Therefore, if y € Bg r(xo),

0<r<(—pB)R/2ands = —
lu(y)]

< &, then we obtain the bound

- Ci _
P~ < prEs) / ( lu(x)|” dx + Cor?~ " := H(r), (2.9)
Br(x0)

ptl

with C; constants depending only on p, n,and M /m; Cy = (M /m),Cy =2P+2(2P~1 ¢

n

1)(M /m). On the other hand, if y € Bgg(x0),0 <r < (1 — B)R/2,and § =
then

r _
>
luI —

s

lu(y)| <
So for any y € Bg g(xp) and any 0 < r < (1 — B)R/2 we obtain
lu(y)| < max {H(r)‘/<P—1>, g} :

Since the constant C3 in the definition of H (r) can be enlarged with the last estimate remaining
< r
to hold, we can take C, so that C, > 1/8”’1 and in this way H(@)l/®P-D > 5 and so

max {H(r)l/(P*I), % } = H ()P Therefore we obtain the estimate
sup  |u(y)| <  min  H(E)/PD. (2.10)
y€Bg g (x0) O<r=(1-B)R/2

Set

A =/ lu(x)|? dx,
Bg(x0)
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so H(r) = C; Ar—@*D 4 ¢, rP~!, The minimum of H over (0, co) is attained at

((n+ 1)C A)‘/<"+P>
ro=\—F~~— )
(p—DC

H is decreasing in (0, r¢) and increasing in (rg, co0), and

—(n+1)/(n+p) (p=1/(n+p)
min H(r) = Hirg) = ( (2 4 (e (Cy A P=D/rtp) D/t
[0,00) p—1 p—1 2

Ifro < (1 = B)R/2, then ming<,<1-pyr/2 H(r) = H(rp). On the other hand, if ro >
- ﬂR>”“’ (p—1DC

:= Ay, then we have
2 n+1)Cy

(1 — B)R/2, thatis, A > <

_ g \-0tD PN
min H(r)=H<¥ >=C1A<%R> 4G (JR)

0<r<(1—B)R/2 2
1— —(n+1) 1 1— p—1
—cia (JR) oAt (JR>

2 A 2
l_,B —(n+1) n+1 ]_/3 —(n+1)
<CiA|——R CiAl——R
=(C ( 2 ) +p_1 1 < 2
1— —(n+1)
= p+': <72ﬂR> A=Ky RTHD A
p—

We then obtain the following estimate valid forall 0 < 8 < 1

Ki AP=D/0+p) if A < A
sup  fu(yrt < 0T @.11)
yeBg r(x0) K> R A if A > Ao,
1\ ~(+D/ () 1\ (P=D/(+p) ~
with K — <<n+ ) n <n+ ) C;p 1)/(n+p) C§n+1)/(n+p)’
p—1 p—1
—(n+1)
. pt+n (1-P . »
Ky, =C o1 - ,andA_fBR(xo) lu(x)|? dx.
This completes the proof of the theorem. O

1
Remark 2.2 Suppose xg € R”, lim — ][ [u(x)|? dx = 0 and xo is a Lebesgue point
R—0+ RP Br(x0)

of |u(x)|”. Then (2.5) implies that u(x) is Lipschitz at xq. In fact, first notice that since xo
is a Lebesgue point, the condition on the limit implies u(xg) = 0. Now, pick for example
B = 1/2. Then there exists Ry > O such that

1)”*" (p-DC

P -
lu()|Pdx < < i) Cron

yl , forO <R < Ry

RP [ B (xo)

and so SUD B 5 (x0) lu(x)] < Co R from (2.5) for 0 < R < Ry, with Cq a positive con-
stant depending only on n, p and h. If y € Bg,/2(x0) and R = 2|y — xol, then |u(y)| <
SUPB, . 1(x0) lu(x)] <2Co|y — xo|. In particular, this implies |Ty — Txg| < C |y — xo| for

y € Bgy/2(x0).
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163 Page 10 of 21 C. E. Gutiérrez, A. Montanari

3 Estimates for the displacement interpolating map

In order to prove the desired estimates we first give a condition equivalent to (2.2) resembling
the classical notion of monotone map. We will assume for this that # € C 2(R™). In fact,
from (2.2) we can write

0<h(y—Tx) —h(y — Ty) — (h(x — Tx) — h(x — Ty))

1
= / (Dh(y =Ty +s(Ty —Tx)), Ty — Tx)ds
0
1
- / (Dh(x =Ty +s(Ty —Tx)), Ty — Tx)ds
0
1
= / (Dh(y =Ty +s(Ty —Tx)) — Dh((x =Ty +s(Ty — Tx)), Ty — Tx)ds
0

1 rl
= [ [ 0Pt = Ty 5Ty = T 1y = 00 = 0. (T = Tadr ds
0 JO
=(A(x, »)(x =), Tx = Ty).
Therefore (2.2) is equivalent to
(Ax, )(x =), Tx = Ty) 20 (3.1

with
1,1
Alx,y) = / / Dzh(x —Ty+s(Ty—Tx)+t(y —x))dtds. 3.2)
0 Jo

Let us analyze the matrix A(x, y). A(x, y) is clearly symmetric, and satisfies A(x, y) =
A(y, x) by changing variables in the integral. If 4 is homogenous of degree p > 1 and
h € CEHR"), then p > 2, and D?h(z) is homogeneous of degree p — 2, i.e., D*h(nz) =
MP_Z D?h(z) forall u > 0.In addition, if 4 is strictly convex, then D2h(x)is positive definite
for each x € S"~!, i.e, there is a constant A > 0 such that

(D*h(x) £, &) > 1 |&?

forall x € §"~! and all £ € R”. Since / is C?, then there is also a positive constant A such
that

AEP < (D*h(0)E E) < AJEIR,  Vxe S EeR" (3.3)

We then have

1 1
A<xyy>=/ / lx = Ty +s(Ty —Tx) +t(y —x)|">Dh
0 JO

(x—Ty—f—s(Ty—Tx)—i—t(y—x) )dtds
x =Ty+s(Ty —Tx)+t(y —x)|

and
AO(x, y) [E1* < (A(x, y)E,8) < AD(x,y) £ V& R, (3.4)

with

1 1
O (x,y) = / / Ix =Ty +s(Ty —Tx) +t(y — x)|""%dt ds. (3.5)
0 JO
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We also have that ®(x, y) = 0ifandonly if x — Ty + s(Ty — Tx) + t(y — x) = 0 for all
s,t €[0,1]. Thatis, ®(x,y) =0ifandonlyifx — Ty =0,Ty —Tx =0and y —x = 0.
Therefore ®(x, y) > Oifandonlyif Ty #xorTy # Tx ory # x.

Remark 3.1 1f c(x,y) = |x — y|?, then Vyyc(x,y) = —plx — y|P2(Id + (p —2)
(x - & R )) and from the Sherman—Morrison formula it follows that

lx =yl ~lx—y
det Viye(x, y) = (p—1) (—=p |x — y[P~2)". So condition [15,(C4)] does not hold for p # 2.

Remark 3.2 To illustrate the notion of z-monotonicity, suppose T satisfies (3.1) and is C!.
Then writing y = x + § w with |w| = 1 yields

Ax,x +dw) = // Dzh(x— Tx4+d6w)+s(T(x+8w)—Tx)+tdw)dtds
[0,1]2

— D*h (x — Tx)
as § — 0and
(Ax,x +8w)(—8w), Tx —T(x +w)) > 0.

Dividing the last expression by 82 and letting § — 0 we obtain

<D2h (x = Tx)w, 8—T(x)w> >0,
dx

oT . . . . . . .
where — is the Jacobian matrix of 7 evaluated at x. Since 4 is C2, the matrix D?h is

X
symmetric and we get
w, D°h (x — Tx) 8—(x)a) >0
X

oT
for each unit vector w. Therefore, if T is h-monotone and C!, the matrix D?h (x —Tx) ™
X

. . . . . or . . .
(x) is positive semidefinite for each x; notice that a—(x) is not necessarily symmetric. In
X
particular, when n = 1, T is h-monotone if and only if 7 is non decreasing.

3.1 L*°-estimates of the interpolating map

Let T be a h-monotone map, i.e., satisfies (2.2), and consider the interpolating map defined
by

Tix=tTx+(1—-1Hx, 0<r=<1. (3.6)

Theorem 3.3 Suppose the assumptions of Theorem 2.1 hold. Assume in addition that h is
strictly convex, h € C*(R") (and so p > 2). If the integral £ = fBl(O) |Tx — x|Pdx is
sufficiently small, then given 0 < B < 1 there exists 0 < B < B < 1 depending only on
and the ellipticity constants A, A in (3.3) such that

T, (Bp(0)) C Bz(0) forall0 <t <1, 3.7)

that is, (o<, <1 7! (Bp(0) C B(0).
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Proof The inclusion is obvious if # = 0. Let x € 7, (Bg(0)). If |x] < B, then we are
done. Let B < Bo < 1, consider the ball Bg,(0), and suppose that |[x| > By. From (2.5)
applied in B (0), we will show that is not possible if £ is sufficiently small, i.e., smaller than

A
ﬂ(ﬂo — B). We have y = Tyx € Bg(0), and B, (y) C Bg,(0) withr = By — B. Let [y, x]
be the straight segment between y and x, and let z € dB,.(y) N [y, x]. So |z — y| = r, and
Iz| < Bo. Applying (3.1) at x, z yields

0<(A(x,2)(Tz—Tx),z—x)=(A(x,2)(Tz—2),z—x) +{(A(x,2) (z—Tx),z —x)

=(A(x,2)(Tz —2),z2—x) +<A(x,z) G z—y»+ (1 - ;) (z—X)) ,z—X>

1
sinceTx:;y—}-(l—;)x

= (A(x,z)(Tz—z),z—x)—i-; (Ax,2)(z—y),z—x)
+<1—%) (A(x,2) (z —x),z—x)

= A.

Since x # z, it follows from (3.5) that ®(x, z) > 0. Also notice that (A(z — x),z — y) is
bounded above by a negative quantity, where we have set A = A(x, z). In fact, since z is
on the segment [y, x], the vectors z — x and z — y have opposite directions. That is, there is
m <Osuchthatz —y = pu(z —x) and so |z — y| = —u |z — x|. Then

(A(z—x),z—y)=n (A(z—x),z—x)
<apdEx,)lz—x?P=2d(x, ) plz—x||lz—x|, from (3.4)
=—-2Px, ) |z—yllz—x|==AP(x,2)r |z — x]|.

1
IfO0 <t <1,thenl — " < 0 and once again from (3.4)
1
0<A<ADPx,2)|Tz—2z||lz—x|— ;Mb(x,z)rlz—xl
1 2
+ 1—; AD(x,2) |z — x|
Dividing this inequality by A ®(x, z) we obtain

0<IT I I L2 | I+ (1 : AI &
— —X|—=—rlz—x - =) —lz—x
=Tk t A ¢ t AZ

| [\ IT | L2 +11 ! &| |
= — — —_ = r - = -
e e t A t AZ *

1 A 1\ X .
<lz—x||le———r+(1——) —|z—x| if |Tz — z| < ¢ from (2.5) for £

t A t) A
1 A 1\ A . A A
x small <[z —x|(——s—r+(1—-) <=lz—x| ife < —r|(=< r
t 2A t) A 2A t2A
<le—xl (12 ince 1 — + <0
- —_— since 1 — — .
Z—x Ty <
Hence |z — x| = 0, and therefore z = x obtaining |x| < Bo, a contradiction. O
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We now use this to obtain an estimate for 7~ 'x — x, when T is the optimal map for the
cost c(x,y) = h(x — y). We have from the theory of optimal transport that T—Y(Tx) =x
for a.e. x € R". Then given 0 < 8 < 1 we obtain

sup |T7'y—yl=sup |x—Txl
YEBg(0) T=1(Bg(0))
< sup |x —Tx| from (3.7)witht =1
B;(0))

IA

1/(n+p)
C (/ |Tx — x|? dx) from (2.5)
B1(0)

for & sufficiently small and with C a constant depending only on p, n and the structural
constants of 4.

3.2 L*°-estimates of densities

We recall that the function F'(A) = log (det A) is concave over the set of matrices A that are
positive definite, i.e.,

F(A-DA+tB)=(0-0)FA)+tF(B), 0=r=<1
Exponentiating this yields
det (1 —1) A+1B) > (det A)' ™' (det B)', 0<r<1. (3.8)

Let T be a measure preserving map (oo, p1),andlet 7, = ¢t T + (1 —1t) Id be the interpolating
map. Assuming the Jacobian matrix V7 is positive definite,” we get from (3.8) that

det (VTy) (x) > (det VT (x)) . (3.9)

Let p; be the measure defined by p; = (T3)x po, thatis, p; (E) = f(m_l(E) po(x) dx. Assum-
ing invertibility of the matrices involved, changing variables yields

/ po(x)dx = / £0 ((Tr)flz) ! dz.
(1)~ (E) E det (VT;) ((T) ™' 2))

That is, the measure p; has density

1

det (VTy) (T ™" 2))
1

(det ((vT) (T~ 2))’
from (3.9). On the other hand, since T is measure preserving

po(x) = det (VT (x)) p1(Tx)
which combined with the previous inequality yields

pdT@)%vI

po ((T)7'2)

p(t,2) = po (T ™' 2)

<po (1)) (3.10)

p@@sm«mla<

2 A proof of this may be given along the lines of [1,Section 5.2, Theorem 5.2.1] and [11,Remark 2.9], see
also [17,Theorem 7.28, pp. 272-273] when the differentiability of ¢, ¢* at zero is not assumed. Notice also
that if 4 is homogenous of degree p, then 2* is homogenous of degree ¢ with 1/p +1/q = 1.
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=00 (1) 2)' ™ pr (T (1) " 2)"
From (2.5), T(B,,(0)) C B,(0) for 0 < r; < rp < 1, when £ = fBl(O) |Tx — x|P dx
is sufficiently small. And, from (3.7), 7,”' (B4(0)) C Bj(0) for some 0 < B < B < 1
uniform for 0 < ¢ < 1. Hence T (T;) ™! (B,g(O)) C By (0) forsome 0 < B < B<p <l

Therefore, assuming that pp(0) = p1(0) = 1 and pg, p; are Holder continuous of order «,
we obtain

po (T '2) =14 po (1) "2) = 1 < 1+ [pola
and
pi(T (TN '2)=1+p (T(T) "2) =1 < 1+ [pila
for all z € Bg(0). Consequently

sup p(t,2) < (1+Ipolet) ™ (14 [p11an)'s
z€Bp(0)

lpi (x) — pi ()]

where [pila,1 = SUPy yep, (0),xy X — |

3.3 Connection with fluids

The connection between the Monge problem and fluid flows was discovered in [4] for
quadratic costs. It can be seen that this connection also for general cost functions #(x — y)
as above, see [10,Remark 11.2]. Suppose p;, i = 1,2 are given, v : R” x [0, 1] > R" is a
smooth field, and let p(x, ¢) be a smooth solution of the continuity equation

9,0 +divy (pv) =0 for (x,1) € R" x [0, 1] with p(x,i) = p;(x),i =0, 1.

Let T be the optimal map of the Monge problem with cost 4. Given the interpolating map
Tix=tTx+ (1 —1)x,0 <t <1, consider the field

v(x, 1) = (T — 1d) (T, 'x),
and let p(x, r) be solution to the continuity equation above with this v. Define
JG, ) =px,0) (T —1d) (T, 'x). (3.11)
Then

/1/ LGP dxdr
—_— X, X
0 Bﬁ ,O(X,Z)P_] J

1
Z// (T —1a) (1,7 '%)|” p(x, 1) dxdt
0 Bg
1
=/ / T2 —2l? p(Tiz. 1) | det VT,z| dzds
0 JT,7'(Bp)
1
=/ / Tz —z|? po(z) dzdt from (3.10)
0 J1,7'(Bp)

1
5/ / Tz —z|? po(z)dzdt from (3.7)for B < B’ <1
0 Bﬁ/
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assuming £ = fB1 ©) |Tx —x|? dx is sufficiently small. Here we have assumed that pp(0) = 1
and po ~ 1 in By.
On the other hand, if B” < B it follows from (2.5) that

sup |Tyx| < B+ sup |Tx —x| < B’ +&E%>0 g,

lx|=p” lx|<p”

for & sufficiently small and therefore

I

1
1
T2l po@dzdr < [ [ il ddr
0 JBg p(x, )P

i
E// |Tz —zI” po(z) dzdt,
0 /By

B

for j in (3.11).

4 Differentiability of Monotone maps

In this section, we prove that monotone maps in the standard sense that are locally integrable
are strongly differentiable a.e., Theorem 4.5. To do this, the idea used to prove Theorem 2.1,
when the map is standard monotone, can be implemented in a simpler way to obtain in the
following lemma estimates for 7 minus a general affine function. These estimates coupled
together with Stepanov’s differentiability Theorem yield Lemma 4.4. Then [3,Theorem 7.4],
concerning weak differentiability of functions of bounded deformation, will yield the desired
strong differentiability.

Lemmad.1 Let A € R, b € R", T a monotone operator, 0 < B < 1, and u(x) =
Tx — Ax — b. Then there are positive constants C1, Co depending only on the dimension n
such that

(a) for A # 0 we have

. 1/(n+1)
sup  |u(y)| < Cy (JA| R D (f |u(x)|dx>
B

)‘EBgR(xo) R (x0)
if
1 1— n+1
- [u(x)|dx < Co||A|l (J) ;
R JBrxo) 2
and
2 n
sup  |u(y)| = Cy <<17> ][ lu(x)|dx + (1 —-PB)R ||A||>
Y€Bg r(x0) - B Bg(x0)
if
1 1— n+1
— [u(x)|dx = Ca [|A]l (7’3> .
R JBr(xo) 2

(b) if A =0, then
2 n
sup  lu()] < C (1—) ][ ()| dx.
yeBg r(x0) -B Br(xo)
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Proof By monotonicity of T,

() —u(y) - (x —y) = —(Alx —y),x —y), forae x,y, (4.12)
which implies

J@) =u@y) - (x—y) =ux) - (x—y)+ (AKX —y),x —y).
Letr > 0 and z, € R" both to be determined, and consider the ball B, (z,). The function f
is harmonic in all space so integrating the last inequality for x over B,(z,) and applying the
mean value theorem yields

M(y)-(zr—y)i][ u(x)-(x—y)dx+f (AGx = y)ox — y) dx

Br(Zr) Br(zr)

E][ |M(x)||x—y|dx+||A||][ I — y[2dx
B (z,) By (zr)

=B+ C.

Fix x9, R > 0, and pickr > 0,z, =y +7r u(yil such that B,(z,) C Bgr(xg); u(y) # 0.
u

If y € Bgr(xo), then the inclusion holds if r < (1 — B) R/2. Also, if x € B,(z,), then
|x — y| < 2r. Hence

2r
B <
wy 1"

/ lu()|dx, C <4|A|r?
Bg(xo)

and consequently

2
lu(y)| <
,

n

— / lu(x)|dx +4||Allr:= F(r) Vy € Bgr(xo); r =< (1—B)R/2.
Br(x0)
‘We then obtain

sup  Ju(y)| <min{F@#):0<r < (1 —B)R/2}:=m.
YEBgR(x0)
2 1
Suppose A # 0. Set A = o JBregy 181 dx, s0 F(r) = o A+ 4|Allr. We have

A )1/(n+1)
411A]

F'(r)=—nr "TDA +4]|A| =0forr =rp:= (

min{F(r) : 0 <r < 400} = F(rg)

4| Al n/(n+1) nA 1/(n+1)
= A+4|Al |
nA 4| A

1/(n+1)
— C, A0 ( / ()| dx) .
Bg(x0)

R, then m < F(rg) and we obtain

If ro <

1/(n+1)
sup  [u(y)| < Cy (JAJ| R)"/ D (f |u(x)|dx> (4.13)
B

YEBgR(x0) R (x0)
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1-8

n+1
when C, lu(x)|dx < (T) ; in such a case we get

1
n Al R fBR(-’CO)

sup  |u()| < Cp (1 —=B) Al R.
YEBgR(x0)

1—
On the other hand, if p R <rg,thenm = F (T'B R) and we get

sup  Ju(y)l < Gy (1_ﬂ

Y€Bg r(x0)

) ][ () dx + Co (1= BRI A]
Br(xo)

1 1-8 n+1
when Cn m fBR(JCO) |u(x)| dx > (T) .

1
If A=0,then F(r) = - A is decreasing and so
r

2 n
sup  |u(y)| =m=C, <7> ][ lu(x)|dx.
y€Bg r(x0) 1-p Bg(xo) [m}

Using part (b) of this lemma we will show strong differentiability of monotone maps.
Following Calder6n and Zygmund [6], see also [20,Sect. 3.5], we recall the notion of differ-
entiability in L”-sense.

Definition 4.2 Let 1 < p < 00, k is a positive integer and f € L”(2), with Q C R" open,
and let xo € Q. We say that f € TXP(xq) (f € 157 (x0)) if there exists a polynomial Py, of
degree < k — 1 (P, of degree < k) such that

1/p
(][ | f(x) — PxO(x)|”dx) = O(rk) asr - 0
By (x0)

1/p
((][ |f(x)—PxO(x)|pdx> =0(rk) asr—>0> ;
By (x0)

when p = oo the averages are replaced by ess supycp (vl f(X) — Pyy(X)| = |If —
Prg |l 220 (B, (x0))-

We mention the following landmark result of Calderén and Zygmund [6,Thm. 5], see also
[20,Thm. 3.8.1] or [18,Chap. VIII, Sect. 6.1]:

Theorem4.3 If1 < p < oo and f € T*P(xo) for all xo € E with E C R" measurable,
then f € t*P(xq) for almost all xo € E; emphasizing that the orders of magnitude are not
necessarily uniform in xo.3

The case when p = oo is a famous theorem of Stepanov which combined with Lemma
4.1(b) yields immediately the following point-wise differentiability of monotone maps.

3 Whether this result holds when p = 1 does not seem available in the literature.
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Lemma 4.4 Let T be a monotone map that is in L}OC (R™M* satisfying

][ |Tx —bldx =0 (R) asR— 0 (4.14)
Bg(x0)

for some vector b = by, i.e, Tx € TV (xo) for all xg in a measurable set E. Then
|ITx — A(x — xg) — TxO||L°°(BR(x0)) =0(R) asR— 0
for almost all xy € E and some A = Ay, € R"*", i.e., Tx € 11 (xo) for a.e. xg € E.

Proof For each x( € E there exist constants M (xg) > 0, Rp > 0 and b € R" such that
7[ |Tx —b|ldx < M(xp) R
BR(xo)
forall0 < R < Ry, i.e., Tx € T (xp). Since T is monotone, from Lemma 4.1(b)

sup |[Tx —b| < C(n, B) |Tx —bldx < C(n, B) M(xo) R
Bgr(x0) Bg(x0)
for 0 < R < Ro. This means supg, ) |7x —b| = O(R) as R — O forall xo € E, ie.,
Tx € T"*(x¢). By Stepanov’s theorem [18,Chap. VIII, Thm. 3, p. 250] this implies that
Tx is differentiable for a.e. xg € E, i.e., Tx € t1-®°(xg) for a.e. xy € E. ]

Following [3], a locally integrable mapping # : R* — R” is of bounded deformation
(u € BD) if the symmetrized gradient Vu + (Vu)’ in the sense of distributions is a matrix-
valued Radon measure. For further information about bounded deformation see [19,Chapter
I, Sects. 2 and 3]. Using this notion and Lemma 4.4 we shall prove the following theorem.

Theorem 4.5 If T is a monotone map in L 110 (R, then T is strongly differentiable a.e., that
is, T € t"®(xq) for a.e. xg € R".

Proof We first show that if T = (T,---,T,) € LllOC (R™) is a monotone map, then the

definitions of monotonicity and distributional derivative imply that 7 € BD. In fact, the
1 9T; 9T;
symmetrized gradient of T is the matrix a;; = ~( L4
2 ox j 3)6,‘

and we claim q;; is positive semidefinite in the sense of distributions. Let ¢ € C°(R"),
¢ > 0, and let & be a unit vector. Then

1
doai@&E = (1) 5 /

ij R

) in the sense of distributions,

ad a
Y (i) 8—"’<x> F 70 22 () 6 & dx
n i Xj Bx;
8¢ n
:(—1)/ me)a—(x)s,-;,»dx:(—l)/ Y Ti(x) 0 () & dx
R” i,j x_,- Rn o1

_ o (lim 2GR —e@)
= “/R,,ET’("’(J‘L% - ) & dx

4 In general, T is a multivalued map. However, the monotonicity implies that 7x is a singleton for a.e.
x € R". Denote dom 7' = {x € R" : Tx # (#}. From [16,Corollary 12.38], a maximal monotone mapping T
is locally bounded at x if and only if X is not a boundary point of dom 7'. Also from [16,Thm. 12.63], if T is
maximal monotone, then 7 is continuous at x if and only if 7 is single valued at X, in which case necessarily
X € int (dom 7). For a clear and in depth presentation of the properties of monotone maps we recommend
the comprehensive book [16].
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= (-1 hm/ ZT( )(w>§,dx since T € L., andg € C°

=(=D llm*/ Z(T(Z—hé) Ti(2)) & ¢(2) dz

= hmf/ (T(z=h&) —T() (=h&)P(x)dz =0

which proves the claim. Invoking now a matrix-valued version of [12,Theorem 2.1.7], we
get that the distribution g;; can be represented with a matrix-valued Radon measure, and
therefore T € BD.

Next, from [3,Theorem 7.4],if T € BD, then T € t"!(xo) for a.e. xo € R”, that is,
fBR(XO) |Tx — Ax — bldx = o (R). This implies that T satisfies (4.14) because if x is a
Lebesgue point, then b = Txy — Axp and

]L |Tx—c|dx:][ |[Tx —Ax — b+ Ax+ b —c|dx
Bg(x0) Br(x0)

f]L ITx—Ax—bIdx—i—]L |Ax +b — c|dx
Br(x0) Br(xo)

:0(R)+][ |[A(x —x0)|dx, ifc=Txg
Br(xo0)
<o(R)+ AR = O(R).

The conclusion then follows from Lemma 4.4. O
Remark 4.6 When T is a monotone map that is maximal, the differentiability of T a.e. was
proved by Mignot [13,Thm. 1.3] using Sard’s Theorem; see also the more recent and perhaps
simpler proof of Alberti and Ambrosio [2,Thm. 3.2]. When T is monotone and bounded the
differentiability is proved in [14,Thm. 2.2].

Remark 4.7 If ¢ is a convex function in R”, then from [7,Thm. 3, p. 240] V¢ € BVjoc(R").
Therefore, from [7,Thm. 1, p. 228] V¢ is L™/ ~D_differentiable a.e., that is, V¢ €
1/ =D (x) a.e. This implies that V¢ satisfies (4.14) and so from Lemma 4.4 V¢ € 11 (x)
a.e.

Remark 4.8 For completeness we also prove the following known fact: if f € L7
p > 1, then

(R™), with

loc

1/p
lim <f | f(x) — f(xo)|? dx) =0 fora.e. xq.
By (x0)

r—0
Define

1/p
A f(x0) = lim sup (ﬁ ICE f(XO)I"dX) .

r—0

1/
Wehave < A f(x0) < limsup, g (£, 1FCOIP dx) " +1F o)l < (M(F17) o)) ?

+ | f(x0)| with M the Hardy-Littlewood maximal function. Since f € LloC (R™), the right
hand side of the last inequality is finite for a.e. xo and so A f (xo) is finite for a.e. xo. In addition,
A is sub-linear: A(f 4 g)(x0) < A f(x0) + Ag(xp) and Ag(xp) = O for each g continuous
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at xo. By localizing f with a compact support function we may assume f € L?(R"). Given
& > 0 there exists g € C(R") such that || f — g||, < &. For each « > 0 we then have

(x:Af(x)>a}C{x:A(f —g)x) >a/2}U{x : Ag(x) > a/2}
={x:A(f—9x) >a/2}
C s (MAf =g ) Y > @/ Ulx s £ () — g > a/d)

and so
Hx : Af(x) >a} < {x: M(f—glP)x) > (a/HP} + {x : | f(x) — g(x)] > a/4}]

Cy » 4p » C »
a7||f—gllp+a7||f—g||p§ it

Since ¢ is arbitrary, we obtain A f(x) = O for a.e. x.
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5 Appendix

1
Recall that ['(x) = ————|x|?>™", with n > 2 where w, is the volume of the unit ball
nwy (2 —n)

ar’
in R*. If Q@ = B,(y) and v is the outer unit normal, then 8—(x —y) = |x — y|'=", for
v

n

x # y.If v e C'(R"), then by the divergence theorem and since I'(x — y) is harmonic for
x # y it follows that

/ (DT'(x — y), Dv(x))dx
lx—yl=p

= lim divy (v(x) DI'(x — y)) dx

€=>0" Je<ix—y|<p

. or or
= lim </ v(x) —(x —y)do(x) — / v(x) —(x —y) do(x))
>0 \Jpp—yl=p 9V w—yl=e OV
= lim

! <p1—"/ u(x)da(x)—e‘—"/ v(x)da(x)>
e—0T nwy [x—y|=p [x—y|=€

][ v(x)do(x) —v(y).
lx—yl=p

Multiplying the last identity by p"~! and integrating over 0 < p < r yields

v(y) = ][ v(x)dx — % /r p”fl/ (DT'(x — y), Dv(x)Ydxdp. (5.1)
lx—yl=r r=Jo lx=yl<p
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