INTERIOR SECOND DERIVATIVE ESTIMATES FOR SOLUTIONS TO
THE LINEARIZED MONGE-AMPERE EQUATION

CRISTIAN E. GUTIERREZ AND TRUYEN NGUYEN

AssTrRACT. Let QO C R” be a bounded convex domain and ¢ € C(Q) be a convex
function such that ¢ is sufficiently smooth on dQ and the Monge-Ampeére measure
det D?¢ is bounded away from zero and infinity in Q. The corresponding
linearized Monge-Ampere equation is

trace(®D?u) = f

where @ := detD?*} (D?¢p)~! is the matrix of cofactors of D*¢. We prove a
conjecture in [GT] about the relationship between L? estimates for D?u and the
closeness between det D*$ and one. As a consequence, we obtain interior W7
estimates for solutions to such equation whenever the measure det D¢ is given by
a continuous density and the function f belongs to L7(() for some g > max {p, n}.

1. INTRODUCTION

L7-estimates play a fundamental role in the theory of second-order elliptic
partial differential equations, with many works devoted to the topic, see [GiT,
Chapter9]and [CC, Chapter7]. For linear equations of the form trace(A(x)D?*u(x)) =
f(x) in a domain Q c R" with

(1.1) MER < (AR)E, &) < AIEP forallx € Qand & € R,

LP-estimates for second derivatives of solutions were derived in the 1950’s as
a consequence of the celebrated Calderén and Zygmund theory of singular
integrals. Precisely, if the matrix A(x) is continuous in (), then for any domain
(Y e Qandany 1 < p < oo we have

(1.2) ID*ull ) < Cllullr@ + Iflla),

where Cis a constant depending only onp, A, A, n, dist(€Y’, dQ2) and the modulus of
continuity of A(x). The continuity assumption on the coefficient matrix is essential
when n > 3. Indeed, it is shown in [U] and [PT] that if A(x) satisfies and is
merely measurable, then is false for p > 1. However, it is proved in [E, [L]
that estimates for second derivatives that do not depend on the continuity of A(x)
do hold for p > 0 sufficiently small.

[7-estimates for second derivatives of solutions to fully nonlinear uniformly
elliptic equations of the form F(D?*u,x) = f(x) were studied by Caffarelli [C1].
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In this fundamental work, he established Calderén-Zygmund type interior W?2P
estimates for viscosity solutions under the assumptions that F(D?u, x) is suitably
close to F(D?u,0), and solutions to the frozen equation F(D?*u,0) = 0 admit interior
CU! estimates. For more details and related results to those of Caffarelli, we refer
to [CC, Chapter 7] and [Es| [E, Sw, WL]. By extending further his perturbation
method in [C1]], Caffarelli [C3] was able to derive interior W27 estimates for convex
solutions to the Monge-Ampere equation detD?*$p = g(x) under the optimal
condition that g is continuous and bounded away from zero and infinity (see
also [G, Chapter 6], [H, dPF] and the recent corresponding boundary estimates in
[S2]).

In this paper we consider the linearized Monge-Ampere equation. Let QO C R"
be a normalized convex domain and ¢ € C(Q) be a convex function satisfying
A < detD?¢ = g(x) < Ain Q and ¢ = 0 on JQ. The linearized Monge-Ampere
equation corresponding to ¢ is

(1.3) Lou := trace(®D*u) = f(x) in Q

where @ := (detD*}) (D*$)~! is the matrix of cofactors of D*¢. We note that Ly is
both a non divergence and divergence differential operator which is degenerate
elliptic, that is, the matrix ®@(x) is positive semi-definite and does not satisfy
(I.I). The equation is of great importance as it appears in a number
of problems. For example, it appears in affine differential geometry in the
solution of the affine Bernstein problem ([T, TW1, TW2, TW3, TW4]), and in
the Aubreu’s equation arising in the differential geometry of toric varieties ([D1,
D2, D3, D4, Z1]Z2]]). In addition, the equation appears in fluid mechanics in the
semigeostrophic system which is an approximation to the incompressible Euler
equation and is used in meteorology to study atmospheric flows ([CNP, Lo]]). The
linearized Monge-Ampere equation was first studied by Caffarelli and Gutiérrez
in [CG2] where it is proved that nonnegative solutions to L,u = 0 satisfy a
uniform Harnack’s inequality yielding, in particular, interior Holder continuity of
solutions. By using these interior Holder estimates and perturbation arguments,
we recently established in [GN] Cordes-Nirenberg type interior C'* estimates for
solutions to (1.3).

The purpose in this paper is to study the L? integrability of second derivatives
of solutions to the equation (1.3). A previous result in this direction is proved by
Gutiérrez and Tournier in [GT]: for any domain Q)" € Q, there exist p > 0 small
and C > 0 depending only on A, A, n and dist(€)’, (3) such that

(1.4) ID*ullr ) < Cllulli=@y + llfll @)

for all solutions u € C*(Q) of (1.3). Notice that since Ly¢ = ndet D*¢ = ng(x), it
follows from Wang’s counterexample [W] that is false for any p > 1. In fact,
if we hope the estimate to hold for large values of p, one needs to assume in
addition that g € C(Q), see [GT, Section 8] for more details. In light of this, it was
conjectured in [GT] that the L7-integrability of the second derivatives of u in (1.3)
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improves when det D?¢ gets closer to one; in other words, if 1—€ < det D?¢ < 1+e,
then the exponent p = p(e) in satisfies p(€) — +co as € — 0.

In this article we solve the above conjecture in the affirmative, Theorem[4.6, As
a consequence, we obtain the following main result of the paper.

Theorem 1.1. Let Q) be a normalized convex domain and g € C(Q) with 0 < A <
g(x) < A. Suppose u € Wfo’f(Q) is a solution of Lyu = f in Q, where ¢ € C(Q) is a
convex function satisfying det D*¢ = g in Qand ¢p = 0 on dQ. Let O’ € Q, p > 1 and
max {n, p} < g < co. Then there exists C > 0depending onlyonp,q, A, A, n, dist(€Y, Q)
and the modulus of continuity of g such that

(1.5) ID*ullr ) < C(||M||L°°(Q) + ||f||Lq(Q))-

The conditions on the Monge-Ampere measure detD?¢ are sharp and the
constant in depends on det D?’¢ and not on the maximum or minimum
of eigenvalues of D?*p. Our result can be viewed as a degenerate counterpart
of the classical Calderén-Zygmund estimates for linear uniformly elliptic
equations in non divergence form, and Caffarelli’s interior W?? estimates [C1,
Theorem 1], [CC| Chapter 7] for fully nonlinear uniformly elliptic equations.

In order to address the lack of uniform ellipticity of the linearized Monge-Ampeére
operator, we follow the strategy in [CG2|] by working with sections of solutions
to the Monge-Ampére equation. The role that the sections play in our analysis
is similar to that of Euclidean balls in the theory of uniformly elliptic equations.
In addition, to measure the degree of regularity of the solution we introduce
the sets Gui(1, Q2) where the solution u is touched by tangent paraboloids, see
Definition In contrast with [GT), Definition 3.5], the sets Gy(u, Q2) are now
invariant by affine transformations. We note that unlike the theory in [CC,
Chapter 7], where the standard Euclidean distance is used, our tangent paraboloids
are defined with respect to a quasi distance induced by the solution ¢ of the
Monge-Ampere equation. With this new definition, our first step is to derive
rough density estimates for the sets Gy(1, 2) which are achieved by following the
method in [GT]. The next crucial step in solving the conjecture is to accelerate
the initial density estimates. To make this breakthrough, we use a key idea
introduced in [GN], that is, to compare solutions of two different linearized
Monge-Ampere equations. Precisely, we compare solutions of Lyu = f with
solutions of £,h = 0, having the same Dirichlet boundary data, where w is the
solution of the Monge-Ampere equation detD*w = 1in Q and w = 0 on 9Q. It
is also important to know that the coefficient matrices of two different linearized
equations are close in L’-norm when the determinants of the corresponding
convex functions are close in L*-norm. This is given in our recent work [GN].
These two comparison results allow us to estimate explicitly |[u — k||~ in terms of
|| det D?¢ — 1||.~, and by using this approximation we can perform the acceleration
process to obtain the necessary density estimates for the sets Gy(u,€2). Finally
and to conclude the proof of the conjecture, all these estimates permit us to use
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the covering theorems for sections of solutions to the Monge-Ampere equation
proved in [CG1 ICG2].

To give more perspective, we mention the following recent work for the linearized
Monge-Ampere equation: Sobolev type inequalities associated to the linearized
operator L, (Tian and Wang [TiW]), Liouville property for solutions to Lyu = 0
in R* ( Savin [S1]) and boundary C'* estimates for L1 = f and its applications
(Le and Savin [LS1, [ILS2]).

The paper is organized as follows. Section [2|is devoted to preliminary results
for solutions ¢ to the Monge-Ampere equation that will be used later. We also
introduce there a quasi metric and the sets Gy (1, Q) where the solution u to the
linearized equation is touched by tangent paraboloids associated to the quasi
distance. In Section (3 we establish density estimates for the set Gy (1, (2) and use
them to derive the initial power decay for the distribution function giving small
integrability of D*u. Finally, Section é contains the main estimates in the paper
showing how the integrability improves when det D¢ gets closer to one.

2. PRELIMINARY RESULTS

2.1. Some properties for the Monge-Ampere equation. Given an open convex
set QO C R" and a function ¢ € C(Q), dp denotes the subdifferential of ¢. The
Monge-Ampeére measure associated with ¢ is defined by M¢(E) := |d¢(E)|, for
all Borel subsets E C ). The convex set Q) is called a normalized convex domain if
B1(0) c Q) c B,(0). Here Br(y) denotes the Euclidean ball with radius R centered at
y. Observe that by Fritz John’s lemma, every bounded convex domain with non
empty interior can be normalized, i.e., there is an invertible affine transformation
T with B1(0) € T(S) c B,(0). A section of a convex function ¢ € C}(Q) centered at ¥
and with height t is defined by

So(% 1) = {x € Q: P(x) < P(F) + V() - (x — %) + £},
If =0 0on dQ, then for 0 < a < 1 we set
(2.6) Qu=xeQ:px)<(1-0a) rrgn o},
and notice that (), is a section of ¢ at the minimum of ¢, i.e., 2, = Sy(xo, —aP(x0))
where xy € Q is such that ming¢ = ¢(xp). We are going to list some basic

properties related to sections that will be used later. All results in this subsection
hold under the assumption:

(H) Qs anormalized convex domain and ¢ € C(Q) is a convex function such that
A<SMPp<A in Q and ¢=0 on JQ.

It is known from the works of Caffarelli [C2, C4] that ¢ is strictly convex and C*
in the interior of (). Moreover, we have the following lemma from [GH] (see [G|
Theorem 3.3.10]).
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Lemma 2.1. Let 0 < a < < 1. Then for any x € Q,, we have Sy(x, Co(f — a)”) C (g
for some Cy and y depending only on n, A and A. Consequently, there exists n =
n(a,n, A, A) > 0 such that Sy(x,t) € Q forall x € Q, and t < 1.

We now state a result about strong type p —p estimates for the maximal function
with respect to sections. For that, let us fix 0 < ap < 1 and take 1y = no(ao, 1, A, A)
be the corresponding positive constant given by Lemma

Theorem 2.2. Let u := M and define

My (f)(x) := sup

L lf(y)ld Vx € Qq.
r<nor2 (Se (X, £)) Js, ) fy)ldu(y)

Then for any 1 < p < oo, there exists a constant C depending on p, n, A and A such that

i

Notice that it is known from [CG1]] and [GT, Theorem 2.9] that M, is of weak
type 1—1. This together with the obvious inequality [|M,,(f)ll=@,,) < [l fllL=@) and
the Marcinkiewicz interpolation lemma (see Theorem 5 in [St, Page 21]) yields the
strong type p — p estimate in Theorem The next lemma is a slight modification
of [G, Lemma 6.2.1].

IMD@IF du(X)]p <cC ( fQ W du(y))p .

an

Lemma 2.3. There exist c = c(n,A, A) > 0 and 6y = 0o(ao,n, A, A) > O such that if
x0 € Qu, and G(x) = ¢(x0) + VP (xo) - (x — x0) + 0 [x — x>  VYx € Q, then

O(x) < P(x0) + V(xo) - (x — xp) + ng% lx — xol* forall |x— x| < 6.

Proof. Let u(x) := ¢(x) — Pp(x0) — Vp(xp) - (x — xp). Then by the proof of Lemma 6.2.1
in [G], we have u(x) < C(n, A, A)o™"*! |x — xo|* for all x € Q satisfying u(x) < ;.
Next it follows from Aleksandrov’s maximum principle and [G| Proposition 3.2.3]
that dist(Q,,, dQ) > c(n, A, A)(1 — ap)" =: dy,. Moreover if dist(x, dQ) > d,, /2, then
by using [G) Lemma 3.2.1] we obtain

C(n, A, A)

u(x) < V(&) = Vool lx = xol < ==

|x — xo

where £ is some point on the segment joining xo and x. Therefore there exists 6y > 0
depending only on ay, 1, A and A such that u(x) < ny whenever |x — xo| < 6. O

The above lemma together with Lemma 6.2.2 in [G]] gives:

Lemma 2.4. Given 0 < a < ap and y > 0, we define

2.7) D ={x € Qy:Sy(x,1) € B, (@), Vit <1l
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Then there exist c = c(n, A, A) > 0 and &y = do(avo, 11, A, A) > 0 such that for any y > 0

diam (Q
M, we have: if X € D* | then

Vo (ey)n=t
H(x) — P(X) — VP(x) - (x — %) <Yl — x> forall |x— x| < .
Proof. Let c and 6, be given by Lemma and take ¥ € D* | . Since (cy)™T >

satisfying (cy)anl >

()T

diam ) @ we then have by [G, Lemma 6.2.2] that ¥ € Q, N A(Cy) =2, where

Vo
Ay = {x0 € Q1 (x) 2 b(xo) + Vop(xo) - (x = %) + ol =%, Vx € Q.

Therefore the conclusion of the lemma follows from Lemma O

2.2. Tangent paraboloids and power decay for the Monge-Ampere equation.
In this subsection we recall the quasi distance given by the convex function ¢
and then use it to define the sets where the solution u is touched from above and
below by certain functions involving this quasi distance.

Definition 2.5. Let Q be a bounded convex set in R" and ¢ € C*(Q) be a convex function.
For any x € Q and x, € Q, we define d(x, xo) by

d(x, x0)* := P(x) — P(x0) — Vp(x0) - (x — xp).

Clearly x — d(x,x0)* is a convex function on Q. Since d(x, x)? is in general
not equivalent to |x — xo|?, the following definition of “tangent paraboloids” has a
nature different from the standard definition of tangent paraboloids for uniformly
elliptic equations (see [CC]). It is however more suitable to exploit the degenerate
structure of the solution ¢ to the Monge-Ampére equation.

Definition 2.6. Let Q and ¢ be as in Definition Then for u € C(Q) and M > 0, we
define the sets

Gy (1, Q)

= {9? € Q : u is differentiable at ¥ and u(x) < u(x) + Vu(x) - (x — %) + Md(x, ¥)* Vx € Q};
Gy (u, Q)

= {JZ € Q : u is differentiable at X and u(x) > u(¥) + Vu(x) - (x — X) — Md(x,%)* Vx € Q};
and Gy (u, Q) := Gy, (1, Q) N Gy, (1, Q).

We note that local versions of Definition[2.5/and Definition 2.6l were introduced
in [GT]. However, these definitions are not good enough for the purposes of this
paper. The next observation is our starting point for deriving [/-estimates for
second derivatives of solutions to the linearized Monge-Ampére equation.
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Lemma 2.7. Assume that condition (H) holds. Let 0 < a < g, u € C(Q), and for each
x € Q,, define

Ou)(%) =
inf {M > 0:db e R" such that |u(x) —u(X)—-b-(x— JE)I <Mlx-x* Vxe Béo(f)},
where O, is given by Lemma Then for x > 1, we have

(2.8) fx € Qy : O@)(x) > B}  (Qu\ Dzﬁ%h) U (Qu \ Gplu, Q)
for any B > 0 satisfying (cB'T )it > %\/WLQ) with ¢ = c(n, A, A) is as in Lemma
0
Proof. Lety := ﬁ%. IfxeD* | NGg(u,Q), then
(ey)n1

—Bd(x, %)* < u(x) — u(x) — Vu(x) - (x — x) < pd(x, %)

for each x € Q). Since ¥ € D* |, this together with Lemma 2.4 yields
(ey)n-T

—By?lx — x* < u(x) — u(®) — Vu(x) - (x — ) < y*lx — x|
for all |x — x| < 6y, and so O(u)(x) < By* = B*. Thus we have proved that
Df‘ - N Gp(u, Q) C {x € Q, : Ou)(x) < f*}
cy n—-1
and the lemma follows by taking complements. m|

In order to derive interior W2# estimates for solutions u to the linearized
Monge-Ampere equation, we will need to estimate the distribution function
F(B) == lix € Q, : O(u)(x) > p*}| for some suitable choice of ¥ > 1. It follows
from Lemma [2.7|that this can be done if one can get appropriate fall off estimates
for F1() :== Q4 \ Dz‘ w1 1 | and F>(B) := [Q, \ Gg(u, Q)| when B is large. Notice

2 )n-1
that since the function F;(f) involves only the solution ¢ of the Monge-Ampere
equation, its decay estimate has been established by Caffarelli in the fundamental
work [C3]. We reformulate his estimate in the following theorem.

Theorem 2.8. Let Q be a normalized convex domain and ¢ € C(Q) be a convex function
satisfying 1 —e < detD*p <1+ ¢ein Qand ¢ = 0 on dQ, where 0 < € < 1/2. Then for
any 0 < a < 1, there exists a positive constant M depending only on o and n such that

In VC,e

QA Tam forall s> M.

(Cue)?
Proof. This theorem is obtained by iterating [G| Theorem 6.3.2]. Indeed, let o :=
"‘T“ and let M = M(ao, n) and py = po(av, 1) be the positive constants given by that
theorem. By taking if necessary an even bigger constant, we can assume that M is
large so that ag — Y72, M~0*D" > 2ay — 1 and the statement of [G], Theorem 6.3.2]

(2.9) 1Q, \ DSl <
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holds forall A > M. We then begin the iteration with A = M and leta; = ag— M.
We get from [G| Theorem 6.3.2] that

1, \ DI < VG 190, \ Dl
If A = M? and a, = a; — M3, then
2
1Qa, \ D] < +/Coe 1, \ DI < (VCa€) 190, \ DI

Continuing in this way we let ay_; = ag_o — M™% = oy — Zl;-j M~U*DPo and obtain

k-1
Q0 , \ D1 < (VCae) 100, \ Dl

Since by our choice of M, ax1 > ap — .34 M=0DPo > 205 — 1, it is easy to see that
Qoag-1 \ D2‘)‘0 e\ D“k 1. Therefore, we have

k-1
k-1
Q0 \ D%yl = Q2001 \ D227 < (V/Ci€)  1Qu, \ D2l for k=1,2,...

Now for each s > M, let us pick k such that M* < s < M**1. Then Dy, c D¢ c D},
and k <log,,;s <k+1. So

k+ 08 S — ‘10| %
(C )2(\/_)1 (C )2 (A/Ce)o8m o SR

1Qa \ D <

3. L% ESTIMATES FOR SECOND DERIVATIVES

In this section we prove two density lemmas and then use them to prove a
small power decay of u(Q, \ Gg(u,Q)) for p large. Observe that the density
estimates established in [GT] are not good enough for our purpose since a different
definition of the sets Gg(u) was introduced there. In [GT, Definition 3.5] the
“tangent paraboloid” is assumed to lie below or above u in a specific neighborhood
depending on g of the touching point. Such definition is not invariant under
normalization and so not suitable for the acceleration process we consider later in
Section[d] In this paper, we employ a global definition, Definition 2.6} and we are
still able to obtain similar estimates as in [GT] by modifying their arguments. For
clarity, in the next subsection we give complete proofs of these estimates that are
technically simpler than the ones in [GT]. The following lemma is an extension
of [GT, Lemma 3.1] which allows us to work with strong solutions in leo’f(Q)
instead of classical solutions.

Lemma 3.1. Let Q) C R" be open and u, P € Wfo’f(Q) be such that det D*¢(x) > 0 for
almost every x in (. Let w = u + ¢. Then for any Borel set E C Q, we have

D(x)D? i
6.10) Ma(E) < lﬂf ((trace( (x) u(?C)) +n]
" Jenc

n

et D00 det D*¢(x) dx
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where ®(x) is the matrix of cofactors of D*¢(x) and C := {x € Q : w(x) = T'(w)(x)} with
I'(w) is the convex envelope of w in CJ.

Proof. Notice that the Sobolev embedding theorem guarantees that functions in
WIZJ?(Q) are continuous in Q. We first claim that

(3.11) Muw(F) < fl det D*w(x)|dx for all Borel sets F c Q.
F

It is well known that holds if w € C*(Q). For general w € W./(Q), let {w;,} be
a sequence of functions in C*(Q) converging to w in the sense of WIZJ?(Q)' LetU Cc Q
be open and K C U be compact. Then K C U N €, for all € > 0 sufficiently small,
where Q). := {x € Q : dist(x, dQ) > €}. Since Mw,,(UNQ,) < fumoe | det D?w,,(x)| dx,
we get

lim sup Mw,,(U N Q) < limsup f ' det D*w,, — det Dzw‘ dx + f | det D?w| dx.
UNQ. UNQ.

Since the first term on the right hand side is clearly zero and the measures Mw,,
converge to the measure Mw weakly, it follows by taking € > 0 small enough that
Muw(K) < j;[ | det D>w| dx. Consequently,

(3.12) Muw(U) < f | det D?*w(x)| dx
u

by the regularity of the measure Mw. Because is true for any open set
U c ), we once again use the regularity of the measures to infer that the claim
holds.

Now let E C Q) be an arbitrary Borel set. It is clear that dw(E) = dw(E N C) and
so by using and the fact D?w(x) > 0 for almost every x in C we obtain

Muw(E) = Mw(ENC) < f det D*w(x) dx

ENC
and the estimate (3.10) follows by a calculation from [GT, Lemma 3.1]. ]

Throughout this paper we always work with strong solutions of the linearized
Monge-Ampere equation in the Sobolev space WZZO’Z(Q). That is, the equation
Lyu = f in Qs interpreted in the almost everywhere sense in Q.

3.1. Initial density estimates.

Lemma 3.2. Let U be a normalized convex domain and Q be a bounded convex set such
that U c Q. Let p € CH(Q) N WZZ’”(U) be a convex function satisfying A < detD?¢ < A

in U. Suppose u € C(QQ) N WIZO’ZZ(U) NCYU), 0<u<1inQand Lyu = f in U. Then
for each € > O there exists n(e, n, A, A) > 0 such that for any n < n(e, n, A, A), we have

u(G, (4, 2) 0 Sy (o, b)) > [(1 —€)r = Cptof Jg . % tj;y qbl” du)" | u(Sp(xo, o))
Nt ¢(Xo,t0
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for all sections Sy (xo, to) € U. Here u := M¢ and C depends only on n, A and A.
Proof. Let T normalize the section S(xo, tp). For y € T(Q2), set

P = % (9T ) — p(x0) = V(o) - (T y —x0) = | and  i1(y) = u(T"y).

We have that Q := T(S4(xo,t)) is normalized and (f) = 0 on 9Q. Also, it follows

from [GN|, Lemma 2.3] that A’ < det D¢} < A’ in Q, where A’ and A’ depend only
onn, A and A. By Lemma for each 0 < a < 1 there exists n(a) = n(a,n, A, A)
such that if € Q,, then 55(7,n(@)) € Q. Therefore if i € Q,, then

(3.13) 6@+ V@) - (y - 7) +n@) <0 forall yeQ.
Define w,(y) = n(a)ii(y) + @)(y). Let y, be the convex envelope of w, in Q and

Cao =1y € Q:wa(y) = Valy),
and 3 ¢, supporting hyperplane to y, at y with €, < 0 in Q}.
Claim 1. VP(Q,) = V(P + n(a))(Qy) € Vw,(Ca).

To prove this claim, note first that J)+17(a) > w,in Qand w, > 0on Q. If AS Q.,

then by (3.13) we know that the supporting plane z = ¢(y) + Vo(¥)) - (y — 7) + n(a)
to @ + () at 7 has the property: z < 0 on dQ. Therefore, if we slide it down, then
it must become a supporting plane to w, at some point y* € Q (say ¢,). Since

z<0in Q, sois ¢, and hence y* € C,. Thus V() € Vw,(C,) as desired.
Claim 2. C, C T(Gl‘/(ton(a))(u, Q) N Sy (xo, to)), forevery0 <a < 1.
Proof of Claim 2. Let ij € C,. Then i = Tx for some X € S4(xo, tp) and

(3.14) (@) i(y) + p(y) = Ly) Vy € T(Sy(xo, to))
with equality at y = 7, for some ¢ affine with ¢ < 0 in T(Sy(xo, to)). As ¢p(x) =
O(x) + VP(%) - (x — ) + d(x, X)* in Q, we have

W) = @) +Vo@) - (y =9 + 5 d(T 'y, T75)* = Ly(y) + 5 ATy, T )
for all y € T(Q). This together with gives
(@) i(y) = €y) = L(y) — t5" ATy, T5)° =1 g(y) Yy € T(Sy(xo, to))

with equality at y = 7. Assume for a moment that

(3.15) 0>g(y) forall yeT(Q)\T(S4(xo,t0)).
Since u > 0in Q), we then obtain
(3.16) n(@)iy) = g(y) Vy € T(Q).

To see (B.15), let B := {y € T(Q) : g(y) > 0}. Note that 7 € B. Also BN
dT(S¢(xo,t0)) = O because if y € JT(Sy(xo,to)) then £(y) < 0 and so g(y) <
—ly(y) — t5 (T 'y, T-'y)* = =P(y) = 0. Moreover, B is connected as g is concave.
Hence B C T(S4(xo, tp)) implying (3.15).
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Since ¢ is a supporting hyperplane to n(a) ii(y) + ¢(y) at i, and u, p € C}(U), it
follows from (3.16) that

1) 2 80) + VA@) - (v~ D) = s ATy T, Yy e T@),
Thus we have proved that
Ca € 17 € T(Sy(x0, b)) a(y) = A7) + Vii(@) - (v - ) - @d(rm 192 ¥y € T(Q))

yielding Claim 2 because #i(y) = u(T™'y).

Now let D(y) := (D*P(y))~! det D*P(y). Thenas D*¢(y) = t;1(T ) D*(T'y) T~
and D?ii(y) = (T™Y)! D*u(T 'y) T™!, we get
to f(T_ly) . 0.

trace(®(T'y) D*u(T'y)) = ————== in

trace(®(y) D*i(y)) = th|det T|?
0

_t
toldet T|?

Therefore by applying Lemma With Q~ Q, u s n(a)i, ¢ ~» qB, E=C,and
using Claim 1 and the fact t| det T|? = 1, we obtain

~ 1 Cn(a) to (T 1y)| )” -
det D? ds—f( . +n| detD? dy.
Jy gemaorass s [ (Hogpagy ) evdwas
Since C, C T(GI/(ton(a))(u, Q) N Sy(x0, to)) by Claim 2, det D*((y) = det D2¢(T~'y)

and Q, = T(S¢(xo, atg)), the above inequality implies

1 Cn(a) tolf(x)l '
det D*¢p(x) dx < — f (— +n| det D*¢(x)dx.
\]S.gb(XO,D(tU) ¢ nn n (u,Q)ﬁSqf,(xo,to) det DZ(P(x) ¢

1/(tgn(@)

We then infer from Minkowski’s inequality and p = M¢ that

1(Sy(xo, k)"

< Cn(a)to ( JC
n Se(x0,t0)

Note that this inequality holds for any n < n(a). Given € > 0 there exists a =
a(e) sufficiently close to one such that (1 — €)u(Sy(xo, to)) < u(Sy(xo, ato)), which
combined with the previous inequality yields the lemma for any n < n(a(e)). O

1

! ‘ d”) (S0, 10))" + 1 (G (1, ) 1 S0, )

det D?¢

In the next lemma, we no longer require 0 < u < 1in Q as in Lemma

Lemma 3.3. Let U be a normalized convex domain and € be a bounded convex set such
that U C Q. Let ¢ € CH(Q) N W2"(U) be a convex function satisfying A < det D?p < A

in U. Suppose u € C(QQ)N WIZO’S(LI) N CY(U) is a solution of Lyu = f in U. Then for each
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€ > 0 there exists n(e,n, A, A) > 0 such that if Sy(xo, to) € U and Sy(xo, to) N G, (1, Q2)
contains a point X with Sy(x, Oto) € U, then we have

n

_ 1 n f n i
‘u(Gz%y(u, Q) N Sy(xo, to)) = [(1 —e)r — 2n@y( JEG)(WO) |Clet D2¢| du)" | u(Se(xo, to))

foralln < n(e,n, A, A). Here yp := M and 6 = O(n, A, A) > 1 is the engulfing constant
given by |G|, Theorem 3.3.7].

Proof. Let T normalize S (xo, to), and for y € T(Q2) we set
- 1 - _ . 1 _
B(y) = —[H(T'y) — p(x0) = Vop(xo) - (Ty —x0) = to| and  di(y) = =—— u(T'y).
to 20t
It follows that Q := T(Sy(xo, t)) is normalized, q~b =0ondQand A’ < det D2q~5 <A
in Q, where A’ and A’ depend only on 1, A and A.

Let x € Sy(x0, to) N G, (1, Q2) be such that S,(%, 0ty) € U, and define j = Tx. Then
=y d(x, X)* < u(x)—u(x)—Vu(x)-(x—x) < yd(x, x)* for all x in Q. Hence by changing
variables we get

-1, 12
a1y, T79)° _

d(T 1y, T 1)
(3.17) —y —en S a(y)—a(y)-Vi(y)-(y-y) <y i A

26t
Since X € Sy(x, tg), we have Sy(xo, to) C S¢(%, Otp) by the engulfing property. So,
if x € S4(xo, to), then d(x, ¥)* < 6ty, and consequently d(T~'y, T'§)* < 64, for all
y € T(S4(x0, to)). This together with (3.17) gives

My € T(Q).

-5 <Ay - @) - Vi@ (- <5 in O
Hence if o(y) := % |ii(y) - 4@ - Va() - (y - §) + ;| for y € T(Q), then 0 < v < 1in
Let 0 < a < 1. There exists n(a) = n(a, n, A, A) > 0 such that if i € Q,, then
-~ - 1 =
(3.18) G(7) + Vo(@) - (y - 7) + n@)(6 + E) <0, forallyeQ.
Define w,(y) = n(a)o(y) + (i)(y). Let y, be the convex envelope of w, in Q, and
Co= {y € Q: w,(§) = y.(¥), and I € supporting hyperplane to v, at 7,
with £ < —n(a)(6 - %) in Q}.

Claim 1. V$(Q,) = V(P + n(@)(Q,) € Vw,(C,)-
The proof of this is similar to that of Claim 1 in Lemma
Claim 2. C, C T(Gz_ey/q(a)(”/ Q) N Sy (xo, to)) forevery0 <a < 1.

Proof of Claim 2. Let ij € C,. There exists ¢ affine such that n(a)o(y) + P(y) > £(y)
for all y € T(Sy(xo,t0)), and with equality at v = 7, and £ < —n(a)(0 - 1/2)
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in T(Sy(xo, to)). Since P(y) = C(y) + tld(T‘ly, T-19)* Yy € T(Q) where {y(y) :=
0
O + V(@) - (y — §), we then have
~ 1 B
(19) @) 2 Uy) = ) = dT 7y, T9)* = 8() Yy € T(Sy(xo to))
with equality at y = §. Our goal is to extend to the set T(Q). We claim that

d -1 ; —1.5\2
620) g < T (1 - %) Yy € T(Q)\ T(Su(x0, ).

Assume this claim for a moment. Notice that from (3.17) we have that

(321) Ny > 12 (1 - My—w) Yy e T@),
2 to0

and therefore (3.19) holds for all y € T(Q). Using (3.19), the fact g(y) = n(a)v(j) +
n(@)Vo(@) - (y - 9) — tl d(T 'y, T~'§)* and the definition of v, we obtain
0

i(y) = a(y) + V(@) - (v - ) — % ATy, T ') Yy e T(Q).

Thus we have shown that

Ca C {7 € T(Sp(x0, b)) = (y) = @(H) + Vii(H) - (y - §) - % d(Ty, T7'§)* Yy € T(Q)
20
= T{% € S,(xo, to) : u(x) = u(®) + Vu(®) - (x — %) - n(—ay) d(x, 2 VxeQl

= (G, (1, Q) N S(xo, to)).

n(a)

So Claim 2 holds as long as (3.20) is proved. Observe that (3.20) is equivalent to

a ATy, T- 1)

322)  B:= {y eT(Q): g(y) ’7(2) (1 _ A tyo . ) )} C T(S(x0, to))-
Since 1(a)/20 < 1, we have that the function

_ @) [ dTy, T7g)

s+ (1 100
i ATy, T- 1)
= —ty) + Gyly) + —d(T Ty, g+ 1 (1 - u)
fo 2 10

—-t)+ "2+ B2 + v - 9] + 1- 53w

is convex and hence B is connected. Moreover, i € B N T(Sy(xo, tp)) by (3.21) and
since g(i7) = n(a)v(). Thus, (3.22) will follow if
(323) BN 8T(S¢(x0, to)) =0.
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Recall that £ < —n(a)(0—1/2) in T(S4(xo, to)), and {79(‘1/)+tl d(T 1y, T')? = P(y) = 0
0

on 9T (S4(xo, to)). In addition, d(T'y, T™'§)* < Ot in T(Sy(xo, to)) since Sy (xo, to) C
S(%, Oty). Therefore, if y € dT(Sy(xo, to)) then

n(a) d(T'y, T7'p)?
- gy + > (1— 10 )

= ) + ) + ATy T+ (1 _ ATy, TP

: e )21](04)(6—%)>O,

and hence holds as desired. This completes the proof of (3.20), and so
Claim 2 is proved.

The lemma now follows by applying Lemma with Q ~ Q, u ~ n(a)o,
¢ ~ ¢, E = C, and using Claim 1 and Claim 2. The detailed calculations are the
same as those in Lemma O

3.2. Initial power decay for the linearized Monge-Ampeére equation. We next
use Lemma3.2Jand Lemma3.3|to derive a small power decay estimate. To achieve
this, the covering result proved in [CG2] is essential.

Proposition 3.4. Let U be a normalized convex domain and () be a bounded convex
set such that U C Q. Let ¢ € CH{Q) N W,ZO’C”(LI) be a convex function satisfying A <
detD?¢ < Ain U and ¢ = 0 on JU. Suppose u € C(Q) N WIZD'Z(U) NCYU), lul < 1in
Qand Lyu = fin U with ||f/ det D*¢llnu < 1. Then for any 0 < a < 1, there exist
C, © > 0depending only on a, n, A and A such that

[J(Ua \ Gg(u, Q)) < ‘é for all B large,

where U, is defined as in (2.6).

Proof. Let0 < e < 1/2andn(e, n, A, A) be the smallest of the constants in Lemma
and Lemma Next fix 0 < n < n(¢, n, A, A) small so that [(1—€)/"—Cn]"* > 1-2¢,
—u+1

2 7

and noticing that G, (1, Q) = G, (1, Q) and G (%) = G}, (1, Q2), we obtain

(S0, to) N Gy (1, D) 2 [(1 =€) = Ct]” (S0, 1)) = (1 = 2€) (S (x0, 1)),
H(S (o, to) 0 G (1, 92)) 2 [(1 = €)1 = Ot (S0, 1)) = (1= 26) (S (0, 1)
for any Sy(xo, tp) € U. Taking M := 20/7, it then follows that

u(Ss(xo, t0) \ Gayar, (1, Q)) < 1(S(x0, t0) \ Gy, (11, D)) + (S (X, t0) \ Gy, (4, Q)
< 4ep(Sy(xo, to))

1
where C = C(n,A, A). Applying Lemma [3.2| to the functions Lr

as long as S(xo, to) € U.
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Set ayp := “T” Assume a, < a1 < ap are such that there exist 17, < 1; with the

property: if x € U,, and t < 1, then Sy(x, t) C U,,; and if x € U,, and t < 17; then
So(x,t) C Uy,. Let h > 1/ng satisfy 1/0h < n,. For xg € U, \ Guu(u, Q), define
1((Us, \ Gia(at, ) 0 Sy (x0, 1))

1(Sp(xo, 1)) '
We have lim,_,o g(t) = 1. Also, if 1/6h <t < 1, then Sy(xo, t) C U,, and

(U, \ Graa(1t, Q) 0 S0, 1)) < (S0, ) \ Gm(1s, )

< (S (xo0, £) \ Gayor(u, Q) < 4e p(Sy(xo, 1)),

since Gayoi(u,Q) C Gum(u, Q). Therefore g(t) < 4e for t € [1/0h,1;) and so by
continuity of g, there exists t,, < 1/0h satisfying g(t,,) = 4€. Thus, we have shown
that for any xy € U,, \ Gum(u, Q) there is t,, < 1/6h such that

(324) ((Uy \ Graa(11, Q)) (1 S0, 1)) = e (S £ry)):
We now claim that (3.24) implies

t>0.

g(t) ==

(3.25) Sy(x0, ty) € (U, \ G, ) U {x € U, : My((f/ det D?¢)")(x) > (20mh)"}.

Otherwise, and since xy € U,, and t,, < 1/0h < 15, we have Sy(xo, ty,) C Uy,
and there exists X € Sy (xo, tx,) N Gu(u, Q) such that M, ((f/ det D>$)")(x) < (20nh)".
Note also that S4(%, 0t,,) € U as X € U,, and 0t; < 1/h < 19. Then by Lemma
applied to u and —u and by our choice of 17, we obtain

(1 —2€) u(Sp(x0, try)) < p(Se(x0, txy) N Gype(u, €2)),
(1-2e¢) ‘u(S(p(xO, ty)) < y(S¢(x0, ty,) N G;M(u, Q)).

Hence
(U, \ G, ) 0 S (o, £,)) < (S (x0, £,) \ Giaa(1t, Q)) < e (S (xo, ),

a contradiction with (3.24). So (3.25) is proved and we can apply the covering
result |G, Theorem 6.3.3] to conclude that

(3.26) u(Uy, \ Gum(u,€2))
< 2 Ve [p(Ua, \ Gu(ut, Q) + pfx € Uy, : Mu((f/ det D2p)")(x) > (20mi)"}],

as long as a, < a1 < ap are such that n, <1y, and h > 1/1 satisty 1/6h < 1.
For k € N, set

o = p(Un \Gpe(1,Q)) and by = prfx € Uy, : My((f/ det D*P)")(x) > (20nM¥)"},

where a; will be defined inductively in the sequel. First fix a; so that 2ap — 1 <
a1 < apand take 177 := Co(ap—a1)”, where Cy and y are the constants in Lemma
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Then 3; = 557 = Colar — a2)? =: 1), and so

Leth = M, and set a; = a1 — i5gp75- o

from Lemma[2.1land (3.26) we get
a <2 \/E(Ell + bl)

Nextleth = M? and a5 = ap — SO & = Co(az — a3)” =: 3. Then

1
(CoQMz)l/V’
a3 < 2Ve(a, + by).

Continuing in this way we let h = M* and a1 = o — W. Then 4. =
Colax — agr1)” =: i, and agyq < 2 Ve(ag + by). These imply that
k
Be1 < @V + ) 2V
i=1
k
On the other hand, a1 = a7 — ijl m > ay — WW > 2ap — 1 by

choosing 1 even smaller depending on « (recall that M = 20/1). Therefore, we
obtain

k
U(Uzp 1 \ Gageon (14, Q) < (U, \ G (1, Q) < @ V&) 'ar + Y 2 Vo) ™D,
i=1

forallk=1,2,... Moreover,
b < C(n, A,' A) f
M u |det D%
because M, is of weak type 1 — 1 (see [GT, Theorem 2.9]). Thus, by setting
mp = max{2 Ve, M~} we then have
1(Uagy-1 \ Gpgerr (1, Q)) < mbay + Ckmis™ < Ce,n, A, Aymb (1 + k).
k+1

Writing m; = 4/ and since my < 1, we conclude that m&*! (1 + k) < C’(mg) m*
and so p(Uzay-1 \ Gyt (1, Q)) < Cmt*. Now for any p > M?, pick k € N such that
M < B < M2, thenk + 1 < log,, B < k+ 2 and

u(Ua \ Gp(u, €)) = p(Uzag-1 \ Gp(u, €2))

< M(UZaO—l \ GMk+1 (M, Q)) < le;"'l < m£ ﬁlogM m
1

n

du(x) < C(n, A, AM™

4. [P ESTIMATES FOR SECOND DERIVATIVES
We established in Proposition [3.4] that
u(U, \ Gg(, Q) < CB

when A < det D?*¢ < A. This power decay estimate is very poor as 7 > 0 is small.
However, we will demonstrate in this section that 7 can be taken to be any finite
number provided that det D?*¢ is sufficiently close to the constant 1 in L* norm.
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In order to perform this acceleration process, the following approximation lemma
is crucial. This lemma is a variant of [GN} Lemma 4.1] and allows us to compare
explicitly two solutions originating from two different linearized Monge-Ampere
equations. We assume below that ¢, w € C(U) are convex functions satisfying
1 <detD*p < 3,detD*w =1in U and ¢ = w = 0 on JU. Also the matrices of
cofactors of D?*¢ and D?*w are denoted by ® and W respectively.

Lemma 4.1. Let U be a normalized convex domain and u € Wfo’f(U) NC(U) be a solution
of ®;;Djju = f in Uwith [u]l < 1in U. Assume 0 < a; <landh € wfoff(um) N C(l_lal)
is a solution of
Wi]'Dl']'h =0 in Ual
h =u on JU,.

Then there exists y € (0,1) depending only on n such that for any 0 < a, < ay, we have

1=l +11f ~trace(( D= WD) s, < Clars ) {IK0 = Wil + Ifllon

provided that ||® — W||Ln(ual) <(a; — 0@)“51’11)7.
Proof. Let 0 < a < 1. We first claim that
(4.27) 01 :=cuy(an — )" < dist(x,dU,,) < 2n min{l,a‘l(al - a)} =:0, VYxedU,.

To prove (4.27), let x; be the minimum point of ¢ in U. Then U, = S¢(xo, —a¢(xo)),
Ua, = Sy(xo, —a19(x0)), and Ci(n) < |p(xp)| < Ca(n) by [G) Proposition 3.2.3]. For
any x € dU,, by applying Aleksandrov’s estimate (see [G| Theorem 1.4.2]) to the
function @ := ¢ — (1 — a1)P(xo) we get dist(x, IU,, )" > Cyldp(x)| = Cula — a1)p(x0)
yielding the first inequality in (£.27). For the second inequality, let x € JU, and
choose y be such that x = (1 - )xo + ;-y. Then y ¢ U,, since whenever y € U
we have (1 - a1)¢(xo) < ¢(y) as (1 — a)Pp(xo) = p(x) < (1 — )Pp(xo) + 5 P(y) by the
convexity of ¢. Therefore, we infer that dist(x,dU,,) < |y — x| = (3 = 1)lx — xo| <
2n(2L — 1) which gives the desired result.

By Caffarelli-Gutiérrez interior Holder estimates (see [GN, estimate (2.2) and
Corollary 2.6]) there exists g € (0, 1) depending only on 1 such that

(4.28) s, ) < Cla, m) (1+ 1 fllin)

Next notice that Pogorelov’s estimates imply that A(ay, n)] < W < A(ay, n)lin U,,.
Therefore, by using standard boundary Holder estimates for linear uniformly
elliptic equations (see [GiT), Corollary 9.29] and [[CC, Proposition 4.13]) and (4.28),
we obtain

(4.29) ”h”cﬁ/Z(Ual) < C’(Ofl,n)||u||Cﬁ(aua]) < C(ay,n) (1 + ”f”L"(U))-
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Now for any x € dU,, by we can take y € dU,, such that [x — y| < 0,. Then
since u —h = 0 on dU,,, we get from (4.28) and (4.29) that

(e = M) = (1 = h)(x) = (u = h)(Y)I < fulx) = u@)l + () = h(y)l
< Clar, m) 85 (1 + I fllwan) -

That is,
B/2
(4.30) e = hllzsou,y < Clas, m) o8 (1 + 11 fllrw) -
We claim that
g_
(4.31) 1Dl < Cla, 1) 677 (1+ Il fllran)

Indeed, let xy € U, be arbitrary and take x; € dBs,;2(x)). Since Bs, j2(xo) € Uy, by
(4.27) and W;;D;;(h—h(x;)) = W;;D;;h = 0in U,,, we can apply interior C?-estimates
(see [GN| Theorem 2.7]) to h — h(x1) in B, 2(x0) and obtain

ID*h(xo)ll < C'a,m)6;2 sup |h— h(x1)l < Clas, ) 6,26} (1 + l flluan)

Bs, 2(x0)

giving (&31).

Observe that u — h € leo’f( U) is a solution of
q)l']'Di]'(l/l - ]’l) = f - q)llejh = f - [(DZJ - Wl]]DUh =F in Ual.
Hence if we lete := |- W|| L4 (Ua, )7 then it follows from the ABP estimate (see [GN,
Theorem 2.4]), (4.30) and (4.31)) that

e = Bl + Wl < Nl = hllesou,) + Call Flles,,)
< |lu = Alles@u,) + Call DAl |P — Wi,y + Call fllenu,,)

_ (b
< Clan,m)[a (s = @) + (@ = @y EDe| (1 + I flls) + Call s,

By taking a := a7 — T, this yields
llu = hllzow, + IFll, < Clag, n)(a P2 + 1)e” (1 + ”f”L"(LI)) + Callfllzr

with y := m. From this we deduce the lemma as € < (a; — ) Ty by the
assumption. O

4.1. Improved density estimates. In this subsection we will use Lemma {4.1] to
improve the power decay of u(U, \ Gg(u, Q). To this end, the next lemma plays
an important role.

Lemma 4.2. et 0 < € < 1/2,0 < ag < 1, U be a normalized convex domain and
Q be a bounded convex set such that U C Q. Let ¢ € C1(Q) N WIZO'C”(LI) be a convex
function satisfying 1 — e < detD*p < 1+e€in Uand ¢ = 0 on dU. Suppose u €
C(Q)n leo'f(ll) N CY(U) is a solution of Lou = f in U with |u| <1 in U and

lu(x)] < CT1 +d(x,x0)?*] in Q\U
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for some xg € U,,. Then for any 0 < a < a, there exist C, T > 0 depending only on a,
o and n such that

G (1, Q) N U,| = {1 = C(N~°55 +€)} UL

forany N > Ny = Ny(a, ag, C*, n) and provided that ”CD—W”Ln(uM) < ((1-ap)/4) =
Here W, y are from Lemmad.1)and i

Y
5o = f D — WII" dx +(f|f|”dx) .
UM u

Proof. Leth € wf(;f(uw ) N C(U sy+1) be the solution of
2 2

WZ]DUI’Z =0 in Ua0_+1
2

h =u on JUaps.

2

By the interior C!! regularity of h and Lemma 4.1, we have

(4.32) ||h||c1,1(u3a0+1) < c.(ao, ”)||u||L°0(ua0+1) < ce(ao, 1),
4 2

) < Clarg, 1) 8y =: 8,

(Uzag+1

(4.33) |t = hlleo(usy,,..) + IIf — trace([® — WID?h)] |1 3021

4 4

We now consider hly,, ., and then extend & outside Usyy+ continuously such that
i 4

{ h(x) =u(x) VxeQ\ Uy,
2
e = Bl ) = 111 = Bl wiagy )

Since by the maximum principle |||~ s, 1) < llullio@) < 1, we then obtain that
B

(4.34) u(x)—2<h(x) <ulx)+2 forall xeQ.
We claim that if N > Nj := Ny(«, g, 1), then
(4.35) Uy N Aga) € Gr(h, Q)

where o(a) > 0 is the constant given by [G, Theorem 6.1.1] and

Aoy = {x e U: Pp(x) > ) + V(&) - (x — %) + @ - %, Vxe u}

Indeed, let ¥ € U, N Ay C U,,. By (4.32) we have |h(x) — [1(%) + VA(X) - (x — %)]| <
ce(ag, n)|x — x| for all x € Usqy1, and since X € Ay

o(a)

(4.36) d(x, %)% = P(x) — [p(F) + V(%) - (x — X)] = T|x - VYxel.
Therefore
(4.37) |h(x) — [h(%) + VA(Z) - (x — x)]| < %d(x, %)? Vxe Uang.
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We next show that by increasing the constant on the right hand side of (4.37)), that
the resulting inequality holds for all x in Q. To see this, observe that

438)  d(xx0) = d(x, 1) + [$(E) ~ Plx0) ~ V(o) - (X~ x0)]
+[VP(x) = Vd(xo)] - (x — X)
<d(x,%)* + Clao,n) (1 + |x — %) forall xeQ.
Also there exists c(a, n) > 0 such that
(4.39) dx, )2 = c(a,n)|Jx—x| YxeQ\U

Notice that dist(U,, dU) > c,(1-a)" by the Aleksandrov estimate [G| Theorem 1.4.2]
and [G, Proposition 3.2.3]. Thus it follows from (4.36) and the fact x € U, that

there is ¢ = c(a,n) > 0 so that (#39) holds for all x € JU. Now for x € Q\ U
we can choose £ € dU and A € (0,1) satisfying £ = Ax + (1 — A)%. Then since
d(%,%)> > c|£ — x| and the function z — d(z, X¥)? is convex, we obtain

Ad(x, ®)* + (1 = A)d(x, %)* > c]Ax + (1 = A)% — %] = cAlx — x|

which gives d(x, ¥)* > c|x — x| and hence ([£.39) is proved.
We are ready to show that holds for all x € Q but with a bigger constant
on the right hand side. Let x € O\ Uz« and consider the following cases:

Case 1: x € U. Then by using (4.32) ,4 (4.34) and the assumption |u| < 1in U, we
have

() = [h(®) + VA() - (x = D)]| < h(x) = hD)] + Clao, n) < |u(x) = u(@)] + Clao, n)
< C(ap, n) < C1(ag, ) d(x, x)?

where in the last inequality we have used the fact that since ¥ € U, C U,, there
exists 1(ap) > 0 such that S4(X, n(a)) C Usgn (see Lemma .
4

Case 2: x € QO \ U. Then d(x,%)* > 1o since Sy(¥,10) € U by Lemma 2.1} This
together with the assumptions, (4.32), (4.34), (4.38) and (4.39) gives

[h(x) — [M(X) + VA(X) - (x — X)]| < |h(x) — h(X)| + C(ao, n)lx — X
< Ju(x)] + Clag, n) (Ix — & + 1) < C'[1 + d(x, x0)*] + Clao, 1) (Ix — & + 1)
< C'd(x, %) + Clag, C,n) (Ix — & + 1) < Ca(a, atp, C, ) d(x, %)%

Therefore if we choose
2 e 7
NO = max M/ Cl (aO/ Tl), CZ((XI &y, C*l Tl) 7
o(a)

then it follows from the above considerations and that
Ih(x) — [h(®) + VA(®) - (x - ®)]| < Nod(x,%)* forall xeQ.
This means ¥ € Gy, (h, QQ) C Gn(h, Q) for all N > Nj. Thus claim (4.35) is proved.

Next let
_@-hE
0

u'(x) : , for xeQ.
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We infer from (4.33) and the way / was initially defined and extended that

1
1Ny = 511 = hllegggn) <1,
0 4

Lot = 1Ly~ L] = 5 [f - trace([® - WIDY)| =t f/(x) i Usga,
0 0 *

Notice that || f'|l.«u,,,..) < 1 by (4.33). In order to apply Proposition 3.4} let T be an
invertible affine maf; normalizing Use+1. We have C(n) < |det T| < C'(n) because
|det T & [Usgn P ~ 2 ming ¢l ~ 1. Set U 1= T(Usyn), Q := T(Q) and
define

$(y) = | det TP/" [qb(T‘ly) (1 ) min qb], i) = w(Ty) forye Q.
Then 1 — € < det D?p = detD*p(T'y) < 1 +¢€in U and ¢ = 0 on JU. Moreover
since ®(y) = |det T|"2/" det D*¢(T1y) T[D*$(T~'y)]"'T!, we obtain
trace(@)(y)Dza(y)) = | det T|_72trace(@(T‘ly)Dzu’(T‘ly)) = |detT|™ f/(T"'y) =: f(y)
in U. Thus as ¢ € CHQ) n W), @ € C() N WD) N CY ), |lilll ey =
/|l < 1 and ||l = | det T|_1/"||f'||m(u3ao+1) <|detT|"V" < C,, we can apply
Proposition 3.4/ to get

~ o~ 60 T
(4.40) 0\ Gy O < C(a,ao,n)(ﬁ) ,

3ap+1

_3(104‘1

where 7 > 0 depends only on a, ag and n. Since U qa = T(U,) and
apg+1

d(Tx, T%)> = $(Tx) — H(Tx) — (VH(TX), Tx — Tx) = |det T| d(x, %)* Vx, T € Q,
we have

(441) Go(it, )N U

3ap+1

=T{% € U, : |i(y) - [i(T%) + (Vi(TR), y - TO]| < pd(y, TH?* Vy € T(Q)}

=T{% e Uy : Ju'(x) - [/ (%) + (Vi (%), x - D]| < pldet T|id(x, % Vx € Q)

_ T(Gﬁldetﬂ%(u’,ﬂ) N u)
It follows from (4.40), (4.41) and the fact T(A) \ T(B) = T(A \ B) that

' 00\
U, \ G%(u ,Q)| < Cla, g, 1) (NO) .
As Géu,(u’,Q) = Gy(u —h, Q) and |U,| > c,a™?, we then conclude
0

Ul =[Gt = 1, ©) 1 U = U, \ GG =, ) < () 1
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yielding

(1- ()} i < 1Guw - 0) Uy

< |GN(u - h/ Q) N ua N Aa(a)' + |ua \Aa(a)|
<Gt =, Q) 1 Uy N Ayl + Cla, )€ |UL,
where the last inequality is from [G) Theorem 6.1.1]. Consequently,

(4.42) IGn(u —h, Q)N Uy N Al = {1 -C [(%) +e } [UL,|.
We claim that
(443) GN(u - h, Q) N Ua N Ao(a) C GZN(”/ Q) N Ua

which together with (4.42) gives the conclusion of the lemma. To prove the claim,
let x € Gn(u —h, Q)N U, N Agy. Then ¥ € Gn(u — h, Q) N Gn(h, Q) by (4.35).
Therefore (4.43) holds because

[u(x) = [u(®) +(Vu(x), x - D]
< |(u = m)(x) = [(u = h)(R) + V(U = 1)(E), x = D] + [h(x) = [1(x) + (VA(X), x = D)]]
< 2Nd(x, %) forall xeQ.

This completes the proof of the lemma. O

By using Lemma 4.2|and a localization process, we shall prove the following.

Lemma 4.3. Let 0 < ¢y < 1,0 < ay < 1, Q be a normalized convex domain and
ue WZZO’ZI(Q) N CY(Q) be a solution of Lou = f in Q with |Jull~q) < 1, where ¢ € c(Q)
is a convex function satisfying ¢ = 0 on dC). There exists € > 0 depending only on €,, ap
and n such that if 1 — e < det D*$ < 1+ € in Q, then for any Sy (xo, ;—%) C anTﬂ we have

fo\" '
444)  [Gu(u, Q)N Syo to)| = {1—er - C (—0) f £ de| b o, o)
o NT \Jsge,2)
for every N > Ny. Here C, T and N, are positive constants depending only on oy and n.

Proof. Observe that in fact ¢ € CY(Q). As e will be chosen small, we also
have ¢ € W?"(Qun) by Caffarelli W?? estimates (see [C3, Theorem 1] and
2

[G, Theorem 6.4.1]). Let T be an affine map normalizing S¢(x0,;—%) and let
u:= T(S(p(xo, ;—%)) For each y € T(Q)), define

~ £

H(u) = 1det TF [ 6(T13) = 90) = Vo) - (T = 20) = | andl ) = u(T ")
Then 1 - € < det D?¢p = det D*¢(T"'y) < 1+ ein U and ¢ = 0 on dU. Moreover
trace((TD(y)Dzﬁ(y)) = | det TI%trace(CD(T'ly)DZu(T'ly)) = |detT|" f(T"'y) = f(y).
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Thus as ||| (7)) = lll~@) < 1, we obtain from Lemma .2 with & := a that
G (@, T(Q)) N U | 2 {1 = C(N"6F + €} UL
for any N > Nj = Ny(ap, ) and provided that |d — W”L”(uaoﬂ) < (1 -ap)/4) 1+<5'11W,
2

where
Y
n

(4.45) Op = Ji D - W|"dy| + (Ji Tk dy)” ,

y is given by Lemma and W is the cofactor matrix of D?® with @ is the
convex function satisfying det D*@ = 1 in U and @ = 0 on dU. This together with
Lemma4.4]below implies that there exists € > 0 sufficiently small depending only
on €y, &g and n such that

ap+l
2

|GN(1ZI T(Q)) N uaol 2 {1 — €y — CN_T (f] |f7|71 dy)n} |u040|

T

n

|LIa0|

1—e— CN~"|detT|™ f fI" dx
So(o, L)

T

to\* ’
1—60—C(—0) JC 1" dx
NT sy, )

But since Uy, = T(S¢(xo, to)), the same calculations leading to (4.41) yield

\%

|L1a0L

G (i, TQ) N Uy = T (Gt (00 2) 1S3, 1)) = T (G4, ) 0 Sy ).

Therefore we obtain

T

fo\* ’
(G400 NS00 1)) 21— - C (2 ( f NG dx] LCHED)|
0 5¢(x0ré%)
giving (4.44) for any N > N. O

In the above proof, we have used the following lemma which is a strengthen
version of Lemma 3.5 in [GN]. This result is proved by using a compactness
argument and [GN, Lemma 3.5].

Lemma 4.4. Given any 0 < €y < 1 and 0 < a < 1, there exists € > 0 depending only

on €y, a and n such that if O C R" is a normalized convex domain and ¢, w € C(Q) are
convex functions satisfying

1-e<detD*p<1+e in Q P detD*w=1 in Q
¢=0 on Q) an w=0 on JQ,
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then
|P - Wllinq,) < €o,
where  Q, :={x € Q: P(x) < (1 — a) ming P}.

Proof. Suppose by contradiction that it is not true. Then there exist €), @ € (0,1),
n € N, a sequence of normalized convex domains Qf and sequences of convex

functions ¢, wy € C(@) with

—1<detD’¢< 1+ in OF nd detD*wy=1 in OF
dr=0 on JOF w=0 on 0¥

such that
(4.46) || Dy — WkIILn(Qg) >¢y forall k.

By Blaschke selection theorem, there is a subsequence of QF still denoted by QF,
such that OF converges in the Hausdorff metric to a normalized convex domain
Q. Also by [G, Lemma 5.3.1] we have up to a subsequence ¢y — ¢ and wy — w
uniformly on compact subsets of Q2, where ¢, w € C(Q2) are both convex solutions
to the equation

detD’>w=1 in Q,
{ w=0 on JQ.
Thus ¢ = wby the uniqueness of convex solutions to the Monge-Ampeére equation.

Next observe that the Aleksandrov estimate [G| Theorem 1.4.2] and [G), Proposition 3.2.3]
yield
(4.47) dist(QF, 900" > c,(1 - a)" =17 Vk.

For E c R", let E(r) := {x € E : dist(x,dE) > r} and 6,(E) := {x € R" : dist(x, E) < r}.
We then claim that

(4.48) QF c Q(1/2) € Q(t/4) c QF  for all k sufficiently large.

Indeed, it follows from that QF ¢ Q7). Moreover since QOF — Q in the
Hausdorff metric, we have QF C 0:(Q) for all k large (see [Sc] for the definition
of the Hausdorff distance). Therefore, QX c 6:(Q)(1) = (1/2) giving the first
inclusion in (48). We also infer from the Hausdorff convergence of QF to Q that
Q c 6:(QF) for all k large. This implies (7/4) C 6:(Q%)(t/4) = QOF and the last
inclusion in is proved.

By and [GN| Lemma 3.5] we get &, — @ in L"(€)(7/2)) and Wy — Win
L"(Q)(7/2)), where @ is the cofactor matrix of D?¢ and W is the cofactor matrix of
D*w. Since @ = W, this yields @, — Wy, — 0 in L"(Q(7/2)). Combining this with
the first inclusion in we obtain

I}gn P — Wk”Ln(Qg) =0,
which is a contradiction with (4.46) and the proof is complete. O

In the next lemma, we no longer require |[[u|[;~q) < 1 as in Lemma
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Lemma 4.5. Let 0 < ¢p < 1,0 < ay < 1, Q be a normalized convex domain and
ue WZZO’C”(Q) NCY(Q) be a solution of Lyu = f in Q, where ¢ € C(Q) is a convex function
satisfying ¢ = 0 on dQ). There exists € > 0 depending only on €y, ay and n such that
if1—€ < detD*p <1+ ¢ inQ, then for any Sy(xo,to) C Qu, with ty < n(ao) and
Se(xo, to) N Gy (u, Q) # O we have

T

A" dx) }|5¢(Xo, to)|

forall N > Ny. Here n(ay), C, T and Ny are constants depending only on o and n.

|GN)/ u Q) N S¢(X0, t0)| {1 — €y — C(Ny) (f
S

(xo, % *o

Proof. Let 6 > 1 be the engulfing constant corresponding to 1/2 < det D*¢ < 3/2
in Q and so O depends only on the dimension n. By Lemma there exists
n(ao) = n(eo,n) > 0 such that Sy(x, &) € Qun for all x € O, and ¢ < n(ag). We

note that ¢ € C'(QQ) N W?"(Q.+1) as explained in the proof of Lemma
Let T normalize S (xo, ;—%) and U:=T (S¢(x0, )) For each y € T(Q)), set

300 = et TIE [G(T"11) = 9(0x0) = (Vo) Ty = x0p = 2| and y) = 50 (T ).

We have U is normalized, 1 — € < detD?p < 1+ ¢ in U and ¢ = 0 on dU. Let
X € Sy(xo0,to) N Gy (u,Q) and j = Tx. Then

—yd(x, ®)* < u(x) — u(®) — Vu(x) - (x — %) < yd(x, %> VYxeQ.
Hence by changing variables we get
(4.49)
d(T 'y, T-1p)? d(T'y, T7'§)>
—y— ' I <4 — (i) =Via(i) - (- <y —<2 J7
Y gy S W) -#@) - Vi) -y -5 sy ——a
Since X € S¢(X0, to) - S(P(.Xo, to/ao), we have S¢(X0, tQ/Oéo) C Sq[)(f, Qto/ao) by the
engulfing property. It follows that d(x, X)* < 6ty/ay for x € Sy(xo, to/ o) yielding
d(T 'y, T~'§)* < Oty/a for all y € U. Consequently,

, Yy € T(Q).

o S )~ 0(F) = VA@) - (y =) < 5 Vel
Let v(y) := % [i(y) — i(y) — Vii(y) - (y — §)], for y € T(Q). Then |[v| < 1in U and

by (4.49) we also have
lo(y)l < ot d(T y, T'y)? < Cr Od(y, 7)? VyeT(Q),

where d(y, 7)? := ¢(y) — P(7) — (VO(7), y — 7) = | det TP/"d(T~'y, T~'§)?. Moreover

~ de’ch_T2 5 5 ~
trace (DDZU = aOl—trace (T ! DZM T ! —_— = .
(@D%) = = (e tpDu( ) = oo m%f( fw
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Notice that § € U,, = T(Sy(xo,to)) because ¥ € Sy(xo,to). Thus we obtain from
Lemma .2 with a := aq that

G (o, T(Q)) N Uyy| 2 {1 = C(N7°5 +€)} [U,|

for any N > Ny = Ny(ap, ) and provided that |d — Wlan(u%ﬂ) < ((1-ap)/4) 1+(§}11W,

- 2
where §) and W are as in (4.45). This together with Lemma 4.4{implies that there
exists € > 0 depending only on €y, ag and n such that

IGn (o, T(Q)) N Uy,| > {1 —€y—CNT™ ( JC Nk dy) } U, |
u
(84 ! 2\ T
1-¢—-C tol det T f |F|" dx
’ (QVN) (0 ) ( Sp(xo, ) /

Qo !
1-¢€9— C( ) JE [fI" dx
OyN [ 50,20 /

But since U, = T(S(xo, to)) and o(y) = 72 [u(T'y) — u(x) — (Vu(®), T"'y - )], the

x
n

|u0£()|

\%

|u0£(]|'

n
Oyty

same calculations leading to (4.41) yield

NéytgldetT| 7 0
g

G (0, T(Q) N Uy, = T(G . (1, Q) N Sy (xo, to)] ~ T(Gw(u, Q) N S, (x0, to)).

Therefore we obtain

T

%) ‘ n !
> e —
> 1-e0- 5] [ng,m f dx] TS0, o)

a0

'T(Gw(u, Q)N qu(xo,to))

By setting N’ = NO/ay, we can rewrite this as

T

1Y\ "
'GN’y(u/ Q) N S(P(x()/ t0)| >31- €0 — C( /) f |f|n dx |S¢(X0, to)i
YN\ sy 2)

for any N’ > Ny = Ny(ao, n).
O

4.2. W?? estimate. In this subsection we will use the density estimates established
in Subsection 4.1/ to derive interior W*”-estimates for solution u of the linearized
equation Lyu = f when f € L9(Q) for some g > n. We begin with the following
key result which gives a solution to the conjecture in [GT].

Theorem 4.6. Let Q) be a normalized convex domain and u € leo’f(Q) be a solution of
Lou = fin Q, where ¢ € C(Q) is a convex function satisfying ¢ = 0 on dQ. Let p > 1,
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max {n,p} < q < oo and let 0 < a < 1. Then there exist positive constants € and C
depending only on p, q, a and n such that if 1 — e < detD?¢ < 1 + €, we have

ID%ullpq,y < C (Ihulliscy + I fllay) -
€U

ellullz=) + llfllea)
instead of u, it is enough to show that there exist €, C > 0 depending only on p, g,

a and n such that if 1 —e < detD*p < 1 +¢, ||ullr~) < 1 and ||fllq) < €, then
(4.50) ID?ull @, < C.
Note also that u € C!(Q) as a consequence of Clltf estimates in [GN, Theorem 4.5].

Let ag := “T“ and Ny = Ny(ap, n) be the largest of the constants in Lemma

Proof. We first observe that by working with the function v :=

_ q-p :
and Lemma 4.5 Fix M > Nj so that -—-—— < 1% and (M7 )71 > dlam(ﬂ)’
C,T(mtr-1) NG

where y, Cy are given by Lemma 2.T|and ¢ is given by Lemma2.7jwhen A = 1/2
and A = 3/2. Next select 0 < €y < 1/2 such that

1
M1 2€0 = E

and € = e(eg, g, n) = €(p,q,a,n) be the smallest of the constants in Lemma
and Lemma With this choice of €, we are going to show that (4.50) holds.
Applying Lemma [4.3|to the function 1 and using || f||.s) < € we obtain

[0, f0) N Gar (11, Q)] 2 (1 — € = Ce”) [Sy(x0, )l

as long as S(xo, ;—%) C Qup+1, where C = C(p,a,n) and 7 = 7(a, ). By taking €
even smaller if necessary we can assume Ce" < €j. Then it follows from the above
inequality that

t
(451)  |Ss(xo,to) \ Gu(u, Q)| < 261Sy(xo,to)l  forany  Sy(xo, a—‘;) C Quyn.

Let n(ag) > 0 be given by Lemmaensuring in particular that S, (x, aio) cQ age1
for all x € Q),, and t < n(ap). Assume ar < a; < ap are such that there exist
2 < 1M1 < (@) with the property: if x € Q,, and t < n, then Sy(x,t) C ,,; and
if x € Q,, and t < 1y then Sy(x,t) C Q,,. With these choices and for 1/h < 1,
by using and the same arguments leading to we obtain: for any
xo € Qq, \ Gum(u, Q) there is t,, < 1/h such that

(4.52) |(Qu, \ Gran(at, ©)) N S (0, )| = 2€01S5(x0, o).
We now claim that implies
(4.53) Sp(xo, txy) € (Qay \ Gul1t, Q) U fx € Qp : Mu((f/ det D*)")(x) > (c"Mh)"},

where ¢* := (%0)1/ “and p := M. Otherwise, and since xy € Q),, and t,, < 1/h < 1y,
we have that Sy(xo, ty,) C €, and there exists X € Sy(xo, ty,) N Gu(u, Q) such
that M, ((f/ detD?*$)")(x) < (c"Mh)". Note also that t,, < 1(ay) and due to our
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assumption on ¢ the measure 1 is comparable to the Lebesgue measure. Then by
Lemma4.5|applied to u we get

[So o, £) 0 Gaa(tt, Q)] > (1 = 2€0) 1S (o, )

yielding

|(Qa2 \ Grm(u, Q)) N Sp(x0, tyy)| < |S¢(x0, txo) \ Gnm(ut, Q)l < 2€0 S (x0, tx,)l-

This is a contradiction with (4.52)) and so (4.53)) is proved. We infer from (4.52)),
(4.53) and [G| Theorem 6.3.3] that

(4.54) Qa4 \ Grm(u, Q)|
2¢€o [|QO(1 \ Gn(u, Q)| + |{x € Qyy - Myu((f/ det qub)”)(x) > (c"Mh)"}

I

as long as a, < a1 < ap are such that n, <11 < n(ap), and 1/h < 1.
Fork=0,1,...,set

A 1= |Qu \ Gy, Q)1 and by = |{x € Qo : Mu((f/ det D*)")(x) > (MM,

where a; will be defined inductively in the sequel. First fix a; so that

3ap—1
a()z <o <K and m = Co(ao - 0(1))/ < T]((Xo).
By taking M even larger if necessary, we can assume that 1/M < ;. Leth = M,
and seta, = a; — (c M)1/7 Then 7=~ = Co(a; — an)” =: 12, and so from Lemma

and we get a, < /2¢ (a1 + b1 Next let h = M? and a3 = a, — m, SO

T = Co(O(z 0(3)7/ =:13. Then as < V2€0(02+b2) < 2e0m +2€0b1+ V2€o bz Contmumg
1n this way we conclude that

k
A1 < (£/2€0) a1 + Z (v/2e)* Vb, for k=1,2,...
P

_ _ k 1 30(0—1 1
On the other hand, ay = a3 — ), = e 2 T T

our choice of a;, M and «. Therefore for every k > 1,

> 2ap—1=aby

k
(4.55) Q4 \ Gppn (11, Q)| < [Q,., \ Gageer (1, Q)| < (V2€0)fa; + Z (/2€0)*D=p;.
i=1

Next let ©(u) be the function defined in Lemma[2.7] We claim that ©(u) € L (Q,)
and

(4.56) 10l @.) < Clp, q,a,n).



INTERIOR SECOND DERIVATIVE ESTIMATES 29

Indeed since u € C(Q), it is easy to see that ©(u) is lower semicontinuous in Q,
and so measurable there. Moreover, we have

f ©W)F dx = p f ) 7 {x € Q0 Ou)(x) > t}] dt
Qn 0

q q(k+1)
MP

) M~ P
=p t""li{x € Q, : O(u)(x) > t}| dt + pZ qu t”—1|{x € Q, : O(u)(x) > t}| dt
0 k=1 YM?

< QM7 + M‘i - 1 Zqu|{x € Q,: O®u)(x) > M'%k}|

< QM7 + (M7 - 1) Zqujga\Da - |+ZM‘7"|Q \ Gy, Q)|
= (eM 2 )iT 4o

< 1M+ (M - 1)| o A,Qe')z e Y MG EE) LY A0, G, ) ]
[ k=1 =

where we used with x = g/p > 1 and B = MF in the second inequality
and used (2.9) in the last inequality. Since e > 0 is small, the first summation
in the last express10n is finite and hence (4.56) will follow if we can show that
Yoo MMIQ, \ Gyp(u, Q)| < C. For this, let us employ (@.59) to obtain

iqulQa \ G, Q)| < a3 iqu N i ZM’“’( \2e0)b;

k=1 k=1 k=1 i=0
__m . . - iy,
0 ;quz?) ; Hzm}

8

ﬂ i __4a . iy,

But as f" € Li(Q) and g > n, we have from Theorem that

fF Vol f
[ (s o] <. [t

implying "7, (M”)i%bi < C. Thus Y12, MM|Q, \ Gpe(u, Q)| < C and claim (4.56) is
proved.

Notice that O(u)(x) = %@(u, Bs,(x))(x), where O(u, Bs,(x))(x) is defined exactly as
in [CC, Section 1.2]. Therefore, it follows from (4.56) and [CC, Proposition 1.1]

j=1

q

du(y) < C
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that D?u € LF(Q,) and ||ID?ulliyq,) < 41OW)|rq, < C(p,q,a,n). This gives (4.50)
as desired and the proof is complete. m|

We are finally in a position to prove the main result of the paper, Theorem

Proof of Theorem Lete = e(p, g, n) be the constant given by Theorem4.6|corresponding
toa = 1/2. Let x € (' and suppose a section S = Sy4(x,0) € Q is such

that |g(z) — g(x)| < A€, for each z € S. Then by the property of sections [G,
Theorem 3.3.8], we have

(4.57) B(x, K16) C S € B(x, K»0%),

with Kj, Ky, b positive constants depending only on A, A and n. Let Tx = Ax+b be
an affine map normalizing S and consider the following functions on Q := T(S):

|detA|
()

; g(x)7

and ii(y) := | det Al g(x)" u(T'y).

(6T = o) = Vo) - (T7'y =) = 9],

We have Q is normalized, ¢ = 0 on dQ and D?¢(y) = 'detAln T (A” HeD2p(Ty) AL

Thus det D?¢(y) = g(gT(x)y ) =: 3(y) and if D(y) is the cofactor matrix of D?¢(y), then

L;i1(y) = trace(®(y) D*i(y)) = trace(D(T"'y) Du(T'y)) = f(T'y) = f(y) in Q.
Moreover since g(x) — Ae < g(z) < g(x) + Aeforz € Sand g > A, we get

1—e<1—%_g(y) +ﬂS1+€ for yeQ.
Therefore, we can apply Theorem [4.6|to obtain

1/p
(458) ( f D2a(y)y dy) < Cp, 1) (Il + o)
W2

= C(Idet Al" g(x)7 llulls) + | det Al1l|fllacs)) -

1-n

By the definition of # we have Dzu(z) = IdetAI v g(x) " A D%i(Tz) A in S, and
consequently [ID?ullxs, ,) < 1Al detAI Jo(x )TZIIDZuIILp(Qm) where Sy, := Sy (x,6/2).
Notice that |detA| ~ 672 by the normalization, and ||A]| < C67! by the fact
AB(x,K;6) + b  B,(0) following from (4.57). Hence we deduce from (4.58) that

1/p
(4.59) ( f |D2u(z>|*’dz) < CIIAIPI det AT (lullios) + | det Al g(0) % | fllgs))
S12

2 n_n
< Co» 1|z~ () +Co% A Al

where C depends only onp, g, A, A and n.
Now since €)' € Q), we can pick 6 small depending only on the parameters
A, A, n, dist(CY, dQ)) and the modulus of continuity of ¢ such that for each x €
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we have B(x, K»6%) € Q and |¢(z) — ¢(x)| < Ae in B(x, K»6"). Next select a finite
covering of ()’ by balls {B(x;, Klé)};i , wWith x; € (¥, then the desired inequality

follows by adding (4.59) over {S4(x;, (5/2)};1 » O

In this paper we have chosen to work with strong solutions in WIZO’Z(Q) in order
to reveal direct calculations. However, the interior W?? estimates in Theorem
and Theorem (1.1 can be derived for viscosity solutions of Lyu = f by modifying
slightly the definition of the set Gui(u, Q) and following our arguments. For this
purpose we note that the Caffarelli-Gutiérrez interior Holder estimates, which
were used in Lemmal4.1} still hold for viscosity solutions as observed by Trudinger
and Wang in [TW4].
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