INTERIOR GRADIENT ESTIMATES FOR SOLUTIONS TO THE
LINEARIZED MONGE-AMPERE EQUATION

CRISTIAN GUTIERREZ AND TRUYEN NGUYEN

ABSTRACT. Let ¢ be a convex function on a convex domain Q c R", n > 1. The corre-
sponding linearized Monge—Ampere equation is

trace(®D*u) = f,
where @ := det D?¢ (D*¢)”! is the matrix of cofactors of D?*¢. We establish interior
Holder estimates for derivatives of solutions to such equation when the function f on the
right hand side belongs to L7(Q2) for some p > n. The function ¢ is assumed to be such

that ¢ € C(Q) with ¢ = 0 on Q and the Monge—Ampere measure det D¢ is given by a
density g € C(Q) which is bounded away from zero and infinity.

1. INTRODUCTION
Let Q2 be a convex domain in R" and ¢ € C(2) be a convex function satisfying
(1.1) A< detD*¢ <A inQ,

where 0 < A < A < co. Given a function u(x), we form det D*(¢ + tu), and it is easy to
see that
det D*(¢ + tu) = det D*¢ + ¢ trace(®D?u) + - - - + " det D*u,

with @ := det D*¢ (D*¢)~" is the matrix of cofactors of D*¢. The coefficient of ¢ in this
expansion is called the linearization of the Monge-Ampeére equation (I.1)) at ¢ and will be
denoted by

.£¢M = trace((I)Dzu) = Z q)l]Dt}u = Z Di ((I)UD]M) = div ((DDM)
i,j ij
The third equality is due to the fact that ® = (®;;) is divergence free. Thus L, is both a
non divergence and divergence second order operator. As D¢ is positive semi-definite,
the matrix of cofactors @ is also positive semi-definite and consequently, L, is an ellip-
tic partial differential operator, possibly degenerate. The operator L, appears in several
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applications including affine differential geometry [TWOO, [TruO1, TWOS], complex ge-
ometry [Don03]] and fluid mechanics [Bre91]], [NCP91], [Loe06].

The linearized Monge—Ampere equation was studied by Caffarelli and Gutiérrez in
[CGY7]] where the authors showed that nonnegative solutions to Lyu = 0 satisfy a uni-
form Harnack’s inequality. This important property implies uniform Holder continuity of
solutions. Recently, Gutiérrez and Tournier [GT06] studied the L?” integrability of second
derivatives of solutions to L,u = f. They proved that for any domain Q' € Q, there exist
6 > 0 and C > 0 depending only on n, 4, A and dist(€2’, 92) such that

2
1D u||L5(Q’) < C(||M||L°°(Q) + ”f”L”(Q))‘

In another direction, Savin [Sav10] investigated the Liouville property for solutions of the
linearized operator in two dimensions. By using the Harnack’s inequality of Caffarelli and
Gutiérrez in certain nondegenerate directions he was able to prove that global Lipschitz
solutions to Lyu = 0 in R* must be linear.

The purpose in this paper is to study interior Schauder estimates for solutions to the
equation Lyu = f. To obtain Clzof estimates for the solution u, it is reasonable to expect
that one has to assume further that det D¢ is locally Holder continuous. However under
this hypothesis, the second derivatives of u are indeed locally Holder continuous since the
operator L, becomes uniformly elliptic thanks to Caffarelli Clzf;f estimate in [Caf90] for
the solution ¢ of the Monge—Ampere equation. Thus the remaining interesting question is
to investigate C}(;‘Z estimates for the solution u and this is the subject of the current article.
We establish interior Holder estimates for derivatives of solutions to the equation Lyu = f
having the form

llerr vy < C(llz=@ + [fTg)-

forany o’ € (0, @) and under the assumption that det D?¢ is continuous (see Theorem 4.7)).
We stress that under this condition, the linearized operator is in general not uniformly
elliptic and this is the main difficulty of the problem. Our estimates depend on D¢ only
through its determinant, not on the maximum and minimum of its eigenvalues. In order
to handle the degeneracy of L, we use the idea in [CG97] by working with sections of
solutions to the Monge-Ampere equation. The role of these sections in our analysis is the
same as that of Euclidean balls in the theory of uniformly elliptic equations.

Our proof resides in a perturbation argument which is an adaptation to our context
the perturbation method in [Caf89, ICC95]] where fully nonlinear uniformly elliptic equa-
tions are considered. The idea is to compare solutions of the Monge-Ampere equation
det D*¢ = g with solutions of the good Monge-Ampere equation det D*w = 1. It is
simple to estimate the supremum norm of ¢ — w, however it is much harder to estimate
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the difference of their corresponding cofactor matrices which is relevant to the linearized
Monge—-Ampere operator and allows us to compare solutions of Ly,u = f to solutions
of £,h = 0 with the same Dirichlet boundary data. We achieve these estimates by us-
ing a compactness argument, the weak maximum principle, Caffarelli W*”-estimate for
solutions of the Monge—Ampére equation and the W>°-estimate proved in [GT06] for
solutions of the linearized equation (see Lemma {.2] Lemma [3.4] and Lemma [3.5)). The
estimate obtained for |lu — k||~ in principle depends on the modulus of continuity of the
boundary data but fortunately this can be controlled uniformly and universally thanks to
Caffarelli-Gutiérrez interior Holder estimate for the solution u. The next step in deriving
the desired gradient estimate is to iterate the comparison process by rescaling the solution
accordingly and as a consequence u gets closer to a linear polynomial when we restrict
to a smaller section of ¢. In order to conclude that u is in C%, the last step is to show
that the section of ¢ is more round (almost like a ball) when its height gets smaller. To
this end, we study in Lemma [3.2]and Lemma [3.3] the shape of sections of solutions to the
Monge-Ampere equation by using various available results.

The paper is organized as follows. In Section [2| we mention preliminary results for the
Monge-Ampere and linearized Monge-Ampere equations. In Subsection [3.1{we study the
eccentricity of sections, and then in Subsection @ establish a convergence result for the
cofactor matrices. In Subsection 4.1] we prove an approximation lemma which plays a
crucial role in the paper. Finally, the gradient estimates are derived in Subsection 4.2
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2. PRELIMINARY RESULTS

2.1. Monge-Ampere equation. In this subsection we list the results about sections and
normalization that are relevant for what follows. Given a function ¢ : Q — R, d¢ de-
notes the subdifferential of ¢. The Monge-Ampere measure associated with ¢ is u(E) :=
|0¢(E)|, for all Borel subsets E C Q. In case ¢ is convex and ¢ € C*(Q), we have

O(E)| = f det D*p() dy.
E

A normalized convex domain is a convex domain Q C R” such that B;(0) € Q C B,(0).
We remark that if S is any convex set with nonempty interior, there exists an ellipsoid E
satisfying E C § C nE and hence, there is an affine transformation 7" such that B,(0) C
T(S) C B,(0). A section of a convex function ¢ € C'(Q) centered at X and with height ¢ is
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defined by
2.1 S, %) ={xeQ:¢(x) < p(X) + D(X) - (x — X) +1}.

The next three results about sections hold under the assumption:

(H) Q is a normalized convex domain and ¢ € C(Q) is a convex function such that

A<detD’¢ <AinQ and ¢ =0onoQ.

Lemma 2.1. [GutO1, Theorem 3.3.8] For any Q' € Q, there exist positive constants hy,
Cy, C, and b such that for xo € Q" and 0 < h < hy

Be,n(x0) C S (¢, x0) C Be,v(x0),
where b = b(n, A, A) and hy, Cy, C, depend only on n, A, A and dist(€)', 0Q).

Lemma 2.2. [GutOI, Theorem 3.3.7] There exists 6 > 1 such that if x € S,(¢,y) then
St(¢a y) C SQt(¢a -x)'

Lemma 2.3. [GutO1}, Corollary 3.2.4] There exist constants C and C’ depending only on
n,Aand A such that  Ct? <|S (¢, x)| < C' ">  whenever S (¢, x) € Q.

Lemma says that the Lebesgue measure of any section depends essentially on the
parameter ¢ and is comparable to the Lebesgue measure of an Euclidean ball of radius
Vt. However, a section may look like an ellipsoid in which the ratio between the longest
axes and the shortest axes goes to infinity as the parameter ¢ goes to 0. In other words, the
eccentricity of a section is not bounded by a constant depending only on A, A and n.

2.2. The linearized Monge-Ampere operator. Throughout this paper we always as-
sume that Q and ¢ satisfy (H) unless otherwise stated and we will work with strong
solutions in the Sobolev space le’"

oc

(Q) of the linearized Monge-Ampere equation. That
is, the equation Lyu = f in Q is interpreted in the almost everywhere sense in Q. Notice
that since ¢ is strictly convex by the assumption (H), the Hessian D?¢ is defined almost
everywhere as a positive semi-definite matrix and so is the cofactor matrix ®. All the es-
timates proved in the paper depend only on the structure and they are independent of the
regularity. The following Alexandroff-Bakelman-Pucci maximum principle will be used
later and can be found in [GT83), Theorem 9.1] (see also [[CC95, Theorem 3.6]).

Theorem 2.4 (ABP estimate). Let Q be a bounded domain in R" and f € L"(Q). Assume
that the matrix A = [a"] is measurable and positive almost everywhere in Q and u €
W"(Q) N C(Q) satisfies

loc

aijuij > f almost everywhere in Q.
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Then

supu < supu* + C, diam (Q) ||f/(det A)'"|| -
Q [219)

One of the important properties of the linearized Monge-Ampere operator is that its
nonnegative solutions satisfy Harnack’s inequality, a result proved by Caffarelli and Gutiérrez
in [CGY97]. Accordingly they obtain the following fundamental oscillation estimate, which
we formulate here for the inhomogeneous equation as in [TWOS]].

Theorem 2.5. Let u € WZZ’”(Q) be a solution of Lyu = f in Q. Then for any section

oc
S (b, xo) € Q, we have the estimate

P\ 1
osc u< C(—) osc u+ P2 fllins orall p<h,
S(6.%0) h {S,M,XO) Pl h(as,xo))} fe p

where C > 0 and a > 0 depend only on n and A/A, and oscg u := maxg u — ming u.

Theorem implies the Holder estimate for solutions. However, the constants in this
case depend on the norm of the affine transformation used to normalize the section. In-
deed, it follows from the arguments in [CG97, pp. 456-457] that

ju(x) = u()| < CUAIPL = 3P {lullsayioson + QIS ian] Vx5 € Sl 20)

where C is a universal constant and 7x = A(x — xg) + Yo is the affine transformation
normalizing S 1,(¢, Xo), i.e., B1(0) C T(S 291(¢b, x0)) € B,(0) (0 is the engulfing constant
given by Lemma [2.2)).

In the ideal situation when one knows that S(¢, X0) & B (o), then |A|| § h™'/2.
However one does not have this under the condition (H) for ¢. We will need the above
Holder estimate in the proof of Theorem [4.5| where all sections under consideration have
the property as in Lemma But for such section S (¢, xy), we get ||A|| < Ch™! since
ABcn(0) + yo € B,(0). Thus in that case, we have

2.2) u(x) —u)l < ChP1x = YW {lulliois sy + QO s omn] Y5y € Sa(@.x0)

where C* is a universal constant.
As a consequence, we obtain the following Holder estimate.

Corollary 2.6. Assume that Q and ¢ satisfy (H). If u € W>"(B,) is a solution of Lyu=f

loc

in By, then there exist constants 0 < 8 < 1 and C > 0 depending only on n, A, A such that

(2.3) ju(x) = u()| < Clx = yP{llulls@ + I flley}  forany x,y € By.
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2.3. A classical regularity theorem. In this subsection we assume that w is the convex
solution of the equation

o4 {det D*w=1 in Q

w=0 on 0Q
where ) is a normalized convex domain. It follows from Pogorelov’s estimate that the
operator L,,u is uniformly elliptic in the interior of Q and hence its solutions have all
the usual regularity properties. We recall the classical C!! interior estimate for linear

uniformly elliptic equations (see for example [[GT83, Theorem 6.2] or [HL97, Theo-
rem 5.20]).

Theorem 2.7. Let B C Q C B, be a normalized domain. Then for any ¢ € C(0B)) there
exists a solution h € C*(B;) N C(B,) of L,,h = 0 in B, and h = ¢ on B, such that

Walleris,y < cellelli=@s)s
2

where the constant c, > 0 depends only on n.

3. PROPERTIES OF SOLUTIONS TO THE MONGE-AMPERE EQUATION

3.1. Geometry of sections. We begin with a lemma which gives estimates of the third
derivatives of solutions to the Monge-Ampere equation in terms of the eccentricity of
the boundary of the domain. This result will be used in this subsection to discuss the
geometry of sections of solutions to the Monge-Ampere equation. Some related results in
this direction appeared in [Hua06] and [HuaOQ9].

Lemma 3.1. Let Q be an open convex set such that Bg,(0) C Q C Bg,(0), with 1 < R, <
R, < n, and suppose w is a smooth solution to det D*w = 1 in Q and w = 0 on 0Q. Then
for any domain ' € C, there exists a positive constant C*, depending only on n and
dist(Q', 0Q), such that

ID* Wl =@y < C* (R; — RY).

Proof. Let P(x) := 1|x* — (R + R3). Then it is clear that
1oy 1o
P(x) - Z(RZ -R) <0< P(x) + Z(RZ —Ry) forall xedQ.
Hence by the comparison principle
W = Pll~@) < %(Ri —R).
Since w is smooth, the function v = w — P satisfies the linear equation

trace (A(x)Dzv(x)) =0,
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with 1
A(x) := f (tDzw(x) +(1 - t)I)_l det (tDzw(x) +(1 - t)I) dt.
0

From Pogorelov’s estimates [[GutO1, formula (4.2.6)], it follows that the matrix A(x) is
uniformly elliptic on each sub domain Q" € Q. Hence from interior Schauder estimates
[GT83l Corollary 6.3], we have

(3.5) Iw = Pllexry < Cliw = Pllz=y < C (R5 — R}),

where C depends only on the dimension n and dist(Q2’, 0Q2). Next, differentiating the
equation det D*w(x) = 1 we obtain that v; := D;(w — P) satisfy the linearized equation

trace(W(x)D*v;(x)) = 0,

fori =1,...,n, where W is the matrix of cofactors of D*w. Once again, by Pogorelov’s
estimates, the matrix W is uniformly elliptic on each sub domain Q" € ; and from
interior Schauder estimates [GT83|, Corollary 6.3] and (3.5) we finally get

2 2 2 _ p2
ID"Will L=y = IDVillL=@) < C lvilli=@7) < C (R; — RY),
where Q' € Q" € Q. This completes the proof of the lemma. O

In the following I denotes the identity matrix and Ns(E) := {x € R" : dist(x, E) < 6} is
the 6—neighborhood of the set E with respect to the Euclidean distance. Also for a strictly
convex function v defined on Q and ¢ > 0, S,(v) denotes the section of v centered at its
minimum point and with height ¢. That is,

S,(v):={xeQ:v(x) < rrgnv + t}.
Lemma 3.2. Suppose B, C Q C B, is a normalized convex domain. Then there exist
constants uy > 0, 7o > 0 and a positive definite matrix M = A'A and p € R" satisfying
detM =1, O<cil €M<y, and Ipl <c,
such that if u € C(Q) is a strictly convex function in Q with

l-e<detD’u<l+e inQ,
u=0 on 0Q,

then for 0 < u < uy and & < Tou?, we have

(3.6) B(l—cml/zwflel/z)) w®c uPTS u(w) © B(]+C(,ul/2+/.4’lel/2)) (O,

and

(3.7 'u(x) — (u(xo) + p - (x = x0) + %(M(x — x0), (x — xo)))' <CW’+se) in S,w),

where xo € Q is the minimum point of u and T x := A(x — xo).
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Proof. Let w(x) be the smooth convex solution to the equation det D*w(x) = 1 in Q and
w = 0 on 0Q). Then from the comparison principle

(3.8) lu(x) —w(x)| < c(n)e VxeQ,
and consequently,
(3.9) |u(x0) — w(xp)| < c(ne,

where x; € Q is the minimum point of w. We have by [GutO1, Proposition 3.2.3] that
lu(xo)| = ¢, and |w(xy)| = c,, and hence from Aleksandrov’s maximum principle [GutO1),
Theorem 1.4.2] we get dist(x;, Q) > c,. Let Qy := {x € Q : dist(x, 0Q) > ¢,}. Then

2 2
(3.10) —I<D*w(x) < —I forall xeQ
C2 Cl

by Pogorelov’s estimate [GutO1, formula (4.2.6)]. We now claim that
(3.11) IDw(xo)| < ce'/?,

where c is a universal constant. Indeed, from the Taylor formula

1
w(xo) — u(xo) = wx;) — u(xo) + §<D2W(§)(x0 — X1), X0 = X1),

with £ an intermediate point between x, and x;, and since xy and x; are away from the
boundary, by (3.10) we get that |xy — x;| < c €!/?. Hence writing

1
Diw(xy) = Diw(xo) — Diw(xy) = —f D(Diw)(xo + t(x1 — x0)) - (x1 — xo) dt
0

and using once again ((3.10) we obtain (3.11).
Next, Aleksandrov’s maximum principle yields S ,(w, x;) C €, for 0 < u < ¢,. More-

over, it follows from (3.8)), (3.9) and (3.11) that S ,(w, x9) C S 121, (W, x1). Therefore,
(3.12) Suw,x0) CQ, for e< T,,,u2 and u < u,.
We claim that there exists a universal constant C3 > 0 such that
(3.13) S a2 (W, X0) € 8,u(1) C S ycyer (W, Xo).
Indeed, let C; = 2[nc + c(n)] where c is the constant in (3.11). If x € § u-Cset2(W, Xo), then

u(x) < w(x) + c(n)e < w(xg) + Dw(xp) - (x — xo) + 1 — Cie'? + c(n)e
< u(xg) + Dw(xp) - (x — xo) +  — C3'? + 2c(n)e

<u(xp) +2nce’? + u— Cz&'? + 2c(n)e < u(xp) + .
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On the other hand, if x € S ,(u) then

w(x) < u(x) + c(n)e < u(xp) + u + c(n)e
< w(xg) + Dw(xg) - (x — xg) + u + 2c(n)e — Dw(xgp) - (x — xo)

< w(xgp) + Dw(xg) - (x — x9) + u + C381/2

Hence the claim (3.13)) is proved.
We next claim that there exists yy > 0 such that if u < pyp and y < %u, then

(3.14) 08 iy (W, x9) C N% (0S,(w,x9)) and 95 ,_,(w, xy) C N% (0S ,(w, xp)).

In order to prove this, we first show that

(3.15) Be, ya(x0) € S (W, x0) C Bc, y(xo)

for 0 < u < po and C; the constants in (3.10). Keeping in mind (3.12)) and (3.10), if
x € S ,(w, xp), then by using Taylor formula we have

!
1= w(x) — w(xg) — Dw(xg) - (x — xo) = f [Dw(xo + 1(x — x9)) — Dw(xo)] - [x — xo] dt

f f (D*w(xy + 0t(x — xp)) - (x — x0), (x — X0)) dO dt

f f—lx xol? d@dt——lx xol%,

which yields x € Bc, z(xo). Slmllarly, and assuming B¢, \z(xo) C € for u < po, if
X € B, ya(xo), then

w(x) — w(xg) — Dw(xp) - (x — xp) = f f (D*w(xy + 0t(x — xp)) - (x = Xxp), X — X0)dOdt

f f—lx xol? d9dt——|x Xl < p,

that is, x € S,(w, xo) and hence (3.15) is proved. To prove @D, let x € 0S4, (W, X0)
and let z; be the intersecting point of 45 ,(w, x) and the segment connecting x, and x. We
have for some ¢ in the segment joining x and z;

Y = w(x) = w(z) — Dw(xo) - (x — z1) = Dw(§) - (x — 21) — Dw(xp) - (x — 21)
lx — z4]

€~ xo
1
f (DPw(xo + 0€ — x0)) - (& = x0), (€ = x0)) d6 > Clx — 24]1€ = ).
0

= [Dw(&) = Dw(xo)] - [£ = xo]

_ lx — z1]

1€ — xol
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But as ¢ ¢ S,(w,xo) and B¢, z(x0) C S,u(w,x0) by B.13), we get |€ — xo| > C+/u.
Therefore, we obtain |x — z;| < C \/lﬁ and thus we have established the first relation in
(3.14). Similarly, let x € 9S,_,(w, xy) and let z; be the intersecting point of 9S ,(w, xo)
and the ray starting from x, and go through x. We have for some ¢ € xz;

¥ = w(zr) = w() = Dw(xo) - (21 = X) = [DW(E) = Dw(xo)] - [€ = %] :21—_;::
_ 1
= |z1 — x] f (D*w(xg + (& — x0)) - (€ = X0), (€ — x0)) dO > Clz; — x|€ — xol.
1€ = xol Jo

On the other hand, as & € S, (w, xo) and B¢, yi (x0) C Bc, yz=(x0) C S, (w, xo) by (3.15)
2

and the fact that y < %,u, we get |€ — x| > %’7 Therefore, we obtain |x — z;| < C%ﬁ
yielding the second relation in (3.14).

Let M = D*w(xo) and E = {x : 3(D*w(x0)(x — x0), (x — x0)) < 1}. We next compare
S .(w, xo) with ellipsoids and claim that

(3.16) 8S ,(w, x9) C N (0u'*E),

for some structural constant C and all 0 < u < . Here the dilation is with respect to xy.
To prove this it is sufficient to show

(3.17) 85 ,(w, x0) € (1 + C D) VHE \ (1 = C \j0) VEE

since it is easy to see that (1 + C ) VHE \ (1 — C ) VHE C N, (0u'?E). If x is in the
set d((1 + C /) \UE), then by the Taylor formula

(3.18) w(x) = w(xo) = Dw(xo) - (x = xo)
1

= S(DPW(xo)(x = o) (x = 30) + OUDWElx = xof)

> (1+C Vi — Klx - xof,

with K is a structural constant (see Lemma . Let us write x = xo+(1+C i) \u(y—xo)
for some y € E. Hence, as 1 = $(D*w(xo)(y—xo), (y—%0)) > cly—xo|* we get [y—xo| < C’.
Now pick C such that C > K(2C’)? (the same constant C will be used to prove the
remaining case) and adjust y if needed such that C y/u < 1. Then we have

lx = xol = (1 + C D) VAly — %ol < C'(1 + C V) v < 2C' v
and therefore from (3.18)) we obtain

w(x) — w(xo) — Dw(xo) - (x — x0) = (1 + C )’ — KQ2C')’ Vuu > p.
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Thus, x ¢ S,(w, x0) and hence dS ,(w,xy) C (1 + Cu)ypE. Similarly, if x € (1 -
C i) VUE, then
1
w(x) — w(xo) — Dw(xp) - (x — xo) = §<D2W(x0)(x — X0), (x = x0)) + O(D*w(&)l1x — xol*)
< (1 - C )+ Klx — xof.

Write x = xo + (1 = C ) \/uu(y — xo) for some y € 9E, and as before we get [y — xo| < C".

It follows that |x — xo| = (1 — C ) July — xo| < C'(1 = C ) \Ju < C’ y/ut and therefore
since C > KC” and by combining with the above estimate we obtain

w(x) —w(xo) — Dw(xp) - (x—xo) < (1—C \u)*u+KC” \Jup < (1-C yu+KC” uu < u.

Thus, x € S, (w, xo) giving (1-C ) VEE C S ,(w, Xo), or S ,(w, x0) C [(1-C ) VE]
which completes the proof of (3.17) and so the claim (3.16) holds.
From (3.13) and (3.14)) we obtain 05 ,(u) C N¢,-112.12(9S (W, X)), which together with

(3.16) yields
(3.19) 88 () C Neguo1nemy(0u'*E).

Observe that du'’E = x, +A‘1(6B @(0)), where M = A’A. Alsoif we let T = A(x— xy),
then

c

N E) € B a0 TN ) € (8, 5,,00)

Hence taking 6 = C(u + u~%&!'/?) from (3.19) we get (3.6).
We finally prove (3.7). The second inclusion in (3.6)), the fact that ||A|| is bounded, and
€ < Tou?, yield that S ,(u) C Bc,12(xp). Thus by letting p := Dw(x,), we get

) = () + - 2= 30) + 5MCx = 0. 6= 30

1
< fuCx) = ()l + wx) = wlxo) = p - (x = x0) = Z(M(x = x0), (x = X))l + [W(x0) — u(xo)|
< 2ce + ||D3w||Lm(BW(XO)) Ix — xo® < C(e + 1*"), from (3.8),

and (3.7) is proved.

O

If 9Q is close to dB 5, then we can get better estimates for M and 95 ,(u) as follows.

Lemma 3.3. Suppose B (0) € QC B, (0) is a convex domain, 0 < o < 1/4.
There exist gy > 0, o > 0 which are independent of o, a positive definite matrix M = A’A,
and p € R" with

detM =1, 1-CoH)I <M< (1+Co)l, and lp — x| < Co,



12 C. E. GUTIERREZ AND T. NGUYEN

such that if u € C(Q) is a strictly convex function in Q satisfying

l-e<detD’u<l+e inQ,
u=0 on 0Q),

then for 0 < u < uy and & < Tou* we have
(3.20) B(I_C((Tyl/2+#—lel/2)) \@(0) - /J_l/ZTS#(M) - B(1+C(<r,11/2+;1-151/2)) \@(O)’
and
1 .
(B:21) Ju(x) = (uxo) + p - (x = x0) + 5 (M(x = 30), (x = 20)| < Clop™ +2) in S ,(w),
where xo € Q is the minimum point of u and T x := A(x — xo).

Proof. 1t is similar to that of Lemma [3.2] With the same notation, observe that the inclu-
sions (3.13)) and (3.14) still hold. The only difference with Lemma [3.2]is that since now
0Q C N_5(0B 5), we get the following improvement of (3.16):

(3.22) 8S ,(W, x0) C Neo(Ou'?E).
Indeed, as in the proof of Lemma [3.2]it is enough to show that

85 .(w, x0) € (1 + C o) VHE \ (1 - C o) VEE.

But this follows by the same arguments as in Lemmaexcept the estimate |D*w(¢)| < K
used there is replaced by |D*w(&)| < C*o-, which is due to Lemma
From (3.13) and (3.14) we get 0S5 ,(u) C Ney-12:12(3S ,(w, xp)). This together with

(B22) gives 05 (1) C Neoyry12ev2) (02 E) yielding (3:20) as in Lemma[3.2]
As a consequence of the estimate in the proof of Lemma [3.1] we get

ID*w(xo) = I|| < Co and  ||Dw(xp) — xol| < Co

giving the stated estimates for M := D?w(xy) and p := Dw(xy). Finally thanks to the
second inclusion in (3.20), the fact ||A|| is bounded and € < Tou?, we now have S ,(u) C
B2 4om(%0). Therefore the estimate (3.21) follows from the arguments in Lemma [3.2]

by using the improvement ||D*w|| LB y < C*o obtained from Lemma O

cu1/2(X0)
3.2. Convergence of cofactors. In this subsection we prove a result concerning the con-
vergence of cofactor matrices in L” when the determinants of their corresponding Hes-
sians converge uniformly. The next lemma is an important ingredient in that proof.
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Lemma 3.4. Let B s C Qi C B, be a sequence of normalized convex domains converging
in the Hausdorff metric to a normalized convex domain B 6 C Q C B,. Foreachk € N, let

o € C() be a convex function satisfying

1 —i<detD*¢y< 1+ in
¢k:0 on an

Suppose that {¢i} converges uniformly on compact subsets of Q to a convex function
¢ € C(Q) which is a solution of detD*¢ = 1 in Q and ¢ = 0 on Q. Then for any
0 < p < oo, we have

lim (1D ~ D*lura = 0.
Proof. We first show there exists 0 < ¢ < 1 such that
(3.23) lim ID*¢i = D*@llscs,) = 0.

Note that (3.23) and Chebyshev’s inequality imply that D*¢, — D?¢ in measure, and
hence up to a subsequence D?*¢;(x) —> D*¢(x) for almost every x € B;.

Let € > 0 be an arbitrary small constant, and let Q. := {x € Q : dist(x, 0Q) > €}. We
have dist(x, 0Q) = € for all x € 0Q).. Moreover dist(x, d€;) — dist(x, dQ) uniformly on
the compact set 0€2, since {€;} converges to Q in the Hausdorff metric. Therefore, there
is a number k. € N such that for all £ > k.,

dist(x, 0Q;) <2e Vx € 0€),.

Thus by using Aleksandrov’s estimate (see [GutOI, Theorem 1.4.2]) we get —C,(2¢€)!/" <
$r(x) < 0and —C,€'/" < ¢(x) < Oforall x € dQ.. Consequently, maxsq_ |¢x — ¢ < C,e'/".
This together with the maximum principle (see [Hua09, Lemma 3.1]) gives

Cp
(3.24) s — Bl < Cue'’™ + e

Consider the operator Mu := (det D*u)!/" and its linearized operator
Ly = %(det D*u)'"trace((D*u)"' D).
Also the linearized operator of det D*u is denoted by
L,v = trace((det D*u)(D*u)"'D?v).
Let v := ¢ — ¢. Since M is concave, we obtain

1 .
(1- %)1/" —1<Mpr—Mp<Lyyy in Q.
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Because f,¢ is uniformly elliptic in B u, by one-sided W*?-estimates in [CC95, Lemma
7.8], there exists 0 < 6; < 1 such that

(3.25) |Bl| f @Az )" <C{||vk||m>+[1—(1 k)””]},

where
Vi(x + he) + vi(x — he) — 2vi(x)

A; vi(x) = %

We also have
o 1\1/n )
Lovi < M- Mg < (1 + %) -1 in Q.
It follows that
Lyvi = n(det D*¢)'" Ly, v < C,[(1 + )”” -1 in Q.

Hence by one-sided W?°-estimates in [GTO6], there exists 0 < §, < 1 such that

L
(20 (g f (A1) <C{||vk||m<gg>+cn[(1+p” —1]}-

Take ¢ := min {8, 6»}. Then it follows from (3.25)) and (3.26)) that

1 1
2 A I/n 1/n
ID*Villzss,) < C{nvknma == " afas )" - 1]}

which together with (3.24)) gives
n 1 n n
ID*villscs,) < c{cne”" + +[1-(1- )” |+c|a+ )” - ]}

for k > k.. Thus limsup,_,, [|D*v|lzs5,) < Ce'/" for all € > 0 small yielding (3.23).

Next, let p > 1 be such that p > p. Then by Caffarelli’s W>”-estimate (see [GutO1],
Theorem 6.4.1]) and the uniform boundedness of {D¢;} on compact subsets of €, there
are ky € N and C > 0 depending only on p and the dimension 7 such that

(3.27) lllwersy < C forall k> ko.

This and the assumption ¢, — ¢ uniformly on B; imply together with (3.23) that there
exists a subsequence, still denoted by {¢;}, such that

¢r — ¢ weakly in W*’(B;) and D’*¢i(x) —» D*¢(x) forae. xe€B.
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Thus if € > 0, then by Egoroff’s theorem there is a measurable set E C B such that
|E| < € and D*¢, — D?@ uniformly on B; \ E. Consequently,

lim sup f |\ D¢ — D*||Pdx
B

k—o0

= lim sup [ f |D*¢ — D*@||Pdx + f ||D2¢k—D2¢||”dx]
B\\E

k— o0 E

= lim sup f ID*¢; — D*¢|lPdx < |E|'T" limsupID*¢y — D@L, < Cln,p. ple7
E

k—oo k—co
where we have used (3.27) in the last inequality. Since € > 0 is arbitrary, we conclude
that D>¢, — D?@ in L”(B,) for a subsequence. Moreover by the uniqueness of ¢ (since ¢
is the unique convex solution of det D?’¢ = 1 in Q and ¢ = 0 on 4Q), we infer that in fact
the whole sequence {D?@,} converges to D¢ in L(B;). o

We are now ready to prove the strong convergence of cofactor matrices in L”.

Lemma 3.5. Under the assumptions of Lemma we have that

lim [0 = @llzacs, = 0,
for each g > 1, where ®, and ® are the cofactor matrices of D*¢; and D*¢ respectively.
Proof. Since det D*¢ = 1, we have

1 1
O, -D=(1-— )0, - ——— O, (D*¢, — D*¢$).
k ( detD2¢k) T Get D24, (D ¢x ¢)

Moreover it can be shown that

1P| (5,) < Ch ||D2¢||Lm(3) and || Qxllzrsy < CallD*Gell]

Lpn— 1)(31)

forany p > 0.1Ifg>1and r > 1, with 1/r + 1/r" = 1, then it follows from the above and
Holder’s inequality that

1 k
|P — D|zaes,) < mH(DkHLq(BI) + m”q)”L‘x’(Bl)”(Dk(D2¢k — D*®)laes,)

1
< o= + D2 l<is 1Dk = D2l ) 1@l

1
< Cn(k— + ||D2¢||Lw(31)”D2¢k D2¢”Lqr’(31)) ||D2¢k| Lqr(n D(By)*

Let us choose r = n/(n — 1) so ¥ = n. Then

1
9% = Dl < Col = + 1Dl 106k = Dllimcsy) 1Dl

which together with (3.27) for p = gn and Lemma3.4]yields the conclusion of the lemma.
O
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4. ESTIMATES FOR THE FIRST DERIVATIVES

4.1. An approximation lemma. We assume below that ¢, w € C(Q) are convex func-
tions satisfying 3 < detD?¢ < 32, detD*w = 1in Qand ¢ = w = 0 on 9Q, where
B s C Q C B, is a normalized convex domain. Also the cofactor matrix of D¢ is denoted
by @ and the cofactor matrix of D?w is denoted by W. The next lemma allows us to com-
pare explicitly two solutions originating from two different linearized Monge-Ampere
equations.

Lemma 4.1. Let p* : [0,00) — [0,00) be a nondecreasing continuous function with
lim._p+ p*(€) = 0. Suppose v € WIZU’Z(Bl) N C(B,) is a solution of ®;;D;jv = fin By with
v < 1in By, and h € leo’:(Bl) N C(B)) is a solution of
Wl'jD,'jl’l =0 in Bl
h =v on 0B,.

Assume that v and h have p* as a modulus of continuity in B,. Then for any 0 < 7 < 1, we
have

v = Allzscs, o < Cofo™(I0 = WIIEs)) + 1A lasy )
provided that ||® — W||ns,) < 7% Here C,, is a positive constant depending only on n.
Proof. Observe that we in fact have A € C*(B;) N C(B;). Also the maximum principle
(see Theorem 2.4) implies that || < 1 in B,. Define € := [|® — W||1x(z,).
For any x € 0B,_s, we can take y € dB; such that |[x — y| = 6. Then since v—h = 0 on
0B, and by using the assumption, we get

(v =)0 = (v = h)(x) = (v = )| < [v(x) = v + [h(x) = h(y)| < 207(6).
We hence conclude that
(4.28) v = Allz=@p,_5 <20°(0) VO<6<1.
We claim forany 0 < 6 < 1
(4.29) 1Dl 5., < C52p"(6).
Indeed let xy € B,_s be arbitrary and take x; € 0B;2(xp). We have
W;;D;j(h — h(x1)) = W;;D;;h =0 in  B,.

Hence we can apply interior C2-estimate (see Theorem to i — h(x;) in Bsj2(xp) C By
and obtain
ID*h(xo)ll < C6™% sup |h— h(x))| < C5%p*(6)

Bsa(x0)

giving (@.29).
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Note that v — h € leo’:(Bl) is a solution of
(I)ijDij(V—h) :f_(DijDijh:f_[(Dij_Wij]Dijh = F in B].

Hence by the ABP estimate from Theorem [2.4] we have with (4.28)) and 4.29)

v = hllzoi,_5 < IV = hllz=@B,_5 + CIIF 22,5

<|lv = hllzs@s,_y) + CllIPij = Wij1Diihllrs,_) + Cll fllinay)

< v = Allz=@pr_p + CID*hlloo_p 1@ = Willa,) + Cllfllza,)
<Cp"(O)(1 + 5‘26) + Cllfllzrezy)-

By taking 6 = €'/?> we obtain ||v — AllL=s, 1) < C{p*(61/2) + ”f”Ln(Bl)} and the lemma

1/2

follows because €' /< < T by the assumption. O

The main result of this subsection is the following approximation lemma which will
play an important role in our proof of the C'* interior estimate.

Lemma 4.2. Let p : [0,00) — [0,00) be a nondecreasing continuous function with
lim._o+ p(€) = 0. Let Bg c Q C B, be a normalized convex domain. Let ¢ € C(0B))
have p as a modulus of continuity on 0B, and satisfy ||¢||.~@p,) < K for some positive
constant K.

Then, given € > 0, there exists 6 = d(€,n, p, K) > 0 such that if

and f ) <6

1 —6<detD’¢<1+6 in Q
¢=0 on 0L

then any two solutions v and h in leo’f(Bl) of, respectively,

.£¢V:f in B], d Lwh: 0 in Bla
an
v=¢ on 0B, h=¢ on 0B,

satisfy

v = Al < €.

Proof. Suppose by contradiction that it is not true. Then there exist € > 0, n € N, p,

K > 0, a sequence of normalized convex domains Bg Cc Q C B,, ¢x € C(0By) has p as

1

a modulus of continuity with |lgillz=@s,) < K, fi with ||fillzs,) < ¢

and a sequence of
convex functions ¢, w; € C(€) with

1 - i<detD’¢<1++ in q det D’wy=1 in
an
¢k:O on 8Qk Wk:() on an
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for which there are solutions v, and A in WZ)’Z’(B]) of

.£¢kvk: fk in Bl’ and kahk: 0 in Bla
V=@ on 0B, hi= ¢ on 0B,
such that
(4.30) vk — hillz~,) > € forall k.

By Blaschke selection theorem, there exists a subsequence of €, still denoted by €,
such that Q; converges in the Hausdorff metric to a normalized convex domain B 6 C Qc
B,. Also by [[GutOl, Lemma 5.3.1] we have up to a subsequence ¢, — ¢ and wy — w
uniformly on compact subsets of Q, where ¢, w € C(Q) are both convex solutions to the
equation

detD’w=1 in Q,
w=0 on 0Q.

Thus ¢ = w by the uniqueness of convex solutions to the Monge-Ampere equation.

Since all ¢;’s have the same modulus of continuity p on dB;, |l¢illr~@8,) < K for all k
and || fllz»s,) — 0 as k — oo, we can use Lemmabelow to conclude that there exists
a nondecreasing continuous function p* in (0, co) with lim._,o+ p*(€) = 0 depending only
on n, K and p such that for all k

(4.31) Vi(x) = v < p"(lx =y forall x,y € Bi.

Hence {v;} is an equicontinuous (and uniformly bounded by the ABP estimate) sequence
of functions in B;. Therefore, by taking a subsequence, we may assume that v, — v,
uniformly on B; as k — oo for some function v, € C(B)).

Similarly to v, by taking a further subsequence, we may assume that

hi — he uniformlyon B, as k— o

for some function Ao, € C(B)).

Next we show that v, = A, in B;. Indeed, it follows from Lemma [3.3|that ®; — @
in L"(B,) and W, — W in L"(B;), where W} is the cofactor matrix of D*w; and W is the
cofactor matrix of D*w. Since w = ¢, this implies that

(4.32) ]}1_210 |Px — Willznea,) = 0.
Therefore, for any 0 < 7 < 1 we infer from Lemma || that

* 1/2
Ve = il < Co{p™ (9% = Willyly,)) + 1 fellirca,) )
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for all k sufficiently large. This together with (¢.32) and the fact || fi|lzn5,) — O yields
Voo = hoo In Bi_,. Due to the arbitrariness of 0 < 7 < 1 we then conclude that v, = A, in
By, which is a contradiction with (4.30). o

In the proof above we used the following lemma which is a simple modification of
[CCYS5, Proposition 4.14]. We include a proof here for the shake of completeness.

Lemma 4.3. Let p : [0,00) — [0,00) be a nondecreasing continuous function with
lim._+ p(€) = 0. Let By C Q C B, be a normalized convex domain and u € Wz’"(Bl) ol

loc

C(B)) be a solution to Lyu = f in B for some convex function ¢ € C (Q) satisfying

1 243 :

s<detD°¢< 3 in Q

¢=0 on 0Q.
Assume that ¢ := ulsg, has p as a modulus of continuity on 0B, and K is a positive
constant such that ||¢||r~@p,) < K and ||fll@s,) < K.
Then there exists a nondecreasing continuous function p* in (0, co) with lim._,y+ p*(€) =
0 and depending only on n, K and p such that
u(x) —u)| < p*(lx—yl) forall x,ye€B.
Proof. Let € > 0. We need to prove that
lu(x) —u(y)| < e forany x,ye€ B, satisfying |x—y| <6,

where 6 depends only €, n, K and p. By the interior Holder estimate (2.3), it is enough to
bound |u(x) — u(xy)| for x € By and xy € dB;. Hence let us fix x) € 0B;; we may assume
that B; = B1((0,...,0,1)) and xo = 0 € 0B;.

We now take 6; > 0 depending only on € and p such that
(4.33) |u(x) — u(0)] = le(x) — e(0)] < p(lx]) < €
for any x € 9B, satisfying |x| < ¢;. Note that, by the ABP estimate from Theorem[2.4]and

the assumption det D¢ > 1,

(4.34)  u(x) — u(0) + €] < 2sup |ul + € < 2[l¢l|=@5,) + Codiam (By)| fllzra,) + €

By

<2K+C,K+e=:C, Vx € B;.
We consider the functions
he(x) := u(x) —u(0) + € = C;(inf{y, : ye B; N 6352(0)})_1)@1

in the region A := B; N By, (0), where 6, < ¢; will be chosen later. It then follows from

(@.33) and (@.34) that
h-<0 on O0A and h,>0 on OA.
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Moreover Lyh. = Lyu = f in A. Hence the ABP estimate (applied in A) gives
h_ < C,diam (A)||fllz»@4) < C,K62 in A,
hy > —C,diam (A)||fllzra) = —C,K6, in A.
If we take 6, < 6; such that C, K6, < €, we conclude that
lu(x) — u(0)| < 2e + C,(inf{y,: y€ Bi n BB(;Z(O)})_lxn forall xe€A.

Note that

. _ . 63
inf {y, : y € By NdB;,(0)} =inf{y,: y € 0By, [yl =6} = 32
It follows that

2C
u(x) — u(0)| < 2€ + 6—21x,, =2¢+Cx, forall xeA =B NBs(0),
2

for a constant C depending only on €, n, K and p. Hence
lu(x) —u(0)| < 3¢ forall x e By N Bs(0),
for 6 := min{§, 6,}. O

Remark 4.4. For the purpose of proving C' interior estimates in the next subsection,
one could take the function / in Lemma and Lemma [4.2]to be a solution of £,,h =0
in B3y, and h = v on 0Bj34 (v is still a solution of Lyv = f in B;). Although in this
case one can only conclude that v is close to the good function % in the supremum norm
on By, one can avoid the direct dependence on p* and p in Lemma and Lemma
by using the fact that both v and 4 have Holder modulus of continuity in B;,4 which is a
consequence of Corollary [2.6] However our statements of Lemma4.T|and Lemma4.2] are
more intrinsic and might be useful for some other purposes.

4.2. Interior C'* estimate for the solution. We are ready to prove the two main theo-
rems of this paper. The first result requires det D*@ is near 1, but no continuity of det D*¢
is needed. The second result is obtained as a direct consequence of the first one but holds
for general 1 < det D’¢ < A provided that det D?¢ is continuous. Recall that S ,(¢) de-
notes the section of the convex function ¢ at its minimum point. Also for convenience,
we assume the minimum point of ¢ is the origin in the next theorem.

Theorem 4.5. Assume that 0 < o < a < 1, ry > 0and C; > 0. Then there exists
0 = 0(n,a,a’,ry) > 0 such that if B;(0) c Q C B,(0) is a normalized convex domain,
¢ € C(Q) is a convex solution of

1-6<detD’¢ <1+0inQ
¢ =0 onoQ
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and

1 f n a—1
| |”dx) <Cirz forall S.(¢)cQwithr<r,
(|Sr<¢)| o g ¢ ’

then any solution u € W>"(Q) of Lyu = fin Qs C" at the minimum point (the origin)

loc

of ¢. More precisely, there is an affine function l(x) such that
N = U0 + O] + IDIO)] < Cllullim + €1} Yr<ur,
where C and u* are positive constants depending only on n, @, &’ and r.

Proof.
1. Let K := [Jullz~q) + 6-'C,. We consider v(x) := % and ¢ unchanged. Then L,v(x) =
ff(x) = % in Q, and [V||z~q) < 1. Moreover

1

1 Tl 1 n
% nd _ nd
(|S (&)l fsr(@ e x) K (IS @) fs,«p) ) x)

(jlrg%l C"lr(‘%l
< <
K 9_1C1

1

=60r'T VS, (¢) € Qwithr < r.

It follows that we may (and do) assume that

{ 1-6<detD*¢< 1 +6inQ

¢=0 on0Q,
1 1 a-1
|fI'dx)" <0r7 forall S,.(¢)e€Q withr < r,
(|sr<¢>| 5.0 ) 0
Lou(x) = f(x) in Q and  lulli= < 1.

We need to prove that

(4.35) sup (="l = Ul (s, 09) + [HO)] + IDLO)]| < €

O<r<u*
for an affine function /(x), with 6, u* and C depending only on n, @, o’ and r.
2. Claim: There exist 0 < u < 1 depending only on n, @ and ry, a sequence of positive
definite matrices A; with detA; = 1 and a sequence of affine functions [;(x) = a; + by - x
such that forall k =1,2,3,...

D AA < = Al < Vea(T+ CE)(T +C61) - (T + Co-);

2) B(1—5k)\@(0) C IU_TkAkS/::@S) - B(1+6k)‘ﬁ(0)§
(3) llut = Betllsees oy < o= 5
W) lax — ax| +,U§||(A];1)’ <(by = b))l < zceﬂ%(lm);
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. o)A ) = (= L) ALY)|
ﬂ%(na)
X,y € ,U_TkAkSyk(¢)’

< 2C*(yJaip)P|x — y, for all points

where
6
Ag:=1, Lh(x):=0, 6 :=0; 6 :=Cu?+u'"?)<1-——, and
5v2

6 i= C(G ' + 110" fork > 2.

Also C*, C, ¢, ¢1, ¢ and B are universal constants (c, is the constant in Lemma 2.7 C*
and S are the constants given in the local Holder estimate (2.2); ¢; and ¢, are given by
Lemma[3.2]and C is given by Lemma[3.3).
3. Proof of the claim:

Let uo > 0 and 7y > O be the universal small constants given by Lemma Let
0 < p < o be fixed such that u < ro, 2u)'* < 1, C;4Bu < 1/2 and 6¢,C2u'* < 1,
where C, is the universal constant in Pogorelov’s estimate (3.10). Let us next determine
the constant §. We take 0 := min {Cin, Toi?, 8}, where C, is the n root of the constant C’ in
Lemma corresponding to 4 = 1/2 and A = 3/2 and ¢ is the constant in Lemma
corresponding to p(s) = 2C*( \/@)‘ﬁsﬁ, K=1ande= 3ceC§,u. By taking 6 even smaller
if necessary, we assume that 5, = C(u'/? + u=16'?) < 1 - %5.

k=1: Applying Lemma 3.2| we obtain a positive definite matrix M = A’A with detA =
detM =1, c;I £ M < c,I such that if we take A; := A then

=1 . _
B s,v3(0) C 7 A1S, () C By 5,43(0),  with 6 := Cu'"? +p~'6'?).

Then (1) and (2) hold obviously since |A]']| < 1/+/ci and ||A|| < +/c3. Also (3) is
satisfied as /y = 0 and ||u||.~) < 1. We next verify (5). By the Holder estimate (2.2)),

lu(x1) — u(y)l < C'uPlx; - yllﬂ{||u||L°°(Szﬂ(¢)) + (2ﬂ)%||f||Ln(szﬂ(¢))} Yxi,y1 €S ,().

Hence for any x,y € u? A;S,($), by taking x; := ,u%Ale € S,(¢) and y, := ;ﬁAl‘ly €
S .(¢) we obtain

(4.36) (e A7 x) = u(u? A7)
< CpPd AT G = Pl csoyion + 0 flliocs iom)
< Cu P AT NP - {1 + G0 | < 20 (Ve Plx - yf

giving (5) for k = 1 as desired.
k=2: We first construct /; and verify (3) for k = 2 and (4) for k = 1. Then we construct
A, and verify (1), (2) and (5) for k = 2.
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+ Constructing /;(x): Recall that D¢(0) = 0 since the origin is the minimum point of ¢.
Hence S,(¢) ={y € Q: ¢(y) — ¢(0) —u < 0}. Let

. 1 1 _ *
$'0) = S low A M=) —ul,  yeQ
V() = (= )2 AT'y) = uAly),  yeQ;,
where Q7 := M%AIS#(¢). Then as detA; = 1 and since
D*¢"(y) = (A7 Y D*¢(uAT' VAT and  D*(y) = p (A7) DPuu? A7 AT,

we get

1-6<detD’¢*<1+6 in Q;
=0 on 0]
and
det D2p(u> A7'y)
(detA;)?

O*(y) = det D*¢"(y) (D*¢" ()" = AL(D* (> A7) AL
= A\ AT'YAL.
Consequently,
Lyv(y) = trace(®* ()D*W(y)) = p trace(A; O(u? AT )AL (AT D2u(u AT y)AT)
= p trace( DG AT D u(u A7'y)
= u Lou(2AT'y) = p f2ATYY) = ) in Q.

Notice that

1

L (s ) I 1 "
"dy| =p|————— 2AT'Y)Id
(lgﬂj;’f e y) “[lu?Alsﬂw fﬂz‘msﬂ(@'f At ]

n

|f(x)|"dx) <pfu'T = 6T <.

1
—H (|S,1(¢>| 5.0

We apply Lemma .2 with ¢ ~»> ¢*, f ~» f, Q ~»> Qf and ¢ := vlss,. Note that by (3)
we have |l¢llz~@5,) < 1, and also ¢ has modulus of continuity p(s) = 2C*(+/cip)#s? by
(5) for k = 1. Recall that 8 < 6, where ¢ is the constant in Lemma corresponding to
€ := 3¢,Cou. Hence if h is the solution of

L,h=0 in B detD*w=1 in Q}
where
h=¢=v on 0B, w=0 on 0Q],
then

. 2
||V - h”L‘X’(Bl) <e€:= 3CeC2/.L
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We have ||h|| =5,y < 1 by the maximum principle. Moreover, it follows from the formulas
(3.13) and (3.15)) that
SZ#(¢*) C BC2 W(O) C BC2 \/371(0)

Thus by letting I(y) := h(0) + Dh(0)-y and applying Theorem (recall that C, @ < %),
we get

7 7 2
Wh = Ulro(s,,@ < llh - l||L°°(BC2 ) < 3c.Csp.

Therefore,

(4.37) v — Z_HL“’(Szu(qﬁ*)) SV = Allewisyemy + 110 = l_||L°°(szﬂ(¢*)> < 6¢,Cou < ,u%(”“).
Define

(4.38) 1L(x) = lo(x) + I(u™ A x).

Then since S, (¢*) = ,u_TlAlS (), we obtain from (#.37) for x € S 2(¢) that

Ju(x) = L] = 1 = )(x) = L™ A x)| = (e Ax) = L™ A, x)|

- 1 1
<Nl = Dllgscs gy < 2.

Thus (3) for k = 2 is verified. Also (4) for k = 1 holds because it follows from the
definition (#.38) and the definition of [ that a; = ao + h(0) and b, = by + u%lA’th(O).
Hence by using Theorem[2.7] we get

lar — aol + 2 I(AT")' - (b1 = bo)ll = h(O)] + IDRO)]| < 2¢,

giving (4) for k = 1.
+ Constructing Ay: Applying Lemma [3.3| for ¢* and Q] we obtain a positive definite
matrix M = A'A with det M = 1, (1 — C8,)I < M < (1 + C5,)I such that

-1 « . _
B s,v3(0) Cu7 AS (") C B 5,v3(0),  with & := C(6u'"? +p'6"),

Define A, := AA; which implies in particular that A, is a positive definite matrix with
detA, = 1. Then as S ,(¢") = ,u_TlAlS,Jz (¢) we conclude that

B _s,v3(0) C WAL 2(9) C B(1,5,v3(0).

Thus (2) and the first part of (1) for k = 2 hold obviously since A;A;' = A™! and |JA7!|| <
ﬁ < \%ﬁ Next observe from the definition of A that (1 — C§))|x> < |Ax]> < (1 +
Céy)|xf*>. Hence

|A,x? = |[AA(x? < (1 + C6)|A x> < co(1 + C8))|x)
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yielding the second part of (1), i.e., ||Az]] < Vca(1 + Coy). It remains to verify (5) for
k = 2. Using the definitions of v and /; we have

(= 1ID(AT' %) = (u = L) (A3 %) — (A 1A3' x) = v(u? A1 A5 x) — I A A3 x)
= -DuA 'y forall xepu'AyS,0(9).

Moreover since Ly (v = )(y) = Lyvy) = fO) =p f (,u%Afly) fory € Q} and

1 s o = H( f , Fu ATy dy)" = i ( f Fr dx)'
u Sy,2(¢)

2 A18,,0(9)

< Cour 2k,
we get from the Holder estimate (2.2)) and that
(v — l_)(xl) -(v- l_)()’l)| < C*/f’g|xl - y1|ﬂ{||V - Z”L“’(Szu(qﬁ*)) + (2ﬂ)%||f||Ln(S2ﬂ(¢*))}
< Cu Pl =y P 1+ Cow T
<20 Plxy -y Puz*® Vxi,y1 € S,(¢%).

Therefore for any x,y € ' A28 2(¢), by taking x; := u? A~ x = w2 A,A3'x € 7 A,S o (§) =
S, (¢*) and y; := uzA~'y € S ,(¢*) we obtain

| = 1D@AT ) = = 1DEAT'Y)| |0 = D@ A %) - (v = D(?A™"y)|
b+ B 2+

<20 P AT (x - y)P < 20w P AT Ix — v < 2C7 (Ve Plx — P

giving (5) for k = 2 as desired.

Suppose the claim holds up to k = i > 2 and we want to prove that it also holds for
k =i+ 1. We first construct /;(x) and verify (3) for k = i + 1 and (4) for k = i. Then we
construct A;;; and verify (1), (2) and (5) for k = i + 1. It follows from the hypothesis the
claim holds up to k = i that

B(1_s)v3(0) € 17 AiS 1i(®) C Byy,5,v3(0),
where A; is a positive definite matrix with detA; = 1 and
(4.39) JAixl* < e2(1 = C8y) -+ (1 = CS—p)|xP.

+ Constructing /;(x): Let

. .y 5A-1
(04T = 4O ~ ] and o) o= LAY

* 1 %
() = — = , for yeQ
U PR



26 C. E. GUTIERREZ AND T. NGUYEN

where Q7 := ,u_?iAiS 4i(¢). Then as detA; = 1 and since
D¢ () = (A7 YD AT 'WAT and  DM(y) = pp'? AT DPulu AT AT

we get

{ 1-6<detD’¢'<1+6 in
=0 on 0Q;
and ®*(y) := det D*¢*(y) (D*¢*(y))~! = A,-(D(u%Al.‘ly)Aﬁ. Consequently,
Lv(y) = trace(® ()D*v(y))
= pp> " trace( A, QI AT Y AUAT Y D2u(u? A7 'y)AT)
= pp7 “trace( DA ' y) D u(u Asy))
= O Lo A7) = = 0 fBAYy) = () in Q.
Notice that
1

————— [ AT Yy)
7 AS Li(9)] fu?A,sﬂi(as) )
1 g
— (o [ o)
(IS PLCOIIN )

'.71(1—(1) i(a—1) 1+

Spup " Y0uT =6u? L6.

s n % _ %(l—a)
(i | o) =t

We apply Lemmawith ¢~ f s f,Q Q7 and ¢ := v|sp,. Note that by (3) for
k = i we have ||¢|lr~@8,) < 1, and also ¢ has modulus of continuity p(s) = 2C*(\/cip) P s
by (5) for k = i. Hence if & is the solution of

L,h=0 in B detD*w=1 in QF
where !
h=¢=v on 0B w=0 on 08Q;,
then
v = Allz=@,) < 3C€C§,u.

We have ||A||;~,) < 1 by the maximum principle and it follows from the formulas (3.13)
and (3.15) that S,,(¢*) C B c W(O) CB o @(O). Thus by applying Theorem

we get
12— l_||L°°(s2,,(¢*)) <|lh- l_”L‘X‘(BCZ o = 3¢, Cou,
where I(y) := h(0) + Dh(0) - y. Therefore,

7i 7i 2 la
(4.40) IV = llzocs e S IV = Allisssyiory + = Hliees ey S 6c.Cop < p .
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Define
(4.41) L(x) = Loy () + T (7 Au).
Then since S ,(¢") = /ﬁiAl-S 4+1(¢), we obtain from (@.40) for x € S i1 (¢) that
() = OO = 1 = [)(x) = = O Al = T o A - T A
Sﬂ%(lm)”v . Z”L“’(S#(qﬁ*)) < #%(Ha)'u%(lm) — ’ué(1+a).
Thus (3) for k = i + 1 is verified. Also (4) for k = i holds because it follows from

the definition (@41) and the definition of 7 that a; = a;_; + u'2 “*®h(0) and b; = b;_; +
7 *93 A'DR(0). Hence by using Theorem 2.7, we get

la: = a1 + A IATY - (bi = bip)ll = 7 CO[IRO)] + IDAO)I] < 2euT 1+

giving (4) for k = i.

+ Constructing A;;;: Applying Lemma [3.3|for ¢* and €27 we obtain a positive definite
matrix M = A’A withdetM =1, (1 — C6;)I < M < (1 + Cé;)I such that

B 5. 2(0) C T AS,(¢7) C By 5(0),  with Gy = COp'* +47'0'72).
Define A, := AA; which implies in particular that A;,; is a positive definite matrix with
detA;;; = 1. Then
(i+D)
B(1—6i+1)\/§(0) Cu 2 A,-+1Sﬂi+|(¢) C B(1+6i+1)\@(0)‘

Thus (2) and the first part of (1) for k = i + 1 hold obviously since AI-AZ.;]1 = A" and

-1 1 1 o
A7 < s S o Next observe from the definition of A that

(1 = CoA? < |Aiial® = |AAx? < (1 + C6)lAix.

Consequently by combining with #39), we get |A; x> < cx(1 + C8))--- (1 + C§)|x

yielding the second part of (1), i.e., [|A;1ll < Veo(1 + C6y)--- (1 + C6;). It remains to
verify (5) for k = i + 1. Using the definitions of v and /; we have

(== AL = (= L)W AL ) — T Ol AAG )
= 7 O A ) - T AAL )]

= 1T — DA x) forall xe€pu™ " AuS (@)
Moreover since Ly (v = D)(y) = Lyv(y) = f(y) = uu's =0 f(u> A7'y) for y € QF and
1
~ i=l(1_qg i n n
10y = ™ 7 f AL dy)
U2 A, iv1 ()

i-1

. 1
= = 0 ( f O dx)" < Cuba* 02t
SZyi+|(¢)
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we get from the Holder estimate (2.2)) and (4.40) that

- - . - 1, ~

v =D(x1) - (=Dl <C'u Plxy - y1|ﬁ{||V = U000 + (2#)2||f||L'l(SZ#(¢*))}
< C'p Pl =y P01+ Co02u) 7
<20 Plxy =y Puz*® Vxi,y1 € Su(@).

Therefore for any x,y € ,u#AiHSﬂm(qﬁ), by taking x; := ,u%A ,uZAA lx e
,u%lA,-SH,-H((;S) =S.(¢") and y, := ,u%A‘ly € S,(¢") we obtain

= @ A0 — = BT AL )| 0= D@EAT ) - (v = DiAy)|
qu(1+a) 'u%(lw)

<20 Pt AT (x - y)P < 20 PG IATI x — v < 20" (Ve Plx -y

giving (5) for k = i + 1 as desired.
4. Proof of (@#33): Take 0 < a* < 1 such that 009 = 1 + ¢/, This is possible since

a

o’ < a. In particular, we have < a. Next observe that by taking 6 even smaller if

needed (now also depends on « ), we can assume that

02 < l—a plny™!

4.42
(4.42) “l4+at 2C

Then we have the following growth estimate for the norm of the matrix A,
—k(1-a*®)
(4.43) AWl < G

To see this we note first that since 6; < 1, the sequence {d;},- , is decreasing. By induction
we obtain for all k£ > 1

C 9 k-1 '
6k:(cx/ﬁ>k+7f<cx/ﬁ)k‘12(cx/ﬁ>"
i=0
C Vo Cluit -1
=(C k —C k— ]—
= (C VR + —=(C V) [Cll]_l
c* 2C
< (Cyp) +—\/_(C\/_)kl Koy ‘F

ﬂ 2
2
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It follows that for all k > 2,

k-1 k-1 k-1
[ [ +con=exp| ) log(1 + c(s,-)) < exp [C 51-)
i=1

i=1 i=1

k-1
< exp CZ(C\/ﬁ)i+ (k_lztﬂ)
i=1

k=1
= exp CZ (e \/ﬁ)i) exp ((k_lztﬂ) < Cexp(kzi\/é).

1
Hence as V0 < 1+oz Nnﬂ by (@.42), we get

k-1

[Ta+coy<cu,

i=1

which yields ||A|]*> < Cu ¥ due to (1) of the claim. Therefore (4.43)) is proved.
By using (4.43)) we can now conclude that

(4.44) I = becill < ICALY - (b = bic)IIA] < Wﬂ" )

1+a
(#.44) and (4) of the claim that {a;} C R and {b;} c R" are Cauchy sequences, and hence

a, — aand by — b forsomea € Rand b € R". Let l(x) :=a+ b - x. As by = 0 and by
using (4.44), we have

2Ce i 7& zcec 1 —IJZ( 1+(l*)
oAl < Z”bl” bill < P Z,uz - o | o)

giving
2c,C
Iu(1+a)/2 (1 _,uz(“ Tra® )

(4.45) IDION = 11b]l = lim iby]] <

Similarly, (4) of the claim also yields

2c,
(4.46) 1) = lal = Tim jag] < ——<—.
k— o0 1 — IUT
Next observe that B (VIO 1T . (0) C S u(p)forallk =1,2,.... Indeedif x € B( Ol (0,

then we have by

_ _ —k  —k(-a* 1
|17 Aca] < ¥ AN < Cu? 3057 (V20) e = 5 <oV

since 0, <01 <1 — ﬁi' Hence u%kAkx € p%kAkS#k(qS) by Claim (2) and so x € § +(¢).
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Therefore for any integer number k) > 1 and any x € B ey (0), we obtain
(V20) Ty T+e®

—k(1-a") ko

x€Su(@)  and (Al < A x] < (V2) i e,
Consequently,

lu(x) = 1G] < u(x) = g1 O + 1) = Lo—1 (O] = Ju(x) = D1 (O] + 1m 11,(x) = Lyo-1(x)]

< T 1 3 — )

k=ko

ko1 s
=T 0 3 ag = @) + (AL - (b = bic), Ae)l
k=ko

ko—1 S
<p T S [l = @l + 1AL (b= bl 1A ]

k=ko
ko-1 - k=1 (k=Da—1 —k(1—a®) kg
< IJT(H—Q) + 2Ce Z [/JT(H—Q/) +u 2 (ﬁ)_lﬂ 2(T+a™) IL[W]
k=ko
* k 1-a*

_ ﬂ(ko—l)(a+1)/2 +2¢, Zﬂ(k—l)(an)/z + \/iceﬂko/(na )lu—(a+1)/2 Zﬂi(a—w*)

k=ko k=ko
— [1 + 2¢e V2e, 'uk“T_](lm)

Lta 1 1—a*
1 —uz 1 —ﬂi(a_lm*)
(1+a™)(1+a)

1+a’
=C((Vaoy ) T = (V20 )
This together with (@43) and @46) gives @33) as desired with u* := (V2C) '\ure. 0O

By a perturbation argument, we obtain the next theorem as a consequence of Theo-
rem[4.5] We use the following notation:

Definition 4.6. For f € Lj (Q), let

1

. 1 1/n
[fl,o:= sup rz (—f | I"dx) .
Sag s,<(¢,x1))@g 1S (&, O Js, o0 /

It is clear from Lemma [2.3] and Holder’s inequality that if f € LP(Q) for p > n, then
[f1}, ¢, < oo for some a > 0.

Theorem 4.7. Let Q be a normalized convex domain and ¢ € C(Q) be a convex solution
todetD*¢ = gin Q and ¢ = 0 on 0Q, where g € C(Q) satisfying A < g(x) < A in Q. Then
ifue WIZO’;’(Q) is a solution of Lyu = fin Qwith [f]) , < oo for some 0 < @ < 1, we have
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uecC ;O"C’,(Q) forany o’ € (0, ). Moreover, for Q)" € Q there holds

lellrr oy < Clllullime + [f1Lg)-

where C depends on n, a, o, A, A, dist(Q)', 0Q) and the modulus of continuity of g.

Proof. Let 0 < @’ < @ and Q" € Q. Given ¢ > 0, since g € C(€2) and by Lemma 2.1
there exists sy > 0 such that for any x, € ',

Bciny(X0) C Shy(¢: X0) C Beyp(xo)  and  [g(y) — g(xo)l < € Yy € Spy(, X0)-

Let Tx = A(x — xp) + yo be the affine transformation such that B;(0) C T'S,(¢, xo) C
B,(0). In particular by combining with Lemma we get C; < | detA|%h0 < C, for some
positive constants C; and C, depending only on n, A and A.

Define Q" := T'S (¢, xo) and consider the functions

a=3
2

¢" () := ko[¢(T™'y) = L (T7'y) —ho] and  v(y) := g(xo)k,” u(T™'y), for ye Q'

2
where « := % and /,,(x) is the supporting function of ¢ at x,. Then
g(xo)7
det D*¢(T™! T!
DZ(P*(y) = Ko (A—l)tD2¢(T—1y)A—1’ detDz(P*(y) — € ¢( y) — g( )7)’

8(xo) 8(xo)

D(y) = —2_AD(T'y)A" D*v(y) = g(x )K%(A—l)’z)zu(r1 YA™!

~ g(xo) e S e

As g(xo) — €y < g(T™'y) < g(xp) + & in Q*, these imply that
|- % < detD*¢*(y) < 1 + % and  Lyv(y) =k f(T7'y) = f(3) in Q.
Note that y, is the minimum point of ¢* in Q* with ¢*(yg) = —kohy. Since

SF(¢*) = Si’(¢*a yO) = TSK(;]r(¢’ XO) for r S KOhO,

we have
1 n
( o | 1o ) g pa— ATyl
Y| =K e a1 -\ ynrdy
N C] ) 0 |TSK61V(¢$ xo)| TS -1,($:X0)
0
o P — ooras|
=K X X
0 |SK61r(¢’ xO)l SK_]r((ﬁ,X())
0
az1 a— a—
<k [0 NT = [fligr™  forall 7 < koho.
2
Moreover kohy = dtAltho > CA,A) > 0as IdetAI%hO ~ 1. Therefore if we choose

8(xp)7

€ := A6, where 6 > 0 is the constant given in Theorem[4.5|corresponding to ry := C(4, A),
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then by Theorem there exist constants y*, C > 0 depending only on n, @, @’, 4 and A,
and an affine function [ such that
447y G) = I < Cly = yol " {IMls@y + [fToq}  forall y € Bu(yy) € Q.

Observe that as Be,p,(x0) C S, (¢, x0), we have T Be,5,(x0) C B,(0), i.e., ABCI;,O(O) +y C
B,(0). This yields ||A|| < Chy'. Thus TB, o (x0) C By(y9) and we obtain from and
by rescaling back that

lu(x) = £(x, x0)| = g(x0)™ KTQIV(TX) (T x)

< CIAI 1x = 20" g(x0) " (Ml + [T}

y y _yldet Al
=CMW+M—MW*{MMWWWw+mm>% =) T g
g(xo)7

a=3
—(1 4 == 1 ’
< Cho( @ )h02 |x — xo| ™ {||u||L°°(ShO(¢,x0)) + [f]z,g} forall xe B@(Xo),

3-

where €(-, x¢) is the function given by £(x, xy) := g(x)~ KT I(Tx). That is u is C" at x,,.
In other words, we proved that for any x, € Q' there exists a linear function £(x, xy) such
that

(4.48) |u(x)—€(x, Xo)| < Ch, {||u||mg)+ [Ty afr=xol'™ forall  x & By (x0).
We claim that this implies
4.49)  |Du(x;) — Du(x,)| < C{||u||L°0(Q) + [f]Z,Q} lx; — leal forall x;,x, € Q,

where C depends also on Ay and hence on the modulus of continuity of g. In order to
prove the claim we use the following lemma of Calder6n-Zygmund, [[CZ61, Lemma 2.6].

Lemma 4.8. Given an integer m > 0, there exists a function ¢ € C(R") with support in
the unit ball such that ¢. * P = P for each € > 0 and every polynomial P of degree < m.
As usual, p(x) := € "p(x/€).

LetC, := Ch, {||u||Lw(Q)+[ f12 o). From @38) it follows immediately that £(xo, xo) =
u(xp) and
uthe;+ xo) — u(xo) _ t(hej+ xo, x0) — {(x0, Xo) - Ci|h ej|”“'
h h B |hl
as h — 0. So D €(xy, xg) = Du(xy) and hence D, {(x, xy) = Du(xy) for each x, € 0.
By dividing the segment connecting x; and x; into a finite number of segments if nec-

— 0,

essary, we only need to verify (#.49)) for x;, x, € Q’ satisfying |x; — x| < ” . For such
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x; and x,, write

u(x) = u(x) —€(x, x1) + €(x, x1)

u(x) = u(x) — €(x, x2) + €(x, x2),
and convolving these expressions with ¢, and using Lemma .8 with m = 1 we get

u(x) = [u— €, x1)] * p(x) + €(x, x1)
u(x) = [u — €(:, x2)] * pe(x) + €(x, x2),

for dist(x, 0€2) > €, and taking derivatives

Djue(x) = [u =€, x)] * Djpe(x) + Dju(xy)
Djue(x) = [u = €(:, x2)] * Djpe(x) + D ju(xz).

Hence Dju(x) — D;u(xy) = [u—{€(-, x2)]1 % D je(x) — [u—€(-, x1)] % D j(x) = I, — I, where

L:=e""' f [u(y) — £(y, x)1D jo((x — y)/€) dy.
[y—x|<e

If we let x := (x; + x2)/2, and € := |x; — x,|/2, then we get that B.(x) C Be(x;) C By (X;)
C
fori = 1,2, and so from (4.48)) we obtain

Ili| < 6‘”_1fl - lu(y) = £Cv, X))l 1D jo((x = y)/€)l dy
y—xi|<2e

<e™'c IIDjsolloof ly— x| dy < C, C1 (26)" = C, Cy|x; — xa|”,

y—xil<2e

and (.49 follows as claimed. The proof of the theorem is completed. o

We remark that Theorem still holds if one replaces the condition ¢ = 0 on Q2 by
the condition ¢ = i on dQ where ¥ € C'#(6Q) for some 8 > 1 — 2. This new condition is
necessary as shown by Pogorelov’s examples to ensure that the graph of the function ¢ in
Q does not contain any line segment (see for example [[GutO1, Theorem 5.4.7]).

We end the paper by a comment on Holder estimates for second derivatives of solutions
to the linearized Monge-Ampere equation. Assume that det D*¢ = g in Q and ¢ = 0 on
0Q, where g € C} () and A < g < Ain Q. Then as mentioned in the introduction if u is
a solution to the equation Lyu = f in Q with f € C} (€2), we have C 2@ interior estimate
for u. This follows from Caffarelli C>® estimate for the function ¢ and the classical
Schauder’s estimate for linear uniformly elliptic equation. However a direct proof of this

C?“ estimate for u can be derived from the method used in this paper.
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