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Abstract

We show the existence of a lens, when its lower face is given, such that it refracts
radiation emanating from a planar source, with a given field of directions, into the
far field that preserves a given distribution of energies. Conditions are shown under
which the lens obtained is physically realizable. It is shown that the upper face of
the lens satisfies a pde of Monge-Ampere type.

Contents
L. Introduction . . . . . . . ... 342
2. Uniformly Refracting Surfaces for a General Fielde(x) . . .. ... ... ... 345
2.1. A Lipschitz Estimate for d(x, C,w) . . . . . ... ... ... ... .... 346
2.2. Analysis of the Self-Intersection of the Surfaces . . . . .. ... ... ... 353
3. Discussion About the Singular Pointsof f . . . . ... ... ... ... .... 359
3.1. Case of a General Fielde(x) . . ... ... .. ... ... ......... 359
3.2. Collimated Case: e(x) =e3 = (0,0, 1) . . . . .. ... .. ... .. .... 364
4. Lenses Refracting a Field e into a Target Q* . . . . ... ... .. .. ..... 370
4.1. The Refractor Measure . . . . . . ... ... ... ............. 373
5. The Energy Problem . . . . . ... ... ... oo oo oo oL 375
5.1. Existence in the Discrete Case . . . . . . . . . . ..o v 376
5.2. Existence for General Radon Measures n . . . . . ... ... ........ 380
6. Aleksandrov Type Solutions . . . . . . . ... ... oo 382
6.1. Legendre Type Transform . . . . . . . ... ... ... ... .. ...... 382
6.2. Comparison Between Brenier and Aleksandrov Type Solutions . . . . . . . 385
7. Differential Equation of the Energy Problem . . . . ... ... ... ... ... 386
7.1. Calculation of the Refractor Map T for the Lens with Upper Surface f . . . 389
7.2. Derivation of the PDEford . . . . . . ... ... ... ... ... .. ... 391
7.3. The Collimated Case . . . . . . . .. .. ..., 393

References . . . . . . . . . . . e 397


http://crossmark.crossref.org/dialog/?doi=10.1007/s00205-017-1196-y&domain=pdf

342 CRISTIAN E. GUTIERREZ & AHMAD SABRA

1. Introduction

In this paper, we solve the following inverse problem in geometric optics con-
cerning the design of a lens: rays are emitted from a planar source €2 with unit
direction e(x) and energy density Z(x) for every x € Q. The rays first strike a
smooth given surface described by the graph of a function u. We are given a target
Q* C 2, the unit sphere in R?, equipped with a Radon measure 7 such that

/ Z(x)dx = n(Q").
Q

The problem is then to construct a surface o so that the lens sandwiched between u
and o refracts all rays with direction e(x) into rays with directions in * and such
that the energy is conserved, i.e.,

f Z(x)dx =n(E)
71, (E)

for every Borel set E C Q* where 7, (E) is, roughly, the set of points x € € so
that the ray emitted from (x, 0) with direction e(x) is refracted into a direction in
E, see Definition 4.1. The material of the lens is assumed to be denser than the
media containing the source €2 and the target Q*.

The main result concerns the existence of the surface o and therefore of the
desired lens, Theorems 5.1 and 5.5. For this purpose, we use in a crucial way the
uniformly refractive surfaces constructed in [13] which are the building blocks of
the solution. In [13], Q* is a singleton and no energy assumptions were used. That
is, given w € $2, a C? function u and a C! field e(x), we studied in [13] the
existence of parametric surfaces oc ,,, with C a real parameter chosen properly, so
that the lens sandwiched between u and oc ,, refracts all rays with direction e(x)
into w. Moreover, we showed that for such a surface to exist, the field e(x) must
satisfy a curl-free condition [13, Theorem 3.1], that is, ¢’(x) = Dh(x) for some
h e C%3(Q), where e = (eq, ¢2, €3),and ¢’ = (e1, e2). In this case, the surface o¢ 4
is parametrized by

Jfx, Cow) = (p(x), u(p(x))) +d(x, C, wym(x),

where (¢(x), u(¢(x))) is the point of incidence of the ray with direction e(x) on the
graph of u, m(x) is the unit direction of the refracted ray at (¢(x), u(¢(x))), and
d(x, C, w) designates the length of the trajectory of the ray with direction m(x)
inside the lens. d(x, C, w) is given in (2.3) below, and the constant C is chosen so
that d is positive; see Figure 2(b).

Since the surfaces o¢ ,, are given parametrically, they might have self-inter-
sections and also singular points; see Figure 2(a). In such a case, oc,,, is not
physically realizable. In Sections 2 and 3, we focus on the analysis of solving this
difficulty and find sufficient conditions on the surface u, the source €2, the field e,
and the constant C, so that oc ,, has no self intersections and is regular at every
point.
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To place our results in perspective, both from the theoretical and practical points
of view, we mention some results from the literature. The problem of finding a con-
vex, analytic, and symmetric lens focusing all rays from a point source into a point
image was first solved in [6] in 2d using a fixed point type argument. This result is
extended in [17] to 3d to construct freeform lenses that refract rays emitted from
a point source into a constant direction or a point image. The general case for an
arbitrary incident field and a planar source is solved in [13]; the reflection case is
studied in [11].

[lumination problems with one point source are studied in [9,10], and [4] for
the refraction case, and in [3,12,21,26], and [20] for reflection. The case of col-
limated input radiation is considered in [1,14-16], and [19]. Physical limitations,
such us as ray obstruction, are discussed in [11] and [12, Section 3.1].

The surfaces constructed in this paper are freeform; in particular, they are not
rotationally symmetric. Freeform design is a modern field in Optics. This is a
breakthrough in the optical industry due to its applications in illumination, imag-
ing, aerospace and biomedical engineering; see for example the news article [23]
and the survey [7] for large set of applications. Due to recent technological ad-
vancement in ultra precision cutting, grinding, and polishing machines, manu-
facturing freeform optical devices with high precision is now possible, see [2].
The systems obtained enhance the performance of traditional designs and provide
more flexibility for designers [5]. Moreover, they can achieve imaging tasks that
are impossible with symmetric designs. However, the mathematical literature in
freeform optics is still limited. In optical engineering, freeform surfaces are de-
signed using the SMS 3D method for various applications but they do not have
an analytical expression and are calculated numerically, see [27, Chapter 8] and
[22].

In this paper, we develop a mathematical theory to solve an illumination problem
involving two refracting surfaces, a planar source, and arbitrary incident field.

A plan and description of the contents of the paper is as follows. In Section 2.1,
we prove that if oc ,, is a uniformly refractive surface then the function d(x, C, w),
givenin (2.3), satisfies a Lipschitz estimate which implies by Rademacher’s theorem
that d is differentiable a.e.. Using this estimate, we prove in Theorem 2.5 that if
the norms ||¢'||, |l¢’ — k1kow’||" and the Lipschitz constants L., L,, and Lp,
are small enough, then the constant C can be chosen so that o¢,, has no self
intersections. Section 3 is devoted to analyze the singular points of f(x, C, w). We
say that f(x, C, w)(:= f(x))isregularatx if fy, (x) x fy,(x) # 0, and is singular
otherwise. In Section 3.2, the collimated case e(x) = (0, 0, 1) is considered, and
it is shown that for some conditions on the eigenvalues of D?u, the constant C can
be chosen so that oc 4, is regular at every point, Theorem 3.2. The case of a general
field e is analyzed in Section 3.1. It is shown in Theorem 3.1 that if u is concave,
and the derivatives of the components of ¢’ are such that the matrix W given in
(3.1) is positive semi-definite, then one can choose C so that oc,,, is regular at
every point. To summarize, to avoid self intersections, we need to control the size

! Primes here denote the vector of the first two components.
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xeTo(w)  @(x)
Fig. 1.

of the parameters involved, whereas to avoid singularities one needs to control the
curvature of the surface u and that of the potential &, recall ¢’ = Dh. In Section 4,
we construct refracting surfaces o so that the lens sandwiched between u and o
refracts incident rays with direction e(x), x € €, into a far field target Q*; see
Figure 1. In this case, u is assumed to be concave, & convex, and u, 2, Q* and
e are so that oc ,, satisfies the conditions in Theorem 2.5 for each w € Q*. ¢ is
parametrized the vector F (x) = (¢(x), u(¢(x)))+D(x) m(x); D is constructed so
that the refractor o is supported at every point by some uniformly refractive surface
oc.w With C chosen so that oc,, has no self intersections and no singularities. D (x)
represents the length of the trajectory of the ray emanating from x inside the lens
(u, o). We show in Theorem 4.2 that the function D is Lipschitz, o has no self
intersections and is regular a.e. In Section 4.1 , we show that o induces a Borel
measure L. The energy problem is then reduced to find a collection of uniformly
refractive surfaces oc,,, with w € Q* such that the envelope of this collection
yields a refractor o satisfying i, = n. This is first solved in the discrete case
in Section 5.1, that is, when 5 is a finite linear combination of delta functions.
The general case of measure 7 is then done in Section 5.2 by approximating n by
discrete measures. In Section 6 we introduce Aleksandrov solutions to the energy
problem and compare them with the notion of solution previously defined. For a
connection with generated Jacobian equations see Remark 6.1. Finally, in Section 7,
we derive the PDE of the problem and show that D satisfies a Monge-Ampere type
differential equation, equation (7.11), that is simplified in the collimated case in
Section 7.3.
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2. Uniformly Refracting Surfaces for a General Field e(x)

Let 2 be a convex bounded region in R2, and e(x) be a unit field in R3 defined
for every x € Q. From each point (x, 0), with x € €, consider the line through
(x, 0) with direction e(x). We are given a surface u such that its graph intersects
each of these lines at only one point, denoted by (¢(x), u(¢(x))). Let Q be the
projection over R? of the points (¢(x), u(e(x))) with x € Q. We assume that the
mapg : Q — Q'is CL(Q), thefielde(x) = (e1(x), ea(x), e3(x)) = (€' (x), e3(x))
is C1(Q) with e3(x) > 0, and u(z) is C? in an open neighborhood of €.

Given w € S2, we found in [13] necessary and sufficient conditions between
u, w, and e, for the existence of a lens with bottom face u such that all rays emitted
from (x, 0) with direction e(x) are refracted uniformly into w. The material the
lens is made of has a refractive index n,, such that np > ny, n3, where n; and n3
denote, respectively, the refractive indices of the media below and above the lens;
ny and n3 are unrelated. We refer to this as a uniformly refracting lens into the
direction w, and we denote it by I'y,.

Let k1 = ny/n1 and k2 = n3/ny. For each x € 2, by the Snell law [8, Section
2.1], the ray with direction e(x) is refracted by the first surface at (¢ (x), u(¢(x)))
into a unit direction m (x), with

1
m(x) = K—l(e(x) — A(x)v(x)), 2.1)

where v(x) = (ZD:ulpx)), 1) denotes the unit normal to u, at (¢ (x), u(@(x))),

1+ D u(p(x))[?

pointing towards medium n,, and A(x) = e(x) - v(x) — \/K12 — 14 (e(x) - v(x))2.

It is also assumed that e(x) - v(x) > O for all x € Q.

The top face of the lens is constructed such that it refracts the rays with direction
m(x) uniformly into the direction w. Since k2 < 1, to avoid total internal reflection,
we must assume that

m(x) - w > k7. 2.2)
Under condition (2.2), it is proved in [13, Section 3] that a uniformly refractive
lens T, exists if and only if curl(e’(x)) = 0, i.e., ¢’ is generated by some potential
function h, e'(x) = Dh(x) with h € C 2(SZ). In addition, the top face of the lens,
denoted by o 4, is parametrized by the vector

fx, Cow) = (p(x), u(px))) +d(x, C, wym(x),

with
_ C—=h(x)+elx) (x,0) = (e(x) — ki w) - (p(x), u(p(x)))
d('x7 Ca w) - b
K1 — Kikp w - m(x)
(2.3)
where C is constant chosen so that d(x, C, w) > 0 for all x € Q. If we let
2 2
C* =max h +max |z| + (1 + k1k2) (max |z|) + (max u) , (2.4)
Q 7EQ 7€ 94

thend(x, C, w) > O for all x € Q when C > C*.
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2.1. A Lipschitz Estimate for d(x, C, w)

Notice that for (2.3) to be defined we only need u to be differentiable; in fact,
we prove the results in this section only assuming differentiability of u. This yields
more precise constants in the inequalities that will be used later. The goal in this
section is to prove the following proposition for the distance function d:

Proposition 2.1. We have

d(x, C,w) —d(y, C,w)| < [Ci(k1, k2) |C| + Calkr, k2, u, b, Q, Q)]
x (le(x) = e(»)| + |Du(x") — Du(y"))
+ Ca(k1, 12) ll€’[| (@) 1x — ¥

+ Ca(k1, k2) <maX le'(z) — k1K2 w/l) Iy’ — x|
7€Q
+ Cs(k1, k2) u(y") — ux)|;

with e(x) = (¢/(x), e3(x)), x' = @(x), Y = ¢(y), and w = (w', w3).
If u, Du, @, e are all Lipschitz, we then obtain

ld(x,C, w) —d(y, C,w)| < [Ci(k1,k2) |C| + Calict, k2, u, h, Q, Q)]
X (Le + Lpu L(p) lx — ¥l
+ C3(k1, k2) €'l L) |x — ¥l

+ Calir, k2) (rzne%i le'(2) — K1ka w’|> Ly lx =yl
+Cs(k1,k2) Ly Ly |x — yl,
where the L’s are the Lipschitz constants of the corresponding functions.
To prove the proposition we shall prove first two lemmas.
Lemma 2.2. We have
v(x) = v(y)| < V5 [Dux’) — Du(y)| 2.5
forall x,y € Q, where x', y' are defined in Proposition 2.1.

Proof. We write

—Du(x') 1 )
V14 1DuH2 1+ | Du(x))?

V() = v(y) = (

~ ( —Du(y') 1 )
VI+1Du()? 1+ [Du(y)?
([ Dpup) Du(x')
- (Jl +1Du)P T+ DuGHP
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1 1
ST+ DuGHE 1+ |Du(y/)|2)
= (@ B).

‘We have

_ Y1+ 1Du()P = V1 + [Du@)?
V1+ Du(x) 21+ |Du(y)?
|Du(y")? — |Du(x")|?

VT UG T+ DuG)E (VI+ 1Du()E + T+ 1DuG)P)
_ (IDu()] = 1Du@)]) (1Du(y)] + [ Du(x')])
VIH IDuGHPVT+ 1DuG)P (VI+1DuGHP + Y1+ Dut)P)

B

Then
|Du(y’) — Du(x')|
V14 1Du(x)PV1 + [ Du(y)?

1Bl <

Now
Du(y') Du(x')

ST TTDuONE I+ 1DuG)
Du(y) Du(y) Du(y) Du(x)

T T IDuONE IR IDuGHE I+ DuGHE I+ D)

| |
= — Du(y’
(J1+|Du<y/)|2 J1+|Du(x'>|2> "o
|
+ m(l)u()’/) - DM(X/))
!
=—B8Du(yY)+ —m ——
pbuty) V14 [ Du(x")|?

(Du(y") — Du(x")),

and so

| < Bl 1Du(y)] + |Du(y") — Du(x")]

1
V14 |Dux)?

|Du(y’) — Du(x')|
V14 [Du(x)2/1+ [Du(y)|?

1
+ -
V14 |Dux)?

2
|Du(y") — Du(x)|.

<
1+ [Du@x)?

|Du(y")]

|Du(y") — Du(x)|



348 CRISTIAN E. GUTIERREZ & AHMAD SABRA

Thus

v(x) = v()| =y/a? + B2 < V5 |Du(x') — Du(y')!.

|
Lemma 2.3. We have
Im(x) — m(y)| < Ci(k1) le(x) — e(y)| + Ca(k1) |Du(x") — Du(y"|
forall x,y € Qwith Ci(x1), i = 1, 2, constants depending only on k.
Proof. From (2.1)
1 1
m(x) —m(y) = p (e(x) —e(y)) + p A v(y) —A(x) v(x)). (2.6)
Also
AY)v(y) = A(x) v(x)
1 1
= —Du(y"),1) = —— 2 —Du(x"), 1
= A0 (~DUO, D = e M) (DU, )
A(x) / A(y) /
= —_— D - D ’
<¢1 Tiowcor T Jivipaone Y
W) W
VI+IDuOHP 1+ [Du(x)?
= (A, B).
Notice that
. e v - \/Kf 1 (e(x) - v(x))2 o
T+ |Du(x)? J1+ | Du(x)? '
1- K12

V1+|Dux)|? (e(X) () k] = T+ (e(x) - V(X))2>

‘We first estimate B. Let

Ax, y) = /14 |Du(y)|? (e(y) V() + /K7 — 1+ (e(y) - v(y))2>
V14 [Du(x)? (e(x) v(x) + \/Kf — 14 (e(x) - v(x))2> :

From (2.7) we can write B as follows:

V14 [Du(y)|? (E()’) () K = T+ (e(y) - V(y))z)
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1

V14 |Du(x)|? (e(x) . v(x)+,/l(12 — 1+ (e(x) - v(x))z)
V1+|Du(x)? (3(15) . V(x)‘*'\/’(lz —1+(e(x) - V(-’C))z) —V1+1Du(y")? (3()’) . v(y)+‘//c12 —1+(e(y) - V(,V))z)

V1+|Du(y)? (E(y) V)K= 1+ (e(y) - V(y))z) V1+|Du(x')]? (e(x) @)+ K = 1 (e(x) - v(x))2>
_ Y1+ 1Du@)P (e(x) - v(x) = V14 [Du(y)P () - v(y)

Ax,y)
N VI DU JkF =1+ (e(x) - v(x))2 =T+ [Du(y)} /6 = 14 (e(y) - v(y))?
Ax, y)

_ (e(x) - v(x))? = (e(y) - v(y))?
A, ) (w + [Du(x)? (e(x) - v(x)) + 1+ [Du(y)® (e(y) - v(y)))
. [Du(x")?(e(x) - v(x))* — [Du(y)*(e(y) - v(y))>
Ay (VIF DG (e() - () + YT+ DU (e(x) - v(3) )
VIF DU ik =1+ (e(x) - v(x))? — T+ [Du(y)Py/i} — 1+ (e(y) - v(y))?
+

Alx,y)

= By + By + B3.

Sincee-v > 0
le(x) - v(x) —e(y) - vyl (e(x) - v(x) +e(y) - v(¥))

|Bi| =
Alx,y) (vl + [Du(x)|? (e(x) - v(x)) + 1+ [Du(y)|* (e(y) - 1)(y)))
le@) - v(x) —e() - vl _ [(e(x) —e(y) +e(y) - v(x) —e(y) - vy

- A(x, y) Ax, y)
_ ) —e()) - v@)| + le(y) - (v(x) —v()|
- Ax, y)
_ le@) — eI+ 1v(x) — v
- A(x,y)
S le(x) — e()| + /5 |Du(x') — Du(y")| from Lomma 2.9,
A(x,y)
Similarly,
[1Du(x")] (e(x) - v(x)) — [Du(y)] (e(y) - v())|
|Bz| <
Ax, y)
_ [(1DuG)] = [Du)I) (e(x) - v(x)) + [Du(y)] (e(x) - v(x) — e(y) - v(y)]
A(x, y)
|Du(x') = Du(y)|  |Du(y")|
< AG3) AGy) €)@ —ek) vl
|Du(x’) = Du(y')|  |Du(y")| ) ,
< Ay (V5 [Dat!) = DuGH] +1e@) = )
[ 1+51Duy) , ny L, [Du()
= (A(x,y)) ‘DM(X ) — Du(y )’ + AGr,y) le(x) —e()].



350 CRISTIAN E. GUTIERREZ & AHMAD SABRA

It remains to estimate Bj3. Let

H(x,y) = V1T +DuGHP ik = 1+ (e(x) - v(x))?
14+ 1DuGPfiE = 1+ (e(y) - v

Multiplying and dividing by H (x, y) yields

(14 1DuCH2) (k2 = 1+ ) - v@)?) = (14 1DuGH ) (6 = 1+ €0 - v)?)
H(x,y) Alx,y)
_ 6§ =D (1D = 1DH0OP) (o) v — ) - v
H(x,y) A(x,y) H(x,y) A(x, y)

N [Du(x)(e(x) - v(x)? — [Du(y) > (e(y) - v(¥))?
H(x,y)A(x, y)

B3 =

= B} + B} +Bj5.
Estimate B31:
[IDux")| = [Du(y)|| (IDu(x")| + |Du(y")])
H(x,y)A(x,y)
<@ 1) |Du(x’y — Du(y")| (|Du(x")| + [Du(y")])
H(x,y) Ax,y)
24 |Du(x') = Du(y")| (1Du(x")| + | Du(y")|)

1
k% — 1(|1Du(x")| + | Du(y")]) Alx,y)
=\/I<127—1 |Du(x/)—Du(y’)|’
A(x,y)

since H(x, y) > \/«k§ — 1 (|Du(x")| + |Du(y")|).

Estimate Bg:

IBi| = — 1)

=«

[(e(x) - v(x) —e(y) - v(y)) (e(x) - v(x)+e(y) - v(y))l
H(x,y)Ax, y)

_ @) -v(x) —e() -v(y)) (ex) - v(x)+ey) - vyl

- (e(x) - v(x) +e(y) - v(y)) Alx,y)

_e(x) - v(x) —e(y) - v(y)l

B A(x,y)

since H(x,y) > e(x) - v(x) + e(y) - v(y). Therefore as in the estimate of By we
obtain

|B3| =

)

V5 / : 1
|Du(x") — Du(y)| + R

|B3| <

HE v le(@) — eyl
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Estimate B33:
[1Du(x"]e(x) - v(x) — [Du(y) e(y) - v | (IDu")] e(x) - v(x) + [ Du(x)| e(y) - v(¥))
H(x,y)A(x,y)
\lDu(x Me() - v(x) = [Du(y) e(y) - v(y)|
A(x, y)

since H(x,y) > |Du(x")| e(x) - v(x) + |Du(y")| e(y) - v(y). The estimate then
follows as in estimating B;. So we obtain

B < <1+«/§|Du(y/)|
N B —

|Bj| =

Du(y")|
AGY) )|D (x)—D(y)|+ le(x) —e(y)].

Collecting estimates we then obtain

2
Ki=1 1454 5Du(y) , ,
|B3| < AGLY) + AGLY) [Du(x") — Du(y")|
1+ [Du(y")|
A(x,y)

and therefore using the estimates of By, B, and B3

B <2 %( “ 1) Jex) — e(y)]

<<K%—1>3/2 o V545 IDu()]

A(x,y)

le(x) —e(¥)l,

Ax,y) A(x, ) (f - 1)) | Du(x")—Du(y")|.
(2.8)
Next we estimate A:

Ax) , A(Y)
= D M
JixibaeE T i ibeont

20 (Du(x') - Du(y))

T /T IDuO)P?

Du(y")

AGR) A ,
+ - Du(x')
<\/1 T DucH Y1t |Du(y’)|2) "
— 9 (pue) - Duly)) — B Dutx).

V14 [Du(y)|?
From (2.7) we have

2
Ky — 1.

AY) -
‘\/1 + [Du(y">|

Then

|A| < \/k} =1 |Du(x") = Du(y")| + |B| |Du(x")|.
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Since A(x,y) > k7 —1, A(x, y) > (k] — D)|Du(x")|, A(x, y) > (k7 —1)|Du(y’)|
and A(x, y) > (K]2 — 1)|Du(x")||Du(y")|, then from (2.8)

|BI|Du(x")| < 4le(x) —e(y)| + <\/,5127_1+ 2 +4«/§> |Du(x") — Du(y")l,
and so
Al < 4le(x) — e(y)] + (2\/@7—1+ 2+ 46) |Du(x’) = Du(y)|.
Also, from (2.8) and the lower bounds for A, we have
|B| < 4le(x) — e+ (\/Kfi+ 2+4ﬁ> |Du(x) = Du(y)l.
Therefore from (2.6) we obtain

1 1
Im(x) —m(y)l = —le(x) —e(y)| + — (|A] +|B])
K1 K1

IA

9
— le(x) —e(y)l
K1

1 2 A /
+Z<3,/K1 —1+4+8J§> |Du(x") — Du(y')|

where x’ = ¢(x), ' = ¢(y) which completes the proof of the lemma. O
We are now ready to prove Proposition 2.1.

Proof of Proposition 2.1. From (2.3), we write

d(x,C,w) = m, (2.9)
g(x)

with

v(x) = —h(x) +ex) - (x,0) — (e(x) — k1o w) - (p(x), u(p(x)),  (2.10)

g(x) =K1 — k1K w - m(x). (2.11)
Since g > k(1 — k) > 0, then
C(g(y)—g(x) +vx)g(y) —v(y)gx)

gx)g(y)

(&) [v(x) —v(y)l

C+uvlx) CHuly)
g(x) gy

A IErSY
+(CI+ D lg(y) — gD -

By (2.2), g(y) <k (1 — K22), and by Lemma 2.3, we have that

lg(x) — g <kika Im(x) —m(y)| <Cy le(x)—e(¥)|+Ca | Du(x") — Du(y")|.
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Note that since 2 is bounded and convex and |Dh(x)| = |¢/(x)] < 1, then
h is bounded in Q. We also have that u is bounded on ', therefore |v(y)| <
C(ky, k2, u, h, 2, Q). To estimate |v(y) — v(x)| we write

v(x) —v(y) = h(y) — h(x) + (e(x) - (x,0) —e(y) - (v, 0))
+ ((e(y) — k1aw) - (9(y), u(p(y)))
— (e(x) — k1raw) - (@(x), u(p(x))))
=A| + Ay + Az.

We have
A1l = |h(y) — h(x)| < |Dh(E)||x — y| < (Izneaséile’(z)l) lx — yl.

Also, since e(x) = (¢/(x), e3(x)), we have

Ay =e(x) - (x,0) —e(y) - (y,0) = (e(x) —e(y)) - (x,0) +e(y)
((x,0) = (,0))
=@ @) =€) x4+ (x—y),

then
|Az| < (rzneaé Izl) le'(x) — ' (M| + (rgleaé Ie/(z)|> lx — yl.
Next
Az = (e(y) —e()) - (), ulp(y))) + (e(x) — k1k2 W)
[le(y), ulep(y))) — (p(x), u(p)]
= (e(y) —ex)) - (p(y), u(p(y)))
+ (¢'(x) — k2 w') - (9(y) — @(x))
+ (e3(x) — k1o w3) (u(e(y)) — u(p(x))),
and so

|A3] < max |(z, u(z))] |e(x) —e(y)]

+ <rzneag>z< le'(z) — k1K w/|> lp(y) — @(x)]
+ (1 + k1) u(e(y)) — u(ex))l,

which concludes the proof of the proposition. 0O

2.2. Analysis of the Self-Intersection of the Surfaces

Since the upper surface o¢ 4, of the lens I'y, is given parametrically, it might have
self intersections, see Figure 2(a). In this case, the lens is not physically realizable.
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(a)

(b)

Fig. 2. (a) Upper surface with singul ar points and self-intersections (b) Lens with ray
trajectories

To produce Figures 2(a) and 2(b) we have written a Mathematica code using
formulas (2.1) and (2.3) in two dimensions. The lower function used is u(x) = 2+
A sin(Mx), the incoming fieldis (0, 1), 2 = 0,1 = 3/2, k2 =2/3,Q = (—4,4),
and w = <0.2, V1= (0.2)2>. For Figure 2(a), we use C = 2, A = —0.2 and
M = 4; and for Figure 2(b), C = 1.31, A = —-0.2and M = 2.

In this section, we will use the Lipschitz estimate of d from Proposition 2.1 to
show that if the field e, the bottom surface of the lens u, and w, are all suitably
chosen, then the constant C can be chosen so that d(x, C, w) > 0 and the surface
oc.w parametrized by f(x, C, w) = (¢(x), u(¢(x))) + d(x, C, w) m(x) does not
have self intersections. The special case where e(x) = w = (0, 0, 1) is discussed
in [13, Remark 3.4].
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Recall that Ly denotes the Lipschitz constant of the map F, i.e., |F(x) —
F(y)| < L |x — y| for all x, y in the corresponding domain. We assume that the
incident field e is never horizontal, i.e., e3(x) > § > 0, for some § > 0. We first
prove that under conditions on the Lipschitz constants of u and e, and the L°°-norm
of €', the map g is bi-Lipschitz.

Lemma 2.4. Suppose e3(x) > § > 0 forx € Q. If

1
8_2||e/||L°°(SZ)Lu <1/2, (2.12)

then ¢ satisfies the following Lipschitz estimate
1 r -,
lp(x) —pMI =211+ 3t 5—2”8 @) max u Lep |x —yl. (2.13)

If in addition, L, is small enough, i.e.,

1 1
(E + (Ene/”[‘oo(g)) (IT}?;X M) Le < 1/2, (214)
then ¢ is bi-Lipschitz, and for x # y,

1
gu—y%dWﬂ—¢UN<3h—ﬂ. (2.15)

Proof. We can write (¢(x), u (¢(x))) = (x,0) + p e(x), for p(x) a positive func-
tion. Then

p(x) =x+pe(x)
u(p(x)) = pes(x),

so ¢(x) satisfies the equation

o) =x + L iy = gy,
e3(x)
We write
Wm—w@y:”MMNAM—JQD+<“M”X—MM”UJQ)
e3(x) e3(x) e3(y)
= A+ B.

Since e3(x) > § > 0 for all x € Q, it follows that

maxgqy u

|A] < Lelx —yl.
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Also
B = u(p(x)) e3(y) —u(p(y)) ez(x) e’ )|
e3(x) e3(y)
1
< 8_2||e/||L°°(Q) lu (p(x)) (e3(y) — e3(x)) + (u (p(x)) — u (¢(¥))) e3(x)]
1
< 5_2||€/||L°°(§2) {Le (ngl,xu> |x =yl + Ly lo(x) — <p(y)|} .
Therefore
1 1.,
[V (x) — ()] < (E + 8—2”6 ||L°°(Q)> (Hgl,xu) Lelx =yl
1
+ 8_2||e/||L°°(Q) Ly lo(x) —oI.
Since
p(x) —p(y) =x—y+ ¥ ) =¥ (),
we get

lp(x) — ()]
1 1.,
<1+ 3 + 8—2||€ | L) max u Leg |x—yl
1
+ 6_2”3/”0’0({2) Ly lo(x) — o).
Then (2.13) follows from (2.12); and the upper estimate in (2.15) follows from
(2.14).
On the other hand,
lp(x) =W = |x =yl = ¥ (x) — ¥ ()l
1 1
> {1 — (5 + 5—2||€’||Loo(sz)> <H}§1XM> Le} lx — yl
1
- 3_2”3/”L°°(Q) Ly lo(x) — o).

Hence

1
{1 + (ﬁ”e/”Lm({Z) Lu} lp(x) — ()l

1 1
> {1 - <§ + 8_2||€/||L°°(Q)> <II}§XM) Le} lx — yl,

which from (2.14) and (2.12) yields the lower estimate in (2.15). O
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With this lemma in hand, we give conditions on the size of the Lipschitz con-
stants of u, Du, and e so that if the constant C is appropriately chosen, then the
surface f(x, C, w) does not have self-intersections. The following theorem shows
that a small perturbation of the collimated case considered in [13, Remark 3.4]
gives also surfaces that are physically realizable:

Theorem 2.5. Suppose (2.12) and (2.14) hold. There are positive constants C; —Cs
such that if

a=C (Le+3Lpw) (2.16)

and

Buw=Cr (Le +3Lpu)+C3ll€ Lo +3Ca (Igleagzi le'(z) — kiK2 w/l) +3Cs Ly,

2.17)
then we have the following: if we choose L., Lpy, ||l€'||L>(q), maxzeq |e'(z) —
K1k w'|, and Ly, all sufficiently small satisfying

Bw < 1/3,
and

1/3 = Bw
< — ),
o

C*
with C* given by (2.4), then the surface parametrized by
fx, Cow) = (px), u(p(x))) +d(x, C, w) m(x)
is physically realizable, i.e., f is injective and d(x, C,w) > 0, for C > C* and

Ce |:_1/3_,3w’ I/S_ﬂwi|-

o o

The constants Cy, C3, C4, Cs depend only on k| and ky and the constant C;
depends only on k1, k3, u, h, Q and .

Proof. Assume f is not injective, then there are two points x, y € Q, x # y, such
that f(y, C,w) = f(x, C, w). We first prove that this implies that « in (2.16) is
not zero (independently of C; > 0 to be chosen later). In fact, if « = 0, then e is
constant and L p,, = 0. This means the emanating rays are parallel and u is a plane
with normal v. Therefore, u refracts all rays into a fixed unit direction m. Since
fx,C,w)= f(y,C,w), we obtain

(p(x) — o), u(p(x)) —u(p(y)) = (dx,C,w) —d(y,C,w))m.

Sincex # y,fromLemma2.4 ¢(x) # ¢(y),sod(x, C,w) # d(y, C, w). Since the
graph of u is planar, dotting the last identity with v, yields m - v = 0, a contradiction
with the Snell law since x; > 1. Therefore, if there are self-intersections, then

o # 0.



358 CRISTIAN E. GUTIERREZ & AHMAD SABRA

On the other hand,

@), u(e(y))) — (¢x), ulp)| = ld(y, C, wym(y) —d(x, C, wym(x)|
E |d(y’ Cv w) - d(x’ Cv w)|
+d(x, C, w)|m(y) —m(x)]
=1+11

To estimate I, we use Proposition 2.1. To estimate 7/, we have from (2.9), (2.10),
(2.11), and since g(x) > x1(1 — k2), that

1
dx,C,w) < —— (IC| + C(k1, k2, u, h, 2, Q). (2.18)
k1(1 —«2)

From Lemma 2.3, we have
[m(x) —m(y)| < Ci(k1) le(x) —e(y)| + Ca(k1) |Dulp(x)) — Du(p(y))l,

then

Il < |Cl 4+ C k1, k2, u, b, 2, 2)) (Ci(k1) le(x) — e(y)]

1
k11 = «2) (
+Ca(x1) [Du(p(x)) — Du(p(y))) .

Combining the estimates for / and /] we obtain

[(@(y), u(p(y))) — (@x), u(p(x)))]
<[C1IC] +Ca] (le(x) — e(y)]
+[Du(p(x)) — Du(p(y)))

+C3lle’ Iz @) 1x — vl

+Cs <I§1€a§ le'(z) — k1K2 w/|> lp(y) — @(x)]
+ Cs [u(p(y)) — ul(p(x))]. (2.19)

Since (2.12) and (2.14) hold, then by Lemma 2.4 we get (2.15), replacing in (2.19)
we obtain

1/3 <[Ci|C|+Ca]l (Le + 3 Lpu) + C3ll€ |l L=(@)

+3C (mag( le’(z) — k1Ko w’l) +3Cs5 Ly, (2.20)
€

which reads
1/3 <a|C|+ By.

IfL,, Lpy. ll€'|| L), max;cq |€’(z) —k1k2 w'|, and L, are chosen sufficiently
small so that

Bw < 1/3,
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then from (2.20), f(x, C, w) = f(y, C, w) with x # y implies

1/3 — By
|C|>i_
o

1/3 —
Therefore, if |C| < M the surface oc,,, cannot have self intersections.
o
Recall that when C > C*, with C* given in (2.4), d(x, C, w) > 0. By choosing,
if needed so, L, Lpy, |l€/|| Lo (@), max eq |€'(z) — ki1k2 w'|, and L, even smaller
than before, we have C* < —Pu .
o

In conclusion, if we pick C > C* and C €

1/3— By 1/3— ﬁw:|
— , , then

(07 (07
d(x,C,w) > 0 and the surface f(x, C, w) is injective in 2. 0O

3. Discussion About the Singular Points of f

We say that a surface parametrized by a function f(x), x = (x1, x3), is regular
at a point y if fy, x fy, # 0 aty. That is, at each regular point the surface has a
normal vector. Otherwise, y is a singular point.

It is proved in [13] that if a lens sandwiched between the lower surface u and
the upper surface f, refracts all rays with direction e(x) into the direction w, and
f 1is a regular surface at each point, then the upper surface is parametrized by
f(x,Cow) = (px), u(px))) +d(x, C, w)ym(x) with d(x, C, w) given by (2.3).
In general, such a parametrization might lead to a surface having singular points and
therefore at those points there cannot be refraction since the normal is not defined.

The purpose of this section is to show that under appropriate assumptions on
u and for a range of values of the constant C, that parametrization indeed leads to
a regular surface and therefore the lens sandwiched by u and f(x, C, w) refracts
each ray emanating from x with direction e(x) into the direction w.

To simplify the notation in this section we write f(x) instead of f(x, C, w)
and d(x) instead of d(x, C, w). Let us first define

fx| (x) - fx1 (x) fx1 (x) - fxz(x)>

M) = (fxz(x) S () fro(X) - fro (%)

and recall that

| £y () X for O = | ey O | foo O = (fr () - fir (1)) = det M ().

3.1. Case of a General Field e(x)

We consider the unit incident field e(x) = (e1(x), e2(x), e3(x)) withez(x) > 0.
The upper face of the lens is parametrized by

J @) = (px), u(p(x))) +d(x) m(x) = v(x) +d(x) m(x)

where ¢ (x) = (¢1(x), 92(x)); x = (x1, x2);recall f(x) = f(x,C,w)andd(x) =
d(x, C, w) given in (2.3). Assume C > C*, where C* is given by (2.4).
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The goal is to find conditions so that a given point y is a regular point of the
surface described by f, i.e., | fy,(y) X fx,(y)| > 0. This is the contents of the
following theorem.

Theorem 3.1. Suppose curl ¢’ = 0, u is concave at y, and y is a regular point for
the surface v(x) = (¢(x), u(p(x))). If the matrix

W .= (exi Uy, ey 'Uxi)ij >0atx =y, 3.1

then y is a regular point for the surface f(x) = v(x) + d(x) m(x). In particular,
if ¢/ = Dh and h is convex at y, then y is a regular point for f.

Proof. We have f,, = vy, + dy, m + d m,,. Since m(x) is a unit vector,
fai+ fr; = Ux - Ux, + Aij + Bij + dydy, +dmy, - my, (3.2)
where

Aij =dy,m - vy +dx;m vy, Bij =dmy; - vy, +dmy; - vy

i

1
We have v - vy, = 0and so by (2.1) m - vy, = — e - vy,. Hence
K1

1
Uy; * v)C,' + Aij+dX[dx/‘ :v)C[ . vx,-+_ (dx; e - vx/ +dx/ e - vxi)+dx;dx/
) ) ; K ; ) )

1 vxi UXj
=|1— =) vy v+ +dye) (=L +dye).
Kl : K1 K1

Vy:
Setg; = — + dy,; e, then the matrix (g; - g;);; = 0 at each point. Since y is aregu-
K1

lar point for v, then the matrix (vy; - vx;) > Oat y.Itis clear that (d my, - mxj)l.j is

positive semi definite. Therefore, the matrix (Ux,- “ Uy, +A;j+dy, dxj +d? My - mxj)

i
ij
is positive definite at y.
We shall prove that if u is concave and (3.1) holds, then the matrix (B;;) is
positive semi-definite. Since m,, = — (ex[. — Ay V—A Vx,-) and v - Uy, = 0, it
K1
follows that 1

Vg, = — (e - vy — Ay - Ux;) (3.3)

My, = Vy; p

i

We calculate vy, - Uy First notice that
{ (—Du(p). 1) }
Vy, =\ T ——
V1+|Du(p)|? X

1
=l (—Du@.1
{\/1 + [ Du(p)|? L( "D

1

T i pagR i @) e D@95 0)
ule
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1
={———= (—Du(p), 1)
{\/1 + Du@)P }
1 2
+ ————(—D"u(p)py;. 0). (3.4)
V1+|Du(p)|?

Therefore
1

V1 + [Du@)?

Let us analyze the definiteness of matrix H := (¢ = D?u(¢)gy,)

Vi, Uy = (@x;. Du(@) - @x) vy = — - D*u(g)gy,. (3.5)

i Since u is C2,

D?u is symmetric and so H is symmetric. To simplify the writing let 7; = ©x;
7,_',' = (‘L’,’,O), i = 1, 2, and

uyp up 0
D2u=|uy wuxpy O
0 0 1

Notice that
¢x, - D2u(p)gx, = 1 - D2u(p)yy = 7 - D2u ;.
Then
det H = det (f.,' .Efi) = () x ©) - (Efl x ﬂﬁ)

by the Cauchy-Binet formula for the cross product. Next
T1 X Tp = det (Tl) k,
™

D7 = ((Dzu) 1, o) . Dl = ((Dzu) 1, o) ,

and since

we get

2
- - (D u) 7 _ 2 T
D*uty x D“u 1t = det ((Dzu) Tz) k = det(D“u) det (Tz) k.

Therefore

2
det H = det(D?u) |:det <2>} .

Also trace H = 11 - D*ut) + 12 - D?>u1). Since u is concave at y, we obtain
det H > 0 and trace H < 0, so H < 0 at y since H is symmetric. From (3.5)
and since A < 0, it follows that the symmetric matrix (—A Uy - vxi)ij is positive
semi-definite at y. From (3.3) and (3.1) we conclude that

i

Bi; =dmy “ Uy +dmxj * Uy,
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d
= E (ex,- “Ux; T ey Uy — A (vxl. Uy, vy, 'Ux,-))

is positive semi-definite at y as desired. Thus, from (3.2) the matrix (f; - fx;)ij is
positive definite at x = y because it is written as the sum of the positive definite

matrix <<1 — é) Uy; vxj> plus a positive semi-definite matrix.
Finally, let u; analyze conéljition (3.1). We have
v(x) = (¢(x), u(p(x))) = (x,0) + pe(x),
$0vy; = (x,0)x; + px; €+ pex; and
v, -, = (%, 0), - ex, + o, €€+ Py -ex,=(x, 0y, e +pe, -ex. (3.6)

Hence

|:vx1 * €y Uxy * exl] _ |:(el)x1 (62)x1] 4o |:ex1 *€xy €xy ° exz]

Uyxy * €xy Uxp * €x, (el)xz (32)x2 €xy " €xy €xy " €Exy

Since curl ¢’ = 0, i.e., (e1)x, = (€2)x,, the matrix (e, - vxj),-j is symmetric and so
W =2(ey - vy;) i Thus,

i

det W = 4 det |:vx1 “en U 'exz] =4 (Ux1 X sz) ’ (ex1 X €x2) s

Uxy " €x; Uxy * €xy

by Cauchy-Binet’s formula. Since e3 = /1 — e% — e%,

1 (e1)r; (e2)
€x X ey, = — det ! 1 e.
i 2 e3 |:(€] )xz (82))62
Also, since vy, = (¢y;, Du(p) - ¢y,), by calculation,

(‘Pl)xl (¢2)XI] V.

Uy, X Uy, = /1 + | Duf? det
X1 X2 | | |:((,01)x2 (02)x,

Therefore, (3.1) is equivalent to

/ 2
detW =4 M det |:(‘P])X| (§02)x1] det |:(€1)x1 (62)x1:| (e-v)
e3 (‘Pl)xz (§02)xz (el)xz (62))62
>0 atx =y, 3.7
and
trace W =2 (vy, - €y, + Vx, - €xy) (3.8)

=2 ((el)xl + (82))62 +p (Exl *€xg + €xy ° €x2))

u(p(x))
=2 <hX1X1 + hyyxy + % (ex1 “ey, + ey, .ex2)> >0 atx =y,
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where ¢’ = (eq, e2) = Dh; recall that here Du is calculated at ¢(y), v is the normal
to u at (¢(y), u(¢(y))), and e; are calculated at y.

a
We will simplify (3.7). We first write det (8—('0) (using the notation at the end
X

of paper) in terms of u and Du. Since (¢(x), u (¢(x))) = (x,0) + pe(x), p(x)
satisfies the equation

x+u(<p( x)) J0) = o(x).
e3(x)
Let
u(z)
F(x,z) = —z
(x,2) =x+ a0) e(x)—z
with x = (x1,x2) and z = (z1, z2). We have L + Duz) ® & @) nd
, 9z e3(x)
E =1d +u(z) G /63). By assumption e - v > 0, and
ox 0x
1
V= ——o- (—Du(p) - €'(x) + e3(x)) .
o’ 1+|Du(qo)|2( up)- €@+ es()

oF
By Sherman-Morrison’s formula [24], det —(x, ¢(x)) = det (Id — Du(p(x))

® ¢ (x)) _1_° ) - Du(p(x)) = 1 + |Du(p)|?e - v # 0 and therefore

; Fe3 (x) e3(x)
B—(x, ¢(x)) is invertible. Since F(x, <p(x)) = 0, we then get
z

2= (e )1 o
ox = — 9z (x,gox) 8x(x,¢(x)
, —1
_ <Id— Du(p(x)) ® < (x)) (1d+u(<p<x)> o/ 63)( >)
e3(x)
and so
dot 29 _ ! det(ld—l—u((p( ) e /63)()>

1
0x L /¥ Dug)Pe-v
e3

So (3.7) can be written as

det W = 4 det <1d + ) 2 / q)( )) det (2—6()6)) >0 atx=y.
X
(3.9)

. N .
Notice that since 3y 18 symmetric,
X

a(e'/e3) 1 a¢ 1,, 5o
Ix ez 8x+e§(e®e)8x'
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. 1 [ae _
In fact, since e - ex; = 0, we have ije3 = —— <8—e/> . Hence ij (ei e 1) =
e3 X j

8 /
(3x;€i) ey —e e;zaxjeg = (0x, i) ;' tete (ie’) and the formula fol-
J
lows. Therefore (3.9) reads

de 9e' 2 9¢' 3¢’
det W = 4 det —8+M og¢ +M((P(X))_6(e/®e/)_e > 0.
0x e3 ox eg Ix 9x
(3.10)

Since ¢’ = Dh, (3.10) reads

u(p(x)) (Dzh>2 + ”((p_gx))z)zh(Dh ® Dh)D2h>
€3

det W = 4 det (Dzh +
e

>0 atx =y,

and if & convex at y this clearly holds and also (3.8). This completes the proof of
the theorem. O

3.2. Collimated Case: e(x) = e3 = (0,0, 1)

The upper surface of the lens is parametrized by f(x) = (x, u(x))+d(x) m(x),
where from (2.3)

d(x) = d(x, C,w) = <= (513 :;‘1‘:225.)"’1(&’)”()6)). (3.11)

Since weneedd(x) > Oforx € 2, C mustbe suchthat C > max,cq{(e3—ki1x2 w)-
(x, u(x))}. Since the incident field is now explicit, we obtain more information than
in Theorem 3.1 for points where u is not necessarily concave.

Theorem 3.2. Assume the parametrization f(x) = (x, u(x)) + d(x) m(x) where
d(x) is given by (3.11), C > maxyeq{(ez — k12 w) - (x, u(x))}, and u(y) =
maximum eigenvalue of D*u(y). If

(D) pu(y) <0, or
(2) u(y) > 0 and

- k(1 = k2)y/1 + [Du(y)|?

ONITE!

C

+ )rfl’leisrzl{(€3 — K1k w) - (x, u(x))},

then y is a regular point for f.

Proof. The first part of the theorem follows immediately from Theorem 3.1 since
W =0.
As before letting v(x) = (x, u(x)), we first find explicit expressions for the

1
terms in (3.2) that will lead to formula (3.24). From (2.1), m(x) = —(e3 — A(x)
K1
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(—=Du(x), 1)
V14 Du(x))?’
(x,u(x)), and A(x) = e3-v — \/Klz — 1+ (e3 - v)2. Since vy, is tangent to the
graph of u at (x, u(x)), v- (1,0, uy,) =0,

v(x)) with v(x) = the outer unit normal to the graph of u at

1
m- vy, = Euxi (x), i=1,2. (3.12)

Since |v| = 1, then v - vy, = 0 and therefore

1
My s, = 3 (b 2y + 2200 (3.13)
1
From (3.4)
—Du D by L (“Duy,.0) (3.14)
Vy = ——— —————(—Duy,;, 0). )
(1+ |Du?)™? V1+ [Dul?

So from (3.3)

)Vuxj-x,-
My, = ——— |
N T 1+ [ Dul?

Replacing (3.12), (3.13), (3.15), in the formulas for fy, - fy; the matrix M =
(fx: - fx;)ij can be written as follows:

Uy (3.15)

2d X

k1y/ 1+ |Du|?

1
M =1d+ Du® Du+ — (Du® Dd + Dd ® Du) + D%u + Dd ® Dd
K1

2
+ = d (DA ® D). + 22 (v’” Vxr Y v”))

Kl Vxp Vxp Vxp " Vo

2
1
=1Id+ Du®Du+< Du+Dd>®<—Du+Dd>
Kl K1
2d A d?
+ —————=D"u 2£
k1v/1+ |Dul? I

where

£ = D) ® Di+ 32 (”"1 "Va Y '”“).

Vy; * Vxy Vxy * Uy

We next calculate £ by calculating first DA ® DA. Notice that

2 2 1_K12
A=e3-v—,/kf — 1+ (e3-v)* = = ¢y, (e3-V),
e3- v+ ki — 1+ (e3-v)2
with
1 —«?
i (1) = ; (3.16)

t+ VK2 — 1412
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and
b, (1) = 1 b (1) (3.17)
“ Vi — 142 .
Then
A ( )x; Py ) : ! A
;= e3 - V)y; ez V) =—
X, Xi Py \/1+|Du|2 x-\/K2—1+ 1
! 1+ |Du|?
_ Du- Duy, V14 |Dul? " Du - Duy,
- 2V3/2 - d
(14 [Dul?)3/ \/(Klz—l)(l+|Du|2)+1 (1+|Du|2)«/z
with
A =k} + (k} = 1| Dul?. (3.18)
Hence
22
DA ® DA = m ((DM . Dlxtxl, Du - Dux2)
®(Du - Duy,, Du - DuXZ))
Notice that (Du - Duy,, Du - Du,,) = D*u(Du), and
(D*uDu) ® (D*uDu) = (D*>uDu)(D*uDu) = D*>uDu(Du)' (D*u)'
= D*u(Du ® Du)D*u.
We conclude that
2
DAQ D)= —————D*u(Du ® Du)D> 3.19
® A+ [DuP)? u(Du ® Du)D“u ( )
We next calculate the matrix v = (U’” "Vxr Ya sz)' From (3.14)
Vx, * Vxy Vxy * Vo
—Du - Duy, (—Du. 1) + 1 D 0)
vy, vy, = [ ———35 (=Du, ——(—Duy,,
C N+ D) Jixap
_Du.Duxj —Du. 1)+ 1 (—D 0)
N\ ———55 Dy, ————(—Duy;,
(1+ 1Du2)*? Ji+ b
_ (Du . Duxi) (Du . Duxj) B 2(Du . Dux,.) (Du . Duxj) Duy; - Duy;
(1 +1Duf?)? (14 1Dul?)? I+ |Dul?
Duy, ‘Duxj (Du~Duxi)(Du-Duxj)
T 1+ |Dul? (1 + |Dul?)? ’
Hence 5
D?u D*u(Du ® Du)D?
y (D) u(Du ® Du)D7u. (3.20)

1-i-|Dl/t|2 B (1+|Du|2)2
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By (3.19) and (3.20), we obtain

2
2
M (D ") D%u(Du ® Du)D>
CziDzu(Du@)Du)Dzu-{-)ﬂ 32 u(Du ® Du)D“u

A (1 +1Dul2)? L+ |Du (1+ |Duf2)?

2
2
_2 (D ”) <I—A> D?u(Du ® Du)D?u
1 + |Dul? A (l+|Du|2)2

Notice that from (3.18)

l—A=1- <K12 W - 1)|Du|2) — —? = (1 + |Dul?),

SO

22 5 K12—l 2
L=———-Du|ld - Du ® Du | D*u. (3.21)
1+ |Dul? A

Define

K12—l
R=1d -

Du ® Du.

Replacing (3.21) in the formula for M yields

2
—1 1 1
M =1d+ "2 Du®Du+<K—Du+Dd>®<K—Du+Dd>
K7 1 1
2d ) d*? ) )
D D%u R D*u. (3.22)

4+ D4 —5—
k1v/1+ |Du|? ! «? (1 + |Dul?)

Notice that R is invertible. In fact, by the Sherman-Morrison formula [24],

(k{ —D)Du-Du  A—(k{ — D|Dul* &}

detR=1-— = — >0,
A A A
and
K —
1
Du ® Du 21
R'=1d+—2— =14+~ —DuDu. (3.23)
“i “i
A

Hence M becomes

2d A\

k1+/1 4+ |Dul?

1 1
M=R '+ (—Du + Dd) ® <—Du + Dd) +
K1 K1

d’»? | 5 \2
b ()
«7 (1+ |Dul?)

R (RD2u>
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We conclude that

2
M <1D +Dd>®<1D +Dd>+R—1 Id + d RD?
= — DU — DU E— u
K1 K1 k1y/1 4+ |Dul?
(3.24)

2
ki —1

with R = Id — Du ® Du, and R~ given by (3.23).

The point y is a regular point for the surface parametrized by the vector f if
and only if det M (y) # 0. We find sufficient conditions so that det M # 0.
It is easy to check that if v is a function of two variables, then Dv ® Dv is
symmetric positive semi-definite with eigenvalues 0 and |Dv|?, and so det Dv ®
1 1
Dv = 0. Hence (—Du + Dd) ® (—Du + Dd) is symmetric positive semi-
K1 K1
definite with determinant 0. Also R and R~! are symmetric positive definite. Let

2 2
H=R'|1d+ d RD? R '+ dr D?
= —_— u = E— u .
K14/ 1+ |Dul? K14/ 1+ |Dul?

Since M is symmetric, from (3.24) H is symmetric. Since B = R~!
dx

_l’_ —

k1+/ 1+ |Dul?
Since R is symmetric and positive definite we get that H is positive semi-definite.?
Therefore by (3.24) and the concavity of the det function on positive semi-definite
matrices we deduce

1 1

det M > det |:<—Du + Dd) ® (—Du + Dd)i|
K1 K1

2
tdet| R (1a+ — T rp
K14/ 1 + |Dul?
2
= det (R_l) det | Id + d—)\RDzu
k11 + |Dul?

2
dh
=det (R7") (detR)*> [det | R~ + ————_Du
( ) k1 1+ |Dul?

D?u is symmetric, B? is symmetric and positive semi-definite.

2 We use here that if A, B are symmetric, positive semi-definite and AB is symmetric,
then A B is positive semi-definite.
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To prove the second part of the theorem, suppose y is a singular point for f. So

dx
det M(y) = 0, and then det R4 ———  _p¥y|=0at y. Hence there
k141 + |Dul?
exists a unit vector v such that (R™'v + ——————(D%u)v, v) =0at y, so

11+ | Du|?
dh

——((Dzu)v, v) = (Rflv, v) aty.
K14/ 1 + |Dul?

K12 —1

“

|lv]| = 1. On the other hand, since (D?u(y) v, v) < w(y), it follows that

_ dyAD) ) > 1.

1@y =
k1y/1+ |Du(y)?

Recall that A = ¢, (e3 - v), and ¢y, (¢) is increasing for ¢ > 0, where ¢, given in
(3.16). Since 0 < e3 - v < 1, ¢, (0) < A < ¢, (1), 1e.,

—,/Klz—lfkfl—lq.

/ 2
ki —1
K1y 1+ |Du(y)?
ki V14 [Du(y)P?

d(y) > (3.25)
ONITE!

By (3.23), the eigenvalues of R~! are 1 and 1+ |Du(y)|>.Hence (R~ v, v) >

Hence

d(y) u(y) > 1,

and therefore

when f has a singular point at y. By (3.11) we then have

C —minyeq{(ez — k1x2 w) - (x, u(x))}
K1 — K1K2 ’

dx,C,w) <

So if f has a singular point at y, then from (3.25) we obtain

o= U —r)VI+[Du)P

n(y)y k3 =1

+ ;Iéigzl{(q — K1k w) - (x, u(x))}. (3.26)

This completes the proof of the theorem. O

Corollary 3.3. Let

{y:u(y)>0}

k(1 = Kk2)y/1+ [Du(y)|?

p(y)y/et =1
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(if {y : u(y) > 0} =0, then y = 400) and suppose that

r;leaé{(ea —Kikow) - (x,u(x))} < 323{(63 —Kkikow) - (x,ux)}+y. (3.27)

If

r;leaé{(% —Kkikow) - (x,ux))} < C < xmeig{(@ — K1k w) - (x, u(x))} + vy,

then the upper surface of the lens f(x) = (x, u(x)) +d(x) m(x) is regular at each
X.

4. Lenses Refracting a Field ¢ into a Target Q*

We are given the source §2 a bounded convex region in R?, and the far field target
Q*, a closed subset of S2. The incident unit field e(x) = (¢/(x), e3(x)) is given so
thate3(x) > 8 > 0, forevery x € Q,and ¢’ = Dh where hisa C 2 convex function
in Q. Q* and e are such that condition (2.2) is satisfied for every x € Qand w € Q*.
The lower face of the lens is given by the graph of a C* concave function u in &’
as at the beginning of Section 2. Further, we assume that L., Lpy, Ly, ||€'||L~,
MaX, 6 = (', wy)eQ* le’ — k1Ko w’| are small enough so that (2.12), and (2.14) are

1/3—8

satisfied, B, < 1/3 and C* < Y for every w € Q*, where C*, «, and

o
B are defined respectively in (2.4), (2.16), and (2.17). We set B = maxyeo* Bu,
1/3—-8

. Theorems 2.5 and
1/3 —

oc.w parametrized by the vector f(x, C, w) = (¢(x), u((p(x)))+oc[1(x, C,w)ym(x),
with m and d given respectively in (2.1) and (2.3), has no self-intersections and
is regular at every point. Moreover, the lens enclosed between u and o¢ ,, refracts
uniformly the field e into w. We use these uniformly refractive surfaces to construct
a lens with lower face u and upper face o that refracts all rays emitted from (x, 0)
with direction e(x) into the far field target Q*. o is parametrized by the vector
F(x) = (px), u(p(x))) + D(x) m(x) where D is constructed so that for every
point x € €2, o is supported from above at F'(x) by a uniformly refractive surface
oc.w» With some w € Q*. More precisely, we have the following definition:

1/3 —
Definition 4.1. Let0 < ¢ < u

a
by F(x) = (p(x), u(p(x))) + D(x) m(x), yields a lens refracting 2 into Q* if for
1/3-8

each xo € Q there exists w € Q* and C, with C > C* + ¢ and IC| < s

o
such that the surface oc,,, supports o at F(xp), i.e., D(x) < d(x, C, w) for every
x, with equality at x = xo. We also define the corresponding normal map of o

by compactness of Q2*, we have § < 1/3 and C* <

3.1 imply that for every w € Q*, and C > C* with |C| < '3, the surface

—C*. We say that the surface o, parametrized




Freeform Lens Design for Far Field Scattering Data 371

Ny (xo) = {w € Q" : there exists C > C* + ¢, |C|

/3-8
o

< such that o¢ ,, supports o at xo} s

and the tracing map 7o (w) = {x € Q: w € NG (x)}.

We show in the following theorem that the surfaces o given parametrically by
Definition 4.1 have no self-intersections and have a normal vector at almost every
point. This will follow from the conditions on the constant C and that « is concave
and ¢’ = Dh with h convex.

Theorem 4.2. Let o be a surface given by Definition 4.1 and let N = {x € Q :
D is not differentiable at x}. Then:

(1) o has no self-intersections;

@) IN|=0;

(3) If y € Q\N, then F is regular at y, i.e., 0 has a normal at y;

4) If y € Q\N, then N, (y) is a singleton and the ray emitted from y with direction
e(y) is refracted by the lens enclosed by u and o into Ny (y).

To show the theorem, we first prove the following lemma:

Lemma 4.3. Suppose o, parametrized by F(x) = (¢(x), u(¢(x))) + D(x) m(x),
vields a lens in the sense of Definition 4.1 that refracts 2 into Q*. Then:

(1) D is a Lipschitz continuous function,
(2) F is Lipschitz,

where the Lipschitz constants are bounded uniformly by a constant depending only

one, h,u, 2, ', and Q*.

Proof. Let x,y € , and w; € Ny (x), then there exists C; > C* + ¢ and
1/3 —

IC1] < "

d(x,Cy, wy),and D(y) < d(y, C1, wy). By the second part of Proposition 2.1

suchthatoc, 4, supports o from above at F'(x). Therefore D(x) =

D(y) = D(x) =d(y, Cr, wy) —d(x, C, wy) = (A1|C1| + A2)|x — |

1/3 —
§<A1 /a ﬂ+A2>|x—y| = Alx — yl,

where A, A1, Aj are constants independent of x, y, and depending onlyone, 4, u, €2,
@/, and Q*. Switching the roles of x and y we conclude that D is Lipschitz.

To prove the second part of the lemma, we use the above estimate for D,
Lemma 2.3, and inequalities (2.13), (2.18), and obtain the following:

[F(x) — F(I = (@), u(p(x))) — (@), u(p(y))|
+ | D(x)m(x) — D(y)m(y)]
< le(x) — oM + u(px)) — u(p(y))l
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+ D) Im(x) —m(y)| + Dx) = Dy)||m(y)l

1 —
/3 /3+Bz>|x—)’|
0%

< (B1|Ci|+ B)|x — y| < <Bl
= Blx — yl,
where B, By, B; are constants independent of x and y. O

Proof of Theorem 4.2. The proof of (2) follows from Lemma4.3, and Rademacher
theorem.

To prove (1) we proceed by contradiction. Assume that F is not injective, then
there exist x # y such that F(x) = F(y). Without loss of generality, suppose
D(y) = D(x) and let oc, ,,, be a uniformly refractive surface supporting o at

- 1/3 —
F(x) withw; € Q*, Cy > C*+¢,and |Cy]| < / 'B.Then
o

(@), u(p(y))) — (9 (x), u(p(x)))| = [Dx)m(x) — D(y)m(y)|
= D(x)|m(x) —m(y)|
+ D(x) = D)[m(y)]
=d(x, Cr,wi)|m(x) —m(y)|
+ D(y) — D(x).

Using the fact that D(y) — D(x) < d(y, C1, wy) —d(x, C1, wy), and the estimates
of I and 11 in the proof of Theorem 2.5, we get that

[(p(y) — p(x), u(p(y)) — ule(x))| < (@|Ci| + Buw)lx — yl.

with «, and B, defined in (2.16), and (2.17). Therefore, by (2.15), 1/3 < a|C1|+
Buw,, and hence

L

> , which is a contradiction.
o

We next prove (3). Recall that F regular at y means that Fy, (y) x Fx,(y) # 0.
Let oc  be a supporting surface to o at F(y). We claim that if y € Q\N then
VD(y) = Vd(y, C, w) (here to avoid confusion we use V to denote the gradient).
In fact, since D and d (-, C, w) are differentiable at y, and D(x) < d(x, C, w) for
every x € , then by Taylor’s theorem,

VD(y) - (x = y)+o(lx —y)) = Vd(y,C,w) - (x = y) +o(lx — y],
For t > 0 small enough, we have x = y + v € Q for every v with |v| = 1. Then
tVD(y)-v+o(t) <tVd(y,C,w) - v+ o(1).

Dividing by T and letting T — 07 we get VD(y) - v < Vd(y, C, w) - v for every
v € S2, and the claim follows. Therefore

Fxl(y) X sz()’) = fxl(y7 C’ UJ) X fxz(% C’ LU),



Freeform Lens Design for Far Field Scattering Data 373

where f(x, C, w) = (¢p(x), u(¢p(x))) +d(x, C, w) m(x). Since h is convex, and u
is concave at y then Theorem 3.1 implies that

fa (v, Cow) X fr,(y, C,w) #0,

and so y is a regular point for F.

Proof of (4). We have y € Q\N, and by part (3) of the theorem, y is a reg-
ular point for F. Assume there exist wi, wy € Ny (y), and let o¢, w,» 0C,.wo
be two supporting surfaces to o at F'(y). Let vg, Ve, w;» VCy,w, be the unit nor-
mals to o, o¢;,w;, 0C,,w, at y, respectively, towards medium n3. By Snell’s law at
f(y,Cy,wy) and f(y, Ca, wo), we have

m(y) —iowi = Acyuw Vepw s M(Y) — K2W2 = ACyun VCy wy s
with Ac; w; = G, M (y) - ve; w; (), i = 1,2, where ¢, as defined in (3.16), and
the incident direction m(y) is given by (2.1). From the proof of Part (3) we have
Fxl()’) X sz()’) = fxl(y, Cla wl) X fxz(ya Cl’ U)])
= fJC] (y’ C25 w2) X fxz(ya C27 w2) # 0

Then vy (y) = vey,w, (¥) = vey,w, (), and therefore Ac, w, = Ac,,uw,, and hence
w1 = wy, which ends the proof of Part (4). O

Remark 4.4. If y € Q\N, then from part (4) of the theorem, there exists a unique
1/3—-p

w € Ny (y). Will show also that there is a unique C > C* + ¢ and |C| <

o
such that o¢ ,, support o at F'(y). In fact, assume there exist Cy, C; such that o,
and o,y supports o at F(y). Then

D(y) =d(y, C1,wy) =d(y, C2, wy),
and from (2.3) we get C1 = C».

4.1. The Refractor Measure

Let 7 € L' () with Z > 0. The energy received on a set E C Q* is given by

/ Z(x)dx 4.1)
75 (E)

where 7 is the tracing map from Definition 4.1. We prove in this section that (4.1)
is well defined for each E Borel subset of Q* and is a finite measure on Q* which
will be called the refractor measure and denoted by i .

Proposition 4.5. I[f A, B C Q* with AN B = {, then |1, (A) N7, (B)| = 0.

Proof. Let N be the set from Theorem 4.2. Since A and B are disjoints, by Theo-
rem 4.2(4)

T5(A) NT,(B) C {x € Q: N (x) is not single valued} € N U 9<2.

The conclusion then follows since |N| = 0 by Theorem 4.2(2), and that [02] = 0
because Q2 is convex. 0O
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We define the set S, = {E C Q* : 7, (FE) is Lebesgue measurable}.
Proposition 4.6. S, contains all closed subsets of Q2*.

Proof. We show that 7, (E) is compact for each E closed subset of Q*. Let x,
be a sequence in 7, (E) converging to xo, i.e., there exists oc, y,, With w, € E,
C, > C*+¢eand|C,| < (1/3 — B)/a supporting o at F(x,). Then there exist a
subsequence {n} such that w,, and C,,, converges to wg and Cy, respectively. Since
E is closed, wy € E and we also have Cy > C* + ¢ and |Cy| < (1/3 — B)/a. We
prove that xg € 75 (wo). In fact D(x) < d(x, Cy,, wy,) With equality at x = xp,.
Letting k — 00, we get D(x) < d(x, Co, wg) with equality for x = x¢. Therefore
75 (E) is compact and hence E € S,. O

Lemma 4.7. S, is closed under complements.

Proof. If E € S,, then the set 7, (E€) = (75 (E))° U (75 (E) N1, (EF)) is mea-
surable from Proposition 4.5. O

We then conclude the following:

Theorem 4.8. For each refractor o in the sense of Definition 4.1, the class Sy is
a Borel sigma-algebra of Q*. If T is nonnegative and T € L'(Q), then . (E) =
f% (E) Z(x)dx is a finite Borel measure on Q*.

We end this section by showing the following stability result:

Proposition 4.9. Let 0, be a sequence of refractors from Q to Q* parametrized by
the vector

Fu(x) = (¢(x), u(p(x))) + Dn(x) m(x),

such that D, (x) — D(x) point-wise in Q. Let o be the surface parametrized by
F(x) = (¢(x), u(p(x))) + D(x) m(x), then
(1) o is a refractor from Q to Q* in the sense of Definition 4.1;

(2) un — n weakly, where |1, and | are the refractor measures associated to F,
and F.

Proof. Let xo €  and w, € Nj, (x0). There exists C, > C* + ¢ with [C,| <
(1/3 — B)/a such that

D,(x) <d(x,Cp, wy)

with equality at x = xp. There exists a subsequence C,, and w,, converging to
Co and wo, respectively, with wg € Q*. Since d(x, Cy,, wy,) — d(x, Co, wo),
D(x) < d(x, Cy, wo) with equality at x = xg, and Cyp > C* + ¢, |Co| < (1/3 —
B)/a. This shows that o, v, supports o at F'(xg), and part (1) is then proved.

We now prove (2). Let N be the set of all points where D, and {D,} with
n = 1, ... are not differentiable. By Theorem 4.2(4), /\/'gn,/\/'g are single valued
forx € Q\Z\?, and by Theorem 4.2(2) |1\A/| = 0. Then for every h € C(Q2%),

/: hdu,,:/_ Ah(Ngn(x))I(x)dx.
Q Q\N
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It remains to show that Ny, (x) — Ny (x) for x € Q\N. In fact, let wo = N, (x)
and w, = N, (x). From the proof of (1), every subsequence wy, of w, has a
sub-subsequence converging to an element of AV, (x), and hence to wg. O

5. The Energy Problem

In this section, we are given a non-negative function Z in LY(), and a Radon
measure 7 in Q%, that satisfy the following conservation of energy condition:

/ Z(x)dx = n(Q*). 5.1
Q

As in Section 4, we assume that e3(x) > 6 > 0 for every x € Q, and ¢ = Dh
where h is a C2 convex function. Also Q* and e are such that (2.2) is satisfied.
The lower face of the lens is given by the graph of u € C? concave. The constants
Le, Ly, Lpy, |l€']L, MAX | G 1y (' w3)eQ* le’(x) — Kk1kp w'|, are chosen small
1/3 —
enough so that (2.12), and (2.14) are satisfied, 8 < 1/3 and C* < / p

o
C*, a are given in (2.4), (2.16) respectively, and B = max,,cq+ By with B, defined
in (2.17). We recall once again that all these choices are to avoid surfaces with self
intersections and singular points. The goal of this section is to construct a refractor
o from Q to Q*, in the sense of Definition 4.1, such that

, Where

o (E) =n(E),  foreach Borel set E C QF,

where 1, is the measure defined in Theorem 4.8.
Let ¢ > 0 be fixed, and define the following constants:

Ci=C"+(1+x) <2C*—<m£xh+ngnh>+£), (5.2)
C;=C"+(1+x) (CT+C*— (méxh+n}iznh)). (5.3)
We have
C;=C*"+C{+12Ci + (1 +k2) (C* - <m§xh +m§%nh>>
=C{+C" "+ K <C*—|—(1—|—K2) <2C*— (mélxh%—ménh)%—s))
+ (1 4+«2) (C*— (maxh—i—minh))
Q Q
=C{ + (1 +«2) <2C*— (méxh—f-ngnh))

+ 12 (1 + Kk2) <2C’k — (mszzlxh —l—mS%nh) + 8) .
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From (2.4), 2C* — (maxq h + ming &) > 0, and we obtain
C;>C{>Cr+e. (5.4

To show the existence of o, we require, in addition to the choices above, that «

is even smaller so that the interval |:— 13- 'B, 13- ﬂj| contains C*+e¢, CT, C3,
ie., * :

IC*+el < (1/3—pB)/a (5.5

ICT1 = (1/3=B)/a (5.6)

€3] < (173 - /e (5.7)

5.1. Existence in the Discrete Case

We are given * compact in S equipped with a discrete measure n = Zszl
8i 8w, with g1, ..., gk > 0, and
{wy, ..., wg} C QF, w; # w;j fori # j

and satisfying the conservation of energy condition

K
/ I(x)dr =) g (5.8)
Q

i=1

We define a discrete refractor o as follows. Let C; be constants such that C; >
C*+ceand |Ci| < (1/3 = B)/a, fori = 1,..., K. Consider oc; ,, the surfaces
parametrized by the vectors

Jfx, Ci,wi) = (p(x), u(p(x))) +d(x, Ci, wi) m(x)

with d(x, C;, w;) given by (2.3) and m given in (2.1). We let o be the surface
parametrized by

F(x) = (p(x), u(p(x))) + D(x) m(x),
with
D(x) = IISIll_iSan(x, Ci, w;).
o is clearly a refractor from  to * in the sense of Definition 4.1, and we identify

o with the vector (Cy, ..., Cg).
We shall prove the following theorem:

Theorem 5.1. There exist constants Cy, ...,Cg with C; > C* + ¢ and |C;| <
(1/3 — B)/a, fori =1, ..., K, such that the refractor o corresponding to (Cy,
..., Ck) satisfies

/ I(x)dx = gi, Vi<i<K
Ty (w;)

and therefore (Lo =1 = Z,K=1 8idu;-
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Proof. We establish the theorem by proving a sequence of claims.
Let

W = {(CT,Cz,u.,CK) :Ci = C*+e¢, |G
=1/3=B)/a, pe(wi) < gifori =2,..., K},
where C7 given in (5.2).

Claim 1. W # (. We prove that (C,Ca,...,Cg) € W, with C; = CE‘ for
2 <i < K where C3 givenin (5.3). We have from (5.4) that C; > C{ > C*+e¢,and

by (5.7), ICi| < 1/3a_ p

. It remains to show that pu, (w;) < g; fori =2,..., K.

By (2.9), (2.10) and the definition of C* in (2.4), we have
—C*<v(x)<C*— <mszzlxh +ms%nh) (5.9)
SO
Ci + C* — (maxgq h + ming h)
k1(1—x2)
c;—-C*
a(l—i3)

i =2,..., K. Therefore, by the definition of C; in (5.3) it follows that

d(x,C},wy) < and

d(x,C5,w;) >

d(x, C{,wy) <d(x, C5,wp), i=2,...,K.

Hence D(x) = d(x, C,wy) Aminy<j<g d(x, C5, w;) = d(x, C{, wy) for every
x € Q. Thus 7, (w;) = 75 (w;) N Ty (wy), so by Proposition 4.5, |7, (w;)| = 0 and
we get o (w;) =0 < g; forevery2 <i < K.

Claim 2. W is compact. We first prove the following lemma:

Lemma 5.2. Let (C{, C5, ..., Cx) withC! > C*+e and |C!| < (1/3—B)/a, for
i =1,...,K, and suppose (C{,C3,...,Cyg) — (C1,Ca,...,Cg) asn — oo.
Let o, and o be the corresponding refractors withD,,(x) = minj<;<k d(x, Ci", w;),
and D(x) = minj<;<g d(x, C;, w;). iy and | are the corresponding refractor
measures to o, and o. Then w(w;) = limy, oo up(w;), V1 <i < K.

Proof. Sinced(x, C, w)iscontinuous in the variable C, we getthat D, (x) — D(x)
point-wise in 2. Then by Proposition 4.9, u, — n weakly. By the weak conver-
gence w(w;) > limsup,,_, o, iy (w;). We claim that p(w;) < liminf, oo fy (w;).
Fixl <i < K_, and let G be an open set containing w; suchthat GN{wy, ..., wg} =
{w;}.Ify € Q,then y € Ule’ﬂ,n(wj) forall n and y € Uf:ﬂ}(wj). Hence
T, (G\w)) = (UK, To, (w))) N T, (G\w), and 50 [Ty, (G\w;)| = 0 by Propo-
sition 4.5. Similarly |7, (G\w;)| = 0. Therefore u,(G) = w,(w;) and u(G) =
w(w;) for all n and 1 < i < K. By the weak convergence u(w;) = u(G) <

liminf, o w, (G) = liminf,_ o w,(w;) for 1 < i < K which completes the
proof of the lemma. O
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In particular, if (C},C5,...,Ck) € Wand (C{,C5,...,Ck) — (C}, Ca,
.,Ck) as n — oo we obtain p(w;) < g for2 < i < K, thatis, (C}, C,
., Cg) € W, obtaining Claim 2.

Claim 3. For each o € W the corresponding refractor measure satisfies uo (w1) >
g1. In fact, since 7, (U{( w;) = X, by (5.8) and Proposition 4.5

g1++gK:/I(x)dx= I(x)dx
To (UK wy)
K

= I(x)dx = ) o (wj)

Z/T(w) ; o

< to(wi) + 82 +---+ gk,
and the claim follows.
Foreach2 <i < K, we define
C; =inf{C; : (C},...,Ci,...,Ck) € W}.

Let o be the refractor parametrized by the vector F x) = (p(x), ul(p(x))) +
D(x) m(x), with D(x) = d(x, C*, w) A minp<; <k d(x, C;, w;); and let /i be
its corresponding refractor measure. We will show that ¢ is the desired solution.

Claim 4. (C*,Cy, ..., C;, ..., C_‘K) € W. We first need the following lemma:

Lemma 5.3. We are given (Cy,...,Cy,...,Ck) and (C'l, el C‘g, o C~'K) such
that C; = C; for every i # £ and C; < Cy. Let o and & be the corresponding
refractors. Then T, (w;) C 75 (w;) for each i # £, where the inclusion is up to a
set of measure zero, and so

o (wi) < pg(w;), 1 #L.

Proof. WesetD(x) = minj<;<x d(x, C;, wi),andﬁ(x) =minj<;<g d(x, C‘i, w;).
Let N be the set where D is not differentiable. Fix i # £, and y € 75 (w;)\N. By
Theorem 4.2(4), and Remark 4.4, the surface oc;, ,,; supports o at y, i.e.

D(y) =d(y,Ci,w;) <d(y,Cj, wj) for all j.

For j # ¢, d(y, Cj,w;j) = d(y, Cj, w;). Since d(x, C, w) is increasing in C, we
have d(y, Cy¢, wp) < d(y, C'g, wy), then, since C; = é,-,
d(y,Ci, w;) <d(y, w;)  forall j.

Cj,
Therefore ﬁ(y) =d(y, Ci, w;),and y € T3 (w;). Hence 7o (w;)\N < T3 (w;) and
by Theorem 4.2(2) the lemma follows. O

From this monotonicity result, we obtain, as in [ 12, Corollary 4.4], the following
corollary:
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Corollary 5.4. We are given the vectors (Cll, Czl, el C}<), (C2, C%, R C%(),
(C1,Co,...,Ck), with C; = min(Cil, Ciz)for i =1,...,K. Let ui, iz, u be
their corresponding refractor measures, then

w(w;) < max {1 (w;), uo(w;)} foralll <i < K.

Now we can complete the proof of Claim 4. Since W is compact then for each
2 <i < K, the infimum in the definition of C;, is attained at some vector

vl =(C}, . C G Clyyy e CR) e WL

Let y; be the refractor measure associated with the refractor given by v’, then by
Corollary 5.4

p(w;) < max {uz(w;), ..., ug(w;)} < g fori =2,..., K.

Clailp 5. C_'i > C* + ¢ forall 2 < i < K. Without loss of generality, we assume
that C, = C* + ¢, then by (2.9) and (5.9)

Cr + v(x) _ C> + C* — (maxgq h + ming h)
glx)y k1 (1 —«2)

Cy—cC*

ki (1—«3)’

d(x, Ca,wp) =

’

d(x,C{,wy) >

and hence, by the choice of CT in (5.2),
d(x,Cf,wy) > d(x, Ca, wp) V.

Since D(x) = d(x, C*, wi) A miny<;<x d(x, C;, w;), it follows that 75 (wy) <
T5 (w2) up to a set of measure zero and therefore |75 (w1)| = 0 by Proposition 4.5.
Thus @ (wy) = 0, which contradicts Claim 3.

Claim 6. ft(w;) = g; fori = 2,..., K. Without loss of generality, assume that
f(wz) < g2. Define vy = (C7, Cy — A, C3,...,Ck), with & > 0 small and let
0, be its corresponding refractor. By Claim 5 and (5.5), for A > 0 small enough
Cy— x> C*+¢gand |C_’2 — Al < (1/3 — B)/o. From Lemma 5.2, we also have
Mo, (W) < g for A small. Moreover by Lemma 5.3 and Claim 4, o, (w;) <
(w;) < g; fori > 3. Hence v) € W contradicting the definition of Cs.

Claim 7. ft1(w;) = g1. By (5.8), and Claim 6

0= (%) — n(Q*) = (A(wr) — g1) + (L(w2) — g2) + - -+ + (A(wy) — gn)
= u(wy) — g1,

and the claim follows.

Therefore the proof of Theorem 5.1 is complete. O
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5.2. Existence for General Radon Measures 1

In this section, we show existence of Brenier type solutions to the energy prob-
lem when the measure 7 is not necessarily discrete.

Theorem 5.5. Assume a compact target Q* is equipped with a Radon measure
n satisfying (5.1). Then there exists a refractor o from Q to Q¥, in the sense of
Definition 4.1, such that

wo(E) =n(E),  forevery Borel set E C Q.

Proof. We subdivide the set Q2* into finite union of disjoint Borel sets with diameter
less than 1/2. We discard the sets of n-measure zero, and label the remaining sets
Q}, Q%, R Q}vl' Fix w}, e, w}vl so that wl.] € Qll foreachi =1,..., Ni, and
define the measure

Ni

N = Zn (Q}) (Swil.

i=1

Notice that
0 (@) = [ T a,
Q

then by Theorem 5.1, there exists a vector (CT, Czl, R C}Vl> associated to a

1/3

refractor o7 with C{ given in (5.2), Ci1 > C* + ¢, and |Cl.1| < —_ﬂ and such
o
that
Koy = M1-
o1 1s parametrized by the vector F1(x) = (¢(x), u(¢(x))) 4+ D1 (x) m(x), with

Di(x) =d(x, Cf,w{) A _min d(x,Cl w}).
2<i<N;

Next, we subdivide each set 2 11 into disjoint Borel sets of diameter less than 1 /4. We
discard the sets of n-measure zero, and relabel the remaining sets 522, Q%, e, Q%,z.
We fix w%, e, w,z\,2 so that wi2 € le foreachi = 1, ..., Np, and define the measure

No

nm = Z n (le) Swiz.

i=1
Again, notice that

2 (Q*) = /QI(x) dx,

then by Theorem 5.1, there exists a vector (C ;", C%, AU C12\/2> associated to a
1/3 —
refractor o with C given in (5.2), Cl.2 > C* +¢,and |Cl.2| < u, and such
o

that
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Moy = 12.
07 is parametrized by the vector F>(x) = (¢(x), u(e(x))) + Da(x) m(x), with

Da(x) =d(x,Cf,wd) A _min d(x, C2, w?).
2<i<N, Lt

Recursively, we subdivide the sets Q']‘fl, e, Q’;\,;ll into disjoint Borel sets with
diameter less than 1/2". We discard the sets of n-measure zero and relabel the
remaining Qf, Q7, ..., Q’Iﬁ,n. Pick wf, ..., w"Nn so that w! € Q for each i =
1,..., N,, and define the measure

N,

B

NMn = Z n (an) swl’.’-

i=1

Once again
Mn (Q*) = / Z(x)dx,
Q

and by Theorem 5.1, there exists a vector (C]" cy, ..., C?w) associated to a re-

13— 8
o

fractor o, with C} given in (5.2), C!' > C* + ¢, and |C}'| <
that

, and such

Mo, = Nn-
o, is parametrized by the vector F; (x) = (¢ (x), u(¢(x))) + D, (x) m(x), with

Dy(x) =d(x, Cy, wi) A 2min d(x, CI', w}").

<i<N,

By Lemma 4.3, the sequence D, is equicontinuous. Moreover, by (2.9) and
(5.9), forevery x € Q,C > C* +¢,and w € QF,

C + C* — (maxq h + ming h)

<dx,C,w) <
k1(1 —«2)

ki(1—«3)

Therefore, since |CI-J| < {/3-=B) afori =2,...,N;; j =1,2,..., then
the sequence D, is uniformly bounded. Therefore by Arzela-Ascoli there ex-
ists a subsequence D,, converging uniformly to some strictly positive function
D. Hence, by Proposition 4.9, the surface o parametrized by the vector F(x) =
(p(x), u(¢p(x))) + D(x) m(x), is a refractor from 2 to Q* in the sense of Defini-
tion 4.1, and e weakly. We also have that , — n weakly and n, = i, ,
hence py (E) = n(E) for every Borel set E C Q*. 0O
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6. Aleksandrov Type Solutions

Let G € LI(Q*) with G > 0. The purpose of this section is to construct
Aleksandrov type solutions to the energy problem described in Section 5. Given a
set E C Q* measurable we shall first show that the set function given by

/ G(x)dx 6.1)
No (E)

is a Borel measure in Q*, where N, is the normal mapping from Definition 4.1;
and next compare this notion with the Brenier definition (4.1).

6.1. Legendre Type Transform

Suppose the upper surface o of the lens we are seeking is parametrized by
F(x) = (p(x), u(px))) + D(x)m(x),  forx € L,

where at each xo € S there is a support surface oc ,, as in Definition 4.1, for
some w € Q* and oc,,, is parametrized by f(x, C,w) = (¢p(x), u(p(x))) +
d(x,C,w)m(x); and where d(x, C, w) is given by (2.3). Set ®(x) = (p(x),
u(p(x))).

Let wy € N (xp). Then there exists C such that f(xg, C, wo) = F(xp), so
F(xg) = ®(xg) + d(xg, C, wg) m(xg), and therefore d(xg, C, wg) = |F(x9) —
D (x0)]. Also for x # xg

d(x,C,wo) = D(x) = [F(x) — ®(x)].
Hence solving C in (2.3) yields
C =d(x, C,wo) (k1 — k1 k2wp - m(x))+h(x)—e'(x)-x+(e(x) — k1 k2 wo)-P(x),
and therefore
C > |F(x) = @) (k1 — k1 k2wp - m(x)) + h(x) — €' (x) - x

+ (e(x) — k1 K2 wo) - P(x)
= €(x, wo) (6.2)

for all x € Q2 with equality at x = xo.
Therefore for each w € Q* we introduce the Legendre type transform given by

F*(w) = sup £(x, w), (6.3)

xeQ

and so if oy, supports o then C = F*(w).

Remark 6.1. We can translate these definitions in terms of the generated Jacobian
equations introduced in [25]. We set G (x, w, z) forx € Q, w € Q*,z € I, with [
the interval for the admissible values of C in Definition 4.1, by
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Gx,w,z) =d(x,z,w),
where d is defined in (2.3). And also set

H(x,w,2) =z (k] — k1 kowg - m(x)) + h(x) —e'(x) - x
+ (e(x) — k1 k2 wp) - P(x).

‘We then have [25, Formula (1.17)]:
G, w, Hx,w,z)) =z
Also [25, Formula (1.21)] translates to

sup H(x, w, D(x)) = F*(w).
xeQ

For each xg € €2, there exist wg € Q* and Cy € I, such that D(x) < G(x, wop, Cp)
for all x € 2 with equality at x = x¢, analogously as in [25, Formula (2.1)].

‘We then have
Lemma 6.2. F* is differentiable in Q* a.e.
Proof. Let us write

a(x) = (—k1k2) (|F(x) — @(x)[m(x) + P(x)) (6.4)
B(x) = k1 |[F(x) — x)|m(x) + h(x) —e€'(x) - x + e(x) - D(x).

So
Lx,w) =a(x) w+ B(x).

Writing w = (w’, w3) with w’ = (wy, wp) and w3 > 0, we have £(x, w’) =
2(x, w) with £(x, w') = &’ (x) - w' + B(x) + a3(x) /1 — [w'|2. Since m3(x) > 0
andu > 0,

a3(x) = (=K1 k2) (1F(x) — @(x)|m3(x) + uep(x))) <O0.

Since /1 — |w’|? is concave, £(x, w’) is convex as a function of w’ and therefore
F* is convex as a function of w’. O

We then have the following lemma, similar to the Aleksandrov lemma for the
subdifferential [18, Lemma 1.1.12]:

Lemma 6.3. The set
S={weQ":weN,(x1) NNy (x2) for some x1, x2 € Q, x1 # x2}
has surface measure zero.

Proof. Recall o is parametrized by F(x) = ®(x) + D(x) m(x). We shall prove
that
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S C {w € Q* : F* is not differentiable at w}.

If w € S, then there exist x; # x» in Q2 and Cy, C» such that d(x, C, w) and
d(x, Cy, w) support D(x) at x = x1 and x = x respectively. Then C; = C, =
F*(w) := C. Let us write w = (w’, w3) with w3 > 0; w3 = /1 — |w’|%2. We can
think of F* as a function of w’. Suppose that F* were differentiable at w’. Since
w € Ny (x;), Dy F*(w) = Dy €(x;, w) fori = 1, 2, and therefore D, £(x1, ug) =

D,y €(x2, w). By definition of £, Dy €(x, w) = (x1(x), a2(x)) — a3(x) il =
w3

/
a'(x) —az(x) 3—3; where o (x) is from (6.4). Hence

o (x1) — o (x2) = (a3(x1) — @3(x2)) 5—3

Writing f(x, C,w) = @) +dx, C,wym(x) = (filx,C,w), folx, C, w),
Fx, Cow)) = (f'(x, C, w), f3(x, C, w)), it follows that
w’ )

f/(xlv Cs w) - f/(-x2v Cv w) = (f3(-x17 C» w) - f3(-x2» C, U))) w_37 1= 1» 2

(6.5)
We will prove in Remark 6.4 below that by choosing the Lipschitz constants in
Theorem 2.5 sufficiently small, if |C| is sufficiently small, then (6.5) implies that
X1 = xp; obtaining in this way a contradiction. Consequently, w’ cannot be a point
of differentiability of F*. O

Remark 6.4. Suppose that wz > A > Oforallw € ©*.3 We show that by choosing
the Lipschitz constants in Theorem 2.5 sufficiently small, (6.5) implies that x; = x5.
Suppose by contradiction that x; # x2 and from (6.5) proceed as in the proof of
Theorem 2.5 to obtain the inequality

1 3
1/3 < (1+Z) @[Cl+ Buw) + 1 Lu.

where A is the right hand side of (2.20), with @ from (2.16) and B,, from (2.17).

Then

1 3 - _
If <1 + K) Bw + ZL" > 1/3, then C > 0. Therefore if |C| < C, then it
/3-8

follows x; = x,. Notice that C < Y which is the size of the interval in

o
Theorem 2.5. In other words by choosing the constants in Theorem 2.5 sufficiently
small and choosing |C| < C we obtain the desired result.

3 Notice that this is saying that all vectors in the target Q* are pointing up, i.e., the lens
refracts all rays upwards.



Freeform Lens Design for Far Field Scattering Data 385

Notice that in the definition of the normal mapping N, this requires possibly
to take C in a smaller interval, however the size of this interval depends only on
the initial configuration.

From arguments similar to the ones in Section 4.1 we obtain

Corollary 6.5. If G € L' (Q*) with G > 0, then the set function

/ G(x)dx (6.6)
No (E)

is a finite Borel measure in Q.

6.2. Comparison Between Brenier and Aleksandrov Type Solutions

LetZ € L'(Q) and G € L'(Q*) be such that

/ T(x)dx = / G(y) dy, ©6.7)
Q Q*

and let Q* be contained in the upper unit sphere. We showed in Section 5 the
existence of lens (u, o) such that 7, (Q*) = Q and

/ T(x)dx = / G(y)dy. 6.8)
T, (E) E

for each Borel set E C Q*, that is, o is a Brenier solution.
As in [20, Section 4] and [19, Section 10] we define Aleksandrov solution.

Definition 6.6. We say that o is an Aleksandrov solution if Q* = N5 () and for
each Borel set E C Q

/ G(y)dy = / Z(x) dx. 69)
NJ(E) E

As in Lemma [8, Lemma 3.8], (6.7) implies that if o is a Brenier solution, then
for every ¢ continuous in Q*,

/Q*w(y)g(y) dy = fﬂw(f\/a(X))I(X) dx. (6.10)

Theorem 6.7. IfZ > 0 a.e., then each Brenier solution is an Aleksandrov solution.

Proof. Let o be a Brenier solution. We claim that |7 (N, (K))\K| = 0, for each
compact set K. We first prove that 7, (N (K)\K C 75 (N (K)NTy (Ng (K©)). If
x € To (N, (K)\K, then there is y € K such that x € 7, (N, (y)) and x ¢ K. We
always have x € 7, (N5 (x)). Therefore x € 75 (N5 (K)) N7y (N5 (K©)). Second,
let A = N,(K) and B = N, (K°) and notice that by Lemma 6.3, |A N B| = 0.
Since o is a Brenier solution, f anpy L) dx = Jarng G dy = 0.1fZ > 0
a.e., we conclude that |7, (A N B)| = O Third, we show that 7, (A) N 7, (B) C
T5(AN B)UD; where D = {x € Q : N is not single valued at x} has measure
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zero from Theorem 4.2(4). In fact, if x € 75 (A) N 75 (B), then there exist y; € A
and y; € B such that x € 7;(y1) N 75 (y2) which implies that yq, y, € Ny (x). So
if x ¢ D, then y; = y» € AN B and the inclusion follows. Therefore the claim is
proved.

Now write

/ G(y)dy = / T(x)dx, since o is a Brenier solution
N (K) To Ny (K))

:f I(x)dx+/ I(x)dx:/ Z(x)dx
Te No (K)\K K K

for all compact sets K C 2. Since the measures are regular we obtain by approxi-
mation (6.9) for all Borel subsets of 2.

If remains to show that Q* = N, (Q). Since o is a Brenier solution 7, (Q*) = Q
and so Q* C N, (7, (%) = N, (Q) C Q*. O

Remark 6.8. If G > Oa.e., then each Aleksandrov solution is a Brenier solution. We
have 7, (y) # @ for each y € Q*, and it is enough to show that [N, (75 (K))\K | =
0, for each compact set K. This follows regarding writing the argument in the first
part of the proof of Theorem 6.7 now using Proposition 4.5 and then Lemma 6.3.

7. Differential Equation of the Energy Problem

Rays are emitted from (x, 0), x € €2, with unit direction e(x) = (ej(x), e2(x),
e3(x)) := (¢/(x), e3(x)). The bottom of the lens is given parametrically by

v(x) = (x,0) + p(x) e(x), (7.1)

with p a positive smooth function. The top surface of the lens is parametrized by
the vector

J(&x) =v(x) +dx)m(x),

where the vector m is given by (2.1) and d is a scalar function calculated so that
the lens sandwiched by v and f refracts the source 2 into the target Q* € S? and
solves the energy problem in Section 5. To avoid confusion with the notation for
the gradient, we let d denote the distance function D introduced in Definition 4.1,
and also f denotes F' in the same definition.

The purpose of this section is to show that the distance function d satisfies
the Monge-Ampere type equation (7.11). We assume that v has a normal v(x) at
each point satisfying e(x) - v(x) > 0 and v3(x) > 0. In Section 7.3 we analyze
the collimated case and find a sufficient condition on the refractive indices of the
media so that this assumption holds.

We begin with a lemma giving a formula for the normal vector to a general
parametric surface.
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Lemma 7.1. Suppose f(x) = (fi(x), f2(x), f3(x)) is any c! surface given para-
metrically, x = (x1, x2), that is regular at x, i.e., fy, X fx,(x) # 0. If v(x) =
W (x), v2(x), v3(x)) is the unit normal vector with v3(x) > 0, then we have

(—A7'Df3(x), 1)

v(x) = ;
VI+1A7TDf3(x)?
where
3_f1(x x2) %(x x2)
AL ) g T g
- — | afi af2
d(x1, x2) ——(x1,x2)  —(x1,x2)
dx2 0x2
. 3 det A
Proof. From the assumption on the normal v’ (x) = +—————— > 0, s0

|fx1(x) X fxz(x)|
A is invertible. We have fori = 1, 2 that

0= v(x) - fi; (¥) = W' X), V2X)) - (F)n (X)s () (X)) + V3 () () (1),
SO

1
A [“jzgi] = (DA (x).
Therefore v(x) = v3(x) (—A_lng(x), 1). Since [v| = 1 and V¥ > 0, we get

1
3 = .
Ve V1+ATDf(x) 2

‘We next calculate the normal to v in (7.1). Recall that v is regular at every point
and the normal v satisfies v3 > 0. Therefore from Lemma 7.1

(—B~'Duv3(x), 1)

v(x) = , (7.2)
V1+[B~1Dv3(x)2
avg ( ) 8v2( )
3(v1. — 1, x) (1,0
with B = (o1, v2) = gﬁ} gg; invertible. From (7.1)
9(x1, x2) —(x1,x)  —(x1,x2)
3)62 3)62
al)j j
E(X) =3; + px;(¥) j(x) + p(x) (ej)x; (X),
1
. 0e ,
and recalling P ((ej)x)ij» €' (x) = (e1(x), e2(x)), then
x
, de’
B=1d+Dp® () +p(x)5—(x). (1.3)

If
/

de
C=1d+ ,O(x)a(x)
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is invertible, then

c'= ! (Id—l—,O(X)—(X)>* ! <1d+p(X)(8—6/(X)>*>,
detC detC ax

where * denotes the adjoint. Notice that, for the energy problem considered in
Section 5, the field ¢’ is the gradient of a convex function, and since p > 0, in
this case the corresponding matrix C is invertible. From (7.3), [24], and since
H(a ® b)H = (Ha) ® (H'b), for any matrix H, we obtain

C ' (Dp(x) ® € (x))C!
1+e'(x)-C 'Dp(x)

o1 (€T1Dp) ® (€' ()

1+ex)-ClDp(x)

-1 _ -1 _

/

a0
Letting 1 ~ p(x), p ~ Dp(x), g ~ €'(x), and M ~~ 8—e(x), gives
X

o 1

= det(ld + 1 M) (1d +1M7).
and
(C™'Dp()) ® ((C™N'e'(x)) 1
1+e'(x)-C'Dp(x) "~ det(Id +t M)
L (d i M*) p)® ((Id +1t M*)" q)
detdd +tM)+q-(Id+tM*p "~
Therefore

B ' =Lt pg M) = ———
(g M) = T

det(Id +t M) +q-(Id+tM*) p
(7.4)

* *\7
5 (MHM*_ ((Id +1M*) p) ® ((Id +t M*) q)>.

On the other hand, from (7.1) v3(x) = p(x)e3(x) = p(x)/1 — |e’(x)|2. Then

de’
() 1 —e'(x)[>Dp(x) — p( )a_(X)(e - (7.5)
Dvi(x) =+/1 —|e/(x)|*Dp(x ,Ox— 7.
’ JI=1e P

Mg
=\/1—I61|2p—t—1 — = R(t, p.q, M),
— g

using the notation before. From (7.4), (7.5),

B~ 'Dus(x) = L(t, p, q, M) R(t, p, q, M),
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and so from (7.2) we obtain the following formula for the normal to v:

() = (=L, p,q, M) R(t, p,q, M), 1)
VI+IL{t, p.qg, M)R(, p,q, M)|?

(7.6)

/

)
where t ~ p(x), p ~ Dp(x),q ~ €' (x),and M ~~ a—e(x).
x

We calculate now the refracted vector m(x). Snell’s law applied at the point
v(x) and (7.6) yields

1
m(x) = K—l(e(x) —Ax)v(x)) :=W(t, p,q, M), (7.7)

/

0
with the notation t ~ p(x), p ~ Dp(x), g ~ €'(x),and M ~~ a—e(x).
X

7.1. Calculation of the Refractor Map T for the Lens with Upper Surface f

The lens sandwiched by v and f, refracts incoming rays at the point f (x) into
the unit direction T'x, where T is a map from the source €2 into the target Q* C §2.
We are going to calculate an expression for 7. By Snell’s law at f(x),

1
Tx = — (m(x) — Xa(x)r(x)),
K2

where v, (x) is the unit normal at the striking point on the surface f(x); and A (x) =
by (m(x) - v2(x)).
We assume that f satisfies the conditions of Lemma 7.1, i.e., f is regular at

—A"'D .1
x, and vg’(x) := v(x) - e3 > 0. In this case vy (x) = ( /), D with

VI+ATTDfAx)P
A= a(f1, f2)

. We shall calculate an expression for A~L. We have for i, j=172
d(x1x2)

of; ov; om ;
aﬁu) = 29 (@) + d () L (x) + dy, (x)m ().
Xi 0Xx; 0Xx;

, am’ om .
Letm’ = (m1, my), and (x) = —= () ) ,then we get, as in (7.3), that
0x 0x; ij

0(f1, f2) _ 91, v2) am’ /
D) aGr a0 g DA @)
, de’ om’
=1d+ Dp(x)®e(x)+ px)—(x) +d(x) (x)
0x 0x

+ Dd(x) ® m' (x).

Let p1, p2, q1, g2 be n-column vectors, and define the matrices

ql
P=[pp] 0= [qﬂ ;
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clearly, Pisn x 2 and Q is 2 x n. Then
P1®q1+ p2®qr = pig| + p2g5 = P Q.
Now use the Woodbury matrix identity: if H, P, Q are n X n matrices, then
-1
H+PO T =H —H'P (1a+QH'P) QH.

We first write
a(f1. f2)

9(x1, x2)

om’

ay &)

+ Dp(x) ® €'(x) + Dd(x) @ m'(x)

de’
=1d+ ,O(x)a(x) +d(x)

om’

ox
e/(x)t }

=1d+p(x)8—e(x)+d(x) (x)
0x

m/(x)l

+[Dp(x) Dd()] [

— H+ [Dp(x) Dd(x)] [e/(x)t} :

m/(x)t

(x).

de’ om
H=1Id+ p(x)—(x)+d(x)
0x 0x

om’

a /
Notice that by (7.7) 3 (x) depends on p(x), Dp(x), sz(x), e'(x), a—e(x) and
X X

on the second derivatives of the components of ¢’. Since ¢/ = (ey, e2),

8 /
H=H (p<x>, Dp(x), D*p(x), €' (x), %(x), D?e;(x), D*es(x), d(x)) :

Assuming the invertibility of the matrices involved, from Woodbury’s identity we
get

0 M\ o
RN =1 /. N\t
. (Id n [;,(é))t} H™' [Dp(x) Dd<x>]) [;/(gc))t} !
_ e’
— T (p(x), Dp(x), D?p(x), € (x), %(x),

D%e(x), Dey(x), d(x), Dd(x)) .

We also have from the form of f, f3(x) = v3(x) + d(x)m3(x), and so Df3(x) =
Dvi(x) + Dd(x)m3(x) + d(x) Dm3(x). Hence from (7.5), (7.7) and Lemma 7.1,
we get the normal to f(x) in terms of the variables involved:
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(-A7'Df3(x), 1)
VI+IATIDf(x)2

8 /
=V (pm, Dp(x), D*p(x), €' (x), a—i(xx D?e;(x),

v (x) =

D2ey(x), d(x). Dd(x)) . (7.8)

Therefore, from Snell’s law at f(x), we obtain
1
Tx=(Tix, Tox, Ts3x) = ps (m(x) = G, (M(x) - v2(x)) V2(x))

8 !
=F (p<x>, Dp(x), D*p(x), € (x), im, D?e1(x), D*es(x), d(x), Dd(x))

=(F1, F2, F3). (7.9)

7.2. Derivation of the PDE for d

The energy densities at the source 2 and the target Q* are given by positive
integrable functions 7 and G respectively, such that conservation of energy condition
(5.1) is satisfied (n = Gdy). If E C €, then T maps E into T (E). We require the
energy to be conserved on each patch E , that is,

Q(y)dy=/1(x)dx.
T(E) E

Writing y = T'x, and formally applying the formula of change of variables yields

/Q(TX)UT(X)Idx:/I(x)dx.
E E

Therefore, we obtain the following PDE:

Z(x)

G(Tx)’

with [J7x| = [(Tx)x, (x) x (Tx)x,(x)|. Since |Tx| = 1, then Tx - (Tx),, = 0,

i = 1, 2. Hence, assuming 73 # 0, we get

T\(Th)x, + Ta(T2)y
(T3)X,' = - ai T3 i .

[Jrx| =

Therefore

(7.10)

(Tx)x1 (x) x (TX)xz(X) = % det <(T1x)x] (Tlx)x2> Tx

(TZX)xl (TZX)xz
Let us calculate
T x

, 1<i,j<2
0x; =07
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using (7.9). We group the variables of 7; that are independent of d and Dd and
write

Tix = F; (p<x>, Dp(x), D*p(x), € (x), i—im, D?e(x), D?ex(x), d(x), Dd(x))
= F; (X,d, Dd),

where

a !
X = (p, Dp. D%p. e, 2= D%, Dzez) :
0x
Thus, F; = F; (X,t,p),witht € Rand p = (p1, p2);i = 1,2,3. We now
differentiate 7; with respect to x;:

o, . 0F 0d 0F 0°d | 0F 0%
dx; Y Bt dx; 0 dpr dxdx;  dpy dxdx;’
where
J0F; 0Xy
i =2 %, ax,
¢ ¢ O0Xj

Notice that F;; depends on p and its derivatives up to order three, it depends on ¢’ and
its derivatives up order three, and it depends on d and Dd. If write F' = (F}, F»),
and set

, OF;
D,F'(X,d, Dd) = [ —(X,d, Dd) ,
ap; i,j=1,2

then

aT; oF’ , 2
of = (Fij) + =—(X,d, Dd) ® Dd + D,F'(X, d, Dd) D*d(x)
0/ j=12 ot

=B+ A(X,d, Dd) D*d,

where
B = (Fj)+ 881:/ (X,d,Dd)® Dd and  A(X,d, Dd) = D,F'(X,d, Dd)
are both independent of D2d. Therefore, from (7.10),
()] = —— et (AX.d, Dd) D% + B),
F3(X,d, Dd)

and so d satisfies the following Monge-Ampere type equation:

F3(X(x),d(x), Dd(x))Z(x)
G(F(X(x),d(x), Dd(x)))
(7.11

det (A(X(x), d(x), Dd(x)) D*d(x) + B) =

Notice that B depends on p and its derivatives up to order three, it depends on e’
and its derivatives up to order three, and it depends on d and Dd.
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7.3. The Collimated Case

Assuming that the refractor o constructed in Theorem 5.5 is smooth, i.e., d €
C?, we will show that in the collimated case the pde (7.11) satisfied by d has a
simpler form and will give sufficient conditions for the invertibility of the matrices
involved in the derivation of the pde. We assume that the field e(x) is vertical, i.e.,
e(x) = e3 = (0,0, 1), and the lower surface of the lens u is C3(£2) and is concave.
The surface o is parametrized by the vector f(x) = (x, u(x)) + d(x) m(x), with
d € CX(Q).

From (7.6), we have t = u, p = Du,q = 0, M = 0; so L(¢, p,0,0) = Id,

(—Du(x), 1) .
R(t, p,0,0) = p. Then the normal v(x) = —————. Notice that v does

V14 |Du(x)|?

not depend on u.
Next, from (7.7), we get

m(x>=Kl((o,0, 1)—¢K.< ! >(_D”(x)’ D
1

) Co. ) — (' (x), m3(x)),

(7.12)
where A(x) = 1 + |Du(x)|*.

1
()
M—gDu(x), then

We next calculate dm’/0x. By (7.12), m'(x) =

1

0l —
om; 1 <./—A)/<1> <1)
Bx,- - K1 /—A Bx,- d)/(l _,_A ij+¢l€1 _,—A I/lxjx,'

(35) ()

ax; K1
1 ( 1 " ( 1 ) oA o < 1 ) )
KVA N\ 2AVA T \VA ) 3x; Y “\va)

1
NG <ﬁ) H
ZA\/Z ox; K1

ol () ()
KivA 2AVA T\ VA 2ATNYA)) ox Y
1
+¢K1 <\/_Z> ”xpc,-] .
Therefore

B_m’ — 1 |:<_ 1 s (L) — L(b (L)) DA ® Du
x kA 2AVATIN\VA) 2AT\ VA
1
o | —= ) Du|. 7.13
+ou (=) 0] (2.13)

+
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oA
Since A = 1 + |Du(x)|?, — Py = 2 Uy x;Ux; + 2 Uy,x, Uy, Therefore

Xi
DA(x) =2 D*u(x) (Du(x)) .

Replacing this in (7.13), we get

- o ot () - o () (o) o
+¢I: (%> D12u1| 1 1 1
T ava (ava® (7) a0 (5)) prune oo
! 2
rou (75) P

W<JJ_ 1, GL)_ —VA ¢(iﬁ
“AVA 2 e VA /1+(K12—1)A “ VA
Therefore

1
ol
gm :—\/ZDZM(Id—}-( ! —%)Du@Du).

ax KivA AJ1+ (2 - DA
(7.14)
om'’
We prove that det 5 > (. Define
X
1 1
M=Ild4+ —| —————=—-1]| Du® Du.
A\ J1+@w2=na

For (7.14), we write

1
e
om _ —‘/KDZM M.

dx K1V A
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Notice that the matrix Du ® Du has eigenvalues 0 and |Du|?> = A — 1, then

A—1 1
M has eigenvalues 1 and 1 + — 1], which are both

A\ 14w -naA

positive and therefore M is positive definite. Since u is concave, we conclude that
om'’
det > 0.
ox
We next calculate the normal v, to f towards medium n3. First notice that the

existence of v follows from Theorem 4.2(3) and the assumption that d € C 2 To
calculate the normal we use Lemma 7.1, for which we need to show that ez - vy > 0.

Lemma 7.2. Assume the medium containing the source Q2 is denser than or equal
to the medium containing Q*, that is, ny > n3, then ez - v(x) > 0.

Proof. By (2.1),
e3-v=(km+Av)-vy=km-vy+Av-vp:=1+11I.

From (2.2) we have m(x) - Tx > k». Then by Snell’s law [8, Subsection 2.1] we

have m(x) - vo(x) > /1 — K22. Since n; > n3, we get

Izlq\/l—lczzz Klz—l.

Since ¢, (¢) is increasing in [0, 1], and v, v, are unit vectors, it follows that

I1>2=d, (1/\/Z) > e (0) = — J6? — 1.

Combining both estimates, we conclude thate3 - v» > 0. O

(—-A7'Df3(x), 1)
VI+ATIDA) 2

afj(x) . . .
A= S is invertible, with f(x) = (x, u(x)) + d(x)m(x).
Xi ij
Therefore it will be assumed in the rest of this section that ny > nj.
To calculate the matrix A~!, we write for every 1 <i,j <2,

By Lemma 7.1, when ny > n3, we get that vy = where

af; i am ; ad
£=5/+dﬂ+_mj’

3)6,' ! 3)6,‘ ax,‘
SO
om’ , ,
A=1d+d(x) 3 x)+ Dd(x) @m' (x) := H+ Dd(x) @ m'(x). (7.15)
by
. om’ .. .
Since det > 0and d > 0O thendet H > 0 and H is invertible. From [24],
X

it follows that
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detA=1+(H”Dd) m' £ 0

—1 / —1
1 a1 (Dd®@m') H
Al =g 4 T (H-TDd) (7.16)
It remains to calculate Df3. We have from (7.12) that
* (4)
1 “\ VA
=—1]1- , 7.17
ms3 . /A (7.17)
then, as in the calculation of dm’/dx, we obtain
om =7z (sava®e (75) * 22% (7)) P2
miz = —— — — ¢, | —
T VA \2ava a\Va) T 2a™\ VA
1 1 1 1 1 )
- — )+ —¢, (— ) | D*u(D
wz< f¢“l<f)+A¢l(¢z>> b
1
()
=11 ! VA D*u(Du).
1+(K12—1)A KlA\/Z
Since f3(x) = u(x) +d(x)m3(x),
1
1 ¢/€] (_A>
Df3(x) = DM(X) + [(_1 1-— T Dd(x)
1
! o (75)
+dx) | 1- D*u(Du). (7.18)

J1+ G =DA K1 AVA

(—A7'Df3(x), 1)
VI+IATDAE P
(7.16) and (7.18) respectively. In contrast with the case of a general field e, in the
collimated case v, depends only on Du, D?u, d and Dd, see (7.8).

Observe that from (7.17), m3(x) > 0. Then by Snell’s law T3x = kp m3(x) +
A2(x) vy (x) By Lemma 7.2, vy 3(x) > 0, and since k < 1, A2(x) > 0. Therefore
T3x > 0, and (7.10) is well defined.

Proceeding as in the previous section, we obtain that that d satisfies the Monge-
Ampere type equation (7.11), where in this case X (x) = (Du(x), D?u(x)), and
the matrix B depends on d, Dd, and on the derivatives up to order three of u but
does not depend on u.

We conclude that vy (x) = with A~ and Df3 given by
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Summary of Notation

e If u is a scalar function, Du or Vu denote its gradient and D*u denotes its
Hessian.

e For a field F(x) = (Fi(x), F2(x)) with x = (x1, x2), we write z—F =
o0F, 0F *
0FLF) o om
dx1,x) | 9F1 9k
0xy  0xp
e n denotes an homogenous medium and at the same time its refractive index.
e We consider homogeneous media n1, ny, n3 with ny bigger than both n; and
n3, but n1 and n3 are unrelated.
e k1 =ny/ny and ko = n3/ns.
e(x) = (e1(x), ea(x), e3(x)) denotes a unit vector, e'(x) = (e1(x), e2(x)),
e3(x) >6>0.
If a, b are column vector of the same dimension, a ® b = ab’.
Given a map F, L denotes its Lipschitz constant.
2 denotes the source and Q* the target.
$? denotes the unit sphere in R3.
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