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Abstract

We show the existence of a lens, when its lower face is given, such that it refracts
radiation emanating from a planar source, with a given field of directions, into the
far field that preserves a given distribution of energies. Conditions are shown under
which the lens obtained is physically realizable. It is shown that the upper face of
the lens satisfies a pde of Monge-Ampère type.
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1. Introduction

In this paper, we solve the following inverse problem in geometric optics con-
cerning the design of a lens: rays are emitted from a planar source � with unit
direction e(x) and energy density I(x) for every x ∈ �. The rays first strike a
smooth given surface described by the graph of a function u. We are given a target
�∗ ⊂ S2, the unit sphere in R

3, equipped with a Radon measure η such that

∫
�

I(x) dx = η(�∗).

The problem is then to construct a surface σ so that the lens sandwiched between u
and σ refracts all rays with direction e(x) into rays with directions in �∗ and such
that the energy is conserved, i.e.,

∫
Tσ (E)

I(x) dx = η(E)

for every Borel set E ⊂ �∗ where Tσ (E) is, roughly, the set of points x ∈ � so
that the ray emitted from (x, 0) with direction e(x) is refracted into a direction in
E , see Definition 4.1. The material of the lens is assumed to be denser than the
media containing the source � and the target �∗.

The main result concerns the existence of the surface σ and therefore of the
desired lens, Theorems 5.1 and 5.5. For this purpose, we use in a crucial way the
uniformly refractive surfaces constructed in [13] which are the building blocks of
the solution. In [13], �∗ is a singleton and no energy assumptions were used. That
is, given w ∈ S2, a C2 function u and a C1 field e(x), we studied in [13] the
existence of parametric surfaces σC,w, with C a real parameter chosen properly, so
that the lens sandwiched between u and σC,w refracts all rays with direction e(x)

into w. Moreover, we showed that for such a surface to exist, the field e(x) must
satisfy a curl-free condition [13, Theorem 3.1], that is, e′(x) = Dh(x) for some
h ∈ C2(�), where e = (e1, e2, e3), and e′ = (e1, e2). In this case, the surface σC,w

is parametrized by

f (x, C, w) = (ϕ(x), u(ϕ(x))) + d(x, C, w)m(x),

where (ϕ(x), u(ϕ(x))) is the point of incidence of the ray with direction e(x) on the
graph of u, m(x) is the unit direction of the refracted ray at (ϕ(x), u(ϕ(x))), and
d(x, C, w) designates the length of the trajectory of the ray with direction m(x)

inside the lens. d(x, C, w) is given in (2.3) below, and the constant C is chosen so
that d is positive; see Figure 2(b).

Since the surfaces σC,w are given parametrically, they might have self-inter-
sections and also singular points; see Figure 2(a). In such a case, σC,w is not
physically realizable. In Sections 2 and 3, we focus on the analysis of solving this
difficulty and find sufficient conditions on the surface u, the source �, the field e,
and the constant C , so that σC,w has no self intersections and is regular at every
point.
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To place our results in perspective, both from the theoretical and practical points
of view, we mention some results from the literature. The problem of finding a con-
vex, analytic, and symmetric lens focusing all rays from a point source into a point
image was first solved in [6] in 2d using a fixed point type argument. This result is
extended in [17] to 3d to construct freeform lenses that refract rays emitted from
a point source into a constant direction or a point image. The general case for an
arbitrary incident field and a planar source is solved in [13]; the reflection case is
studied in [11].

Illumination problems with one point source are studied in [9,10], and [4] for
the refraction case, and in [3,12,21,26], and [20] for reflection. The case of col-
limated input radiation is considered in [1,14–16], and [19]. Physical limitations,
such us as ray obstruction, are discussed in [11] and [12, Section 3.1].

The surfaces constructed in this paper are freeform; in particular, they are not
rotationally symmetric. Freeform design is a modern field in Optics. This is a
breakthrough in the optical industry due to its applications in illumination, imag-
ing, aerospace and biomedical engineering; see for example the news article [23]
and the survey [7] for large set of applications. Due to recent technological ad-
vancement in ultra precision cutting, grinding, and polishing machines, manu-
facturing freeform optical devices with high precision is now possible, see [2].
The systems obtained enhance the performance of traditional designs and provide
more flexibility for designers [5]. Moreover, they can achieve imaging tasks that
are impossible with symmetric designs. However, the mathematical literature in
freeform optics is still limited. In optical engineering, freeform surfaces are de-
signed using the SMS 3D method for various applications but they do not have
an analytical expression and are calculated numerically, see [27, Chapter 8] and
[22].

In this paper,wedevelop amathematical theory to solve an illumination problem
involving two refracting surfaces, a planar source, and arbitrary incident field.

A plan and description of the contents of the paper is as follows. In Section 2.1,
we prove that if σC,w is a uniformly refractive surface then the function d(x, C, w),
given in (2.3), satisfies aLipschitz estimatewhich implies byRademacher’s theorem
that d is differentiable a.e.. Using this estimate, we prove in Theorem 2.5 that if
the norms ||e′||, ||e′ − κ1κ2w

′||1 and the Lipschitz constants Le, Lu , and L Du

are small enough, then the constant C can be chosen so that σC,w has no self
intersections. Section 3 is devoted to analyze the singular points of f (x, C, w). We
say that f (x, C, w)(:= f (x)) is regular at x if fx1(x)× fx2(x) �= 0, and is singular
otherwise. In Section 3.2, the collimated case e(x) = (0, 0, 1) is considered, and
it is shown that for some conditions on the eigenvalues of D2u, the constant C can
be chosen so that σC,w is regular at every point, Theorem 3.2. The case of a general
field e is analyzed in Section 3.1. It is shown in Theorem 3.1 that if u is concave,
and the derivatives of the components of e′ are such that the matrix W given in
(3.1) is positive semi-definite, then one can choose C so that σC,w is regular at
every point. To summarize, to avoid self intersections, we need to control the size

1 Primes here denote the vector of the first two components.
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Fig. 1.

of the parameters involved, whereas to avoid singularities one needs to control the
curvature of the surface u and that of the potential h, recall e′ = Dh. In Section 4,
we construct refracting surfaces σ so that the lens sandwiched between u and σ

refracts incident rays with direction e(x), x ∈ �, into a far field target �∗; see
Figure 1. In this case, u is assumed to be concave, h convex, and u, �, �∗ and
e are so that σC,w satisfies the conditions in Theorem 2.5 for each w ∈ �∗. σ is
parametrized the vector F(x) = (ϕ(x), u(ϕ(x)))+D(x) m(x);D is constructed so
that the refractor σ is supported at every point by some uniformly refractive surface
σC,w withC chosen so that σC,w has no self intersections and no singularities.D(x)

represents the length of the trajectory of the ray emanating from x inside the lens
(u, σ ). We show in Theorem 4.2 that the function D is Lipschitz, σ has no self
intersections and is regular a.e. In Section 4.1 , we show that σ induces a Borel
measure μσ . The energy problem is then reduced to find a collection of uniformly
refractive surfaces σC,w with w ∈ �∗ such that the envelope of this collection
yields a refractor σ satisfying μσ = η. This is first solved in the discrete case
in Section 5.1, that is, when η is a finite linear combination of delta functions.
The general case of measure η is then done in Section 5.2 by approximating η by
discrete measures. In Section 6 we introduce Aleksandrov solutions to the energy
problem and compare them with the notion of solution previously defined. For a
connectionwith generated Jacobian equations see Remark 6.1. Finally, in Section 7,
we derive the PDE of the problem and show thatD satisfies a Monge-Ampère type
differential equation, equation (7.11), that is simplified in the collimated case in
Section 7.3.
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2. Uniformly Refracting Surfaces for a General Field e(x)

Let � be a convex bounded region in R2, and e(x) be a unit field in R3 defined
for every x ∈ �. From each point (x, 0), with x ∈ �, consider the line through
(x, 0) with direction e(x). We are given a surface u such that its graph intersects
each of these lines at only one point, denoted by (ϕ(x), u(ϕ(x))). Let �′ be the
projection over R2 of the points (ϕ(x), u(ϕ(x))) with x ∈ �. We assume that the
mapϕ : � → �′ isC1(�), the field e(x) = (e1(x), e2(x), e3(x)) := (e′(x), e3(x))

is C1(�) with e3(x) > 0, and u(z) is C2 in an open neighborhood of �′.
Given w ∈ S2, we found in [13] necessary and sufficient conditions between

u, w, and e, for the existence of a lens with bottom face u such that all rays emitted
from (x, 0) with direction e(x) are refracted uniformly into w. The material the
lens is made of has a refractive index n2, such that n2 > n1, n3, where n1 and n3
denote, respectively, the refractive indices of the media below and above the lens;
n1 and n3 are unrelated. We refer to this as a uniformly refracting lens into the
direction w, and we denote it by �w.

Let κ1 = n2/n1 and κ2 = n3/n2. For each x ∈ �, by the Snell law [8, Section
2.1], the ray with direction e(x) is refracted by the first surface at (ϕ(x), u(ϕ(x)))

into a unit direction m(x), with

m(x) = 1

κ1
(e(x) − λ(x)ν(x)), (2.1)

whereν(x) = (−Dzu(ϕ(x)), 1)√
1 + |Dzu(ϕ(x))|2 denotes the unit normal tou, at (ϕ(x), u(ϕ(x))),

pointing towards medium n2, and λ(x) = e(x) · ν(x) −
√

κ2
1 − 1 + (e(x) · ν(x))2.

It is also assumed that e(x) · ν(x) > 0 for all x ∈ �.
The top face of the lens is constructed such that it refracts the rays with direction

m(x) uniformly into the directionw. Since κ2 < 1, to avoid total internal reflection,
we must assume that

m(x) · w ≥ κ2. (2.2)

Under condition (2.2), it is proved in [13, Section 3] that a uniformly refractive
lens �w exists if and only if curl(e′(x)) = 0, i.e., e′ is generated by some potential
function h, e′(x) = Dh(x) with h ∈ C2(�). In addition, the top face of the lens,
denoted by σC,w, is parametrized by the vector

f (x, C, w) = (ϕ(x), u(ϕ(x))) + d(x, C, w)m(x),

with

d(x, C, w) = C − h(x) + e(x) · (x, 0) − (e(x) − κ1κ2 w) · (ϕ(x), u(ϕ(x)))

κ1 − κ1κ2 w · m(x)
,

(2.3)
where C is constant chosen so that d(x, C, w) > 0 for all x ∈ �. If we let

C∗ = max
�

h + max
z∈�

|z| + (1 + κ1κ2)

√(
max
z∈�′ |z|

)2

+
(
max
�′ u

)2

, (2.4)

then d(x, C, w) > 0 for all x ∈ � when C > C∗.
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2.1. A Lipschitz Estimate for d(x, C, w)

Notice that for (2.3) to be defined we only need u to be differentiable; in fact,
we prove the results in this section only assuming differentiability of u. This yields
more precise constants in the inequalities that will be used later. The goal in this
section is to prove the following proposition for the distance function d:

Proposition 2.1. We have

|d(x, C, w) − d(y, C, w)| ≤ [C1(κ1, κ2) |C | + C2(κ1, κ2, u, h,�,�′)
]

× (|e(x) − e(y)| + |Du(x ′) − Du(y′)|)
+ C3(κ1, κ2) ‖e′‖L∞(�) |x − y|
+ C4(κ1, κ2)

(
max
z∈�

|e′(z) − κ1κ2 w′|
)

|y′ − x ′|
+ C5(κ1, κ2) |u(y′) − u(x ′)|;

with e(x) = (e′(x), e3(x)), x ′ = ϕ(x), y′ = ϕ(y), and w = (w′, w3).
If u, Du, ϕ, e are all Lipschitz, we then obtain

|d(x, C, w) − d(y, C, w)| ≤ [C1(κ1, κ2) |C | + C2(κ1, κ2, u, h,�,�′)
]

× (Le + L Du Lϕ

) |x − y|
+ C3(κ1, κ2) ‖e′‖L∞(�) |x − y|
+ C4(κ1, κ2)

(
max
z∈�

|e′(z) − κ1κ2 w′|
)

Lϕ |x − y|
+ C5(κ1, κ2) Lu Lϕ |x − y|,

where the L’s are the Lipschitz constants of the corresponding functions.

To prove the proposition we shall prove first two lemmas.

Lemma 2.2. We have

|ν(x) − ν(y)| ≤ √
5 |Du(x ′) − Du(y′)| (2.5)

for all x, y ∈ �, where x ′, y′ are defined in Proposition 2.1.

Proof. We write

ν(x) − ν(y) =
(

−Du(x ′)√
1 + |Du(x ′)|2 ,

1√
1 + |Du(x ′)|2

)

−
(

−Du(y′)√
1 + |Du(y′)|2 ,

1√
1 + |Du(y′)|2

)

=
(

Du(y′)√
1 + |Du(y′)|2 − Du(x ′)√

1 + |Du(x ′)|2 ,
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1√
1 + |Du(x ′)|2 − 1√

1 + |Du(y′)|2
)

= (α, β).

We have

β =
√
1 + |Du(y′)|2 −√1 + |Du(x ′)|2√
1 + |Du(x ′)|2√1 + |Du(y′)|2

= |Du(y′)|2 − |Du(x ′)|2√
1 + |Du(x ′)|2√1 + |Du(y′)|2

(√
1 + |Du(y′)|2 +√1 + |Du(x ′)|2

)

=
(|Du(y′)| − |Du(x ′)|) (|Du(y′)| + |Du(x ′)|)√

1 + |Du(x ′)|2√1 + |Du(y′)|2
(√

1 + |Du(y′)|2 +√1 + |Du(x ′)|2
) .

Then

|β| ≤ |Du(y′) − Du(x ′)|√
1 + |Du(x ′)|2√1 + |Du(y′)|2 .

Now

α = Du(y′)√
1 + |Du(y′)|2 − Du(x ′)√

1 + |Du(x ′)|2

= Du(y′)√
1 + |Du(y′)|2 − Du(y′)√

1 + |Du(x ′)|2 + Du(y′)√
1 + |Du(x ′)|2 − Du(x ′)√

1 + |Du(x ′)|2

=
(

1√
1 + |Du(y′)|2 − 1√

1 + |Du(x ′)|2
)

Du(y′)

+ 1√
1 + |Du(x ′)|2 (Du(y′) − Du(x ′))

= −β Du(y′) + 1√
1 + |Du(x ′)|2 (Du(y′) − Du(x ′)),

and so

|α| ≤ |β| |Du(y′)| + 1√
1 + |Du(x ′)|2 |Du(y′) − Du(x ′)|

≤ |Du(y′) − Du(x ′)|√
1 + |Du(x ′)|2√1 + |Du(y′)|2 |Du(y′)|

+ 1√
1 + |Du(x ′)|2 |Du(y′) − Du(x ′)|

≤ 2√
1 + |Du(x ′)|2 |Du(y′) − Du(x ′)|.
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Thus

|ν(x) − ν(y)| =
√

α2 + β2 ≤ √
5 |Du(x ′) − Du(y′)|.


�
Lemma 2.3. We have

|m(x) − m(y)| ≤ C1(κ1) |e(x) − e(y)| + C2(κ1)
∣∣Du(x ′) − Du(y′)

∣∣
for all x, y ∈ � with Ci (κ1), i = 1, 2, constants depending only on κ1.

Proof. From (2.1)

m(x) − m(y) = 1

κ1
(e(x) − e(y)) + 1

κ1
(λ(y) ν(y) − λ(x) ν(x)) . (2.6)

Also

λ(y) ν(y) − λ(x) ν(x)

= 1√
1 + |Du(y′)|2 λ(y) (−Du(y′), 1) − 1√

1 + |Du(x ′)|2 λ(x) (−Du(x ′), 1)

=
(

λ(x)√
1 + |Du(x ′)|2 Du(x ′) − λ(y)√

1 + |Du(y′)|2 Du(y′),

λ(y)√
1 + |Du(y′)|2 − λ(x)√

1 + |Du(x ′)|2
)

= (A, B).

Notice that

λ(x)√
1 + |Du(x ′)|2 =

e(x) · ν(x) −
√

κ2
1 − 1 + (e(x) · ν(x))2√

1 + |Du(x ′)|2 (2.7)

= 1 − κ2
1√

1 + |Du(x ′)|2
(

e(x) · ν(x) +
√

κ2
1 − 1 + (e(x) · ν(x))2

) .

We first estimate B. Let

�(x, y) =
√
1 + |Du(y′)|2

(
e(y) · ν(y) +

√
κ21 − 1 + (e(y) · ν(y))2

)

√
1 + |Du(x ′)|2

(
e(x) · ν(x) +

√
κ21 − 1 + (e(x) · ν(x))2

)
.

From (2.7) we can write B as follows:

B

1 − κ2
1

= 1
√
1 + |Du(y′)|2

(
e(y) · ν(y) +

√
κ2
1 − 1 + (e(y) · ν(y))2

)
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− 1
√
1 + |Du(x ′)|2

(
e(x) · ν(x)+

√
κ2
1 − 1 + (e(x) · ν(x))2

)

=
√
1 + |Du(x ′)|2

(
e(x) · ν(x)+

√
κ2
1 − 1+(e(x) · ν(x))2

)
−√1+|Du(y′)|2

(
e(y) · ν(y)+

√
κ2
1 − 1+(e(y) · ν(y))2

)

√
1+|Du(y′)|2

(
e(y) · ν(y)+

√
κ2
1 − 1+(e(y) · ν(y))2

)√
1+|Du(x ′)|2

(
e(x) · ν(x)+

√
κ2
1 − 1+(e(x) · ν(x))2

)

=
√
1 + |Du(x ′)|2 (e(x) · ν(x)) −√1 + |Du(y′)|2 (e(y) · ν(y))

�(x, y)

+
√
1 + |Du(x ′)|2

√
κ2
1 − 1 + (e(x) · ν(x))2 −√1 + |Du(y′)|2

√
κ2
1 − 1 + (e(y) · ν(y))2

�(x, y)

= (e(x) · ν(x))2 − (e(y) · ν(y))2

�(x, y)
(√

1 + |Du(x ′)|2 (e(x) · ν(x)) +√1 + |Du(y′)|2 (e(y) · ν(y))
)

+ |Du(x ′)|2(e(x) · ν(x))2 − |Du(y′)|2(e(y) · ν(y))2

�(x, y)
(√

1 + |Du(x ′)|2 (e(x) · ν(x)) +√1 + |Du(y′)|2 (e(y) · ν(y))
)

+
√
1 + |Du(x ′)|2

√
κ2
1 − 1 + (e(x) · ν(x))2 −√1 + |Du(y′)|2

√
κ2
1 − 1 + (e(y) · ν(y))2

�(x, y)

= B1 + B2 + B3.

Since e · ν > 0

|B1| = |e(x) · ν(x) − e(y) · ν(y)| (e(x) · ν(x) + e(y) · ν(y))

�(x, y)
(√

1 + |Du(x ′)|2 (e(x) · ν(x)) +√1 + |Du(y′)|2 (e(y) · ν(y))
)

≤ |e(x) · ν(x) − e(y) · ν(y)|
�(x, y)

= |(e(x) − e(y) + e(y)) · ν(x) − e(y) · ν(y)|
�(x, y)

≤ |(e(x) − e(y)) · ν(x)| + |e(y) · (ν(x) − ν(y))|
�(x, y)

≤ |e(x) − e(y)| + |ν(x) − ν(y)|
�(x, y)

≤ |e(x) − e(y)| + √
5
∣∣Du(x ′) − Du(y′)

∣∣
�(x, y)

from Lemma 2.2.

Similarly,

|B2| ≤
∣∣|Du(x ′)| (e(x) · ν(x)) − |Du(y′)| (e(y) · ν(y))

∣∣
�(x, y)

=
∣∣(|Du(x ′)| − |Du(y′)|) (e(x) · ν(x)) + |Du(y′)| (e(x) · ν(x) − e(y) · ν(y))

∣∣
�(x, y)

≤
∣∣Du(x ′) − Du(y′)

∣∣
�(x, y)

+ |Du(y′)|
�(x, y)

|e(x) · ν(x) − e(y) · ν(y)|

≤
∣∣Du(x ′) − Du(y′)

∣∣
�(x, y)

+ |Du(y′)|
�(x, y)

(√
5
∣∣Du(x ′) − Du(y′)

∣∣+ |e(x) − e(y)|
)

=
(
1 + √

5 |Du(y′)|
�(x, y)

) ∣∣Du(x ′) − Du(y′)
∣∣+ |Du(y′)|

�(x, y)
|e(x) − e(y)| .
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It remains to estimate B3. Let

H(x, y) =
√
1 + |Du(x ′)|2

√
κ2
1 − 1 + (e(x) · ν(x))2

+
√
1 + |Du(y′)|2

√
κ2
1 − 1 + (e(y) · ν(y))2.

Multiplying and dividing by H(x, y) yields

B3 =
(
1 + |Du(x ′)|2

) (
κ21 − 1 + (e(x) · ν(x))2

)
−
(
1 + |Du(y′)|2

) (
κ21 − 1 + (e(y) · ν(y))2

)

H(x, y) �(x, y)

=
(κ21 − 1)

(
|Du(x ′)|2 − |Du(y′)|2

)

H(x, y)�(x, y)
+ (e(x) · ν(x))2 − (e(y) · ν(y))2

H(x, y) �(x, y)

+ |Du(x ′)|2(e(x) · ν(x))2 − |Du(y′)|2(e(y) · ν(y))2

H(x, y) �(x, y)

= B1
3 + B2

3 + B3
3 .

Estimate B1
3 :

|B1
3 | = (κ2

1 − 1)

∣∣|Du(x ′)| − |Du(y′)|∣∣ (|Du(x ′)| + |Du(y′)|)
H(x, y)�(x, y)

≤ (κ2
1 − 1)

∣∣Du(x ′) − Du(y′)
∣∣ (|Du(x ′)| + |Du(y′)|)

H(x, y)�(x, y)

≤ (κ2
1 − 1)

∣∣Du(x ′) − Du(y′)
∣∣ (|Du(x ′)| + |Du(y′)|)√

κ2
1 − 1 (|Du(x ′)| + |Du(y′)|) �(x, y)

=
√

κ2
1 − 1

∣∣Du(x ′) − Du(y′)
∣∣

�(x, y)
,

since H(x, y) ≥
√

κ2
1 − 1

(|Du(x ′)| + |Du(y′)|).
Estimate B2

3 :

|B2
3 | = |(e(x) · ν(x) − e(y) · ν(y)) (e(x) · ν(x)+e(y) · ν(y))|

H(x, y)�(x, y)

≤ |(e(x) · ν(x) − e(y) · ν(y)) (e(x) · ν(x)+e(y) · ν(y))|
(e(x) · ν(x) + e(y) · ν(y)) �(x, y)

= |e(x) · ν(x) − e(y) · ν(y)|
�(x, y)

,

since H(x, y) ≥ e(x) · ν(x) + e(y) · ν(y). Therefore as in the estimate of B1 we
obtain

|B2
3 | ≤

√
5

�(x, y)

∣∣Du(x ′) − Du(y′)
∣∣+ 1

�(x, y)
|e(x) − e(y)| .
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Estimate B3
3 :

|B3
3 | =

∣∣|Du(x ′)| e(x) · ν(x) − |Du(y′)| e(y) · ν(y)
∣∣ (|Du(x ′)| e(x) · ν(x) + |Du(y′)| e(y) · ν(y)

)
H(x, y) �(x, y)

≤
∣∣|Du(x ′)| e(x) · ν(x) − |Du(y′)| e(y) · ν(y)

∣∣
�(x, y)

since H(x, y) ≥ |Du(x ′)| e(x) · ν(x) + |Du(y′)| e(y) · ν(y). The estimate then
follows as in estimating B2. So we obtain

|B3
3 | ≤

(
1 + √

5 |Du(y′)|
�(x, y)

) ∣∣Du(x ′) − Du(y′)
∣∣+ |Du(y′)|

�(x, y)
|e(x) − e(y)| .

Collecting estimates we then obtain

|B3| ≤
⎛
⎝
√

κ2
1 − 1

�(x, y)
+ 1 + √

5 + √
5 |Du(y′)|

�(x, y)

⎞
⎠ |Du(x ′) − Du(y′)|

+1 + |Du(y′)|
�(x, y)

|e(x) − e(y)|,

and therefore using the estimates of B1, B2, and B3

|B| ≤ 2
1 + |Du(y′)|

�(x, y)
(κ2

1 − 1) |e(x) − e(y)|

+
(

(κ2
1 − 1)3/2

�(x, y)
+2

1+√
5+√

5 |Du(y′)|
�(x, y)

(κ2
1 − 1)

) ∣∣Du(x ′)−Du(y′)
∣∣ .

(2.8)

Next we estimate A:

A = λ(x)√
1 + |Du(x ′)|2 Du(x ′) − λ(y)√

1 + |Du(y′)|2 Du(y′)

= λ(y)√
1 + |Du(y′)|2

(
Du(x ′) − Du(y′)

)

+
(

λ(x)√
1 + |Du(x ′)|2 − λ(y)√

1 + |Du(y′)|2
)

Du(x ′)

= λ(y)√
1 + |Du(y′)|2

(
Du(x ′) − Du(y′)

)− B Du(x ′).

From (2.7) we have ∣∣∣∣∣
λ(y)√

1 + |Du(y′)|2

∣∣∣∣∣ ≤
√

κ2
1 − 1.

Then

|A| ≤
√

κ2
1 − 1

∣∣Du(x ′) − Du(y′)
∣∣+ |B| |Du(x ′)|.
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Since�(x, y) ≥ κ2
1 −1,�(x, y) ≥ (κ2

1 −1)|Du(x ′)|,�(x, y) ≥ (κ2
1 −1)|Du(y′)|

and �(x, y) ≥ (κ2
1 − 1)|Du(x ′)||Du(y′)|, then from (2.8)

|B| |Du(x ′)| ≤ 4 |e(x) − e(y)| +
(√

κ2
1 − 1 + 2 + 4

√
5

)
|Du(x ′) − Du(y′)|,

and so

|A| ≤ 4 |e(x) − e(y)| +
(
2
√

κ2
1 − 1 + 2 + 4

√
5

)
|Du(x ′) − Du(y′)|.

Also, from (2.8) and the lower bounds for �, we have

|B| ≤ 4 |e(x) − e(y)| +
(√

κ2
1 − 1 + 2 + 4

√
5

)
|Du(x ′) − Du(y′)|.

Therefore from (2.6) we obtain

|m(x) − m(y)| ≤ 1

κ1
|e(x) − e(y)| + 1

κ1
(|A| + |B|)

≤ 9

κ1
|e(x) − e(y)|

+ 1

κ1

(
3
√

κ2
1 − 1 + 4 + 8

√
5

) ∣∣Du(x ′) − Du(y′)
∣∣

where x ′ = ϕ(x), y′ = ϕ(y) which completes the proof of the lemma. 
�
We are now ready to prove Proposition 2.1.

Proof of Proposition 2.1. From (2.3), we write

d(x, C, w) = C + v(x)

g(x)
, (2.9)

with

v(x) = −h(x) + e(x) · (x, 0) − (e(x) − κ1κ2 w) · (ϕ(x), u(ϕ(x)), (2.10)

g(x) = κ1 − κ1κ2 w · m(x). (2.11)

Since g ≥ κ1(1 − κ2) > 0, then
∣∣∣∣C + v(x)

g(x)
− C + v(y)

g(y)

∣∣∣∣ =
∣∣∣∣C (g(y) − g(x)) + v(x)g(y) − v(y)g(x)

g(x)g(y)

∣∣∣∣
≤ 1

κ2
1 (1 − κ2)2

(g(y) |v(x) − v(y)|

+ (|C | + |v(y)|) |g(y) − g(x)|) .

By (2.2), g(y) ≤ κ1 (1 − κ2
2 ), and by Lemma 2.3, we have that

|g(x) − g(y)|≤κ1κ2 |m(x) − m(y)|≤C1 |e(x)−e(y)|+C2 |Du(x ′) − Du(y′)|.
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Note that since � is bounded and convex and |Dh(x)| = |e′(x)| < 1, then
h is bounded in �. We also have that u is bounded on �′, therefore |v(y)| ≤
C(κ1, κ2, u, h,�,�′). To estimate |v(y) − v(x)| we write

v(x) − v(y) = h(y) − h(x) + (e(x) · (x, 0) − e(y) · (y, 0))

+ ((e(y) − κ1κ2w) · (ϕ(y), u(ϕ(y)))

− (e(x) − κ1κ2w) · (ϕ(x), u(ϕ(x))))

= A1 + A2 + A3.

We have

|A1| = |h(y) − h(x)| ≤ |Dh(ξ)| |x − y| ≤
(
max
z∈�

|e′(z)|
)

|x − y|.

Also, since e(x) = (e′(x), e3(x)), we have

A2 = e(x) · (x, 0) − e(y) · (y, 0) = (e(x) − e(y)) · (x, 0) + e(y)

· ((x, 0) − (y, 0))

= (e′(x) − e′(y)) · x + e′(y) · (x − y),

then

|A2| ≤
(
max
z∈�

|z|
)

|e′(x) − e′(y)| +
(
max
z∈�

|e′(z)|
)

|x − y|.

Next

A3 = (e(y) − e(x)) · (ϕ(y), u(ϕ(y))) + (e(x) − κ1κ2 w)

· [(ϕ(y), u(ϕ(y))) − (ϕ(x), u(ϕ(x)))]

= (e(y) − e(x)) · (ϕ(y), u(ϕ(y)))

+ (e′(x) − κ1κ2 w′) · (ϕ(y) − ϕ(x))

+ (e3(x) − κ1κ2 w3) (u(ϕ(y)) − u(ϕ(x))) ,

and so

|A3| ≤ max
z∈�′ |(z, u(z))| |e(x) − e(y)|

+
(
max
z∈�

|e′(z) − κ1κ2 w′|
)

|ϕ(y) − ϕ(x)|
+ (1 + κ1κ2)|u(ϕ(y)) − u(ϕ(x))|,

which concludes the proof of the proposition. 
�

2.2. Analysis of the Self-Intersection of the Surfaces

Since the upper surfaceσC,w of the lens�w is given parametrically, itmight have
self intersections, see Figure 2(a). In this case, the lens is not physically realizable.
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(a)

(b)

Fig. 2. (a) Upper surface with singul ar points and self-intersections (b) Lens with ray
trajectories

To produce Figures 2(a) and 2(b) we have written a Mathematica code using
formulas (2.1) and (2.3) in two dimensions. The lower function used is u(x) = 2+
A sin(Mx), the incoming field is (0, 1), h = 0, κ1 = 3/2, κ2 = 2/3, � = (−4, 4),

and w =
(
0.2,

√
1 − (0.2)2

)
. For Figure 2(a), we use C = 2, A = −0.2 and

M = 4; and for Figure 2(b), C = 1.31, A = −0.2 and M = 2.
In this section, we will use the Lipschitz estimate of d from Proposition 2.1 to

show that if the field e, the bottom surface of the lens u, and w, are all suitably
chosen, then the constant C can be chosen so that d(x, C, w) > 0 and the surface
σC,w parametrized by f (x, C, w) = (ϕ(x), u(ϕ(x))) + d(x, C, w) m(x) does not
have self intersections. The special case where e(x) = w = (0, 0, 1) is discussed
in [13, Remark 3.4].
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Recall that L F denotes the Lipschitz constant of the map F , i.e., |F(x) −
F(y)| ≤ L F |x − y| for all x, y in the corresponding domain. We assume that the
incident field e is never horizontal, i.e., e3(x) ≥ δ > 0, for some δ > 0. We first
prove that under conditions on the Lipschitz constants of u and e, and the L∞-norm
of e′, the map ϕ is bi-Lipschitz.

Lemma 2.4. Suppose e3(x) ≥ δ > 0 for x ∈ �. If

1

δ2
‖e′‖L∞(�)Lu ≤ 1/2, (2.12)

then ϕ satisfies the following Lipschitz estimate

|ϕ(x) − ϕ(y)| ≤ 2

{
1 +

(
1

δ
+ 1

δ2
‖e′‖L∞(�)

)(
max
�′ u

)
Le

}
|x − y|. (2.13)

If in addition, Le is small enough, i.e.,

(
1

δ
+ 1

δ2
‖e′‖L∞(�)

)(
max
�′ u

)
Le < 1/2, (2.14)

then ϕ is bi-Lipschitz, and for x �= y,

1

3
|x − y| < |ϕ(x) − ϕ(y)| < 3 |x − y|. (2.15)

Proof. We can write (ϕ(x), u (ϕ(x))) = (x, 0) + ρ e(x), for ρ(x) a positive func-
tion. Then

ϕ(x) = x + ρ e′(x)

u (ϕ(x)) = ρ e3(x),

so ϕ(x) satisfies the equation

ϕ(x) = x + u (ϕ(x))

e3(x)
e′(x) := x + ψ(x).

We write

ψ(x) − ψ(y) = u (ϕ(x))

e3(x)

(
e′(x) − e′(y)

)+
(

u (ϕ(x))

e3(x)
− u (ϕ(y))

e3(y)

)
e′(y)

= A + B.

Since e3(x) ≥ δ > 0 for all x ∈ �, it follows that

|A| ≤ max�′ u

δ
Le |x − y|.
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Also

|B| =
∣∣∣∣u (ϕ(x)) e3(y) − u (ϕ(y)) e3(x)

e3(x) e3(y)

∣∣∣∣ |e′(y)|

≤ 1

δ2
‖e′‖L∞(�) |u (ϕ(x)) (e3(y) − e3(x)) + (u (ϕ(x)) − u (ϕ(y))) e3(x)|

≤ 1

δ2
‖e′‖L∞(�)

{
Le

(
max
�′ u

)
|x − y| + Lu |ϕ(x) − ϕ(y)|

}
.

Therefore

|ψ(x) − ψ(y)| ≤
(
1

δ
+ 1

δ2
‖e′‖L∞(�)

)(
max
�′ u

)
Le |x − y|

+ 1

δ2
‖e′‖L∞(�) Lu |ϕ(x) − ϕ(y)| .

Since

ϕ(x) − ϕ(y) = x − y + ψ(x) − ψ(y),

we get

|ϕ(x) − ϕ(y)|
≤
{
1 +

(
1

δ
+ 1

δ2
‖e′‖L∞(�)

)(
max
�′ u

)
Le

}
|x − y|

+ 1

δ2
‖e′‖L∞(�) Lu |ϕ(x) − ϕ(y)| .

Then (2.13) follows from (2.12); and the upper estimate in (2.15) follows from
(2.14).

On the other hand,

|ϕ(x) − ϕ(y)| ≥ |x − y| − |ψ(x) − ψ(y)|
≥
{
1 −

(
1

δ
+ 1

δ2
‖e′‖L∞(�)

)(
max
�′ u

)
Le

}
|x − y|

− 1

δ2
‖e′‖L∞(�) Lu |ϕ(x) − ϕ(y)| .

Hence
{
1 + 1

δ2
‖e′‖L∞(�) Lu

}
|ϕ(x) − ϕ(y)|

≥
{
1 −

(
1

δ
+ 1

δ2
‖e′‖L∞(�)

)(
max
�′ u

)
Le

}
|x − y|,

which from (2.14) and (2.12) yields the lower estimate in (2.15). 
�
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With this lemma in hand, we give conditions on the size of the Lipschitz con-
stants of u, Du, and e so that if the constant C is appropriately chosen, then the
surface f (x, C, w) does not have self-intersections. The following theorem shows
that a small perturbation of the collimated case considered in [13, Remark 3.4]
gives also surfaces that are physically realizable:

Theorem 2.5. Suppose (2.12) and (2.14) hold. There are positive constants C1−C5
such that if

α = C1 (Le + 3 L Du) (2.16)

and

βw = C2 (Le + 3 L Du)+C3 ‖e′‖L∞(�) +3 C4
(
max
z∈�

|e′(z) − κ1κ2 w′|
)

+3 C5 Lu,

(2.17)
then we have the following: if we choose Le, L Du, ‖e′‖L∞(�),maxz∈� |e′(z) −
κ1κ2 w′|, and Lu all sufficiently small satisfying

βw < 1/3,

and

C∗ <
1/3 − βw

α
,

with C∗ given by (2.4), then the surface parametrized by

f (x, C, w) = (ϕ(x), u(ϕ(x))) + d(x, C, w) m(x)

is physically realizable, i.e., f is injective and d(x, C, w) > 0, for C > C∗ and

C ∈
[
−1/3 − βw

α
,
1/3 − βw

α

]
.

The constants C1, C3, C4, C5 depend only on κ1 and κ2 and the constant C2
depends only on κ1, κ2, u, h,� and �′.

Proof. Assume f is not injective, then there are two points x, y ∈ �, x �= y, such
that f (y, C, w) = f (x, C, w). We first prove that this implies that α in (2.16) is
not zero (independently of C1 > 0 to be chosen later). In fact, if α = 0, then e is
constant and L Du = 0. This means the emanating rays are parallel and u is a plane
with normal ν. Therefore, u refracts all rays into a fixed unit direction m. Since
f (x, C, w) = f (y, C, w), we obtain

(ϕ(x) − ϕ(y), u(ϕ(x)) − u(ϕ(y))) = (d(x, C, w) − d(y, C, w)) m.

Since x �= y, fromLemma2.4ϕ(x) �= ϕ(y), so d(x, C, w) �= d(y, C, w). Since the
graph of u is planar, dotting the last identity with ν, yieldsm ·ν = 0, a contradiction
with the Snell law since κ1 > 1. Therefore, if there are self-intersections, then
α �= 0.
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On the other hand,

|(ϕ(y), u(ϕ(y))) − (ϕ(x), u(ϕ(x)))| = |d(y, C, w)m(y) − d(x, C, w)m(x)|
≤ |d(y, C, w) − d(x, C, w)|

+ d(x, C, w)|m(y) − m(x)|
:= I + I I

To estimate I , we use Proposition 2.1. To estimate I I , we have from (2.9), (2.10),
(2.11), and since g(x) ≥ κ1(1 − κ2), that

d(x, C, w) ≤ 1

κ1(1 − κ2)

(|C | + C(κ1, κ2, u, h,�,�′)
)
. (2.18)

From Lemma 2.3, we have

|m(x) − m(y)| ≤ C1(κ1) |e(x) − e(y)| + C2(κ1) |Du(ϕ(x)) − Du(ϕ(y))| ,
then

I I ≤ 1

κ1(1 − κ2)

(|C | + C(κ1, κ2, u, h,�,�′)
)
(C1(κ1) |e(x) − e(y)|

+ C2(κ1) |Du(ϕ(x)) − Du(ϕ(y))|) .

Combining the estimates for I and I I we obtain

|(ϕ(y), u(ϕ(y))) − (ϕ(x), u(ϕ(x)))|
≤ [C1 |C | + C2] (|e(x) − e(y)|

+ |Du(ϕ(x)) − Du(ϕ(y))|)
+ C3 ‖e′‖L∞(�) |x − y|
+ C4

(
max
z∈�

|e′(z) − κ1κ2 w′|
)

|ϕ(y) − ϕ(x)|
+ C5 |u(ϕ(y)) − u(ϕ(x))|. (2.19)

Since (2.12) and (2.14) hold, then by Lemma 2.4 we get (2.15), replacing in (2.19)
we obtain

1/3 < [C1 |C | + C2] (Le + 3 L Du) + C3 ‖e′‖L∞(�)

+ 3 C4
(
max
z∈�

|e′(z) − κ1κ2 w′|
)

+ 3 C5 Lu, (2.20)

which reads

1/3 < α |C | + βw.

If Le, L Du, ‖e′‖L∞(�),maxz∈� |e′(z)−κ1κ2 w′|, and Lu are chosen sufficiently
small so that

βw < 1/3,
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then from (2.20), f (x, C, w) = f (y, C, w) with x �= y implies

|C | >
1/3 − βw

α
.

Therefore, if |C | ≤ 1/3 − βw

α
, the surface σC,w cannot have self intersections.

Recall that when C > C∗, with C∗ given in (2.4), d(x, C, w) > 0. By choosing,
if needed so, Le, L Du, ‖e′‖L∞(�),maxz∈� |e′(z) − κ1κ2 w′|, and Lu even smaller

than before, we have C∗ <
1/3 − βw

α
.

In conclusion, if we pick C > C∗ and C ∈
[
−1/3 − βw

α
,
1/3 − βw

α

]
, then

d(x, C, w) > 0 and the surface f (x, C, w) is injective in �. 
�

3. Discussion About the Singular Points of f

We say that a surface parametrized by a function f (x), x = (x1, x2), is regular
at a point y if fx1 × fx2 �= 0 at y. That is, at each regular point the surface has a
normal vector. Otherwise, y is a singular point.

It is proved in [13] that if a lens sandwiched between the lower surface u and
the upper surface f , refracts all rays with direction e(x) into the direction w, and
f is a regular surface at each point, then the upper surface is parametrized by
f (x, C, w) = (ϕ(x), u(ϕ(x))) + d(x, C, w)m(x) with d(x, C, w) given by (2.3).
In general, such a parametrizationmight lead to a surface having singular points and
therefore at those points there cannot be refraction since the normal is not defined.

The purpose of this section is to show that under appropriate assumptions on
u and for a range of values of the constant C , that parametrization indeed leads to
a regular surface and therefore the lens sandwiched by u and f (x, C, w) refracts
each ray emanating from x with direction e(x) into the direction w.

To simplify the notation in this section we write f (x) instead of f (x, C, w)

and d(x) instead of d(x, C, w). Let us first define

M(x) =
(

fx1(x) · fx1(x) fx1(x) · fx2(x)

fx2(x) · fx1(x) fx2(x) · fx2(x)

)
,

and recall that∣∣ fx1(x) × fx2(x)
∣∣2 = ∣∣ fx1(x)

∣∣2 ∣∣ fx2(x)
∣∣2 − ( fx1(x) · fx2(x)

)2 = det M(x).

3.1. Case of a General Field e(x)

Weconsider the unit incident field e(x) = (e1(x), e2(x), e3(x))with e3(x) > 0.
The upper face of the lens is parametrized by

f (x) = (ϕ(x), u(ϕ(x))) + d(x) m(x) = v(x) + d(x) m(x)

where ϕ(x) = (ϕ1(x), ϕ2(x)); x = (x1, x2); recall f (x) = f (x, C, w) and d(x) =
d(x, C, w) given in (2.3). Assume C > C∗, where C∗ is given by (2.4).
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The goal is to find conditions so that a given point y is a regular point of the
surface described by f , i.e., | fx1(y) × fx2(y)| > 0. This is the contents of the
following theorem.

Theorem 3.1. Suppose curl e′ = 0, u is concave at y, and y is a regular point for
the surface v(x) = (ϕ(x), u(ϕ(x))). If the matrix

W := (exi · vx j + ex j · vxi

)
i j

≥ 0 at x = y, (3.1)

then y is a regular point for the surface f (x) = v(x) + d(x) m(x). In particular,
if e′ = Dh and h is convex at y, then y is a regular point for f .

Proof. We have fxi = vxi + dxi m + d mxi . Since m(x) is a unit vector,

fxi · fx j = vxi · vx j + Ai j + Bi j + dxi dx j + d2 mxi · mx j , (3.2)

where

Ai j = dxi m · vx j + dx j m · vxi , Bi j = d mxi · vx j + d mx j · vxi .

We have ν · vxi = 0 and so by (2.1) m · vxi = 1

κ1
e · vxi . Hence

vxi · vx j + Ai j +dxi dx j =vxi · vx j +
1

κ1

(
dxi e · vx j +dx j e · vxi

)+dxi dx j

=
(
1 − 1

κ2
1

)
vxi · vx j +

(
vxi

κ1
+ dxi e

)
·
(

vx j

κ1
+ dx j e

)
.

Set gi = vxi

κ1
+dxi e, then the matrix (gi · g j )i j ≥ 0 at each point. Since y is a regu-

lar point for v, then thematrix
(
vxi · vx j

)
i j

> 0 at y. It is clear that
(
d2 mxi · mx j

)
i j
is

positive semidefinite. Therefore, thematrix
(
vxi · vx j + Ai j +dxi dx j +d2 mxi · mx j

)
i j

is positive definite at y.
We shall prove that if u is concave and (3.1) holds, then the matrix (Bi j ) is

positive semi-definite. Since mxi = 1

κ1

(
exi − λxi ν − λ νxi

)
and ν · vx j = 0, it

follows that

mxi · vx j = 1

κ1

(
exi · vx j − λ νxi · vx j

)
. (3.3)

We calculate νxi · vx j . First notice that

νxi =
{

(−Du(ϕ), 1)√
1 + |Du(ϕ)|2

}

xi

=
{

1√
1 + |Du(ϕ)|2

}

xi

(−Du(ϕ), 1)

− 1√
1 + |Du(ϕ)|2 (Duz1(ϕ) · ϕxi , Duz2 (ϕ) · ϕxi , 0)
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=
{

1√
1 + |Du(ϕ)|2

}

xi

(−Du(ϕ), 1)

+ 1√
1 + |Du(ϕ)|2 (−D2u(ϕ)ϕxi , 0). (3.4)

Therefore

vx j · νxi = (ϕx j , Du(ϕ) · ϕx j ) · νxi = − 1√
1 + |Du(ϕ)|2 ϕx j · D2u(ϕ)ϕxi . (3.5)

Let us analyze the definiteness of matrix H := (ϕx j · D2u(ϕ)ϕxi

)
i j
. Since u is C2,

D2u is symmetric and so H is symmetric. To simplify the writing let τi = ϕxi ,
τ̄i = (τi , 0), i = 1, 2, and

D2u =
⎡
⎣u11 u12 0

u21 u22 0
0 0 1

⎤
⎦ .

Notice that

ϕx j · D2u(ϕ)ϕxi = τ j · D2u(ϕ)τi = τ̄ j · D2u τ̄i .

Then

det H = det
(
τ̄ j · D2u τ̄i

)
= (τ̄1 × τ̄2) ·

(
D2u τ̄1 × D2u τ̄2

)

by the Cauchy-Binet formula for the cross product. Next

τ̄1 × τ̄2 = det

(
τ1
τ2

)
k,

and since

D2u τ̄1 =
(
(D2u) τ1, 0

)
, D2u τ̄2 =

(
(D2u) τ2, 0

)
,

we get

D2u τ̄1 × D2u τ̄2 = det

(
(D2u) τ1
(D2u) τ2

)
k = det(D2u) det

(
τ1
τ2

)
k.

Therefore

det H = det(D2u)

[
det

(
τ1
τ2

)]2
.

Also trace H = τ1 · D2u τ1 + τ2 · D2u τ2. Since u is concave at y, we obtain
det H ≥ 0 and trace H ≤ 0, so H ≤ 0 at y since H is symmetric. From (3.5)
and since λ < 0, it follows that the symmetric matrix

(−λ vx j · νxi

)
i j
is positive

semi-definite at y. From (3.3) and (3.1) we conclude that

Bi j = d mxi · vx j + d mx j · vxi
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= d

κ1

(
exi · vx j + ex j · vxi − λ

(
νxi · vx j + νx j · vxi

))

is positive semi-definite at y as desired. Thus, from (3.2) the matrix ( fxi · fx j )i j is
positive definite at x = y because it is written as the sum of the positive definite

matrix

((
1 − 1

κ2
1

)
vxi · vx j

)

i j

plus a positive semi-definite matrix.

Finally, let us analyze condition (3.1). We have

v(x) = (ϕ(x), u(ϕ(x))) = (x, 0) + ρ e(x),

so vx j = (x, 0)x j + ρx j e + ρ ex j and

vx j ·exi =(x, 0)x j ·exi +ρx j e ·exi +ρ ex j ·exi =(x, 0)x j ·exi +ρ ex j ·exi . (3.6)

Hence [
vx1 · ex1 vx2 · ex1
vx1 · ex2 vx2 · ex2

]
=
[
(e1)x1 (e2)x1
(e1)x2 (e2)x2

]
+ ρ

[
ex1 · ex1 ex1 · ex2
ex1 · ex2 ex2 · ex2

]
.

Since curl e′ = 0, i.e., (e1)x2 = (e2)x1 , the matrix (exi · vx j )i j is symmetric and so
W = 2

(
exi · vx j

)
i j
. Thus,

det W = 4 det

[
vx1 · ex1 vx1 · ex2
vx2 · ex1 vx2 · ex2

]
= 4

(
vx1 × vx2

) · (ex1 × ex2

)
,

by Cauchy-Binet’s formula. Since e3 =
√
1 − e21 − e22,

ex1 × ex2 = 1

e3
det

[
(e1)x1 (e2)x1
(e1)x2 (e2)x2

]
e.

Also, since vxi = (ϕxi , Du(ϕ) · ϕxi ), by calculation,

vx1 × vx2 =
√
1 + |Du|2 det

[
(ϕ1)x1 (ϕ2)x1
(ϕ1)x2 (ϕ2)x2

]
ν.

Therefore, (3.1) is equivalent to

det W = 4

√
1 + |Du|2

e3
det

[
(ϕ1)x1 (ϕ2)x1
(ϕ1)x2 (ϕ2)x2

]
det

[
(e1)x1 (e2)x1
(e1)x2 (e2)x2

]
(e · ν)

≥ 0 at x = y, (3.7)

and

trace W = 2
(
vx1 · ex1 + vx2 · ex2

)
(3.8)

= 2
(
(e1)x1 + (e2)x2 + ρ

(
ex1 · ex1 + ex2 · ex2

))

= 2

(
hx1x1 + hx2x2 + u(ϕ(x))

e3(x)

(
ex1 · ex1 + ex2 · ex2

)) ≥ 0 at x = y,
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where e′ = (e1, e2) = Dh; recall that here Du is calculated at ϕ(y), ν is the normal
to u at (ϕ(y), u(ϕ(y))), and e j are calculated at y.

We will simplify (3.7). We first write det

(
∂ϕ

∂x

)
(using the notation at the end

of paper) in terms of u and Du. Since (ϕ(x), u (ϕ(x))) = (x, 0) + ρ e(x), ϕ(x)

satisfies the equation

x + u (ϕ(x))

e3(x)
e′(x) = ϕ(x).

Let

F(x, z) = x + u (z)

e3(x)
e′(x) − z,

with x = (x1, x2) and z = (z1, z2). We have
∂ F

∂z
= −I d + Du(z) ⊗ e′(x)

e3(x)
and

∂ F

∂x
= I d + u(z)

∂(e′/e3)

∂x
. By assumption e · ν > 0, and

e · ν = 1√
1 + |Du(ϕ)|2

(−Du(ϕ) · e′(x) + e3(x)
)
.

By Sherman-Morrison’s formula [24], det
∂ F

∂z
(x, ϕ(x)) = det

(
I d − Du(ϕ(x))

⊗ e′(x)

e3(x)

)
= 1 − e′(x)

e3(x)
· Du(ϕ(x)) = 1

e3

√
1 + |Du(ϕ)|2 e · ν �= 0 and therefore

∂ F

∂z
(x, ϕ(x)) is invertible. Since F(x, ϕ(x)) = 0, we then get

∂ϕ

∂x
= −

(
∂ F

∂z
(x, ϕ(x))

)−1
∂ F

∂x
(x, ϕ(x))

=
(

I d − Du(ϕ(x)) ⊗ e′(x)

e3(x)

)−1 (
I d + u(ϕ(x))

∂(e′/e3)

∂x
(x)

)

and so

det
∂ϕ

∂x
= 1

1

e3

√
1 + |Du(ϕ)|2 e · ν

det

(
I d + u(ϕ(x))

∂(e′/e3)

∂x
(x)

)
.

So (3.7) can be written as

det W = 4 det

(
I d + u(ϕ(x))

∂(e′/e3)

∂x
(x)

)
det

(
∂e′

∂x
(x)

)
≥ 0 at x = y.

(3.9)

Notice that since
∂e′

∂x
is symmetric,

∂(e′/e3)

∂x
= 1

e3

∂e′

∂x
+ 1

e33

(
e′ ⊗ e′) ∂e′

∂x
.
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In fact, since e · ex j = 0, we have ∂x j e3 = − 1

e3

(
∂e′

∂x
e′
)

j
. Hence ∂x j

(
ei e−1

3

)
=

(
∂x j ei

)
e−1
3 − ei e−2

3 ∂x j e3 = (∂x j ei
)

e−1
3 + e−3

3 ei

(
∂e′

∂x
e′
)

j
and the formula fol-

lows. Therefore (3.9) reads

det W = 4 det

(
∂e′

∂x
+ u(ϕ(x))

e3

(
∂e′

∂x

)2

+ u(ϕ(x))

e33

∂e′

∂x
(e′ ⊗ e′)∂e′

∂x

)
≥ 0.

(3.10)
Since e′ = Dh, (3.10) reads

det W = 4 det

(
D2h + u(ϕ(x))

e3

(
D2h

)2 + u(ϕ(x))

e33
D2h(Dh ⊗ Dh)D2h

)

≥ 0 at x = y,

and if h convex at y this clearly holds and also (3.8). This completes the proof of
the theorem. 
�

3.2. Collimated Case: e(x) = e3 = (0, 0, 1)

The upper surface of the lens is parametrized by f (x) = (x, u(x))+d(x) m(x),
where from (2.3)

d(x) = d(x, C, w) = C − (e3 − κ1κ2 w) · (x, u(x))

κ1 − κ1κ2w · m(x)
. (3.11)

Sinceweneedd(x) > 0 for x ∈ �,C must be such thatC > maxx∈�{(e3−κ1κ2 w)·
(x, u(x))}. Since the incident field is now explicit, we obtain more information than
in Theorem 3.1 for points where u is not necessarily concave.

Theorem 3.2. Assume the parametrization f (x) = (x, u(x)) + d(x) m(x) where
d(x) is given by (3.11), C > maxx∈�{(e3 − κ1κ2 w) · (x, u(x))}, and μ(y) =
maximum eigenvalue of D2u(y). If

(1) μ(y) ≤ 0, or
(2) μ(y) > 0 and

C <
κ2
1 (1 − κ2)

√
1 + |Du(y)|2

μ(y)

√
κ2
1 − 1

+ min
x∈�

{(e3 − κ1κ2 w) · (x, u(x))},

then y is a regular point for f .

Proof. The first part of the theorem follows immediately from Theorem 3.1 since
W = 0.

As before letting v(x) = (x, u(x)), we first find explicit expressions for the

terms in (3.2) that will lead to formula (3.24). From (2.1), m(x) = 1

κ1
(e3 − λ(x)
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ν(x)) with ν(x) = (−Du(x), 1)√
1 + |Du(x)|2 , the outer unit normal to the graph of u at

(x, u(x)), and λ(x) = e3 · ν −
√

κ2
1 − 1 + (e3 · ν)2. Since vxi is tangent to the

graph of u at (x, u(x)), ν · (1, 0, ux1) = 0,

m · vxi = 1

κ1
uxi (x), i = 1, 2. (3.12)

Since |ν| = 1, then ν · νxi = 0 and therefore

mxi · mx j = 1

κ2
1

(
λxi λx j + λ2 νxi · νx j

)
(3.13)

From (3.4)

νxi = −Du · Duxi(
1 + |Du|2)3/2 (−Du, 1) + 1√

1 + |Du|2 (−Duxi , 0). (3.14)

So from (3.3)

vx j · mxi = λ ux j xi

κ1
√
1 + |Du|2 . (3.15)

Replacing (3.12), (3.13), (3.15), in the formulas for fxi · fx j the matrix M =
( fxi · fx j )i j can be written as follows:

M = I d + Du ⊗ Du + 1

κ1
(Du ⊗ Dd + Dd ⊗ Du) + 2 d λ

κ1
√
1 + |Du|2 D2u + Dd ⊗ Dd

+ d2

κ21

(
Dλ ⊗ Dλ + λ2

(
νx1 · νx1 νx1 · νx2
νx1 · νx2 νx2 · νx2

))

= I d + κ21 − 1

κ21

Du ⊗ Du +
(

1

κ1
Du + Dd

)
⊗
(

1

κ1
Du + Dd

)

+ 2 d λ

κ1
√
1 + |Du|2 D2u + d2

κ21

L;

where

L = Dλ ⊗ Dλ + λ2
(

νx1 · νx1 νx1 · νx2
νx1 · νx2 νx2 · νx2

)
.

We next calculate L by calculating first Dλ ⊗ Dλ. Notice that

λ = e3 · ν −
√

κ2
1 − 1 + (e3 · ν)2 = 1 − κ2

1

e3 · ν +
√

κ2
1 − 1 + (e3 · ν)2

= φκ1 (e3 · ν) ,

with

φκ(t) = 1 − κ2

t + √
κ2 − 1 + t2

; (3.16)
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and

φ′
κ(t) = − 1√

κ2 − 1 + t2
φκ(t). (3.17)

Then

λxi = (e3 · ν)xi φ′
κ1

(e3 · ν) = −
{

1√
1 + |Du|2

}

xi

1√
κ2
1 − 1 + 1

1 + |Du|2
λ

= Du · Duxi

(1 + |Du|2)3/2
√
1 + |Du|2√

(κ2
1 − 1)(1 + |Du|2) + 1

λ = Du · Duxi

(1 + |Du|2)√�
λ,

with
� = κ2

1 + (κ2
1 − 1)|Du|2. (3.18)

Hence

Dλ ⊗ Dλ = λ2

�(1 + |Du|2)2
(
(Du · Dux1 , Du · Dux2)

⊗(Du · Dux1, Du · Dux2)
)

Notice that (Du · Dux1, Du · Dux2) = D2u(Du), and

(D2u Du) ⊗ (D2u Du) = (D2u Du)(D2u Du)t = D2u Du(Du)t (D2u)t

= D2u(Du ⊗ Du)D2u.

We conclude that

Dλ ⊗ Dλ = λ2

�(1 + |Du|2)2 D2u(Du ⊗ Du)D2u (3.19)

We next calculate the matrix ν̄ :=
(

νx1 · νx1 νx1 · νx2
νx1 · νx2 νx2 · νx2

)
. From (3.14)

νxi · νx j =
(

−Du · Duxi(
1 + |Du|2)3/2 (−Du, 1) + 1√

1 + |Du|2 (−Duxi , 0)

)

·
( −Du · Dux j(

1 + |Du|2)3/2 (−Du, 1) + 1√
1 + |Du|2 (−Dux j , 0)

)

=
(
Du · Duxi

) (
Du · Dux j

)
(
1 + |Du|2)2 − 2

(
Du · Duxi

) (
Du · Dux j

)
(
1 + |Du|2)2 + Duxi · Dux j

1 + |Du|2

= Duxi · Dux j

1 + |Du|2 −
(
Du · Duxi

) (
Du · Dux j

)
(
1 + |Du|2)2 .

Hence

ν̄ =
(
D2u

)2
1 + |Du|2 − D2u(Du ⊗ Du)D2u(

1 + |Du|2)2 . (3.20)
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By (3.19) and (3.20), we obtain

L = λ2

�
(
1 + |Du|2)2 D2u(Du ⊗ Du)D2u + λ2

(
D2u

)2
1 + |Du|2 − λ2

D2u(Du ⊗ Du)D2u(
1 + |Du|2)2

= λ2

⎛
⎜⎝
(

D2u
)2

1 + |Du|2 +
(
1 − �

�

)
D2u(Du ⊗ Du)D2u(

1 + |Du|2)2
⎞
⎟⎠ .

Notice that from (3.18)

1 − � = 1 −
(
κ2
1 + (κ2

1 − 1)|Du|2
)

= −(κ2
1 − 1)(1 + |Du|2),

so

L = λ2

1 + |Du|2 D2u

(
I d − κ2

1 − 1

�
Du ⊗ Du

)
D2u. (3.21)

Define

R = I d − κ2
1 − 1

�
Du ⊗ Du.

Replacing (3.21) in the formula for M yields

M = I d + κ2
1 − 1

κ2
1

Du ⊗ Du +
(

1

κ1
Du + Dd

)
⊗
(

1

κ1
Du + Dd

)

+ 2 d λ

κ1
√
1 + |Du|2 D2u + d2λ2

κ2
1

(
1 + |Du|2)D2u R D2u. (3.22)

Notice that R is invertible. In fact, by the Sherman-Morrison formula [24],

det R = 1 − (κ2
1 − 1)Du · Du

�
= � − (κ2

1 − 1)|Du|2
�

= κ2
1

�
> 0,

and

R−1 = I d +
κ2
1 − 1

�
Du ⊗ Du

κ2
1

�

= I d + κ2
1 − 1

κ2
1

Du ⊗ Du. (3.23)

Hence M becomes

M = R−1 +
(

1

κ1
Du + Dd

)
⊗
(

1

κ1
Du + Dd

)
+ 2 d λ

κ1
√
1 + |Du|2 R−1

(
RD2u

)

+ d2λ2

κ2
1

(
1 + |Du|2) R−1

(
RD2u

)2
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We conclude that

M =
(

1

κ1
Du + Dd

)
⊗
(

1

κ1
Du + Dd

)
+ R−1

(
I d + dλ

κ1
√
1 + |Du|2 RD2u

)2

(3.24)

with R = I d − κ2
1 − 1

�
Du ⊗ Du, and R−1 given by (3.23).

The point y is a regular point for the surface parametrized by the vector f if
and only if det M(y) �= 0. We find sufficient conditions so that det M �= 0.

It is easy to check that if v is a function of two variables, then Dv ⊗ Dv is
symmetric positive semi-definite with eigenvalues 0 and |Dv|2, and so det Dv ⊗
Dv = 0. Hence

(
1

κ1
Du + Dd

)
⊗
(

1

κ1
Du + Dd

)
is symmetric positive semi-

definite with determinant 0. Also R and R−1 are symmetric positive definite. Let

H = R−1

(
I d + d λ

κ1
√
1 + |Du|2 RD2u

)2

= R

(
R−1 + d λ

κ1
√
1 + |Du|2 D2u

)2

.

Since M is symmetric, from (3.24) H is symmetric. Since B = R−1

+ d λ

κ1
√
1 + |Du|2 D2u is symmetric, B2 is symmetric and positive semi-definite.

Since R is symmetric and positive definite we get that H is positive semi-definite.2

Therefore by (3.24) and the concavity of the det function on positive semi-definite
matrices we deduce

det M ≥ det

[(
1

κ1
Du + Dd

)
⊗
(

1

κ1
Du + Dd

)]

+ det

⎡
⎣R−1

(
I d + dλ

κ1
√
1 + |Du|2 RD2u

)2
⎤
⎦

= det
(

R−1
)(

det

(
I d + dλ

κ1
√
1 + |Du|2 RD2u

))2

= det
(

R−1
)

(det R)2

(
det

(
R−1 + dλ

κ1
√
1 + |Du|2 D2u

))2

= κ2
1

�

(
det

(
R−1 + dλ

κ1
√
1 + |Du|2 D2u

))2

.

2 We use here that if A, B are symmetric, positive semi-definite and AB is symmetric,
then AB is positive semi-definite.
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To prove the second part of the theorem, suppose y is a singular point for f . So

det M(y) = 0, and then det

(
R−1 + d λ

κ1
√
1 + |Du|2 D2u

)
= 0 at y. Hence there

exists a unit vector v such that 〈R−1v + d λ

κ1
√
1 + |Du|2 (D2u)v, v〉 = 0 at y, so

− d λ

κ1
√
1 + |Du|2 〈(D2u)v, v〉 = 〈R−1v, v〉 at y.

By (3.23), the eigenvalues of R−1 are 1 and1+κ2
1 − 1

κ2
1

|Du(y)|2.Hence 〈R−1v, v〉 ≥
‖v‖ = 1. On the other hand, since 〈D2u(y) v, v〉 ≤ μ(y), it follows that

− d(y) λ(y)

κ1
√
1 + |Du(y)|2 μ(y) ≥ 1.

Recall that λ = φκ1(e3 · ν), and φκ1(t) is increasing for t ≥ 0, where φκ1 given in
(3.16). Since 0 ≤ e3 · ν ≤ 1, φκ1(0) ≤ λ ≤ φκ1(1), i.e.,

−
√

κ2
1 − 1 ≤ λ ≤ 1 − κ1.

Hence √
κ2
1 − 1

κ1
√
1 + |Du(y)|2 d(y) μ(y) ≥ 1,

and therefore

d(y) ≥ κ1
√
1 + |Du(y)|2

μ(y)

√
κ2
1 − 1

(3.25)

when f has a singular point at y. By (3.11) we then have

d(x, C, w) ≤ C − minx∈�{(e3 − κ1κ2 w) · (x, u(x))}
κ1 − κ1κ2

.

So if f has a singular point at y, then from (3.25) we obtain

C ≥ κ2
1 (1 − κ2)

√
1 + |Du(y)|2

μ(y)

√
κ2
1 − 1

+ min
x∈�

{(e3 − κ1κ2 w) · (x, u(x))}. (3.26)

This completes the proof of the theorem. 
�
Corollary 3.3. Let

γ = min{y:μ(y)>0}
κ2
1 (1 − κ2)

√
1 + |Du(y)|2

μ(y)

√
κ2
1 − 1

,
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(if {y : μ(y) > 0} = ∅, then γ = +∞) and suppose that

max
x∈�

{(e3 − κ1κ2 w) · (x, u(x))} < min
x∈�

{(e3 − κ1κ2 w) · (x, u(x))} + γ. (3.27)

If

max
x∈�

{(e3 − κ1κ2 w) · (x, u(x))} < C < min
x∈�

{(e3 − κ1κ2 w) · (x, u(x))} + γ,

then the upper surface of the lens f (x) = (x, u(x))+ d(x) m(x) is regular at each
x.

4. Lenses Refracting a Field e into a Target �∗

Weare given the source� a bounded convex region inR2, and the far field target
�∗, a closed subset of S2. The incident unit field e(x) = (e′(x), e3(x)) is given so
that e3(x) ≥ δ > 0, for every x ∈ �̄, and e′ = Dh where h is a C2 convex function
in�.�∗ and e are such that condition (2.2) is satisfied for every x ∈ �̄ andw ∈ �∗.
The lower face of the lens is given by the graph of a C2 concave function u in �′
as at the beginning of Section 2. Further, we assume that Le, L Du , Lu , ||e′||L∞ ,
maxx∈�̄,w=(w′,w3)∈�∗ |e′ − κ1κ2 w′| are small enough so that (2.12), and (2.14) are

satisfied, βw < 1/3 and C∗ <
1/3 − βw

α
for every w ∈ �∗, where C∗, α, and

βw are defined respectively in (2.4), (2.16), and (2.17). We set β = maxw∈�∗ βw,

by compactness of �∗, we have β < 1/3 and C∗ <
1/3 − β

α
. Theorems 2.5 and

3.1 imply that for every w ∈ �∗, and C > C∗ with |C | ≤ 1/3 − β

α
, the surface

σC,w parametrized by the vector f (x, C, w) = (ϕ(x), u(ϕ(x)))+d(x, C, w) m(x),
with m and d given respectively in (2.1) and (2.3), has no self-intersections and
is regular at every point. Moreover, the lens enclosed between u and σC,w refracts
uniformly the field e intow. We use these uniformly refractive surfaces to construct
a lens with lower face u and upper face σ that refracts all rays emitted from (x, 0)
with direction e(x) into the far field target �∗. σ is parametrized by the vector
F(x) = (ϕ(x), u(ϕ(x))) + D(x) m(x) where D is constructed so that for every
point x ∈ �, σ is supported from above at F(x) by a uniformly refractive surface
σC,w with some w ∈ �∗. More precisely, we have the following definition:

Definition 4.1. Let 0 < ε <
1/3 − β

α
−C∗.We say that the surfaceσ , parametrized

by F(x) = (ϕ(x), u(ϕ(x))) + D(x) m(x), yields a lens refracting � into �∗ if for

each x0 ∈ �̄ there exists w ∈ �∗ and C , with C ≥ C∗ + ε and |C | ≤ 1/3 − β

α
,

such that the surface σC,w supports σ at F(x0), i.e., D(x) ≤ d(x, C, w) for every
x , with equality at x = x0. We also define the corresponding normal map of σ
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Nσ (x0) =
{
w ∈ �∗ : there exists C ≥ C∗ + ε, |C |

≤ 1/3 − β

α
such that σC,w supports σ at x0

}
,

and the tracing map Tσ (w) = {x ∈ �̄ : w ∈ Nσ (x)
}
.

We show in the following theorem that the surfaces σ given parametrically by
Definition 4.1 have no self-intersections and have a normal vector at almost every
point. This will follow from the conditions on the constant C and that u is concave
and e′ = Dh with h convex.

Theorem 4.2. Let σ be a surface given by Definition 4.1 and let N = {x ∈ �̄ :
D is not differentiable at x}. Then:

(1) σ has no self-intersections;
(2) |N | = 0;
(3) If y ∈ �\N, then F is regular at y, i.e., σ has a normal at y;
(4) If y ∈ �\N, thenNσ (y) is a singleton and the ray emitted from y with direction

e(y) is refracted by the lens enclosed by u and σ into Nσ (y).

To show the theorem, we first prove the following lemma:

Lemma 4.3. Suppose σ , parametrized by F(x) = (ϕ(x), u(ϕ(x))) + D(x) m(x),
yields a lens in the sense of Definition 4.1 that refracts � into �∗. Then:

(1) D is a Lipschitz continuous function,
(2) F is Lipschitz;

where the Lipschitz constants are bounded uniformly by a constant depending only
on e, h, u,�, �′, and �∗.

Proof. Let x, y ∈ �, and w1 ∈ Nσ (x), then there exists C1 ≥ C∗ + ε and

|C1| ≤ 1/3 − β

α
such thatσC1,w1 supportsσ fromabove at F(x). ThereforeD(x) =

d(x, C1, w1), and D(y) ≤ d(y, C1, w1). By the second part of Proposition 2.1

D(y) − D(x) ≤ d(y, C1, w1) − d(x, C1, w1) ≤ (A1|C1| + A2)|x − y|
≤
(

A1
1/3 − β

α
+ A2

)
|x − y| := A|x − y|,

where A, A1, A2 are constants independent of x , y, anddependingonlyon e, h, u,�,
�′, and �∗. Switching the roles of x and y we conclude that D is Lipschitz.

To prove the second part of the lemma, we use the above estimate for D,
Lemma 2.3, and inequalities (2.13), (2.18), and obtain the following:

|F(x) − F(y)| = |(ϕ(x), u(ϕ(x))) − (ϕ(y), u(ϕ(y)))|
+ |D(x)m(x) − D(y)m(y)|

≤ |ϕ(x) − ϕ(y)| + |u(ϕ(x)) − u(ϕ(y))|
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+ D(x)|m(x) − m(y)| + |D(x) − D(y)||m(y)|
≤ (B1|C1| + B2)|x − y| ≤

(
B1

1/3 − β

α
+ B2

)
|x − y|

:= B|x − y|,
where B, B1, B2 are constants independent of x and y. 
�
Proof of Theorem 4.2. Theproof of (2) follows fromLemma4.3, andRademacher
theorem.

To prove (1) we proceed by contradiction. Assume that F is not injective, then
there exist x �= y such that F(x) = F(y). Without loss of generality, suppose
D(y) ≥ D(x) and let σC1,w1 be a uniformly refractive surface supporting σ at

F(x) with w1 ∈ �̄∗, C1 ≥ C∗ + ε, and |C1| ≤ 1/3 − β

α
. Then

|(ϕ(y), u(ϕ(y))) − (ϕ(x), u(ϕ(x)))| = |D(x)m(x) − D(y)m(y)|
= D(x)|m(x) − m(y)|

+ |D(x) − D(y)||m(y)|
= d(x, C1, w1)|m(x) − m(y)|

+ D(y) − D(x).

Using the fact thatD(y)−D(x) ≤ d(y, C1, w1)−d(x, C1, w1), and the estimates
of I and I I in the proof of Theorem 2.5, we get that

|(ϕ(y) − ϕ(x), u(ϕ(y)) − u(ϕ(x)))| ≤ (α|C1| + βw1)|x − y|,
with α, and βw1 defined in (2.16), and (2.17). Therefore, by (2.15), 1/3 < α|C1|+
βw1 , and hence

|C1| >
1/3 − βw1

α
≥ 1/3 − β

α
, which is a contradiction.

We next prove (3). Recall that F regular at y means that Fx1(y) × Fx2(y) �= 0.
Let σC,w be a supporting surface to σ at F(y). We claim that if y ∈ �\N then
∇D(y) = ∇d(y, C, w) (here to avoid confusion we use ∇ to denote the gradient).
In fact, since D and d(·, C, w) are differentiable at y, and D(x) ≤ d(x, C, w) for
every x ∈ �, then by Taylor’s theorem,

∇D(y) · (x − y) + o(|x − y|) ≤ ∇d(y, C, w) · (x − y) + o(|x − y|),
For τ > 0 small enough, we have x = y + τv ∈ � for every v with |v| = 1. Then

τ∇D(y) · v + o(τ ) ≤ τ∇d(y, C, w) · v + o(τ ).

Dividing by τ and letting τ → 0+ we get ∇D(y) · v ≤ ∇d(y, C, w) · v for every
v ∈ S2, and the claim follows. Therefore

Fx1(y) × Fx2(y) = fx1(y, C, w) × fx2(y, C, w),
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where f (x, C, w) = (ϕ(x), u(ϕ(x)))+ d(x, C, w) m(x). Since h is convex, and u
is concave at y then Theorem 3.1 implies that

fx1(y, C, w) × fx2(y, C, w) �= 0,

and so y is a regular point for F .
Proof of (4). We have y ∈ �\N , and by part (3) of the theorem, y is a reg-
ular point for F . Assume there exist w1, w2 ∈ Nσ (y), and let σC1,w1 , σC2,w2

be two supporting surfaces to σ at F(y). Let νσ , νC1,w1 , νC2,w2 be the unit nor-
mals to σ, σC1,w1 , σC2,w2 at y, respectively, towards medium n3. By Snell’s law at
f (y, C1, w1) and f (y, C2, w2), we have

m(y) − κ2w1 = λC1,w1νC1,w1 , m(y) − κ2w2 = λC2,w2νC2,w2 ,

with λCi ,wi = φκ2(m(y) · νCi ,wi (y)), i = 1, 2, where φκ2 as defined in (3.16), and
the incident direction m(y) is given by (2.1). From the proof of Part (3) we have

Fx1(y) × Fx2(y) = fx1(y, C1, w1) × fx2(y, C1, w1)

= fx1(y, C2, w2) × fx2(y, C2, w2) �= 0.

Then νσ (y) = νC1,w1(y) = νC2,w2(y), and therefore λC1,w1 = λC2,w2 , and hence
w1 = w2, which ends the proof of Part (4). 
�
Remark 4.4. If y ∈ �\N , then from part (4) of the theorem, there exists a unique

w ∈ Nσ (y). Will show also that there is a unique C ≥ C∗ + ε and |C | ≤ 1/3 − β

α
such that σC,w support σ at F(y). In fact, assume there exist C1, C2 such that σC1,w

and σC2,w supports σ at F(y). Then

D(y) = d(y, C1, w1) = d(y, C2, w1),

and from (2.3) we get C1 = C2.

4.1. The Refractor Measure

Let I ∈ L1(�) with I ≥ 0. The energy received on a set E ⊂ �∗ is given by∫
Tσ (E)

I(x) dx (4.1)

where Tσ is the tracing map from Definition 4.1. We prove in this section that (4.1)
is well defined for each E Borel subset of �∗ and is a finite measure on �∗ which
will be called the refractor measure and denoted by μσ .

Proposition 4.5. If A, B ⊂ �∗ with A ∩ B = ∅, then |Tσ (A) ∩ Tσ (B)| = 0.

Proof. Let N be the set from Theorem 4.2. Since A and B are disjoints, by Theo-
rem 4.2(4)

Tσ (A) ∩ Tσ (B) ⊆ {x ∈ �̄ : Nσ (x) is not single valued} ⊆ N ∪ ∂�.

The conclusion then follows since |N | = 0 by Theorem 4.2(2), and that |∂�| = 0
because � is convex. 
�
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We define the set Sσ = {E ⊆ �∗ : Tσ (E) is Lebesgue measurable}.
Proposition 4.6. Sσ contains all closed subsets of �∗.

Proof. We show that Tσ (E) is compact for each E closed subset of �∗. Let xn

be a sequence in Tσ (E) converging to x0, i.e., there exists σCn ,wn with wn ∈ E ,
Cn ≥ C∗ + ε and |Cn| ≤ (1/3 − β)/α supporting σ at F(xn). Then there exist a
subsequence {nk} such thatwnk andCnk converges tow0 andC0, respectively. Since
E is closed, w0 ∈ E and we also have C0 ≥ C∗ + ε and |C0| ≤ (1/3 − β)/α. We
prove that x0 ∈ Tσ (w0). In fact D(x) ≤ d(x, Cnk , wnk ) with equality at x = xnk .
Letting k → ∞, we get D(x) ≤ d(x, C0, w0) with equality for x = x0. Therefore
Tσ (E) is compact and hence E ∈ Sσ . 
�
Lemma 4.7. Sσ is closed under complements.

Proof. If E ∈ Sσ , then the set Tσ (Ec) = (Tσ (E))c ∪ (Tσ (E) ∩ Tσ (Ec)) is mea-
surable from Proposition 4.5. 
�

We then conclude the following:

Theorem 4.8. For each refractor σ in the sense of Definition 4.1, the class Sσ is
a Borel sigma-algebra of �∗. If I is nonnegative and I ∈ L1(�), then μσ (E) =∫
Tσ (E)

I(x) dx is a finite Borel measure on �∗.

We end this section by showing the following stability result:

Proposition 4.9. Let σn be a sequence of refractors from �̄ to �∗ parametrized by
the vector

Fn(x) = (ϕ(x), u(ϕ(x))) + Dn(x) m(x),

such that Dn(x) → D(x) point-wise in �̄. Let σ be the surface parametrized by
F(x) = (ϕ(x), u(ϕ(x))) + D(x) m(x), then

(1) σ is a refractor from �̄ to �∗ in the sense of Definition 4.1;
(2) μn → μ weakly, where μn and μ are the refractor measures associated to Fn

and F.

Proof. Let x0 ∈ �̄ and wn ∈ Nσn (x0). There exists Cn ≥ C∗ + ε with |Cn| ≤
(1/3 − β)/α such that

Dn(x) ≤ d(x, Cn, wn)

with equality at x = x0. There exists a subsequence Cnk and wnk converging to
C0 and w0, respectively, with w0 ∈ �∗. Since d(x, Cnk , wnk ) → d(x, C0, w0),
D(x) ≤ d(x, C0, w0) with equality at x = x0, and C0 ≥ C∗ + ε, |C0| ≤ (1/3 −
β)/α. This shows that σC0,w0 supports σ at F(x0), and part (1) is then proved.

We now prove (2). Let N̂ be the set of all points where D, and {Dn} with
n = 1, . . . are not differentiable. By Theorem 4.2(4), Nσn ,Nσ are single valued
for x ∈ �̄\N̂ , and by Theorem 4.2(2) |N̂ | = 0. Then for every h ∈ C(�∗),∫

�̄∗
h dμn =

∫
�̄\N̂

h(Nσn (x)) I(x) dx .
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It remains to show that Nσn (x) → Nσ (x) for x ∈ �̄\N̂ . In fact, let w0 = Nσ (x)

and wn = Nσn (x). From the proof of (1), every subsequence wnk of wn has a
sub-subsequence converging to an element of Nσ (x), and hence to w0. 
�

5. The Energy Problem

In this section, we are given a non-negative function I in L1(�), and a Radon
measure η in �∗, that satisfy the following conservation of energy condition:

∫
�

I(x) dx = η(�∗). (5.1)

As in Section 4, we assume that e3(x) ≥ δ > 0 for every x ∈ �̄, and e′ = Dh
where h is a C2 convex function. Also �∗ and e are such that (2.2) is satisfied.
The lower face of the lens is given by the graph of u ∈ C2 concave. The constants
Le, Lu , L Du , ||e′||L∞ , maxx∈�̄,w=(w′,w3)∈�∗ |e′(x) − κ1κ2 w′|, are chosen small

enough so that (2.12), and (2.14) are satisfied, β < 1/3 and C∗ <
1/3 − β

α
, where

C∗, α are given in (2.4), (2.16) respectively, and β = maxw∈�∗ βw with βw defined
in (2.17). We recall once again that all these choices are to avoid surfaces with self
intersections and singular points. The goal of this section is to construct a refractor
σ from �̄ to �∗, in the sense of Definition 4.1, such that

μσ (E) = η(E), for each Borel set E ⊂ �∗,

where μσ is the measure defined in Theorem 4.8.
Let ε > 0 be fixed, and define the following constants:

C∗
1 = C∗ + (1 + κ2)

(
2C∗ −

(
max

�
h + min

�
h

)
+ ε

)
, (5.2)

C∗
2 = C∗ + (1 + κ2)

(
C∗
1 + C∗ −

(
max

�
h + min

�
h

))
. (5.3)

We have

C∗
2 = C∗ + C∗

1 + κ2C∗
1 + (1 + κ2)

(
C∗ −

(
max

�
h + min

�
h

))

= C∗
1 + C∗ + κ2

(
C∗ + (1 + κ2)

(
2C∗ −

(
max

�
h + min

�
h

)
+ ε

))

+ (1 + κ2)

(
C∗ −

(
max

�
h + min

�
h

))

= C∗
1 + (1 + κ2)

(
2C∗ −

(
max

�
h + min

�
h

))

+ κ2(1 + κ2)

(
2C∗ −

(
max

�
h + min

�
h

)
+ ε

)
.
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From (2.4), 2C∗ − (max� h + min� h) > 0, and we obtain

C∗
2 > C∗

1 > C∗ + ε. (5.4)

To show the existence of σ , we require, in addition to the choices above, that α

is even smaller so that the interval

[
−1/3 − β

α
,
1/3 − β

α

]
containsC∗+ε, C∗

1 , C∗
2 ,

i.e.,

|C∗ + ε| ≤ (1/3 − β)/α (5.5)

|C∗
1 | ≤ (1/3 − β)/α (5.6)∣∣C∗
2

∣∣ ≤ (1/3 − β)/α. (5.7)

5.1. Existence in the Discrete Case

We are given �∗ compact in S2 equipped with a discrete measure η = ∑K
i=1

gi δwi with g1, . . . , gK > 0, and

{w1, . . . , wK } ⊂ �∗, wi �= w j for i �= j

and satisfying the conservation of energy condition

∫
�

I(x) dx =
K∑

i=1

gi . (5.8)

We define a discrete refractor σ as follows. Let Ci be constants such that Ci ≥
C∗ + ε and |Ci | ≤ (1/3 − β)/α, for i = 1, . . . , K . Consider σCi ,wi the surfaces
parametrized by the vectors

f (x, Ci , wi ) = (ϕ(x), u(ϕ(x))) + d(x, Ci , wi ) m(x)

with d(x, Ci , wi ) given by (2.3) and m given in (2.1). We let σ be the surface
parametrized by

F(x) = (ϕ(x), u(ϕ(x))) + D(x) m(x),

with

D(x) = min
1≤i≤K

d(x, Ci , wi ).

σ is clearly a refractor from �̄ to �∗ in the sense of Definition 4.1, and we identify
σ with the vector (C1, . . . , CK ).

We shall prove the following theorem:

Theorem 5.1. There exist constants C1, . . . , CK with Ci ≥ C∗ + ε and |Ci | ≤
(1/3 − β)/α, for i = 1, . . . , K , such that the refractor σ corresponding to (C1,

. . . , CK ) satisfies ∫
Tσ (wi )

I(x) dx = gi , ∀1 ≤ i ≤ K

and therefore μσ = η =∑K
i=1 giδwi .
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Proof. We establish the theorem by proving a sequence of claims.
Let

W = {(C∗
1 , C2, . . . , CK ) : Ci ≥ C∗ + ε, |Ci |

≤ (1/3 − β)/α,μσ (wi ) ≤ gi for i = 2, . . . , K } ,

where C∗
1 given in (5.2).

Claim 1. W �= ∅. We prove that (C∗
1 , C2, . . . , CK ) ∈ W , with Ci = C∗

2 for
2 ≤ i ≤ K whereC∗

2 given in (5.3).We have from (5.4) thatCi > C∗
1 > C∗+ε, and

by (5.7), |Ci | ≤ 1/3 − β

α
. It remains to show that μσ (wi ) ≤ gi for i = 2, . . . , K .

By (2.9), (2.10) and the definition of C∗ in (2.4), we have

−C∗ ≤ v(x) ≤ C∗ −
(
max

�
h + min

�
h

)
(5.9)

so

d(x, C∗
1 , w1) ≤ C∗

1 + C∗ − (max� h + min� h)

κ1(1 − κ2)
and

d(x, C∗
2 , wi ) ≥ C∗

2 − C∗

κ1(1 − κ2
2 )

,

i = 2, . . . , K . Therefore, by the definition of C∗
2 in (5.3) it follows that

d(x, C∗
1 , w1) ≤ d(x, C∗

2 , wi ), i = 2, . . . , K .

Hence D(x) = d(x, C∗
1 , w1) ∧ min2≤i≤K d(x, C∗

2 , wi ) = d(x, C∗
1 , w1) for every

x ∈ �̄. Thus Tσ (wi ) = Tσ (wi )∩Tσ (w1), so by Proposition 4.5, |Tσ (wi )| = 0 and
we get μσ (wi ) = 0 < gi for every 2 ≤ i ≤ K .

Claim 2. W is compact. We first prove the following lemma:

Lemma 5.2. Let (Cn
1 , Cn

2 , . . . , Cn
K ) with Cn

i ≥ C∗+ε and |Cn
i | ≤ (1/3−β)/α, for

i = 1, . . . , K , and suppose (Cn
1 , Cn

2 , . . . , Cn
K ) → (C1, C2, . . . , CK ) as n → ∞.

Letσn andσ be the corresponding refractors withDn(x) = min1≤i≤K d(x, Cn
i , wi ),

and D(x) = min1≤i≤K d(x, Ci , wi ). μn and μ are the corresponding refractor
measures to σn and σ . Then μ(wi ) = limn→∞ μn(wi ),∀1 ≤ i ≤ K .

Proof. Sinced(x, C, w) is continuous in the variableC ,weget thatDn(x) → D(x)

point-wise in �. Then by Proposition 4.9, μn → μ weakly. By the weak conver-
gence μ(wi ) ≥ lim supn→∞ μn(wi ). We claim that μ(wi ) ≤ lim infn→∞ μn(wi ).
Fix 1 ≤ i ≤ K , and letG be anopen set containingwi such thatG∩{w1, . . . , wK } =
{wi }. If y ∈ �̄, then y ∈ ∪K

j=1Tσn (w j ) for all n and y ∈ ∪K
j=1Tσ (w j ). Hence

Tσn (G\wi ) =
(
∪K

j=1Tσn (w j )
)

∩ Tσn (G\wi ), and so |Tσn (G\wi )| = 0 by Propo-

sition 4.5. Similarly |Tσ (G\wi )| = 0. Therefore μn(G) = μn(wi ) and μ(G) =
μ(wi ) for all n and 1 ≤ i ≤ K . By the weak convergence μ(wi ) = μ(G) ≤
lim infn→∞ μn(G) = lim infn→∞ μn(wi ) for 1 ≤ i ≤ K which completes the
proof of the lemma. 
�
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In particular, if (C∗
1 , Cn

2 , . . . , Cn
K ) ∈ W and (C∗

1 , Cn
2 , . . . , Cn

K ) → (C∗
1 , C2,

. . . , CK ) as n → ∞ we obtain μ(wi ) ≤ gi for 2 ≤ i ≤ K , that is, (C∗
1 , C2,

. . . , CK ) ∈ W , obtaining Claim 2.

Claim 3. For each σ ∈ W the corresponding refractor measure satisfies μσ (w1) ≥
g1. In fact, since Tσ (∪K

1 wi ) = �̄, by (5.8) and Proposition 4.5

g1 + · · · + gK =
∫

�

I(x) dx =
∫
Tσ (∪K

i=1wi )

I(x) dx

=
K∑

i=1

∫
Tσ (wi )

I(x) dx =
K∑

i=1

μσ (wi )

≤ μσ (w1) + g2 + · · · + gK ,

and the claim follows.

For each 2 ≤ i ≤ K , we define

C̄i = inf{Ci : (C∗
1 , . . . , Ci , . . . , CK ) ∈ W }.

Let σ̄ be the refractor parametrized by the vector F̄(x) = (ϕ(x), u(ϕ(x))) +
D̄(x) m(x), with D̄(x) = d(x, C∗

1 , w1) ∧ min2≤i≤K d(x, C̄i , wi ); and let μ̄ be
its corresponding refractor measure. We will show that σ̄ is the desired solution.

Claim 4. (C∗
1 , C̄2, . . . , C̄i , . . . , C̄K ) ∈ W . We first need the following lemma:

Lemma 5.3. We are given (C1, . . . , C�, . . . , CK ) and (C̃1, . . . , C̃�, . . . , C̃K ) such
that Ci = C̃i for every i �= � and C� ≤ C̃�. Let σ and σ̃ be the corresponding
refractors. Then Tσ (wi ) ⊆ Tσ̃ (wi ) for each i �= �, where the inclusion is up to a
set of measure zero, and so

μσ (wi ) ≤ μσ̃ (wi ), i �= �.

Proof. WesetD(x) = min1≤i≤K d(x, Ci , wi ), and D̃(x) = min1≤i≤K d(x, C̃i , wi ).
Let N be the set where D is not differentiable. Fix i �= �, and y ∈ Tσ (wi )\N . By
Theorem 4.2(4), and Remark 4.4, the surface σCi ,wi supports σ at y, i.e.

D(y) = d(y, Ci , wi ) ≤ d(y, C j , w j ) for all j.

For j �= �, d(y, C j , w j ) = d(y, C̃ j , w j ). Since d(x, C, w) is increasing in C , we
have d(y, C�, w�) ≤ d(y, C̃�, w�), then, since Ci = C̃i ,

d(y, C̃i , wi ) ≤ d(y, C̃ j , w j ) for all j.

Therefore D̃(y) = d(y, C̃i , wi ), and y ∈ Tσ̃ (wi ). Hence Tσ (wi )\N ⊆ Tσ̃ (wi ) and
by Theorem 4.2(2) the lemma follows. 
�

From thismonotonicity result, we obtain, as in [12, Corollary 4.4], the following
corollary:
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Corollary 5.4. We are given the vectors (C1
1 , C1

2 , . . . , C1
K ), (C2

1 , C2
2 , . . . , C2

K ),
(C1, C2, . . . , CK ), with Ci = min(C1

i , C2
i ) for i = 1, . . . , K . Let μ1, μ2, μ be

their corresponding refractor measures, then

μ(wi ) ≤ max {μ1(wi ), μ2(wi )} for all 1 ≤ i ≤ K .

Now we can complete the proof of Claim 4. Since W is compact then for each
2 ≤ i ≤ K , the infimum in the definition of C̄i , is attained at some vector

vi = (C∗
1 , Ci

2, . . . , Ci
i−1, C̄i , Ci

i+1, . . . , Ci
K ) ∈ W.

Let μi be the refractor measure associated with the refractor given by vi , then by
Corollary 5.4

μ̄(wi ) ≤ max {μ2(wi ), . . . , μK (wi )} ≤ gi for i = 2, . . . , K .

Claim 5. C̄i > C∗ + ε for all 2 ≤ i ≤ K . Without loss of generality, we assume
that C̄2 = C∗ + ε, then by (2.9) and (5.9)

d(x, C̄2, w2) = C̄2 + v(x)

g(x)
≤ C̄2 + C∗ − (max� h + min� h)

κ1(1 − κ2)
,

d(x, C∗
1 , w1) ≥ C∗

1 − C∗

κ1(1 − κ2
2 )

,

and hence, by the choice of C∗
1 in (5.2),

d(x, C∗
1 , w1) ≥ d(x, C̄2, w2) ∀x .

Since D̄(x) = d(x, C∗
1 , w1) ∧ min2≤i≤K d(x, C̄i , wi ), it follows that Tσ̄ (w1) ⊆

Tσ̄ (w2) up to a set of measure zero and therefore |Tσ̄ (w1)| = 0 by Proposition 4.5.
Thus μ̄(w1) = 0, which contradicts Claim 3.

Claim 6. μ̄(wi ) = gi for i = 2, . . . , K . Without loss of generality, assume that
μ̄(w2) < g2. Define vλ = (C∗

1 , C̄2 − λ, C̄3, . . . , C̄K ), with λ > 0 small and let
σλ be its corresponding refractor. By Claim 5 and (5.5), for λ > 0 small enough
C̄2 − λ ≥ C∗ + ε and |C̄2 − λ| ≤ (1/3 − β)/α. From Lemma 5.2, we also have
μσλ(w2) < g2 for λ small. Moreover by Lemma 5.3 and Claim 4, μσλ(wi ) ≤
μ̄(wi ) ≤ gi for i ≥ 3. Hence vλ ∈ W contradicting the definition of C̄2.

Claim 7. μ̄(w1) = g1. By (5.8), and Claim 6

0 = μ̄(�∗) − η(�∗) = (μ̄(w1) − g1) + (μ̄(w2) − g2) + · · · + (μ̄(wN ) − gN )

= μ̄(w1) − g1,

and the claim follows.

Therefore the proof of Theorem 5.1 is complete. 
�
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5.2. Existence for General Radon Measures η

In this section, we show existence of Brenier type solutions to the energy prob-
lem when the measure η is not necessarily discrete.

Theorem 5.5. Assume a compact target �∗ is equipped with a Radon measure
η satisfying (5.1). Then there exists a refractor σ from �̄ to �∗, in the sense of
Definition 4.1, such that

μσ (E) = η(E), for every Borel set E ⊂ �∗.

Proof. We subdivide the set�∗ into finite union of disjoint Borel sets with diameter
less than 1/2. We discard the sets of η-measure zero, and label the remaining sets
�1

1,�
1
2, . . . , �

1
N1
. Fix w1

1, . . . , w
1
N1

so that w1
i ∈ �1

i for each i = 1, . . . , N1, and
define the measure

η1 =
N1∑

i=1

η
(
�1

i

)
δw1

i
.

Notice that

η1
(
�∗) =

∫
�

I(x) dx,

then by Theorem 5.1, there exists a vector
(

C∗
1 , C1

2 , . . . , C1
N1

)
associated to a

refractor σ1 with C∗
1 given in (5.2), C1

i ≥ C∗ + ε, and |C1
i | ≤ 1/3 − β

α
, and such

that

μσ1 = η1.

σ1 is parametrized by the vector F1(x) = (ϕ(x), u(ϕ(x))) + D1(x) m(x), with

D1(x) = d(x, C∗
1 , w

1
1) ∧ min

2≤i≤N1
d(x, C1

i , w1
i ).

Next, we subdivide each set�1
i into disjoint Borel sets of diameter less than 1/4.We

discard the sets of η-measure zero, and relabel the remaining sets�2
1,�

2
2, . . . , �

2
N2
.

Wefixw2
1, . . . , w

2
N2

so thatw2
i ∈ �2

i for each i = 1, . . . , N2, anddefine themeasure

η2 =
N2∑

i=1

η
(
�2

i

)
δw2

i
.

Again, notice that

η2
(
�∗) =

∫
�

I(x) dx,

then by Theorem 5.1, there exists a vector
(

C∗
1 , C2

2 , . . . , C2
N2

)
associated to a

refractor σ2 with C∗
1 given in (5.2), C2

i ≥ C∗ + ε, and |C2
i | ≤ 1/3 − β

α
, and such

that
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μσ2 = η2.

σ2 is parametrized by the vector F2(x) = (ϕ(x), u(ϕ(x))) + D2(x) m(x), with

D2(x) = d(x, C∗
1 , w

2
1) ∧ min

2≤i≤N2
d(x, C2

i , w2
i ).

Recursively, we subdivide the sets �n−1
1 , . . . , �n−1

Nn−1
into disjoint Borel sets with

diameter less than 1/2n . We discard the sets of η-measure zero and relabel the
remaining �n

1,�
n
2, . . . , �

n
Nn
. Pick wn

1 , . . . , w
n
Nn

so that wn
i ∈ �n

i for each i =
1, . . . , Nn , and define the measure

ηn =
Nn∑

i=1

η
(
�n

i

)
δwn

i
.

Once again

ηn
(
�∗) =

∫
�

I(x) dx,

and by Theorem 5.1, there exists a vector
(

C∗
1 , Cn

2 , . . . , Cn
Nn

)
associated to a re-

fractor σn with C∗
1 given in (5.2), Cn

i ≥ C∗ + ε, and |Cn
i | ≤ 1/3 − β

α
, and such

that

μσn = ηn .

σn is parametrized by the vector Fn(x) = (ϕ(x), u(ϕ(x))) + Dn(x) m(x), with

Dn(x) = d(x, C∗
1 , w

n
1 ) ∧ min

2≤i≤Nn
d(x, Cn

i , wn
i ).

By Lemma 4.3, the sequence Dn is equicontinuous. Moreover, by (2.9) and
(5.9), for every x ∈ �, C ≥ C∗ + ε, and w ∈ �∗,

ε

κ1(1 − κ2
2 )

≤ d(x, C, w) ≤ C + C∗ − (max� h + min� h)

κ1(1 − κ2)
.

Therefore, since |C j
i | ≤ (1/3 − β)/α for i = 2, . . . , N j ; j = 1, 2, . . . , then

the sequence Dn is uniformly bounded. Therefore by Arzelà-Ascoli there ex-
ists a subsequence Dnk converging uniformly to some strictly positive function
D. Hence, by Proposition 4.9, the surface σ parametrized by the vector F(x) =
(ϕ(x), u(ϕ(x))) + D(x) m(x), is a refractor from � to �∗ in the sense of Defini-
tion 4.1, and μσnk

→ μσ weakly. We also have that ηn → η weakly and ηn = μσn ,
hence μσ (E) = η(E) for every Borel set E ⊂ �∗. 
�
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6. Aleksandrov Type Solutions

Let G ∈ L1(�∗) with G ≥ 0. The purpose of this section is to construct
Aleksandrov type solutions to the energy problem described in Section 5. Given a
set E ⊂ �∗ measurable we shall first show that the set function given by

∫
Nσ (E)

G(x) dx (6.1)

is a Borel measure in �∗, where Nσ is the normal mapping from Definition 4.1;
and next compare this notion with the Brenier definition (4.1).

6.1. Legendre Type Transform

Suppose the upper surface σ of the lens we are seeking is parametrized by

F(x) = (ϕ(x), u(ϕ(x))) + D(x) m(x), for x ∈ �,

where at each x0 ∈ � there is a support surface σC,w as in Definition 4.1, for
some w ∈ �∗ and σC,w is parametrized by f (x, C, w) = (ϕ(x), u(ϕ(x))) +
d(x, C, w) m(x); and where d(x, C, w) is given by (2.3). Set �(x) = (ϕ(x),

u(ϕ(x))).
Let w0 ∈ Nσ (x0). Then there exists C such that f (x0, C, w0) = F(x0), so

F(x0) = �(x0) + d(x0, C, w0) m(x0), and therefore d(x0, C, w0) = |F(x0) −
�(x0)|. Also for x �= x0

d(x, C, w0) ≥ D(x) = |F(x) − �(x)|.
Hence solving C in (2.3) yields

C = d(x, C, w0) (κ1 − κ1 κ2w0 · m(x))+h(x)−e′(x)·x+(e(x) − κ1 κ2 w0)·�(x),

and therefore

C ≥ |F(x) − �(x)| (κ1 − κ1 κ2w0 · m(x)) + h(x) − e′(x) · x

+ (e(x) − κ1 κ2 w0) · �(x)

:= �(x, w0) (6.2)

for all x ∈ � with equality at x = x0.
Therefore for each w ∈ �∗ we introduce the Legendre type transform given by

F∗(w) = sup
x∈�

�(x, w), (6.3)

and so if σC,w supports σ then C = F∗(w).

Remark 6.1. We can translate these definitions in terms of the generated Jacobian
equations introduced in [25]. We set G(x, w, z) for x ∈ �,w ∈ �∗, z ∈ I , with I
the interval for the admissible values of C in Definition 4.1, by
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G(x, w, z) = d(x, z, w),

where d is defined in (2.3). And also set

H(x, w, z) = z (κ1 − κ1 κ2w0 · m(x)) + h(x) − e′(x) · x

+ (e(x) − κ1 κ2 w0) · �(x).

We then have [25, Formula (1.17)]:

G (x, w, H(x, w, z)) = z.

Also [25, Formula (1.21)] translates to

sup
x∈�

H(x, w,D(x)) = F∗(w).

For each x0 ∈ �, there exist w0 ∈ �∗ and C0 ∈ I , such thatD(x) ≤ G(x, w0, C0)

for all x ∈ � with equality at x = x0, analogously as in [25, Formula (2.1)].

We then have

Lemma 6.2. F∗ is differentiable in �∗ a.e.

Proof. Let us write

α(x) = (−κ1 κ2) (|F(x) − �(x)| m(x) + �(x)) (6.4)

β(x) = κ1 |F(x) − �(x)| m(x) + h(x) − e′(x) · x + e(x) · �(x).

So

�(x, w) = α(x) · w + β(x).

Writing w = (w′, w3) with w′ = (w1, w2) and w3 > 0, we have �̄(x, w′) =
�(x, w) with �̄(x, w′) = α′(x) · w′ + β(x) + α3(x)

√
1 − |w′|2. Since m3(x) > 0

and u > 0,

α3(x) = (−κ1 κ2) (|F(x) − �(x)| m3(x) + u(ϕ(x))) < 0.

Since
√
1 − |w′|2 is concave, �̄(x, w′) is convex as a function of w′ and therefore

F∗ is convex as a function of w′. 
�
We then have the following lemma, similar to the Aleksandrov lemma for the

subdifferential [18, Lemma 1.1.12]:

Lemma 6.3. The set

S = {w ∈ �∗ : w ∈ Nσ (x1) ∩ Nσ (x2) for some x1, x2 ∈ �, x1 �= x2}
has surface measure zero.

Proof. Recall σ is parametrized by F(x) = �(x) + D(x) m(x). We shall prove
that
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S ⊂ {w ∈ �∗ : F∗ is not differentiable at w}.
If w ∈ S, then there exist x1 �= x2 in � and C1, C2 such that d(x, C1, w) and
d(x, C2, w) support D(x) at x = x1 and x = x2 respectively. Then C1 = C2 =
F∗(w) := C . Let us write w = (w′, w3) with w3 > 0; w3 = √1 − |w′|2. We can
think of F∗ as a function of w′. Suppose that F∗ were differentiable at w′. Since
w ∈ Nσ (xi ), Dw′ F∗(w) = Dw′�(xi , w) for i = 1, 2, and therefore Dw′�(x1, w) =
Dw′�(x2, w). By definition of �, Dw′�(x, w) = (α1(x), α2(x)) − α3(x)

w′

w3
=

α′(x) − α3(x)
w′

w3
; where α(x) is from (6.4). Hence

α′(x1) − α′(x2) = (α3(x1) − α3(x2))
w′

w3
.

Writing f (x, C, w) = �(x) + d(x, C, w) m(x) = ( f1(x, C, w), f2(x, C, w),

f3(x, C, w)) = ( f ′(x, C, w), f3(x, C, w)), it follows that

f ′(x1, C, w) − f ′(x2, C, w) = ( f3(x1, C, w) − f3(x2, C, w))
w′

w3
, i = 1, 2.

(6.5)
We will prove in Remark 6.4 below that by choosing the Lipschitz constants in
Theorem 2.5 sufficiently small, if |C | is sufficiently small, then (6.5) implies that
x1 = x2; obtaining in this way a contradiction. Consequently, w′ cannot be a point
of differentiability of F∗. 
�
Remark 6.4. Suppose thatw3 ≥ � > 0 for allw ∈ �∗.3 We show that by choosing
theLipschitz constants inTheorem2.5 sufficiently small, (6.5) implies that x1 = x2.
Suppose by contradiction that x1 �= x2 and from (6.5) proceed as in the proof of
Theorem 2.5 to obtain the inequality

1/3 <

(
1 + 1

�

)
(α |C | + βw) + 3

�
Lu,

where A is the right hand side of (2.20), with α from (2.16) and βw from (2.17).
Then

|C | >

(
1

3
− 3

�
Lu −

(
1 + 1

�

)
βw

)
/

((
1 + 1

�

)
α

)
:= C̄ .

If

(
1 + 1

�

)
βw + 3

�
Lu > 1/3, then C̄ > 0. Therefore if |C | ≤ C̄ , then it

follows x1 = x2. Notice that C̄ <
1/3 − βw

α
which is the size of the interval in

Theorem 2.5. In other words by choosing the constants in Theorem 2.5 sufficiently
small and choosing |C | ≤ C̄ we obtain the desired result.

3 Notice that this is saying that all vectors in the target �∗ are pointing up, i.e., the lens
refracts all rays upwards.
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Notice that in the definition of the normal mapping Nσ , this requires possibly
to take C in a smaller interval, however the size of this interval depends only on
the initial configuration.

From arguments similar to the ones in Section 4.1 we obtain

Corollary 6.5. If G ∈ L1(�∗) with G ≥ 0, then the set function
∫
Nσ (E)

G(x) dx (6.6)

is a finite Borel measure in �.

6.2. Comparison Between Brenier and Aleksandrov Type Solutions

Let I ∈ L1(�) and G ∈ L1(�∗) be such that∫
�

I(x)dx =
∫

�∗
G(y) dy, (6.7)

and let �∗ be contained in the upper unit sphere. We showed in Section 5 the
existence of lens (u, σ ) such that Tσ (�∗) = �̄ and∫

Tσ (E)

I(x) dx =
∫

E
G(y) dy, (6.8)

for each Borel set E ⊆ �∗, that is, σ is a Brenier solution.
As in [20, Section 4] and [19, Section 10] we define Aleksandrov solution.

Definition 6.6. We say that σ is an Aleksandrov solution if �∗ = Nσ (�̄) and for
each Borel set E ⊆ � ∫

Nσ (E)

G(y) dy =
∫

E
I(x) dx . (6.9)

As in Lemma [8, Lemma 3.8], (6.7) implies that if σ is a Brenier solution, then
for every ϕ continuous in �∗,

∫
�∗

ϕ(y)G(y) dy =
∫

�

ϕ (Nσ (x)) I(x) dx . (6.10)

Theorem 6.7. If I > 0 a.e., then each Brenier solution is an Aleksandrov solution.

Proof. Let σ be a Brenier solution. We claim that |Tσ (Nσ (K ))\K | = 0, for each
compact set K .Wefirst prove thatTσ (Nσ (K ))\K ⊂ Tσ (Nσ (K ))∩Tσ (Nσ (K c)). If
x ∈ Tσ (Nσ (K ))\K , then there is y ∈ K such that x ∈ Tσ (Nσ (y)) and x /∈ K . We
always have x ∈ Tσ (Nσ (x)). Therefore x ∈ Tσ (Nσ (K )) ∩ Tσ (Nσ (K c)). Second,
let A = Nσ (K ) and B = Nσ (K c) and notice that by Lemma 6.3, |A ∩ B| = 0.
Since σ is a Brenier solution,

∫
τσ (A∩B)

I(x) dx = ∫
A∩B G(y) dy = 0. If I > 0

a.e., we conclude that |Tσ (A ∩ B)| = 0. Third, we show that Tσ (A) ∩ Tσ (B) ⊂
Tσ (A ∩ B) ∪ D; where D = {x ∈ � : Nσ is not single valued at x} has measure



386 Cristian E. Gutiérrez & Ahmad Sabra

zero from Theorem 4.2(4). In fact, if x ∈ Tσ (A) ∩ Tσ (B), then there exist y1 ∈ A
and y2 ∈ B such that x ∈ Tσ (y1) ∩ Tσ (y2) which implies that y1, y2 ∈ Nσ (x). So
if x /∈ D, then y1 = y2 ∈ A ∩ B and the inclusion follows. Therefore the claim is
proved.

Now write
∫
Nσ (K )

G(y) dy =
∫
Tσ (Nσ (K ))

I(x) dx, since σ is a Brenier solution

=
∫
Tσ (Nσ (K ))\K

I(x) dx +
∫

K
I(x) dx =

∫
K
I(x) dx

for all compact sets K ⊂ �. Since the measures are regular we obtain by approxi-
mation (6.9) for all Borel subsets of �.

If remains to show that�∗ = Nσ (�̄). Sinceσ is aBrenier solutionTσ (�∗) = �̄

and so �∗ ⊂ Nσ (Tσ (�∗)) = Nσ (�̄) ⊂ �∗. 
�
Remark 6.8. IfG > 0 a.e., then eachAleksandrov solution is aBrenier solution.We
have Tσ (y) �= ∅ for each y ∈ �∗, and it is enough to show that |Nσ (Tσ (K ))\K | =
0, for each compact set K . This follows regarding writing the argument in the first
part of the proof of Theorem 6.7 now using Proposition 4.5 and then Lemma 6.3.

7. Differential Equation of the Energy Problem

Rays are emitted from (x, 0), x ∈ �, with unit direction e(x) = (e1(x), e2(x),

e3(x)) := (e′(x), e3(x)). The bottom of the lens is given parametrically by

v(x) = (x, 0) + ρ(x) e(x), (7.1)

with ρ a positive smooth function. The top surface of the lens is parametrized by
the vector

f (x) = v(x) + d(x) m(x),

where the vector m is given by (2.1) and d is a scalar function calculated so that
the lens sandwiched by v and f refracts the source � into the target �∗ ⊆ S2 and
solves the energy problem in Section 5. To avoid confusion with the notation for
the gradient, we let d denote the distance function D introduced in Definition 4.1,
and also f denotes F in the same definition.

The purpose of this section is to show that the distance function d satisfies
the Monge-Ampère type equation (7.11). We assume that v has a normal ν(x) at
each point satisfying e(x) · ν(x) > 0 and ν3(x) > 0. In Section 7.3 we analyze
the collimated case and find a sufficient condition on the refractive indices of the
media so that this assumption holds.

We begin with a lemma giving a formula for the normal vector to a general
parametric surface.



Freeform Lens Design for Far Field Scattering Data 387

Lemma 7.1. Suppose f (x) = ( f1(x), f2(x), f3(x)) is any C1 surface given para-
metrically, x = (x1, x2), that is regular at x, i.e., fx1 × fx2(x) �= 0. If ν(x) =
(ν1(x), ν2(x), ν3(x)) is the unit normal vector with ν3(x) > 0, then we have

ν(x) =
(−A−1D f3(x), 1

)
√
1 + |A−1D f3(x)|2 ,

where

A = ∂( f1, f2)

∂(x1, x2)
=
⎡
⎢⎣

∂ f1
∂x1

(x1, x2)
∂ f2
∂x1

(x1, x2)

∂ f1
∂x2

(x1, x2)
∂ f2
∂x2

(x1, x2)

⎤
⎥⎦ .

Proof. From the assumption on the normal ν3(x) = ± det A

| fx1(x) × fx2(x)| > 0, so

A is invertible. We have for i = 1, 2 that

0 = ν(x) · fxi (x) = (ν1(x), ν2(x)) · (( f1)xi (x), ( f2)xi (x)) + ν3(x)( f3)xi (x),

so

A

[
ν1(x)

ν2(x)

]
= −ν3(x)D f3(x).

Therefore ν(x) = ν3(x)
(−A−1D f3(x), 1

)
. Since |ν| = 1 and ν3 > 0, we get

ν3(x) = 1√
1 + |A−1D f3(x)|2 . 
�

We next calculate the normal to v in (7.1). Recall that v is regular at every point
and the normal ν satisfies ν3 > 0. Therefore from Lemma 7.1

ν(x) = (−B−1Dv3(x), 1)√
1 + |B−1Dv3(x)|2 , (7.2)

with B = ∂(v1, v2)

∂(x1, x2)
=
⎡
⎢⎣

∂v1

∂x1
(x1, x2)

∂v2

∂x1
(x1, x2)

∂v1

∂x2
(x1, x2)

∂v2

∂x2
(x1, x2)

⎤
⎥⎦ invertible. From (7.1)

∂v j

∂xi
(x) = δ

j
i + ρxi (x) e j (x) + ρ(x) (e j )xi (x),

and recalling
∂e′

∂x
= ((e j )xi )i j , e′(x) = (e1(x), e2(x)), then

B = I d + Dρ ⊗ e′(x) + ρ(x)
∂e′

∂x
(x). (7.3)

If

C = I d + ρ(x)
∂e′

∂x
(x)
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is invertible, then

C−1 = 1

det C

(
I d + ρ(x)

∂e′

∂x
(x)

)∗
= 1

det C

(
I d + ρ(x)

(
∂e′

∂x
(x)

)∗)
,

where ∗ denotes the adjoint. Notice that, for the energy problem considered in
Section 5, the field e′ is the gradient of a convex function, and since ρ > 0, in
this case the corresponding matrix C is invertible. From (7.3), [24], and since
H(a ⊗ b)H = (Ha) ⊗ (Ht b), for any matrix H , we obtain

B−1 = C−1 − C−1
(
Dρ(x) ⊗ e′(x)

)
C−1

1 + e′(x) · C−1Dρ(x)

= C−1 −
(
C−1Dρ(x)

)⊗ ((C−1)t e′(x)
)

1 + e′(x) · C−1Dρ(x)
.

Letting t � ρ(x), p � Dρ(x), q � e′(x), and M � ∂e′

∂x
(x), gives

C−1 = 1

det(I d + t M)

(
I d + t M∗) ,

and
(
C−1Dρ(x)

)⊗ ((C−1)t e′(x)
)

1 + e′(x) · C−1Dρ(x)
= 1

det(I d + t M)

× ((I d + t M∗) p) ⊗ ((I d + t M∗)t q
)

det(I d + t M) + q · (I d + t M∗) p
.

Therefore

B−1 = L(t, p, q, M) := 1

det(I d + t M)

×
(

I d + t M∗ − ((I d + t M∗) p) ⊗ ((I d + t M∗)t q
)

det(I d + t M) + q · (I d + t M∗) p

)
.

(7.4)

On the other hand, from (7.1) v3(x) = ρ(x)e3(x) = ρ(x)
√
1 − |e′(x)|2. Then

Dv3(x) =
√
1 − |e′(x)|2Dρ(x) − ρ(x)

∂e′

∂x
(x)(e′(x))

√
1 − |e′(x)|2 (7.5)

=
√
1 − |q|2 p − t

Mq√
1 − |q|2 := R(t, p, q, M),

using the notation before. From (7.4), (7.5),

B−1Dv3(x) = L(t, p, q, M) R(t, p, q, M),
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and so from (7.2) we obtain the following formula for the normal to v:

ν(x) = (−L(t, p, q, M) R(t, p, q, M), 1)√
1 + |L(t, p, q, M) R(t, p, q, M)|2 , (7.6)

where t � ρ(x), p � Dρ(x), q � e′(x), and M � ∂e′

∂x
(x).

We calculate now the refracted vector m(x). Snell’s law applied at the point
v(x) and (7.6) yields

m(x) = 1

κ1
(e(x) − λ(x) ν(x)) := W (t, p, q, M), (7.7)

with the notation t � ρ(x), p � Dρ(x), q � e′(x), and M � ∂e′

∂x
(x).

7.1. Calculation of the Refractor Map T for the Lens with Upper Surface f

The lens sandwiched by v and f , refracts incoming rays at the point f (x) into
the unit direction T x , where T is a map from the source � into the target �∗ ⊆ S2.
We are going to calculate an expression for T . By Snell’s law at f (x),

T x = 1

κ2
(m(x) − λ2(x)ν2(x)) ,

where ν2(x) is the unit normal at the striking point on the surface f (x); and λ2(x) =
φκ2 (m(x) · ν2(x)).

We assume that f satisfies the conditions of Lemma 7.1, i.e., f is regular at

x , and ν32(x) := ν2(x) · e3 > 0. In this case ν2(x) = (−A−1D f3(x), 1)√
1 + |A−1D f3(x)|2 , with

A = ∂( f1, f2)

∂(x1x2)
. We shall calculate an expression for A−1. We have for i, j = 1, 2

∂ f j

∂xi
(x) = ∂v j

∂xi
(x) + d(x)

∂m j

∂xi
(x) + dxi (x)m j (x).

Let m′ = (m1, m2), and
∂m′

∂x
(x) =

(
∂m j

∂xi
(x)

)
i j
, then we get, as in (7.3), that

∂( f1, f2)

∂(x1, x2)
= ∂(v1, v2)

∂(x1, x2)
+ d(x)

∂m′

∂x
(x) + Dd(x) ⊗ m′(x)

= I d + Dρ(x) ⊗ e′(x) + ρ(x)
∂e′

∂x
(x) + d(x)

∂m′

∂x
(x)

+ Dd(x) ⊗ m′(x).

Let p1, p2, q1, q2 be n-column vectors, and define the matrices

P = [p1 p2
]

Q =
[

qt
1

qt
2

]
;
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clearly, P is n × 2 and Q is 2 × n. Then

p1 ⊗ q1 + p2 ⊗ q2 = p1qt
1 + p2qt

2 = P Q.

Now use the Woodbury matrix identity: if H, P, Q are n × n matrices, then

(H + P Q)−1 = H−1 − H−1P
(

I d + Q H−1P
)−1

Q H−1.

We first write

∂( f1, f2)

∂(x1, x2)
= I d + ρ(x)

∂e′

∂x
(x) + d(x)

∂m′

∂x
(x)

+ Dρ(x) ⊗ e′(x) + Dd(x) ⊗ m′(x)

= I d + ρ(x)
∂e′

∂x
(x) + d(x)

∂m′

∂x
(x)

+ [Dρ(x) Dd(x)
] [ e′(x)t

m′(x)t

]

= H + [Dρ(x) Dd(x)
] [ e′(x)t

m′(x)t

]
,

H = I d + ρ(x)
∂e′

∂x
(x) + d(x)

∂m′

∂x
(x).

Notice that by (7.7)
∂m′

∂x
(x) depends on ρ(x), Dρ(x), D2ρ(x), e′(x),

∂e′

∂x
(x) and

on the second derivatives of the components of e′. Since e′ = (e1, e2),

H = H
(

ρ(x), Dρ(x), D2ρ(x), e′(x),
∂e′

∂x
(x), D2e1(x), D2e2(x), d(x)

)
.

Assuming the invertibility of the matrices involved, from Woodbury’s identity we
get
(

∂( f1, f2)

∂(x1, x2)

)−1

= H−1 − H−1 [Dρ(x) Dd(x)
]

×
(

I d +
[

e′(x)t

m′(x)t

]
H−1 [Dρ(x) Dd(x)

])−1 [ e′(x)t

m′(x)t

]
H−1

= H
(

ρ(x), Dρ(x), D2ρ(x), e′(x),
∂e′

∂x
(x),

D2e1(x), D2e2(x), d(x), Dd(x)
)

.

We also have from the form of f , f3(x) = v3(x) + d(x)m3(x), and so D f3(x) =
Dv3(x) + Dd(x)m3(x) + d(x)Dm3(x). Hence from (7.5), (7.7) and Lemma 7.1,
we get the normal to f (x) in terms of the variables involved:
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ν2(x) =
(−A−1D f3(x), 1

)
√
1 + |A−1D f3(x)|2

:= V
(

ρ(x), Dρ(x), D2ρ(x), e′(x),
∂e′

∂x
(x), D2e1(x),

D2e2(x), d(x), Dd(x)
)

. (7.8)

Therefore, from Snell’s law at f (x), we obtain

T x =(T1x, T2x, T3x) = 1

κ2

(
m(x) − φκ2(m(x) · ν2(x)) ν2(x)

)

= F

(
ρ(x), Dρ(x), D2ρ(x), e′(x),

∂e′

∂x
(x), D2e1(x), D2e2(x), d(x), Dd(x)

)

=(F1, F2, F3). (7.9)

7.2. Derivation of the PDE for d

The energy densities at the source � and the target �∗ are given by positive
integrable functionsI andG respectively, such that conservationof energy condition
(5.1) is satisfied (η = G dy). If E ⊆ �, then T maps E into T (E). We require the
energy to be conserved on each patch E , that is,

∫
T (E)

G(y) dy =
∫

E
I(x) dx .

Writing y = T x , and formally applying the formula of change of variables yields
∫

E
G(T x)|JT (x)|dx =

∫
E
I(x) dx .

Therefore, we obtain the following PDE:

|JT x | = I(x)

G(T x)
,

with |JT x | = ∣∣(T x)x1(x) × (T x)x2(x)
∣∣. Since |T x | = 1, then T x · (T x)xi = 0,

i = 1, 2. Hence, assuming T3 �= 0, we get

(T3)xi = −T1(T1)xi + T2(T2)xi

T3
.

Therefore

(T x)x1(x) × (T x)x2(x) = 1

T3x
det

(
(T1x)x1 (T1x)x2
(T2x)x1 (T2x)x2

)
T x . (7.10)

Let us calculate

∂Ti x

∂x j
, 1 ≤ i, j ≤ 2
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using (7.9). We group the variables of Ti that are independent of d and Dd and
write

Ti x = Fi

(
ρ(x), Dρ(x), D2ρ(x), e′(x),

∂e′

∂x
(x), D2e1(x), D2e2(x), d(x), Dd(x)

)

= Fi (X, d, Dd) ,

where

X =
(

ρ, Dρ, D2ρ, e′, ∂e′

∂x
, D2e1, D2e2

)
.

Thus, Fi = Fi (X, t, p), with t ∈ R and p = (p1, p2); i = 1, 2, 3. We now
differentiate Ti with respect to x j :

∂Ti

∂x j
= Fi j + ∂ Fi

∂t

∂d

∂x j
+ ∂ Fi

∂p1

∂2d

∂x1∂x j
+ ∂ Fi

∂p2

∂2d

∂x2∂x j
,

where

Fi j =
∑

�

∂ Fi

∂ X�

∂ X�

∂x j
.

Notice thatFi j depends onρ and its derivatives up to order three, it depends on e′ and
its derivatives up order three, and it depends on d and Dd. If write F ′ = (F1, F2),
and set

Dp F ′(X, d, Dd) =
(

∂ Fi

∂p j
(X, d, Dd)

)
i, j=1,2

,

then(
∂Ti

∂x j

)
i, j=1,2

= (Fi j
)+ ∂ F ′

∂t
(X, d, Dd) ⊗ Dd + Dp F ′(X, d, Dd) D2d(x)

= B + A(X, d, Dd) D2d,

where

B = (Fi j
)+ ∂ F ′

∂t
(X, d, Dd) ⊗ Dd and A(X, d, Dd) = Dp F ′(X, d, Dd)

are both independent of D2d. Therefore, from (7.10),

|JT (x)| = 1

F3(X, d, Dd)
det
(
A(X, d, Dd) D2d + B

)
,

and so d satisfies the following Monge-Ampère type equation:

det
(
A(X (x), d(x), Dd(x)) D2d(x) + B

)
= F3(X (x), d(x), Dd(x))I(x)

G(F(X (x), d(x), Dd(x)))
.

(7.11)
Notice that B depends on ρ and its derivatives up to order three, it depends on e′
and its derivatives up to order three, and it depends on d and Dd.
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7.3. The Collimated Case

Assuming that the refractor σ constructed in Theorem 5.5 is smooth, i.e., d ∈
C2, we will show that in the collimated case the pde (7.11) satisfied by d has a
simpler form and will give sufficient conditions for the invertibility of the matrices
involved in the derivation of the pde. We assume that the field e(x) is vertical, i.e.,
e(x) = e3 = (0, 0, 1), and the lower surface of the lens u is C3(�) and is concave.
The surface σ is parametrized by the vector f (x) = (x, u(x)) + d(x) m(x), with
d ∈ C2(�).

From (7.6), we have t = u, p = Du, q = 0, M = 0; so L(t, p, 0, 0) = I d,

R(t, p, 0, 0) = p. Then the normal ν(x) = (−Du(x), 1)√
1 + |Du(x)|2 . Notice that ν does

not depend on u.
Next, from (7.7), we get

m(x) = 1

κ1

(
(0, 0, 1) − φκ1

(
1√

�(x)

)
(−Du(x), 1)√

�(x)

)
:= (m′(x), m3(x)),

(7.12)
where �(x) = 1 + |Du(x)|2.

We next calculate ∂m′/∂x . By (7.12), m′(x) =
φκ1

(
1√
�

)

κ1
√

�
Du(x), then

∂m j

∂xi
= 1

κ1
√

�

⎛
⎜⎜⎝

∂

(
1√
�

)

∂xi
φ′

κ1

(
1√
�

)
ux j + φκ1

(
1√
�

)
ux j xi

⎞
⎟⎟⎠

+
∂

(
1√
�

)

∂xi
×

φκ1

(
1√
�

)
ux j

κ1

= 1

κ1
√

�

(
− 1

2�
√

�
φ′

κ1

(
1√
�

)
∂�

∂xi
ux j + φκ1

(
1√
�

)
ux j xi

)

− 1

2�
√

�

∂�

∂xi

φκ1

(
1√
�

)
ux j

κ1

= 1

κ1
√

�

[(
− 1

2�
√

�
φ′

κ1

(
1√
�

)
− 1

2�
φκ1

(
1√
�

))
∂�

∂xi
ux j

+φκ1

(
1√
�

)
ux j xi

]
.

Therefore

∂m′

∂x
= 1

κ1
√

�

[(
− 1

2�
√

�
φ′

κ1

(
1√
�

)
− 1

2�
φκ1

(
1√
�

))
D� ⊗ Du

+φκ1

(
1√
�

)
D2u

]
. (7.13)
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Since � = 1 + |Du(x)|2, ∂�

∂xi
= 2 ux1xi ux1 + 2 ux2xi ux2 . Therefore

D�(x) = 2 D2u(x) (Du(x)) .

Replacing this in (7.13), we get

∂m′

∂x
= 1

κ1
√

�

[(
− 1

�
√

�
φ′

κ1

(
1√
�

)
− 1

�
φκ1

(
1√
�

))(
D2u(Du)

)
⊗ Du

+φκ1

(
1√
�

)
D2u

]

= 1

κ1
√

�

[(
− 1

�
√

�
φ′

κ1

(
1√
�

)
− 1

�
φκ1

(
1

�

))
D2u (Du ⊗ Du)

+φκ1

(
1√
�

)
D2u

]

= 1

κ1
√

�
D2u

[
φκ1

(
1√
�

)
I d

−
(

1

�
√

�
φ′

κ1

(
1√
�

)
+ 1

�
φκ1

(
1√
�

))
Du ⊗ Du

]
.

From (3.17), we have

φ′
κ1

(
1√
�

)
= −1√

κ2
1 − 1 + 1

�

φκ1

(
1√
�

)
= −√

�√
1 + (κ2

1 − 1)�
φκ1

(
1√
�

)
.

Therefore

∂m′

∂x
=

φκ1

(
1√
�

)

κ1
√

�
D2u

⎛
⎝I d +

⎛
⎝ 1

�

√
1 + (κ2

1 − 1)�
− 1

�

⎞
⎠ Du ⊗ Du

⎞
⎠ .

(7.14)

We prove that det

(
∂m′

∂x

)
≥ 0. Define

M = I d + 1

�

⎛
⎝ 1√

1 + (κ2
1 − 1)�

− 1

⎞
⎠ Du ⊗ Du.

For (7.14), we write

∂m′

∂x
=

φκ1

(
1√
�

)

κ1
√

�
D2u M.
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Notice that the matrix Du ⊗ Du has eigenvalues 0 and |Du|2 = � − 1, then

M has eigenvalues 1 and 1 + � − 1

�

⎛
⎝ 1√

1 + (κ2
1 − 1)�

− 1

⎞
⎠, which are both

positive and thereforeM is positive definite. Since u is concave, we conclude that

det

(
∂m′

∂x

)
≥ 0.

We next calculate the normal ν2 to f towards medium n3. First notice that the
existence of ν2 follows from Theorem 4.2(3) and the assumption that d ∈ C2. To
calculate the normal we use Lemma 7.1, for which we need to show that e3 ·ν2 > 0.

Lemma 7.2. Assume the medium containing the source � is denser than or equal
to the medium containing �∗, that is, n1 ≥ n3, then e3 · ν2(x) > 0.

Proof. By (2.1),

e3 · ν2 = (κ1m + λν) · ν2 = κ1m · ν2 + λν · ν2 := I + I I.

From (2.2) we have m(x) · T x ≥ κ2. Then by Snell’s law [8, Subsection 2.1] we

have m(x) · ν2(x) ≥
√
1 − κ2

2 . Since n1 ≥ n3, we get

I ≥ κ1

√
1 − κ2

2 ≥
√

κ2
1 − 1.

Since φκ1(t) is increasing in [0, 1], and ν, ν2 are unit vectors, it follows that

I I ≥ λ = φκ1

(
1/

√
�
)

> φκ1(0) = −
√

κ2
1 − 1.

Combining both estimates, we conclude that e3 · ν2 > 0. 
�

By Lemma 7.1, when n1 ≥ n3, we get that ν2 =
(−A−1D f3(x), 1

)
√
1 + |A−1D f3(x)|2 , where

A =
(

∂ f j (x)

∂xi

)
i, j

is invertible, with f (x) = (x, u(x)) + d(x)m(x).

Therefore it will be assumed in the rest of this section that n1 ≥ n3.
To calculate the matrix A−1, we write for every 1 ≤ i, j ≤ 2,

∂ f j

∂xi
= δ

j
i + d

∂m j

∂xi
+ ∂d

∂xi
m j ,

so

A = I d + d(x)
∂m′

∂x
(x) + Dd(x) ⊗ m′(x) := H + Dd(x) ⊗ m′(x). (7.15)

Since det

(
∂m′

∂x

)
≥ 0 and d > 0 then det H > 0 and H is invertible. From [24],

it follows that
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det A = 1 +
(

H−1Dd
)

· m′ �= 0

A−1 = H−1 + H−1
(
Dd ⊗ m′) H−1

1 + (H−1Dd
) · m′ . (7.16)

It remains to calculate D f3. We have from (7.12) that

m3 = 1

κ1

⎛
⎜⎜⎝1 −

φκ1

(
1√
�

)

√
�

⎞
⎟⎟⎠ , (7.17)

then, as in the calculation of ∂m′/∂x , we obtain

Dm3 = 1

κ1
√

�

(
1

2�
√

�
φ′

κ1

(
1√
�

)
+ 1

2�
φκ1

(
1√
�

))
D�

= 1

κ1
√

�

(
1

�
√

�
φ′

κ1

(
1√
�

)
+ 1

�
φκ1

(
1√
�

))
D2u(Du)

=
⎛
⎝1 − 1√

1 + (κ2
1 − 1)�

⎞
⎠

φκ1

(
1√
�

)

κ1�
√

�
D2u(Du).

Since f3(x) = u(x) + d(x)m3(x),

D f3(x) = Du(x) + 1

κ1

⎛
⎜⎜⎝1 −

φκ1

(
1√
�

)

√
�

⎞
⎟⎟⎠ Dd(x)

+ d(x)

⎛
⎝1 − 1√

1 + (κ2
1 − 1)�

⎞
⎠

φκ1

(
1√
�

)

κ1�
√

�
D2u(Du). (7.18)

We conclude that ν2(x) =
(−A−1D f3(x), 1

)
√
1 + |A−1D f3(x)|2 , with A−1 and D f3 given by

(7.16) and (7.18) respectively. In contrast with the case of a general field e, in the
collimated case ν2 depends only on Du, D2u, d and Dd, see (7.8).

Observe that from (7.17), m3(x) > 0. Then by Snell’s law T3x = κ2 m3(x) +
λ2(x) ν32(x). By Lemma 7.2, ν32(x) > 0, and since κ2 < 1, λ2(x) > 0. Therefore
T3x > 0, and (7.10) is well defined.

Proceeding as in the previous section, we obtain that that d satisfies theMonge-
Ampère type equation (7.11), where in this case X (x) = (Du(x), D2u(x)), and
the matrix B depends on d, Dd, and on the derivatives up to order three of u but
does not depend on u.
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Summary of Notation

• If u is a scalar function, Du or ∇u denote its gradient and D2u denotes its
Hessian.

• For a field F(x) = (F1(x), F2(x)) with x = (x1, x2), we write
∂ F

∂x
=

∂(F1, F2)

∂(x1, x2)
=
⎛
⎜⎝

∂ F1

∂x1

∂ F2

∂x1
∂ F1

∂x2

∂ F2

∂x2

⎞
⎟⎠.

• n denotes an homogenous medium and at the same time its refractive index.
• We consider homogeneous media n1, n2, n3 with n2 bigger than both n1 and

n3, but n1 and n3 are unrelated.
• κ1 = n2/n1 and κ2 = n3/n2.
• e(x) = (e1(x), e2(x), e3(x)) denotes a unit vector, e′(x) = (e1(x), e2(x)),

e3(x) ≥ δ > 0.
• If a, b are column vector of the same dimension, a ⊗ b = abt .
• Given a map F , L F denotes its Lipschitz constant.
• � denotes the source and �∗ the target.
• S2 denotes the unit sphere in R3.
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