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1. I

In this paper we consider periodic homogenization of differential operators in the set-
ting of a Carnot group G = (RN , ◦). In fact, Carnot groups, i.e., connected and simply
connected stratified nilpotent Lie groups, provide a natural setting for periodic homoge-
nization, being endowed with intrinsic dilations and translations. All these notions will
be clearly stated in Section 2. If g is the Lie algebra of G, that is, the class of left invariant
vector fields with respect to the multiplication ◦, let X1, · · · , Xm be a family of linearly
independent vector fields in RN that by commutation generate g, see Subsection 2.1. We
shall refer to X1, · · · , Xm as the horizontal derivatives. Then the homogenization problem
we consider here has the form

−
m∑

i, j=1

Xi(ai j(δ1/ε(ξ))X j) = f ,

where the coefficients ai j are Y-periodic functions with respect to a reference pavage or
tiling of the group G, and δ1/ε are the dilations in the group, see Subsections 2.3 and 2.5.
It is known that, when ε → 0, we obtain the homogenized equation (3.3) and the main
result in the paper is the strong convergence of the horizontal gradients of correctors in
L2+θ for some θ > 0, see Theorem 6.1 and Remark 6.2. To this end, we prove in Section
5 Meyers type estimates, having independent interest, for solutions to equations defined
with general vector fields satisfying Hörmander’s condition on regular domains using
reverse Hölder estimates from [10, Theorem 3.1]. These combined with the convergence
of correctors in L2 proved in Theorem 4.4 yield the desired convergence.

WhenG is the Heisenberg group, homogenization results are proved in [2] and [8]. The
convergence of gradients of higher order correctors to uniformly elliptic linear equations
has been considered in [13] using a different method.

The organization of the paper is as follows. Section 2 contains the basic definitions
about Carnot groups, examples, the construction of the pavage, the spaces considered, and
the notion of periodicity in this setting. In Section 3 we describe the equations considered
and the homogenized equation. Section 4 concerns with gradients of correctors and its
convergence in L2. Section 5 has the proofs of the Meyers type estimates needed later, the
main result is Theorem 5.4. Finally, Section 6 contains the proof of the convergence of
gradients of correctors in L2+θ, Theorem 6.1.

2. P

2.1. Carnot groups. Let ◦ be an operation in RN (we call it multiplication) that makes
G = (RN , ◦) be a Lie group, that is, a group where the multiplication ◦ : RN × RN → RN

and the inversion x → x−1 are smooth maps. From now on, we assume the origin is the
identity element. Given x ∈ G, the left–translation τx : G→ G is defined by τxz = x ◦ z.

We write N = N1 + N2 + · · · + Nk and given x ∈ RN = RN1 × · · · × RNk we put
x = (x′1, x

′
2, · · · , x′k) with x′j ∈ RN j for j = 1, · · · , k.We assume that 0 < α1 < α2 < · · · < αk

are real numbers and for λ > 0 the family of dilations

(2.1) δλx = (λα1 x′1, · · · , λαk x′k),



HOMOGENIZATION IN CARNOT GROUPS 3

forms a group of automorphisms of G, i.e. δλ(x ◦ y) = δλx ◦ δλy. Let g denote the Lie
algebra of G, that is, the linear space of all ◦–left invariant vector fields on G, and let
X1, · · · , XN be a basis of g such that X j(0) = D j, j = 1, · · · ,N (the elements of g are
uniquely determined by their value at the origin). If V1 = span{X1, · · · , XN1}, then we
assume that g admits a stratification of the form

(2.2) g = V1 ⊕ · · · ⊕ Vk, [V1,Vi] = Vi+1 for i = 1, ..., k − 1 and [V1,Vk] = {0}
where [V1,Vi] is the subspace of g generated by the commutators [X,Y] with X ∈ V1 and
Y ∈ Vi. This is expressed by saying that G = (RN , ◦) is a Carnot group of step k with N1

generators. The integer Q = N1α1 + · · ·+Nkαk is the homogeneous dimension ofG, which
is also the Hausdorff dimension of RN with respect to the Carnot-Carathéodory distance
defined by means of subunit curves. The N-dimensional Lebesgue measure (from now
on denoted by |E| for any measurable set E ⊂ RN) is the natural measure in G, since it is
the Haar measure of the group, i.e. |τxE| = |E| for all x ∈ G and for any measurable set
E ⊂ RN . Moreover, if λ > 0 then |δλ(E)| = λQ|E|. Note also that thanks to the stratification
assumption, Hörmander’s finite rank condition is satisfied by the vector fields X1, · · · , XN1 .

Under these assumptions we have that the multiplication ◦ and the vector fields X j’s
have the form given in Propositions 2.1 and 2.2 below, see [16, pp. 618–622] and [7,
Proposition 2.1]. The following proposition is important in Lemma 2.4 for the construc-
tion of a pavage of G. We include its proof for the sake of completeness.

Proposition 2.1. There exists a unique polynomial vector-valued functionH = (H1, · · · ,Hk) :
RN × RN → RN with Hi = (H1

i , · · · ,HNi
i ) satisfying H(δλx, δλy) = δλH(x, y), for all

x, y ∈ RN and λ > 0, such that the multiplication ◦ is given by

(2.3) x ◦ y = x + y +H(x, y), for all x, y ∈ RN .

In addition, for each x, y ∈ G we haveH1(x, y) = 0 and

(2.4) H j(x, y) = R j(x′1, · · · , x′j−1, y
′
1, · · · , y′j−1), for 1 < j ≤ k,

where R j are polynomials.

Proof. Given β ∈ ZN
≥0 a multi–index, we write β = (β′1, β

′
2, · · · , β′k) with β′j ∈ Z

N j

≥0.We write

x ◦ y = ((x ◦ y)′1, (x ◦ y)′2, · · · , (x ◦ y)′k),

and set

P j(x, y) = (x ◦ y)′j = (P1
j(x, y), · · · , PN j

j (x, y)).

We have P j : RN × RN → RN j , and

P j(δλx, δλy) = λα j P j(x, y).

If β = (β′1, β
′
2, · · · , β′k), γ = (γ′1, γ

′
2, · · · , γ′k) ∈ ZN

≥0, then

Dβ
xDγ

y(P j(δλx, δλy)) = λ
∑k

i=1(|β′i |+|γ′i |)αi (Dβ
xDγ

y P j)(δλx, δλy) = λα j (Dβ
xDγ

y P j)(x, y);
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that is,

(Dβ
xDγ

y P j)(δλx, δλy) = λα j−∑k
i=1(|β′i |+|γ′i |)αi (Dβ

xDγ
y P j)(x, y)

so (Dβ
xDγ

y P j)(x, y) is homogeneous of degree α j − ∑k
i=1(|β′i | + |γ′i |)αi with respect to δλ.

Since P j ∈ C∞, it follows that (Dβ
xDγ

y P j)(x, y) ≡ 0 for all β, γ ∈ ZN
≥0 such that

(2.5) α j −
k∑

i=1

(|β′i | + |γ′i |)αi < 0,

and so P j is a polynomial. Since x ◦ 0 = x and 0 ◦ y = y, we have that P j(0, 0) = 0,
P j(x, 0) = x′j, and P j(0, y) = y′j, for j = 1, · · · , k. Let us define

H j(x, y) = P j(x, y) − x′j − y′j,

for j = 1, · · · , k.
Let us first analyze P1(x, y). Recall that 0 < α1 < α2 < · · · < αk. We claim that the only

derivatives (Dβ
xDγ

y P1)(x, y) that might not be identically zero are those for which

|β′1| + |γ′1| ≤ 1, and |β′i | + |γ′i | = 0 for i > 1.

From (2.5), we have that the only derivatives (Dβ
xDγ

y P1)(x, y) that might not be identically
zero are those for which

α1 ≥
k∑

i=1

(|β′i | + |γ′i |)αi

which implies that α1 ≥ (|β′1| + |γ′1|)α1, that is, |β′1| + |γ′1| ≤ 1. We prove that |β′i | + |γ′i | = 0
for i > 1. Because if on the other hand we would have |β′i | + |γ′i | > 0 for some i > 1, since
αi > α1, we would get that α1 ≥ (|β′i | + |γ′i |)αi > (|β′i | + |γ′i |)α1, that is, |β′i | + |γ′i | < 1, a
contradiction. Therefore, P`

1(x, y) is an affine function of x′1 and y′1 for each 1 ≤ ` ≤ N1,
that is,

P`
1(x, y) = a` + b`1x1 + b`2x2 + · · · + b`N1

xN1 + c`1y1 + c`2y2 + · · · + c`N1
yN1 .

Since P1(0, 0) = 0 we get that a` = 0, and since P1(x, 0) = x′1 and P1(0, y) = y′1 we get
that P`

1(x, y) = x` + y`.
Similarly we analyze P2(x, y). We claim that the only derivatives (Dβ

xDγ
y P2)(x, y) that

might not be identically zero are those for which

|β′1| + |γ′1| ≤ α2/α1, |β′2| + |γ′2| ≤ 1, and |β′i | + |γ′i | = 0 for i > 2.

From (2.5), we have that the only derivatives (Dβ
xDγ

y P2)(x, y) that might not be identically
zero are those for which

(2.6) α2 ≥
k∑

i=1

(|β′i | + |γ′i |)αi
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which implies that α2 ≥ (|β′2| + |γ′2|)α2, that is, |β′2| + |γ′2| ≤ 1. Also from (2.6), we get
that |β′1| + |γ′1| ≤ α2/α1. We prove that |β′i | + |γ′i | = 0 for i > 2. Because if on the other
hand we would have |β′i | + |γ′i | > 0 for some i > 2, since αi > α2, we would get that
α2 ≥ (|β′i | + |γ′i |)αi > (|β′i | + |γ′i |)α2, that is, |β′i | + |γ′i | < 1, a contradiction. Therefore,
P`

2(x, y) is an affine function of x′2 and y′2 plus a polynomial of x′1, y
′
1 for each 1 ≤ ` ≤ N2,

that is,

P`
2(x, y)

= a` + b`1xN1+1 + b`2xN1+2 + · · · + bN2 xN2 + c`1yN1+1 + c`2yN1+2 + · · · + c`N2
yN2

+ h`2(x′1, y
′
1).

Since P2(0, 0) = 0 we get that a` = 0, and since P2(x, 0) = x′2 and P2(0, y) = y′2 we get
that P`

2(x, y) = xN1+` + yN1+` + h`2(x′1, y
′
1), for 1 ≤ ` ≤ N2. Continuing in this way we get

that P j(x, y) = x′j + y′j + h j(x′1, · · · , x′j−1, y
′
1, · · · , y′j−1) for j = 1, · · · , k. �

As a consequence of Proposition 2.1 we get that the vector fields X j’s have the form
given in the following proposition (see [7, Proposition 2.2]). We relabel the polynomials
H`

r in the statement of Proposition 2.1 by writing H`
r = HN1+N2+···+Nr−1+` for 1 ≤ ` ≤ Nr,

1 ≤ r ≤ k, with the convention that N0 = 0.

Proposition 2.2. The vector fields X j have polynomial coefficients and

(2.7) X j = D j +
∑

1≤r≤k
j<N1+N2+···+Nr−1+1

N1+N2+···+Nr−1+Nr∑

i=N1+N2+···+Nr−1+1

qi j(x) Di,

for j = 1, · · · ,N, where qi j(x) =
∂Hi

∂y j
(x, y)

∣∣∣∣∣∣
y=0

.

Proof. Since X j is a left–invariant vector field

(X j f )(x) =
∂ f (x ◦ y)
∂y j

∣∣∣∣∣∣
y=0

.

From Proposition 2.1,
∂H`

i

∂y j
= 0 for j ≥ i > 1 and 1 ≤ ` ≤ Ni, and H`

1 = 0 for 1 ≤ ` ≤ N1.

Thus,

∂ f (x ◦ y)
∂y j

=

k∑

r=1

N1+N2+···+Nr−1+Nr∑

i=N1+N2+···+Nr−1+1

∂ f
∂xi

(
δi j +

∂Hi

∂y j
(x, y)

)

=
∂ f
∂x j

+
∑

1≤r≤k
j<N1+N2+···+Nr−1+1

N1+N2+···+Nr−1+Nr∑

i=N1+N2+···+Nr−1+1

∂ f
∂xi

∂Hi

∂y j
(x, y).

�
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Notice that X∗i = −Xi for i = 1, · · · ,N.
2.2. Examples.

2.2.1. Example 1. The simplest example is given by the Euclidean space G = (RN ,+),
that is the commutative Carnot group. Here k = 1, N1 = N, α1 = 1, and X1 =

D1, · · · , XN = DN .

2.2.2. Example 2: The Heisenberg group. Here N = 2n + 1 and ◦ is given by

[z1, t1] ◦ [z2, t2] = (x1 + x2, y1 + y2, t1 + t2 + 2(x2 · y1 − x1 · y2)),

where [z1, t1] = (x1, y1, t1), [z2, t2] = (x2, y2, t2) ∈ Rn × Rn × R. We have k = 2, N1 = 2n,
N2 = 1, the dilations are δλ[z, t] = (λ(x, y), λ2t), and X1 = Dx1 + 2 y1 Dt, · · · , Xn = Dxn +

2 yn Dt,Y1 = Dy1 − 2 x1 Dt, · · · ,Yn = Dyn − 2 xn Dt.

2.2.3. Example 3. In the analysis of 2nd order pde’s, a typical situation is to have a
family of smooth vector fields X1, · · · , Xm on RN , that are suggested by the form of the
2nd order differential operator under investigation, and the corresponding Carnot group
structure with respect to which the X j’s are left–invariant is a priori not known. Bonfiglioli
[3, Theorem 3.8] gives necessary and sufficient conditions on the X j’s so that such a
compatible Lie structure can be explicitly constructed. We refer to [3, Section 4] for
several interesting examples arising in the applications.

2.3. Pavage. The existence inG of intrinsic dilations and translations yields the existence
of an intrinsic pavage (see Definition 2.3 below) of G, as well as of an intrinsic notion of
periodicity (see e.g. [2], [8], [7]).

Definition 2.3. The family of sets {Qk}k∈ZN is a pavage of G if Qk ∩Qm = ∅ for k , m, and
∪k∈ZN Qk = G.

Let Y := {x ∈ G : −1/2 < xi ≤ 1/2 for i = 1, · · · ,N} denote the unit cube inG centered
at the origin. For k ∈ ZN , denote Qk = k ◦ Y. Let ε > 0 and consider group dilations of
Qk with respect to ε:

(2.8) Qε
k = δεQk = δε(k ◦ Y) = δεk ◦ δεY,

and we set Qε = δεY.

Lemma 2.4. For each ε > 0 the family {Qε
k}k∈ZN defined by (2.8) is a pavage of G.

Proof. It is enough to prove the lemma for ε = 1, that is, for each y ∈ RN there exist
unique k ∈ ZN and x ∈ Y such that y = k ◦ x; the general case immediately follows from
(2.8). From Proposition 2.1, the first N1 coordinates of k and x are uniquely determined
by the equations

(2.9) ki + xi = yi i = 1, · · · ,N1, ki ∈ Z, −1/2 < xi ≤ 1/2.
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If N1 + 1 ≤ i ≤ N2, then, again from Proposition 2.1, the equations determining ki and xi

are

(2.10) ki + xi + Hi−N1
2 (k, x) = yi ki ∈ Z, −1/2 < xi ≤ 1/2

where Hi−N1
2 (k, x) depends only on k j, x j with 1 ≤ j ≤ N1 which are already determined

by (2.9). Using Proposition 2.1 and continuing in this way we obtain the lemma. �

Remark 2.5. Let Ω ⊂ G be a bounded open set, then arguing as in the proof of [8,
Lemma 2.21] we get |Ω| ≈ εQ #{Qε

k ⊂ Ω}, for ε small, since |Qε
k| = εQ, where Q is defined

in Subsection 2.1.

2.4. Function spaces. Let Ω ⊂ RN be open. If f : Ω → R, we define the horizontal
gradient by ∇G f = (X1 f , · · · , Xm f ) where m = N1. Let 1 ≤ p < ∞, we define

D1,p(Ω) = {u ∈ Lp(Ω) : Xiu ∈ Lp(Ω),∀i = 1, · · · ,m},
endowed with the norm

‖u‖D1,p(Ω) =

(∫

Ω

|u|p dx +

∫

Ω

|∇Gu|p dx
)1/p

.

D1,p
0 (Ω) denotes the closure of C∞0 (Ω) in D1,p(Ω), and by Sobolev inequality the norm
‖ · ‖D1,p(Ω) in D1,p

0 (Ω) is equivalent to
(∫

Ω

|∇Gu|p dx
)1/p

,

and from now on we set

‖u‖D1,p
0 (Ω) =

(∫

Ω

|∇Gu|p dx
)1/p

.

As usual, D−1,p′(Ω) denotes the dual space of D1,p
0 (Ω), where 1

p + 1
p′ = 1.

2.5. Periodicity in G.

Definition 2.6. The function g : G → R is said to be Y–periodic with respect to the
reference pavage {Qk} if g(k ◦ ξ) = g(ξ) for all ξ ∈ Y, and for all k ∈ ZN .

If g is Y-periodic with respect to the reference pavage {Qk}, then gε(ξ) = g(δ1/εξ) is Qε-
periodic with respect to the pavage {Qε

k}. Given a function v defined in Qε , the Qε-periodic
extension of v to G with respect to the pavage {Qε

k} is defined by setting v̄(δεk ◦ ξ) = v(ξ),
for ξ ∈ Qε and k ∈ ZN .

Definition 2.7. The function g : Y→ R is regular periodic in Y if there exists a sequence
gm ∈ C1(G) of Y-periodic functions with respect to the reference pavage {Qk} such that
‖gm − g‖D1,2(Y) → 0 as m→ ∞.
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By D1,2
per(Y) we denote the closed subspace of D1,2(Y) of regular periodic functions in

Y; and

D1,2
# (Y) = {u ∈ D1,2

per(Y) :
∫

Y
u dx = 0}.

We also define
Lp

#,G(Y) = { f is Y–periodic : f |Y ∈ Lp(Y)},
with the norm ‖ · ‖Lp(Y).

Lemma 2.8 (Lemma 2.21, [8]). Let 1 < p < ∞ and f ∈ Lp
#,G(Y). Then

f ε(ξ) = f (δ1/εξ) ⇀
1
|Y|

∫

Y
f (ξ) dξ

weakly in Lp(Ω) as ε → 0 for each Ω ⊂ G open and bounded.

3. T   

Let m = N1 be the number of generators of G as in Subsection 2.1, and A(ξ) =

(ai j(ξ))m
i, j=1 an m ×m matrix whose entries are bounded Y-periodic functions with respect

to the reference pavage Qk in G and such that there exists a constant α > 0 satisfying

(3.1)
m∑

i, j=1

ai j(ξ) λiλ j ≥ α
m∑

i=1

λ2
i ,

for a.e. ξ ∈ Y and for each λ ∈ Rm. Let Aε(ξ) = A(δ1/εξ), and

Lε = −
m∑

i, j=1

Xi(aεi j(ξ) X j).

Given { fε}ε>0 ⊂ D−1,2(Ω) with Ω ⊂ G open bounded, for each ε > 0 consider the problem

(3.2)
{

Lεuε = fε , in Ω

uε = 0, on ∂Ω.

Using variational techniques one obtains that (3.2) has a unique weak solution uε ∈
D1,2

0 (Ω) and uε converges weakly in D1,2
0 (Ω) and strongly in L2(Ω) as ε → 0. The follow-

ing result is a simple extension of [2, Theorem 6] proved for the case of the Heisenberg
group.

Theorem 3.1. If fε → f strongly in D−1,2(Ω), then the weak solutions uε ∈ D1,2
0 (Ω) to

(3.2) converge weakly in D1,2
0 (Ω) to a function u ∈ D1,2

0 (Ω) as ε → 0 where u is a weak
solution to

(3.3)


−∑m

i, j=1 Xi(a0
i j X ju) = f , in Ω

u = 0, on ∂Ω,

with

a0
i j =

1
|Y|

∫

Y
[ai j +

m∑

k=1

aik Xk(χ j)] dξ
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and where the correctors χ j, j = 1, · · · ,m, are regular periodic functions on Y satisfying
in the weak sense

(3.4)


−∑m

i,k=1 Xi(aik Xk(χ j)) =
∑m

i=1 Xi(ai j), in Y
χ j ∈ D1,2

# (Y).

Moreover, we have
Aε(ξ)∇Guε ⇀ A0∇Gu

weakly in L2(Ω,Rm), A0 = (a0
i j).

4. C

Let χ = (χ1, · · · , χm) be given in Theorem 3.1, and

∇Gχ =



X1χ
1 · · · Xmχ

1

...
. . .

...
X1χ

m · · · Xmχ
m

 .

Then

∇Gu∇Gχ =

m∑

k=1

Xku∇Gχk.

Given p ∈ (1,+∞], p′ denotes the conjugate of p, and for p ∈ (2,+∞] we denote

p∗ =



2 p
p − 2

if 2 < p < ∞
2 if p = ∞.

4.1. Compensated compactness.

Lemma 4.1. Let 1 < p < +∞. Suppose that {u j} is a sequence converging weakly to u in
D1,p(Ω), {g j} with g j = (gi

j)
m
i=1 is a sequence in Lp′(Ω,Rm) converging weakly to g = (gi)m

i=1

in Lp′(Ω,Rm), and {−∑m
i=1 Xi(gi

j)}∞j=1 converges strongly to −∑m
i=1 Xi(gi) in D−1,p′(Ω). Then

(4.1) lim
j→∞

∫

Ω

g j · ∇Gu j φ dx =

∫

Ω

g · ∇Gu φ dx

for each φ ∈ C∞0 (Ω). If in addition {g j · ∇Gu j} j is a bounded sequence in Lr(Ω) and
g · ∇Gu ∈ Lr(Ω), for some r ∈ (1,+∞], then (4.1) holds for each φ ∈ Lr′(Ω).

Proof. Let 〈·, ·〉 denote the duality pair between D−1,p′(Ω) and D1,p
0 (Ω). Given φ ∈ C∞0 (Ω)

we have

〈−
m∑

i=1

Xi(gi
j), u jφ〉 =

∫

Ω

g j · ∇G(u jφ) dx

=

∫

Ω

g j · ∇Gu j φ dx +

∫

Ω

g j · ∇Gφ u j dx.
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Hence

lim
j→∞

∫

Ω

g j · ∇Gu j φ dx = 〈−
m∑

i=1

Xi(gi), uφ〉 −
∫

Ω

g · ∇Gφ u dx =

∫

Ω

g · ∇Gu φ dx,

which is (4.1).
To prove the last assertion in the Lemma, let φ ∈ Lr′(Ω), δ > 0, and ψ ∈ C∞0 (Ω) such

that ‖φ − ψ‖Lr′ (Ω) < δ. We write∫

Ω

g j · ∇Gu j φ dx −
∫

Ω

g · ∇Gu φ dx

=

∫

Ω

g j · ∇Gu j ψ dx −
∫

Ω

g · ∇Gu ψ dx

+

∫

Ω

g j · ∇Gu j (φ − ψ) dx −
∫

Ω

g · ∇Gu (φ − ψ) dx = I + II.

From (4.1), I → 0 as j→ ∞; and by Hölder’s inequality |II| ≤ Cδ. �

Lemma 4.2. Suppose χ ∈ D1,s(Ω,Rm) for some s ∈ (2,+∞], and wε ⇀ w weakly in
D1,2(Ω) with ∇Gw = 0. Then

lim
ε→0

∫

Ω

(Aε(x)[η + (∇Gχ)(δ1/εx)η] · ∇Gwε) h(x) dx = 0

for each h ∈ Ls∗(Ω) and for all η ∈ Rm.

Proof. We have

(1) Aε(·)[η + (∇Gχ)(δ1/ε ·)η] ⇀ A0η weakly in L2(Ω,Rm). This follows from Lemma
2.8.

(2) −∑m
i=1 Xi(aεi j(x)[η j +

∑m
k=1 X jχ

k(δ1/εx)ηk]) = 0 in D−1,2(Ω) for j = 1, · · · ,m; which
follows using an argument similar to the proof of [2, Lemma 5].

(3) Since wε ⇀ w weakly in D1,2(Ω), by Hölder’s inequality we get that ‖Aε(·)[η +

(∇Gχ)(δ1/ε ·)η] · ∇Gwε‖L(s∗)′ (Ω) ≤ C, and A0η · ∇Gw = 0.

The lemma then follows from Lemma 4.1. �

Lemma 4.3. Let uε and u as in Theorem 3.1. Suppose χ ∈ D1,s(Y,Rm) and u ∈ D1,s∗
0 (Ω)

for some s ∈ (2,+∞]. Then

(4.2) lim
ε→0

∫

Ω

Aε(x)[∇Gu(x) + (∇Gχ)(δ1/εx)∇Gu(x)] · ∇G(uε − u)(x) dx = 0; and

(4.3) lim
ε→0

∫

Ω

Aε(x)[∇Gu(x) + (∇Gχ)(δ1/εx)∇Gu(x)] · (∇Gχk)(δ1/εx) h(x)dx = 0,

for all h ∈ Ls∗(Ω) and k = 1, 2, · · · ,m. In particular,

lim
ε→0

∫

Ω

Aε(x)[∇Gu(x) + (∇Gχ)(δ1/εx)∇Gu(x)] · (∇Gχ)(δ1/εx)∇Gu(x) dx = 0.
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Proof. We begin proving (4.2). Let δ > 0. Since ∇Gu ∈ Ls∗(Ω,Rm), there exists a simple
function Ψ =

∑r
`=1 η`1Ω`

with η` ∈ Rm, Ω = ∪r
`=1Ω`, Ω` ∩ Ωk = ∅ if ` , k, and ‖∇Gu −

Ψ‖Ls∗ (Ω) ≤ δ. We write∫

Ω

Aε(x)[∇Gu(x) + (∇Gχ)(δ1/εx)∇Gu(x)] · ∇G(uε − u)(x) dx

=

∫

Ω

Aε(x)[Ψ(x) + (∇Gχ)(δ1/εx) Ψ(x)] · ∇G(uε − u)(x) dx

+

∫

Ω

Aε(x)[∇Gu(x) − Ψ(x) + (∇Gχ)(δ1/εx) (∇Gu(x) − Ψ(x))] · ∇G(uε − u)(x) dx.

From Lemma 4.2 we get

lim
ε→0

∫

Ω

Aε(x)[Ψ(x) + (∇Gχ)(δ1/εx) Ψ(x)] · ∇G(uε − u)(x) dx

= lim
ε→0

r∑

`=1

∫

Ω`

Aε(x)[η` + (∇Gχ)(δ1/εx) η`] · ∇G(uε − u)(x) dx

= lim
ε→0

r∑

`=1

∫

Ω

Aε(x)[η` + (∇Gχ)(δ1/εx) η`] · ∇G(uε − u)(x) 1Ω`
(x) dx = 0.

Moreover, we have∣∣∣∣∣
∫

Ω

Aε(x)[∇Gu(x) − Ψ(x) + (∇Gχ)(δ1/εx) (∇Gu(x) − Ψ(x))] · ∇G(uε − u)(x) dx
∣∣∣∣∣

≤ C ‖∇G(uε − u)‖L2(Ω) ‖∇Gu − Ψ + (∇Gχ)(δ1/ε ·) (∇Gu − Ψ)‖L2(Ω)

≤ C
(
‖∇Gu − Ψ‖L2(Ω) + ‖(∇Gχ)(δ1/ε ·) (∇Gu − Ψ)‖L2(Ω)

)

≤ C
(
‖∇Gu − Ψ‖L2(Ω) + ‖(∇Gχ)(δ1/ε ·)‖Ls(Ω) ‖∇Gu − Ψ‖Ls∗ (Ω)

)

≤ C ‖∇Gu − Ψ‖Ls∗ (Ω) ≤ C δ,

uniformly in ε. This completes the proof of (4.2).
To prove (4.3), let h ∈ Ls∗(Ω), δ > 0 and Ψ as in the proof of (4.2). We write∫

Ω

Aε(x)[∇Gu(x) + (∇Gχ)(δ1/εx)∇Gu(x)] · (∇Gχk)(δ1/εx) h(x)dx

=

∫

Ω

Aε(x)[Ψ(x) + (∇Gχ)(δ1/εx) Ψ(x)] · (∇Gχk)(δ1/εx) h(x)dx

+

∫

Ω

Aε(x)[∇Gu(x) − Ψ(x) + (∇Gχ)(δ1/εx) (∇Gu(x) − Ψ(x))] · (∇Gχk)(δ1/εx) h(x)dx.

By Lemma 2.8,

(∇Gχk)(δ1/εx) ⇀
1
|Y|

∫

Y
∇Gχk(ξ) dξ = 0,

weakly in L2(Ω). Moreover, ‖χk(δ1/ε ·)‖D1,2(Ω) ≤ C. Therefore, up to a subsequence,
χk(δ1/ε ·) ⇀ wk weakly in D1,2(Ω) for some wk ∈ D1,2(Ω) with ∇Gwk = 0. Thus by Lemma
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4.2 we get
Aε(x)[η` + (∇Gχ)(δ1/εx) η`] · (∇Gχk)(δ1/εx) ⇀ 0

weakly in L(s∗)′(Ω) for ` = 1, · · · , r. Therefore

lim
ε→0

∫

Ω

Aε(x)[Ψ(x) + (∇Gχ)(δ1/εx) Ψ(x)] · (∇Gχk)(δ1/εx) h(x) dx

= lim
ε→0

r∑

`=1

∫

Ω

Aε(x)[η` + (∇Gχ)(δ1/εx) η`] · (∇Gχk)(δ1/εx) h(x) 1Ω`
(x) dx = 0.

In addition,∣∣∣∣∣
∫

Ω

Aε(x)[∇Gu(x) − Ψ(x) + (∇Gχ)(δ1/εx) (∇Gu(x) − Ψ(x))] · (∇Gχk)(δ1/εx) h(x)dx
∣∣∣∣∣

≤ C‖∇Gu − Ψ + (∇Gχ)(δ1/ε ·) (∇Gu − Ψ)‖L2(Ω)‖(∇Gχk)(δ1/ε ·)‖Ls(Ω)‖h‖Ls∗ (Ω)

≤ C
(
‖∇Gu − Ψ‖L2(Ω) + ‖(∇Gχ)(δ1/ε ·) (∇Gu − Ψ)‖L2(Ω)

)

≤ C
(
‖∇Gu − Ψ‖L2(Ω) + ‖(∇Gχ)(δ1/ε ·)‖Ls(Ω)‖∇Gu − Ψ‖Ls∗ (Ω)

)

≤ C‖∇Gu − Ψ‖Ls∗ (Ω) ≤ Cδ,

uniformly in ε. This completes the proof of (4.3). �

4.2. Convergence of correctors in L2. Let us now define the gradient of the corrector

(4.4) wε(x) = ∇Guε(x) − ∇Gu(x) − (∇Gχ)(δ1/εx)∇Gu(x),

and we shall prove the main result of this section.

Theorem 4.4. Suppose fε → f strongly in D−1,2(Ω) as ε → 0, χ ∈ D1,s(Y;Rm)1 and
u ∈ D1,s∗(Ω) for some s ∈ (2,∞]. Then wε → 0 strongly in L2(Ω;Rm) as ε → 0.

Proof. We have

‖wε‖2L2(Ω;Rm) =

∫

Ω

|wε |2 dx ≤ C
∫

Ω

Aε(x)wε(x) · wε(x) dx

= C
(∫

Ω

Aε(x)∇Guε(x) · ∇G(uε(x) − u(x)) dx

−
∫

Ω

Aε(x)∇Guε(x) · ∇G(χ)(δ1/εx)∇Gu(x) dx

−
∫

Ω

Aε(x)[∇Gu(x) + (∇Gχ)(δ1/εx)∇Gu(x)] · ∇G(uε(x) − u(x)) dx

+

∫

Ω

Aε(x)[∇Gu(x) + (∇Gχ)(δ1/εx)∇Gu(x)] · (∇Gχ)(δ1/εx)∇Gu(x) dx
)

= C(Iε1 − Iε2 − Iε3 + Iε4).

1By Theorem 5.4 we can always find such s.
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Since fε → f strongly in D−1,2(Ω) and uε ⇀ u weakly in D1,2
0 (Ω) we get Iε1 = 〈 fε , uε−u〉 →

0 as ε → 0. As in the proof of (4.3), we have that up to a subsequence in ε, χk(δ1/ε ·) ⇀ wk

weakly in D1,2(Ω) for some wk ∈ D1,2(Ω) with ∇Gwk = 0 for k = 1, 2, · · · ,m. Moreover,
we have

−
m∑

i=1

Xi(aεi j(x)X juε(x)) = fε → f = −
m∑

i=1

Xi(a0
i jX ju)

strongly in D−1,2(Ω); Aε(x)∇Gu(x) ⇀ A0∇Gu(x) weakly in L2(Ω,Rm); and

‖Aε(·)∇Guε · (∇Gχk)(δ1/ε ·)‖L(s∗)′ (Ω) ≤ C,

for all ε > 0.
Therefore from Lemma 4.1 we get

lim
ε→0

∫

Ω

Aε(x)∇Guε(x) · (∇Gχk)(δ1/εx)Xku dx = 0

for k = 1, 2, · · · ,m. Hence

lim
ε→0

Iε2 = lim
ε→0

m∑

k=1

∫

Ω

Aε(x)∇Guε(x) · (∇Gχk)(δ1/εx)Xku dx = 0.

From Lemma 4.3 we get limε→0 Iε3 = limε→0 Iε4 = 0, and the proof of the theorem is
complete. �

5. M       H̈’ 

Let X1, ..., Xm be smooth real vector fields in RN satisfying Hörmander’s finite rank
condition, i.e., X1, ..., Xm, together with their commutators of length up to a fixed order k
span RN at each point x ∈ RN . We recall some basic facts about the metric generated by
the vector fields X1, ..., Xm, see for example [4], [15]. We say that an absolutely continuous
curve γ : [0,T ] −→ RN is a sub-unit curve with respect to X if for any ξ ∈ RN

〈γ̇(t), ξ〉2 ≤
m∑

j=1

〈X j(γ(t)), ξ〉2

for a.e. t ∈ [0,T ]. If x1, x2 ∈ RN , we define

d(x1, x2) = inf{T > 0 : ∃ a sub-unit curve γ : [0,T ]→ Rn, γ(0) = x1, γ(T ) = x2}.
Notice that, by Hörmander’s finite rank condition, d(x, y) < ∞ for all x, y ∈ RN (Chow’s
Theorem). Using d we can define metric balls B(x, δ) on RN by B(x, δ) = {y ∈ RN |d(y, x) <
δ}. An important property for the balls B(x, δ) is the following doubling condition: Given
a bounded set U ⊂ RN , there exist C = CU > 0 and δU > 0 such that for every x ∈ U and
δ ∈ (0, δU)

|B(x, 2δ)| ≤ C|B(x, δ)|.
From now on, we restrict ourselves in a fixed open set U, and thus we can assume the
above constant are uniform for all x. Throughout this Section B(x, r) always denotes the
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metric ball associated with d, and we shall use the following Poincaré type inequality (see
[14]): there exist p ∈ (1, 2) and C > 0 such that

(5.1)
(?

BR

|u − uBR |2 dx
)1/2

≤ C R
(?

BR

|Xu|p dx
)1/p

for every BR = B(x,R) ⊂ RN and for every u ∈ D1,p(BR).
Let Ω ⊂ RN be a bounded open set and a = (ai j) : Ω 7−→ Rm×m be measurable satisfying

the following conditions

(5.2) |ai j| ≤ c0 a.e. x ∈ Ω and ∀i, j = 1, ..,m,

(5.3) c1|ξ|2 ≤ (aξ, ξ) a.e. x ∈ Ω and ∀ξ ∈ Rm.

Let γ : Ω 7−→ R be a measurable function satisfying

(5.4) 0 < α0 ≤ γ(x) ≤ β0 a.e. x ∈ Ω.

5.1. Linear case. We first consider the following problem

(5.5)
m∑

i, j=1

X∗i (ai jX ju) + γ u = f 0 +

m∑

i=1

X∗i ( f i), f i ∈ L2(Ω) ∀i = 0, ...,m.

The function u ∈ D1,2(Ω) is a weak solution to (5.5) if
∫

Ω

ai jX juXiφ dx +

∫

Ω

γuφ dx =

∫

Ω

f 0φ dx +

∫

Ω

m∑

i=1

f iXiφ dx

for all φ ∈ D1,2
0 (Ω). By Sobolev type inequality and using Lax-Milgram’s Lemma we see

that (5.5) has a unique weak solution in D1,2
0 (Ω). We shall use the following notation:

f = ( f 1, ..., f m) and F = ( f 0, f 1, ..., f m).

Lemma 5.1 (Caccioppoli Estimate). Suppose that (5.2), (5.3), and (5.4) hold. Let u ∈
D1,2(Ω) be a weak solution to (5.5). Let 0 < α < β ≤ 1. Then there exists a positive
constant C depending only on the structural constants, α, β and Ω such that for any ball
BβR = B(x, βR) b Ω we have

(?

BαR

(
|Xu|2 + |u|2

)
dx

)1/2

≤ C


(?

BβR

(|Xu|p + |u|p) dx
)1/p

+

(?

BβR

|F|2 dx
)1/2

 ,(5.6)

where p is the exponent in (5.1).
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Proof. By [6] there exists a cut–off function ϕ ∈ D1,2
0 (Ω) with 0 ≤ ϕ ≤ 1, ϕ = 1 on BαR,

suppϕ ⊂ BβR and |Xiϕ| ≤ C/R ∀i = 1, ...,m where the constant C is independent of R.
Choosing v = (u − uBβR)ϕ2 ∈ D1,2

0 (Ω) as a test function we get
∫

BβR

ai jX juXiu ϕ2 dx + 2
∫

BβR

ai jX juXiϕ (u − uBβR)ϕ dx +

∫

BβR

γu(u − uBβR)ϕ2 dx

=

∫

BβR

f 0(u − uBβR)ϕ2dx +

m∑

i=1

∫

BβR

f iXiu ϕ2 dx + 2
m∑

i=1

∫

BβR

f iXiϕ (u − uBβR)ϕ dx.

Hence by (5.2), (5.3), and (5.4) we get

c1

∫

BβR

|Xu|2ϕ2 dx

≤ 2c0

∫

BβR

|Xu| |Xϕ| |u − uBβR |ϕ dx + β0

∫

BβR

|u| |u − uBβR |ϕ2 dx

+

∫

BβR

| f 0| |u − uBβR |ϕ2 dx +

∫

BβR

| f | |Xu|ϕ2 dx + 2
∫

BβR

| f | |Xϕ| |u − uBβR |ϕ dx.

From Young’s inequality, and since |Xϕ| ≤ C/R, it follows moving some terms that∫

BβR

(
|Xu|2 + |u|2

)
ϕ2 dx

≤ C
R2

∫

BβR

|u − uBβR |2 dx + C
∫

BβR

|u|2 dx + C
∫

BβR

|u − uBβR |2 dx + C
∫

BβR

|F|2 dx

≤ C
R2

∫

BβR

|u − uBβR |2 dx + C
∫

BβR

|u − uBβR |2 dx + C|BβR||uBβR |2 + C
∫

BβR

|F|2 dx.

Therefore, using the properties of ϕ, Poincaré’s and Hölder’s inequalities and the fact that
the Lebesgue measure is doubling with respect to the metric balls we derive that

?

BαR

(
|Xu|2 + |u|2

)
dx ≤ C

(?

BβR

(|Xu|p + |u|p) dx
)2/p

+ C
?

BβR

|F|2 dx,

since R ≤ C(Ω) by the assumption. This completes the proof. �

In the following theorem we will prove higher integrability of weak solutions to (5.5).
To prove the boundary estimate of Theorem 5.4(2) we need the following condition for
the domain Ω.

Definition 5.2 (Condition (S)). We say that the domain Ω satisfies condition (S ) if there
exist 0 < R∗ < 1 and λ > 0 such that for any ball B(x,R) with x ∈ ∂Ω and R ≤ R∗ we have

|B(x,R) \Ω| ≥ λ|B(x,R)|.
Condition (S) holds for instance if the following uniform exterior ball property holds:

there exists a > 0 such that for each x ∈ ∂Ω there exists a ball B(y, ar) ⊂ B(x, r) \ Ω̄. For
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example, this is true when ∂Ω is continuously differentiable, provided x is not a character-
istic point of ∂Ω, i.e., if at least one of the vector fields is transversal to ∂Ω at x (see e.g.,
[9, Theorem 7]). Nevertheless, condition (S) can be satisfied also at characteristic points.
For example, in the Heisenberg group H1 identified with R3, the origin is a characteristic
point of the boundary of the set Ω = {(x1, x2, x3) ∈ R3 : x3 > (x2

1 + x2
2)α/2}, α > 1, and

clearly condition (S) is always satisfied at that point.
We recall the following result proved in [10] (see also [5]) that will be used in the proof

of Theorem 5.4.

Theorem 5.3 (Theorem 3.1, [10]). Let f and g be nonnegative functions such that g ∈
Lq

loc(R
N) for some q > 1, and f ∈ Lr

loc(R
N) for some r > q. Fix a ball B1 = B(x0,R0).

Suppose that for each ball BR = B(x,R) ⊂ B1 we have
?

B3R/4(x)
gq dx ≤ b

{(?

BR(x)
g dx

)q

+

?

BR(x)
f q dx

}
+ θ

?

BR(x)
gq dx,

where b, θ are positive constants. If θ is sufficiently small, then g ∈ Lp
loc(B1) for q ≤ p <

q + ε and (?

BR(x)
gp dx

)1/p

≤ C


(?

B2R(x)
gq dx

)1/q

+

(?

B2R(x)
f p dx

)1/p


for each ball B2R(x) ⊂ B1, where C and ε are positive constants depending only on the
structural constants, b, θ, q and r.

Theorem 5.4. Suppose that (5.2), (5.3), and (5.4) hold and assume further that F ∈
Lσ(Ω;Rm+1) for some σ > 2. There exists p0 > 2 such that if u ∈ D1,2(Ω) is a weak
solution to (5.5), then

(1) u ∈ D1,q
loc(Ω) for all q ∈ [2, p0), and for any ball BR = B(x,R) with B(x, 2R) b Ω

we have
(?

BR

(|Xu|q + |u|q) dx
)1/q

≤ C


(?

B2R

(
|Xu|2 + |u|2

)
dx

)1/2

+

(?

B2R

|F|q dx
)1/q

 ,(5.7)

where p is the constant in (5.1) and C depends only on p, σ and the constant in
(5.6).

(2) If in addition Ω satisfies condition (S ) and u ∈ D1,2
0 (Ω), then u ∈ D1,q

0 (Ω) for all
q ∈ [2, p0), and

(5.8)
∫

Ω

|Xu|q dx ≤ C
∫

Ω

|F|q dx,

where C depends only on the structural constants, p, σ, λ, Ω and q.
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Proof. To prove part 1 it is enough to show (5.7). Let B(x̄, R̄) be a ball such that B(x̄, 2R̄) b
Ω and set B1 = B(x̄, 2R̄). By Lemma 5.1 with α = 3/4, β = 1 we then get for any ball
BR ⊂ B1 that

?

B3R/4

(|Xu|p + |u|p)2/p dx ≤ C(p)
?

B3R/4

(
|Xu|2 + |u|2

)
dx

≤ b


(?

BR

(|Xu|p + |u|p) dx
)2/p

+

?

BR

|F|2 dx

 .

Therefore by the reverse Hölder inequality from Theorem 5.3 applied with q = 2/p, there
exists p1 > 2/p depending only on b, p, σ such that for any r ∈ [ 2

p , p1)

(?

BR

(|Xu|p + |u|p)r dx
)1/rp

≤ C


(?

B2R

(
|Xu|2 + |u|2

)
dx

)1/2

+

(?

B2R

|F|rp dx
)1/rp



for any ball BR satisfying B2R ⊂ B1. In particular, this inequality holds for BR = B(x̄, R̄).
So part 1 is proved with p0 = p1 p.

To prove part 2, first let V ⊂ RN be an open set such that Ω b V and extend u, f 0, ..., f m

as zero outside Ω. Notice that if ũ is such an extension of u, then Xũ = X̃u, where X̃u
is the extension of Xu to V as zero outside Ω. However, to simplify the notation, we will
write u and Xu instead of ũ and X̃u respectively.

Let us fix a ball BR(x) ⊂ V with R ≤ R∗. We shall prove that

(5.9)
?

B3s/4(z)
(|Xu|2 + |u|2) dx ≤ C


(?

Bs(z)
(|Xu|p + |u|p) dx

)2/p

+

?

Bs(z)
|F|2 dx

 ,

for each ball Bs(z) ⊂ BR(x). Recall that 1 < p < 2 is the exponent in (5.1). We have
B3s/4(z) ⊂ B7s/8(z).

Case 1: B7s/8(z) ⊂ Ω.
In this case (5.9) follows applying (5.6) with α = 3/4 and β = 7/9.
Case 2: B7s/8(z) ⊂ V \Ω.
This case is trivial since u is extended as zero outside Ω.

Case 3: B7s/8(z) ∩ ∂Ω , ∅.
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Let ϕ be a cut-off function like in the proof of Lemma 5.1, ϕ = 1 on B3s/4(z), supp ϕ ⊂
B7s/8(z), and choose v = uϕ2 ∈ D1,2

0 (Ω) as a test function. We then have
∫

B7s/8(z)
ai jX juXiu ϕ2 dx + 2

∫

B7s/8(z)
ai jX juXiϕ uϕ dx +

∫

B7s/8(z)
γu2ϕ2 dx

=

∫

B7s/8(z)
f 0uϕ2dx +

m∑

i=1

∫

B7s/8(z)
f iXiu ϕ2 dx + 2

m∑

i=1

∫

B7s/8(z)
f iXiϕ uϕ dx.

Arguing as in the proof of Lemma 5.1 we can derive that
∫

B3s/4(z)
|Xu|2 dx ≤ C

s2

∫

B7s/8(z)
u2 dx + C

∫

B7s/8(z)
|u|2 dx + C

∫

B7s/8(z)
|F|2 dx

≤ C
s2

∫

B7s/8(z)
u2 dx + C

∫

B7s/8(z)
|F|2 dx.(5.10)

Let y ∈ B7s/8(z) ∩ ∂Ω, then Bs/8(y) ⊂ Bs(z) ⊂ B15s/8(y). Moreover we have s ≤ 2R ≤ 2R∗

because Bs(z) ⊂ BR(x). Hence since Ω satisfies condition (S ), it follows from the doubling
property that |Bs(z) \Ω| ≥ C(λ) |Bs(z)|. But u = 0 on Bs(z) \Ω and we then get

(5.11)
∫

Bs(z)
u2 dx ≤ C(λ)

∫

Bs(z)
|u − uBs(z)|2 dx.

From (5.10), (5.11) and Poincaré inequality we obtain
?

B3s/4(z)
(|Xu|2 + |u|2) dx ≤ C(λ)

(?

Bs(z)
|Xu|p dx

)2/p

+ C
?

Bs(z)
|F|2 dx,

and (5.9) also holds in Case 3.
From (5.9) and the Reverse Hölder Inequality from Theorem 5.3, there exists p0 > 2,

now also depending on λ, such that for any q ∈ [2, p0) we obtain
(?

Bt(z)
|Xu|q dx

)1/q

≤ C

(?

B2t(z)
|Xu|2 dx

)1/2

+

(?

B2t(z)
|u|2 dx

)1/2

+

(?

B2t(z)
|F|q dx

)1/q

for any ball Bt(z) such that B2t(z) ⊂ BR(x), in particular, for BR/2(x). Covering the set Ω

with a finite family of balls BR/2(x) with BR(x) ⊂ V and R ≤ R∗ and then adding up on this
family of balls yields

(∫

Ω

|Xu|q dx
)1/q

≤ C(q,Ω)

(∫

Ω

|Xu|2 dx
)1/2

+

(∫

Ω

|u|2 dx
)1/2

+

(∫

Ω

|F|q dx
)1/q .

Since u ∈ D1,2
0 (Ω), it follows by Sobolev type inequality that on the right hand side of the

last inequality, the second term can be estimated by the first. Also, choosing v = u as a
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test function, it is easy to see that
∫

Ω

|Xu|2 dx ≤
∫

Ω

|F|2 dx.

Therefore we obtain (5.8) and the proof is complete. �

5.2. Nonlinear case. In this subsection we consider the following nonlinear problem

(5.12)
{ ∑m

i, j=1 X∗i (ai jX ju) + γ(x) u = H(x, u, Xu)
u ∈ D1,2

0 (Ω) ∩ L∞(Ω),

where we assume that conditions (5.2), (5.3), (5.4) hold, and H(x, s, ξ) is a Carathéodory
function satisfying

(5.13) |H(x, s, ξ)| ≤ c2 + b(|s|)|ξ|2 a.e. x ∈ Ω,∀s ∈ R and ∀ξ ∈ Rm

with b : R+ 7−→ R+ a continuous nondecreasing function. We shall prove Meyer’s type
estimates for the equation (5.12). We mention that when the equation (5.12) is uniformly
elliptic, homogenization results are proved in [1] using the standard Meyers estimates and
the convergence in L2 of the gradients of correctors of the corresponding linear equation.
Following their method the Meyers estimates from this subsection together with the con-
vergence of correctors given in Theorem 4.4 would lead to similar results of those in [1]
but this time for the equation (5.12).

We begin with a Caccioppoli type estimate.

Lemma 5.5. Suppose that (5.2), (5.3), (5.4) and (5.13) hold. Let u ∈ D1,2
0 (Ω) ∩ L∞(Ω) be

any weak solution to the problem (5.12). Let 0 < α < β ≤ 1. Then there exists a constant
C depending only on the structural constants, α and β such that for any ball B(x, βR) b Ω

we have
(5.14)?

BαR

(
|Xu|2 + |u|2

)
dx ≤ C exp

{
C (‖u‖∞b(‖u‖∞))2

}
×


(?

BβR

|Xu|p dx
)2/p

+ (‖u‖∞ + 1)2

 .

Proof. Let BR = B(x,R) be a ball such that B(x, βR) b Ω. Constructing the cut-off

function ϕ the same as in the proof of Lemma 5.1 and choose v = (u − uβR) Et(x)ϕ2 ∈
D1,2

0 (Ω)∩L∞(Ω) as a test function with Et(x) = et|u−uβR |2 , uβR = uBβR , and where the constant
t > 0 will be fixed in the moment. We then have∫

BβR

ai jX juXiu Et(x) ϕ2 dx + 2 t
∫

BβR

ai jX juXiu (u − uβR)2Et(x)ϕ2 dx

+ 2
∫

BβR

ai jX juXiϕ (u − uβR)Et(x)ϕ dx +

∫

BβR

γ u (u − uβR) Et(x)ϕ2 dx

=

∫

BβR

H(x, u, Xu)(u − uβR) Et(x)ϕ2dx.
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Hence from (5.2), (5.3), (5.4), (5.13), Young’s inequality and since |Xϕ| ≤ C/R we get

c1

∫

BβR

|Xu|2Et ϕ
2 dx + 2c1t

∫

BβR

|Xu|2|u − uβR|2Etϕ
2 dx + α0

∫

BβR

|u − uβR|2Etϕ
2 dx

≤ β0|uβR|
∫

BβR

|u − uβR|Etϕ
2 dx + 2c0

∫

BβR

|Xu||Xϕ||u − uβR|Etϕ dx

+

∫

BβR

(
c2 + b(‖u‖∞)|Xu|2

)
|u − uβR|Etϕ

2dx

=
(
β0|uβR| + c2

) ∫

BβR

|u − uβR|Etϕ
2 dx + 2c0

∫

BβR

|Xu||Xϕ||u − uβR|Etϕ dx

+

∫

BβR

b(‖u‖∞)|Xu|2|u − uβR|Etϕ
2dx

≤ α0

2

∫

BβR

|u − uβR|2Etϕ
2 dx + C

(
|uβR| + 1

)2
∫

BβR

Etϕ
2 dx +

c1

2

∫

BβR

|Xu|2Etϕ
2 dx

+
C
R2

∫

BβR

|u − uβR|2Et dx + C b(‖u‖∞)2
∫

BβR

|Xu|2|u − uβR|2Etϕ
2dx.

Choosing t =
C b(‖u‖∞)2

2 c1
and since Et(x) ≥ 1, we obtain

∫

BβR

(
|Xu|2 + |u − uβR|2

)
ϕ2 dx ≤ C

(
|uβR| + 1

)2
∫

BβR

Etϕ
2 dx +

C
R2

∫

BβR

|u − uβR|2Et dx.

Now taking into account that |u − uβR|2 ≥ u2 − |uβR|2
2

we find

∫

BβR

(
|Xu|2 + |u|2

)
ϕ2 dx

≤ C
(
|uβR| + 1

)2
∫

BβR

Etϕ
2 dx + C|uβR|2

∫

BβR

ϕ2 dx +
C
R2

∫

BβR

|u − uβR|2Et dx

≤ Ce4t‖u‖2∞ (‖u‖∞ + 1)2 |BβR| + Ce4t‖u‖2∞

R2

∫

BβR

|u − uβR|2 dx.

Hence by Poincaré’s inequality (5.1) and taking into account the choice of t we get (5.14).
�

We next recall the following result that can be used for the homogenization results
concerning the equation (5.12); see inequalities (4.22) and (4.26) in [10].

Theorem 5.6. There exists a weak solution v to the problem (5.12) such that

(5.15) ‖v‖L∞(Ω) ≤ c2

α0
,
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and

(5.16) ‖v‖D1,p
0 (Ω) ≤

√
2|Ω|
c1α0

exp
(
[c2b(c2/α0)]2

8c1α
2
0

)
.

We now prove the higher integrability of weak solutions to the nonlinear problem
(5.12).

Theorem 5.7. Suppose that (5.2), (5.3), (5.4), (5.13) hold. Then there exists an exponent
p0 > 2 such that if u ∈ D1,2

0 (Ω) ∩ L∞(Ω) is any weak solution to the problem (5.12)
satisfying (5.15), we have

(1) u ∈ D1,q
loc(Ω) for all q ∈ [2, p0), and for any ball BR = B(x,R) satisfying B(x, 2R) b

Ω we have
(

1
|BR|

∫

BR

|Xu|q dx
)1/q

≤ C

(?

B2R

|Xu|2 dx
)1/2

+ 1
 ,

where C depends only on the structural constants and p.
(2) If in addition Ω satisfies condition (S ), then u ∈ D1,q

0 (Ω) for all q ∈ [2, p0), and
we have

(5.17)
(∫

Ω

|Xu|q dx
)1/q

≤ C

(∫

Ω

|Xu|2 dx
)1/2

+ 1
 ,

where C depends only on the structural constants, p, λ, and Ω.

Proof. The proof runs parallel to the proof of Theorem 5.4, and so we omit most details.
By Lemma 5.5 and inequality (5.15), there exists a positive constant b depending only on
the structural constants such that

(5.18)
?

B3R/4

|Xu|2 dx ≤ b

(?

BR

|Xu|p dx
)2/p

+ 1


for any ball BR = B(x,R) satisfying B(x, 2R) b Ω. Therefore by the reverse Hölder
inequality, Theorem 5.3, we obtain part 1. For part 2, let V be an open set in RN such
that Ω b V and extending u as zero outside Ω. Again by the reverse Hölder inequality,
Theorem 5.3, we only need to show that (5.18) holds for any ball BR = B(x,R) ⊂ V
satisfying R ≤ R∗. The argument is similar to the proof of part 2 of Theorem 5.4 with
v = u etu2

ϕ2 ∈ D1,2
0 (Ω) ∩ L∞(Ω) taken as a test function in Case 3. In this way we derive

the desired result. �

6. C    L2+θ

In this section we prove that the correctors wε defined by (4.4) converge strongly in
L2+θ(Ω) as ε→ 0 for some θ > 0 provided that
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(H1) There exists σ > 2 such that Fε := ( f 0
ε , f 1

ε , ..., f m
ε ) is bounded in Lσ(Ω;Rm+1) for

all sufficiently small ε;
(H2) ∇Gu ∈ Lp(Ω,Rm) for p sufficiently large.
Let p0 be the constant in Theorem 5.4 corresponding to the number σ in (H1). We first

show that for any β ≥ 0, 2 + β < p0, there exist positive constants ε1 and C1 depending on
β such that

(6.1) ‖wε‖L2+β(Ω;Rm) ≤ C1,

for all ε ≤ ε1. We have

(6.2) ‖wε‖L2+β(Ω;Rm) ≤ ‖∇Guε‖2+β + ‖∇Gu‖2+β + ‖(∇Gχ)(δ1/ε)∇Gu‖2+β,

From (5.8) and (H1), ‖∇Guε‖2+β ≤ C ‖Fε‖2+β ≤ M1 uniformly for all ε sufficiently small.
From (H2), ‖∇Gu‖2+β is finite. To estimate the last summand in (6.2) it is enough to
estimate

J =

∫

Ω

∣∣∣∣
(
X jχ

k
)

(δ1/εx)X ju(x)
∣∣∣∣
2+β

dx,

for all 1 ≤ j, k ≤ m. Applying Hölder’s inequality with exponents p =
2 + α

2 + β
and p′ =

2 + α

α − β , where α is chosen so that 2 + β < 2 + α < p0, we get

J ≤
(∫

Ω

∣∣∣∣
(
X jχ

k
)

(δ1/εx)
∣∣∣∣
2+α

dx
)(2+β)/(2+α) (∫

Ω

∣∣∣X ju(x)
∣∣∣(2+α)(2+β)/(α−β)

dx
)(α−β)/(2+α)

≤ C
(∫

Ω

∣∣∣∣
(
X jχ

k
)

(δ1/εx)
∣∣∣∣
2+α

dx
)(2+β)/(2+α)

= C I(2+β)/(2+α),

where we have used (H2) in the second inequality. Let Ω0 be an open bounded set such
that Ω̄ ⊂ Ω0, and consider Jε = {i ∈ Zn : Qε

i ⊂ Ω0}. We have that Ω ⊂ ∪i∈JεQ
ε
i for all ε

sufficiently small. Therefore, letting x = δεy yields

I ≤ εQ
∑

i∈Jε

∫

i◦Y
|X jχ

k(y)|2+α dy

= εQ
∑

i∈Jε

∫

Y
|X jχ

k(y)|2+α dy, by periodicity

= εQ #{Jε}
∫

Y
|X jχ

k(y)|2+α dy

≈ |Ω0|
∫

Y
|X jχ

k(y)|2+α dy, by Remark 2.5.
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We want to show that the last integral is bounded. To do this, fix a bounded open set
U ⊂ G such that Y b U. Since χk ∈ D1,2

# (Y) is a weak solution of equation (3.4) in Y and
ai j are bounded Y-periodic functions, by arguing as in the proof of [2, Lemma 5] we see
that

−
m∑

i, j=1

Xi(ai j X j(χk)) =

m∑

i=1

Xi(aik), in D−1,2(U).

Therefore, we can apply the first part of Theorem 5.4 noticing that in our case X∗i = −Xi

to get
(∫

Y
|X jχ

k(y)|2+α dy
) 1

2+α

≤ C


(∫

U
|X jχ

k|2 dx
) 1

2

+

(∫

U
|χk|2 dx

) 1
2

+ 1

 < ∞.

This completes the proof of (6.1).
Now for any nonnegative θ satisfying 2 + θ < p0, pick a number β such that 2 + θ <

2 + β < p0. We then have by interpolation inequality that

‖wε‖2+θ ≤ ‖wε‖t2 ‖wε‖1−t
2+β ≤ ‖wε‖t2 C1−t

1 ,

where
1

2 + θ
=

t
2

+
1 − t
2 + β

. On the other hand, from Theorem 4.4 ‖wε‖L2(Ω;Rm) → 0 as

ε→ 0. Therefore letting ε→ 0 we obtain the following theorem.

Theorem 6.1. Suppose Ω is a bounded domain satisfying condition (S ), and conditions
(H1) and (H2) above hold. Then ‖wε‖L2+θ(Ω) → 0 as ε→ 0 for all nonnegative θ satisfying
2 + θ < p0.

Remark 6.2. If we relax assumption (H2) above replacing it by
(H2)loc ∇Gu ∈ Lp

loc(Ω,R
m) for p sufficiently large,

then the conclusion of Theorem 6.1 still holds without assuming condition (S) and pro-
vided we replace the convergence of the correctors in L2+θ(Ω) by the convergence in
L2+θ

loc (Ω).
In fact, in the standard elliptic case, the higher integrability of the gradient in (H2) fol-

lows easily by Schauder estimates, from regularity assumptions on the data. On the other
hand, when dealing with elliptic operators on Carnot groups, things can be dramatically
different, because of the possible presence of characteristic points at the boundary (a point
x ∈ ∂Ω is said a characteristic point for X1, . . . , Xm if X1(x), . . . , Xm(x) belong to the tan-
gent space to ∂Ω at x). In general, even smooth open sets have characteristic points, that –
roughly speaking – can affect the regularity of solutions as cusps do when dealing with el-
liptic operators. Notice that, for instance, every continuously differentiable closed surface
in the Heisenberg group (identified with R3) that is diffeomorphic to a sphere contains
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characteristic points. Notice also that condition (S) may hold even at the characteristic
points of the boundary.

On the other hand, if in (3.3) f belongs to Lp(Ω) for p > Q, then by Hölder inequality
condition (H2) is satisfied if the following uniform estimate for the Green function of Ω

holds:

(6.3) |∇GG(x, y)| ≤ Cd(x, y)1−Q, x, y ∈ Ω.

For instance, if G = Hn, then (6.3) is proved in [17, Theorem 3.6], provided Ω satisfies the
uniform exterior ball property (see [17, Definition 3.3]). The same result holds for general
Carnot groups, and it can be derived from the proof of estimate (54) in [18]. In turn, the
uniform exterior ball property – which may hold for domains having characteristic points
– implies by doubling our assumption (S) given in Definition 5.2.
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