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1. INTRODUCTION

In this paper we consider periodic homogenization of differential operators in the set-
ting of a Carnot group G = (R, o). In fact, Carnot groups, i.e., connected and simply
connected stratified nilpotent Lie groups, provide a natural setting for periodic homoge-
nization, being endowed with intrinsic dilations and translations. All these notions will
be clearly stated in Section 2. If g is the Lie algebra of G, that is, the class of left invariant
vector fields with respect to the multiplication o, let Xi,--- , X, be a family of linearly
independent vector fields in RY that by commutation generate g, see Subsection 2.1. We
shall refer to X1, - - - , X,, as the horizontal derivatives. Then the homogenization problem
we consider here has the form

m
= > Xiaij6)X)) = £,
i,j=1
where the coefficients a;; are Y-periodic functions with respect to a reference pavage or
tiling of the group G, and ¢, ¢ are the dilations in the group, see Subsections 2.3 and 2.5.
It is known that, when € — 0, we obtain the homogenized equation (3.3) and the main
result in the paper is the strong convergence of the horizontal gradients of correctors in
L**% for some 6 > 0, see Theorem 6.1/ and Remark [6.2. To this end, we prove in Section
S/ Meyers type estimates, having independent interest, for solutions to equations defined
with general vector fields satisfying Hormander’s condition on regular domains using
reverse Holder estimates from [10, Theorem 3.1]. These combined with the convergence
of correctors in L? proved in Theorem 4.4 yield the desired convergence.

When G is the Heisenberg group, homogenization results are proved in [2] and [8]. The
convergence of gradients of higher order correctors to uniformly elliptic linear equations
has been considered in [13] using a different method.

The organization of the paper is as follows. Section 2| contains the basic definitions
about Carnot groups, examples, the construction of the pavage, the spaces considered, and
the notion of periodicity in this setting. In Section 3/we describe the equations considered
and the homogenized equation. Section 4/ concerns with gradients of correctors and its
convergence in L. Section 5 has the proofs of the Meyers type estimates needed later, the
main result is Theorem 5.4. Finally, Section 6 contains the proof of the convergence of
gradients of correctors in L**?, Theorem 6.1.

2. PRELIMINARIES

2.1. Carnot groups. Let o be an operation in RY (we call it multiplication) that makes
G = (RY, o) be a Lie group, that is, a group where the multiplication o : RY x RV — RV
and the inversion x — x~! are smooth maps. From now on, we assume the origin is the
identity element. Given x € G, the left—translation T, : G — G is defined by 7,z = x o z.

We write N = Ny + N, + --- + N; and given x € RY = RM x ... x RM we put
x= (¥, x5, -, x) with X/ € RNifor j=1,--- ,k.Weassumethat) < a; < @, < --- < ay
are real numbers and for A > 0 the family of dilations

2.1 Oax = (A"x, -+, A%X)),
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forms a group of automorphisms of G, i.e. d,(x oy) = 9,x 0 d,y. Let g denote the Lie
algebra of G, that is, the linear space of all o—left invariant vector fields on G, and let
Xi,+-+, Xy be a basis of g such that X;(0) = D;, j = 1,---,N (the elements of g are
uniquely determined by their value at the origin). If V; = span{Xj,---, Xy}, then we
assume that g admits a stratification of the form

(22) g = V1 &---D Vk, [Vl, V,] = Vi+1 fori = 1, ,k —1land [V[, Vk] = {O}

where [V}, V;] is the subspace of g generated by the commutators [X, Y] with X € V| and
Y € V,. This is expressed by saying that G = (R", o) is a Carnot group of step k with N,
generators. The integer Q = Nja; +- - -+ N, 1s the homogeneous dimension of G, which
is also the Hausdorff dimension of RY with respect to the Carnot-Carathéodory distance
defined by means of subunit curves. The N-dimensional Lebesgue measure (from now
on denoted by |E| for any measurable set E C R") is the natural measure in G, since it is
the Haar measure of the group, i.e. |t E| = |E| for all x € G and for any measurable set
E c RM. Moreover, if A > 0 then |5,(E)| = A2|E|. Note also that thanks to the stratification
assumption, Hormander’s finite rank condition is satisfied by the vector fields X, - - - , Xy, .

Under these assumptions we have that the multiplication o and the vector fields X;’s
have the form given in Propositions 2.1 and 2.2 below, see [16, pp. 618—622] and [7,
Proposition 2.1]. The following proposition is important in Lemma 2.4 for the construc-
tion of a pavage of G. We include its proof for the sake of completeness.

Proposition 2.1. There exists a unique polynomial vector-valued function H = (H,,--- , H;) :
RY xRN — RN with H; = (Hl.l, e ,va") satisfying H(0,x,06,y) = 6, H(x,y), for all
x,y € RN and A > 0, such that the multiplication o is given by

(2.3) xoy=x+y+H(xy), forall x,y € RV,

In addition, for each x,y € G we have H,(x,y) = 0 and

2.4) Hij(x,y) = Ri(x), - Xy 5 Ying)s for 1< j<Kk,

where R; are polynomials.

Proof. Given 8 € Z[, a multi-index, we write 8 = (8,8, -- , 3;,) with 8 € Z;Vé. We write

xoy=((xoy),(xoy), -, (xoy)),
and set
Py(x,y) = (x0y); = (Pi(x,y). -+, P (x.)).
We have P; : RY xRY — RY, and

Pi(0,x,0,y) = A% Pj(x,y).
Ifﬁ = (ﬁ’ ’ﬂ,za e ,,3;’(),7’ = (715 75, e ’711) € ZIZVO, then
K (sl 1\ o .
D‘iDz(Pj((sAX, 61y)) = Azm iy (D‘;chPj)((sAX, 0y) =AY (D‘;szj)(% »);
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that 1s,
_\k ’ Na;
(DgDzPJ)(é/lx, 6/{)}) — /1(1] Zi:l(lﬁi|+|7i|) i (D‘;sz‘])(x’ y)

SO (D‘;D;Pj)(x, y) 1s homogeneous of degree a; — Zf-‘zl(l,Blfl + lyiDa; with respect to 6;.
Since P; € C*, it follows that (DﬁDzP )(x,y)=0forall B,y € ZIZVO such that

k
2.5) a; = > (Bl +iha; <0,
i=1

and so P; is a polynomial. Since x o0 = x and 0 oy = y, we have that P;(0,0) = 0,
Pi(x,0) = x;., and P;(0,y) = y;., for j=1,---,k. Let us define

7‘{1(75,)’) = P](x’}’) - X} _y;"
forj=1,--- ,k.

Let us first analyze P;(x,y). Recall that 0 < a; < @, < -+ < @;. We claim that the only
derivatives (D’;D;P 1)(x,y) that might not be identically zero are those for which

il + Iyl < 1, and Bil+1yll=0 for i>1.

From (2.5), we have that the only derivatives (D‘;D;Pl)(x, y) that might not be identically
zero are those for which

k
a2 ) (B + yha;
i=1

which implies that a1 > (|8} + |y|Da, thatis, |8/ + |y}| < 1. We prove that |8]| + |y/| = 0
for i > 1. Because if on the other hand we would have |B]| + |y/| > 0 for some i > 1, since
a; > ay, we would get that a; > (I8]| + ly/Da; > (|B]] + |yiDay, that is, |8 + |y < 1, a
contradiction. Therefore, Pf (x,y) is an affine function of x| and y| foreach 1 < ¢ < N,
that is,

¢ ¢ ¢ ¢ ¢ ¢ ¢
Pi(x,y)=a;+byx; +byxy+--- + lele + Y1+ Y2+ e+ Oy V-

Since P1(0,0) = 0 we get that a, = 0, and since P;(x,0) = x| and P;(0,y) = y| we get
that P{ (x,y) = x¢ + ye.

Similarly we analyze P,(x,y). We claim that the only derivatives (DfD;Pz)(x, y) that
might not be identically zero are those for which

1B1 + Iyil < az/ay, IG5 + ly5l < 1, and Bil+1yll=0 for i>2.
From (2.5), we have that the only derivatives (D‘;D;Pz)(x, y) that might not be identically

zero are those for which

k
(2.6) @ 2 ) (B + yha;
i=1
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which implies that @, > (|8}| + [y;)as, that is, |85] + |y;] < 1. Also from (2.6), we get
that |8]] + [¥}] < az/a;. We prove that |8 + |y;| = O for i > 2. Because if on the other
hand we would have |8]| + |y;| > O for some i > 2, since @; > a,, we would get that

> (|8 + lyiDa; > (IB!] + lyiDa», that is, |8 + |y/| < 1, a contradiction. Therefore,
Pi(x,y) is an affine function of x} and y, plus a polynomial of x|, y! for each 1 < £ < N,
that is,

P3(x,y)
=a,+ b‘{leH + ngNlJrz + - 4+ by, xn, + cnylH + cgleJ,z + e+ cfi,zyNz
+ By(x), 1)
Since P,(0,0) = 0 we get that a, = 0, and since P,(x,0) = x, and P»(0,y) = y, we get
that P{(x,y) = X,+¢ + Yn+e + h5(x],¥)), for 1 < € < N,. Continuing in this way we get
that P;(x,y) = X/ +y;. +hj(x), - ,x;._l,y’l,--- ,y;_l) forj=1,--- k. O
As a consequence of Proposition 2.1/ we get that the vector fields X;’s have the form
given in the following proposition (see [7, Proposition 2.2]). We relabel the polynomials

H! in the statement of Proposition 2.1/ by writing H: = Hy, n,+..sn,_+¢ Tor 1 < € < N,,
1 < r < k, with the convention that Ny = 0.

Proposition 2.2. The vector fields X; have polynomial coefficients and

N1+Ny+++N,_1+N,

@.7) X;=D;+ Y >, @b,

1<r<k i=N1+No+-+N,_1+1
J<N1+Na+-+N,_1+1

OH,;
forj=1,--- N, where q;j(x) = —(x,y)
dy;

y=0

Proof. Since X is a left—invariant vector field

df(xoy)
(X)) = %
YVj y=0
[
From Proposition 2.1, 8_ =0forj>i>1land1 <¢<N,and H =0for1 << N,.
y
Thus, !
a k  Ni+Ny+-+N,_1+N, (9
w = Z af (511 + 6—(16, y))
Vi r=1 i=N1+Ny+-+N,_1+1 Xi Vi
af Ni+Ny+-+N,_1+N, 8f (?H
DY 7, 3y, =
x] 1<r<k i=N1+Ny+-+N,_1+1

J<N1+Na+-+N,_1+1
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Notice that X! = —X; fori=1,--- ,N.
2.2. Examples.

2.2.1. Example 1. The simplest example is given by the Euclidean space G = (R, +),
that is the commutative Carnot group. Here k = 1, Ny = N, a; = 1, and X; =
Dy, -+, Xy = Dy.

2.2.2. Example 2: The Heisenberg group. Here N = 2n + 1 and o is given by

[z1, 1] o[22, 12] = (X1 + X2, y1 + y2, 11 + 12 + 2(X2 - Y1 — X1 * Y2)),

where [z1,11] = (x1,y1,11), [22, 2] = (X2, y2,12) € R" X R" X R. We have k = 2, N; = 2n,
N, = 1, the dilations are 8,[z, t] = (A(x, y), A%t), and X, = D, +2y1 Dy, , X, = D,, +
2ynD[, Yl = D)’l —2X1 Dt,"' ,Yn = Dyn —2)C,,Dt.

2.2.3. Example 3. In the analysis of 2nd order pde’s, a typical situation is to have a
family of smooth vector fields X;,--- ,X,, on R", that are suggested by the form of the
2nd order differential operator under investigation, and the corresponding Carnot group
structure with respect to which the X;’s are left—invariant is a priori not known. Bonfiglioli
[3, Theorem 3.8] gives necessary and sufficient conditions on the X;’s so that such a
compatible Lie structure can be explicitly constructed. We refer to [3, Section 4] for
several interesting examples arising in the applications.

2.3. Pavage. The existence in G of intrinsic dilations and translations yields the existence
of an intrinsic pavage (see Definition 2.3/ below) of G, as well as of an intrinsic notion of
periodicity (see e.g. [2], [8], [7]).

Definition 2.3. The family of sets { Qi }iezv is a pavage of G if QN Q,, = 0 for k # m, and
Ukezv Ok = G.

LetY :={xeG:-1/2<x;<1/2fori=1,---,N}denote the unit cube in G centered
at the origin. For k € ZV, denote Q; = ko Y. Let € > 0 and consider group dilations of
Oy with respect to €:

(2.8) Or =00k = 6c(koY) =6k 0 6. Y,
and we set Q¢ = 6. Y.

Lemma 2.4. For each € > 0 the family {Q; }iezv defined by (2.8) is a pavage of G.

Proof. Tt is enough to prove the lemma for € = 1, that is, for each y € R there exist
unique k € Z" and x € Y such that y = k o x; the general case immediately follows from
(2.8). From Proposition 2.1, the first Ny coordinates of k and x are uniquely determined
by the equations

(29) kl-+x,~:y,~ i:1,"',N1, kiGZ, —1/2<X,'SI/2.



HOMOGENIZATION IN CARNOT GROUPS 7

If Ny +1 <i < N,, then, again from Proposition 2.1, the equations determining k; and x;
are

(2.10) ki+xi+Hy V', x) =y keZ -1/2<x<1)2
where H;N '(k, x) depends only on kj, x; with 1 < j < N; which are already determined

by (2.9). Using Proposition 2.1/and continuing in this way we obtain the lemma. O

Remark 2.5. Let Q c G be a bounded open set, then arguing as in the proof of [8,
Lemma 2.21] we get |Q] ~ €2 #{Q¢  Q}, for e small, since |Q¢| = €2, where Q is defined
in Subsection 2.1.

2.4. Function spaces. Let Q ¢ RY be open. If f : Q — R, we define the horizontal
gradient by Vg f = (X1 f, -+, X,f) where m = N;. Let 1 < p < oo, we define

D" (Q)={ueL”(Q): XueLP(Q),¥i=1,---,m),

endowed with the norm

1/p
el prr ey = (f |ul? dx + f |Vaul? dx) )
Q Q

D(l)”’ (€2) denotes the closure of C;’(Q) in D'"7(Q), and by Sobolev inequality the norm
I - llprr(q) In D(l)’p (Q) is equivalent to

1/p
(f |VGu|pdx) ,
Q
1/p
gy = ( [ rweur dx) .

As usual, D™'#'(Q) denotes the dual space of Dy”(Q2), where é + I% =1.

and from now on we set

2.5. Periodicity in G.

Definition 2.6. The function g : G — R is said to be Y—periodic with respect to the
reference pavage {Qy) if gk o &) = g(&é) for all ¢ € Y, and for all k € ZV.

If g is Y-periodic with respect to the reference pavage { Oy}, then g€(€) = g(6,/£) 1s O°-
periodic with respect to the pavage {Q;}. Given a function v defined in Q¢, the Q¢-periodic
extension of v to G with respect to the pavage {Q;} is defined by setting ¥(6k o &) = v(§),
foré € Q¢ and k € ZV.

Definition 2.7. The function g : Y — R is regular periodic in'Y if there exists a sequence
gm € CY(G) of Y-periodic functions with respect to the reference pavage {Qy} such that

lgm — &llpr2cyy = 0 as m — oo.
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By per(Y) we denote the closed subspace of D!*(Y) of regular periodic functions in
Y; and

per

DA (Y) = {u e DLAY) : fudx =

We also define
Ly o(Y) = { f is Y—periodic : fly € L(Y)},
with the norm || - [|zr(y).-

Lemma 2.8 (Lemma 2.21, [8]). Let 1 < p < coand f € L;G(Y). Then

1
7O = 616 = o [ F@ e
Y Jy
weakly in LP(Q) as € — 0 for each Q C G open and bounded.

3. THE EQUATIONS AND HOMOGENIZATION

Let m = N; be the number of generators of G as in Subsection 2.1, and A(¢) =
(a;j(£));;=; an m X m matrix whose entries are bounded Y-periodic functions with respect
to the reference pavage Q. in G and such that there exists a constant @ > 0 satisfying

m

3.1 Z a;j(§) 4id; = a Zm: A7,
Py

ij=1

fora.e. £ € Y and for each 4 € R™. Let A°(¢) = A(01/££), and

= > X5 (© X)),
ij=1
Given {f.}e-o € D™1*(Q) with Q C G open bounded, for each € > 0 consider the problem
Lu. = f.,inQ
(3-2) { u., = 0, ondQ.

Using variational techniques one obtains that (3.2) has a unique weak solution u, €
Dé’Z(Q) and u, converges weakly in D(l)’z(Q) and strongly in L2(Q) as € — 0. The follow-
ing result is a simple extension of [2, Theorem 6] proved for the case of the Heisenberg

group.

Theorem 3.1. If . — f strongly in D™"*(Q), then the weak solutions u. € Dy*(Q) to

(3.2) converge weakly in D(l)’z(Q) to a function u € D(l)’z(Q) as € — 0 where u is a weak

solution to

(3.3) = e X,-(a?j Xju) frinQ
0, on 0Q),

u

with

1 = .
0= — | a: % Xy d
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and where the correctors x’, j = 1,--- ,m, are regular periodic functions on Y satisfying
in the weak sense
— Yl Xilaw X)) = X Xi(ayp), inY
(3.4) ; 12
x' € Dy(Y).

Moreover, we have
AS(é)Vgu, — A'Vgu
weakly in L>(Q,R™), A" = (a?j).

4. CORRECTORS

Let y = (x',--- ,x™) be given in Theorem 3.1, and
1 X Xl

Xix
Vex =
Xix

m m

XmX
Then
Vgl/t VGX = Z Xkl/l V(@)(k.

k=1
Given p € (1, +o0], p” denotes the conjugate of p, and for p € (2, +oo0] we denote

2

=L if2<p<oo

pr=ip-2
2 if p = oo.

4.1. Compensated compactness.

Lemma 4.1. Let 1 < p < +oo. Suppose that {u;} is a sequence converging weakly to u in
D'"7(Q), {g;} with g; = ()1, is a sequence in L7 (Q,R™) converging weakly to g = (g')",
in LP (Q,R™), and (- ¥, Xi(g'))52, converges strongly to — 3, Xi(g') in D~ (Q). Then
“4.1) lim | g;-Vgu; (;de:fg-VGu ddx

= Jo [e)
for each ¢ € C3(Q). If in addition {g; - Vu;}; is a bounded sequence in L'(2) and
g - Veu € L'(Q), for some r € (1, +oo], then (4.1) holds for each ¢ € L" (Q).

Proof. Let (-, -) denote the duality pair between D~'*'(Q) and D(l)’p (€2). Given ¢ € C(Q)
we have

(- Z Xi(g)), u;p) = ng - Vo(u;¢)dx
P

:fgj'VGMj ¢dx+fgj-VG¢ ujdx.
Q Q
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Hence
lim | g;-Vou; pdx = <—ZXi(gi), ug) — fg "Vog udx = fg - Vou ¢ dx,
—eJa =1 Q Q

which is (4.1).
To prove the last assertion in the Lemma, let ¢ € L (Q), § > 0, and ¢ € Cy (L2) such
that ||¢ - lp”Lr,(Q) < 6. We erte

fgj-VGuj ¢dx—fg-VGu¢dx
Q Q

:fgj'VGMjl//dx—fg'VGuwdx
Q Q
+fgj'VGMj@—lﬁ)dx—fg'VGM(¢—w)dx:I+H.
0 0
From (4.1), I — 0 as j — oo; and by Holder’s inequality |71| < C6. 0

Lemma 4.2. Suppose y € D“(Q,R™) for some s € (2,+c0), and w, — w weakly in
D"2(Q) with Vew = 0. Then

lim f (A0 + (Vex)(61/e)n] - Vowe) h(x) dx = 0

€—> Q
for each h € L* (Q) and for all n € R™.

Proof. We have
(1) A°()[7 + (Vax)(61,e)m] — A%p weakly in L2(Q, R™). This follows from Lemma
2.8.
(2) = 20 XS + Tisy Xph(61e0me]) = 0in D2(Q) for j = 1,-++ ,m; which
follows using an argument similar to the proof of [2, Lemma 5].
(3) Since w, — w weakly in D*(Q), by Holder’s inequality we get that [|A¢(-)[n +
(Vex)(G1/e] - Vawellporr ) < C, and A% - Vow = 0.
The lemma then follows from Lemma 4.1. m|

Lemma 4.3. Let u. and u as in Theorem 3.1, Suppose y € D'*(Y,R™) and u € D(l)’s*(Q)
for some s € (2,+00]. Then

“4.2) lin(}fAE(x)[VGu(x) + (Vex)(01/ex) Vou(x)] - Vo(ue — u)(x) dx = 0; and
0 Jo

4.3) 1iH(} f A“()[Vau(x) + (Vax)(01/ex) Vou(x)] - (Vax*)(S1/ex) h(x)dx = 0,
€ Q
forallhe L¥ (Q)and k= 1,2,--- ,m. In particular,

lim f A*()[Vgu(x) + (Vox)(61/ex) Vou(x)] - (Vox)(01/ex)Vou(x) dx = 0.
v Ja
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Proof. We begin proving (4.2). Let § > 0. Since Vgu € L* (Q, R™), there exists a simple
function ¥ = 3,_ /1o, withn, € R", Q = U)_ Q,, QN Qy = 0 if £ # k, and ||[Vgu -
\P”Lx* ) < 0. We write

fg ACOIVou(x) + (Va) (610 Vo] - Value — u)(x) dx
_ fg ACOIY) + (Vo) (610 B! - Vol — 0)(x) dx

+ f A (X0)[Veu(x) = P(x) + (Vex)(01/ex) (Vou(x) — ¥ (x))] - Va(ue — u)(x) dx.
Q
From Lemma 4.2 we get
lim QAE(X)[‘I’(x) + (Vax)(01/ex) ¥(0)] - Va(ue — u)(x) dx
= 161_{%2 fQ A (0)[ne + (Vax)(61/ex) el - Vo(ue — u)(x) dx
=1 Y
= limz fQ A (0)[ne + (Vax)(01/eX) el - Va(ue — u)(x) 1g,(x) dx = 0.
=1

e—0

Moreover, we have

fg A [Vau(x) — Px) + (Vex)(©617e6) (Voux) — Po)] - Volue — u)(x) dx
< CVa(ue = iz IVou — ¥ + (Vex)©@17e) (Vou — Pz
< C (IVout = Pl + 1Vax)G1e) (Vou = Pl

<C (||VGM =Yl + IVex)(G1/e)ls@ IVeu - \Ij”LS*(Q))
< C ”VGM - \P”LS*(Q) < Cd,

uniformly in e. This completes the proof of (4.2).
To prove (4.3), let h € L* (), § > 0 and ¥ as in the proof of (4.2). We write

fg A“)[Vau(x) + (Vox)(61/eX) Vou(x)] - (Vox*)(61/ex) h(x)dx
= f ASOIY(x) + (Vox)(G1/e0) P01 - (Vax)(61/ex) h(x)dx
Q

+ L A(X)[Vau(x) = P(x) + (Vex)(017ex) (Vou(x) — P(x))] - (Vox)(01/ex) h(x)dx.
By Lemma 2.8,

1

Ty = o [ Vor@ds =0,
Y

weakly in L*(). Moreover, |[}*(6; /elllpra@@) < C. Therefore, up to a subsequence,

X“(01/e) = wk weakly in D'*(Q) for some wk € D'*(Q) with Vgw* = 0. Thus by Lemma
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4.2l we get
A)[ne + (Vax)(S17e0) nel - (Vox)(S1/ex) = 0
weakly in L&' (Q) for £ = 1, --- , r. Therefore

ling f A O[P(X) + (Vax)(S1/ex) P (0] - (Vax )61 ex) h(x) dx
e~V Ja

= 11115 Z fAE(X)[W + (Vax)(017eX) 7] - (Vax*)(61/ex) h(x) 1o, (x) dx = 0.
crE e

In addition,

fQ A(0)[Veu(x) — ¥(x) + (Vax)(G17ex) (Voux) — P(x)] - (Vox*)(61ex) h(x)dx

< ClVau = ¥ + (Vax)©01/e) (Vo = 2@l (Vax“ )61 el il o
< C(IVau = Wllzg + IVax)©1e) (Yot = Pl

<C (”VGM — W2 + IVa)(S el Veu — ‘Pllu*@)
< C||Vgu - \P”LS*(Q) < (6,

uniformly in €. This completes the proof of (4.3). O

4.2. Convergence of correctors in L. Let us now define the gradient of the corrector
(4.4) we(x) = Vgue(x) — Vgu(x) = (Vox)(61/ex)Vou(x),

and we shall prove the main result of this section.

Theorem 4.4. Suppose f. — f strongly in D7'*(Q) as € — 0, y € D™(Y;R™" and
u € D' (Q) for some s € (2,00]. Then we — 0 strongly in L*(Q; R™) as € — 0.

Proof. We have

el gy = fg wel?dx < € fg AC@We(x) - welx) dx
=C ( fg AV ette(x) - Voue(x) = u(x)) dx
- fg AV te(2) - Vo(r)(61/ex)Vou(x) dx
- fg ACWVeu(x) + (Var)61e0)Veu()] - Voluex) - u(x) dx

+ f AS(0)[Veu(x) + (Vax)(01/ex)Vau(x)] - (Vax)(01/ex)Veu(x) dx
Q
=CU - -+

1By Theorem 5.4 we can always find such s.
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Since f. — f strongly in D™'2(Q) and u, — u weakly in D*(Q) we get I = (f., uc—u) —
0 as € — 0. As in the proof of (4.3), we have that up to a subsequence in €, Y*(51,c-) — w*
weakly in D'*(Q) for some w* € D"?(Q) with Vgw* = 0 for k = 1,2,--- , m. Moreover,

we have
= D Xa(IXudx) = fo = f = = ) XalX;u)
i=1 i=1
strongly in D~'2(Q); A¢(x)Vgu(x) — A°Vsu(x) weakly in L*(Q, R™); and

IA“C)Vaite - (Vax ) Syellper ) < C,
for all € > 0.
Therefore from Lemma 4.1/ we get

lim | A“G)Voue(x) (Vex")(61ex)Xu dx = 0
Q

(i

fork=1,2,---,m. Hence

e—0

lim /5 = ll_r)% Z fg;Ae(x)VGue(x) . (VGXk)(dl/ex)Xku dx =0.
k=1

From Lemma 4.3/ we get lim._oI§ = lim.oI; = 0, and the proof of the theorem is
complete. O

5. MEYERS TYPE ESTIMATES FOR VECTOR FIELDS SATISFYING HORMANDER’S CONDITION

Let Xi, ..., X,, be smooth real vector fields in R" satisfying Hormander’s finite rank
condition, i.e., X1, ..., X, together with their commutators of length up to a fixed order k
span R" at each point x € RY. We recall some basic facts about the metric generated by
the vector fields X1, ..., X,,,, see for example [4], [15]. We say that an absolutely continuous
curve y : [0, 7] — RY is a sub-unit curve with respect to X if for any & € RY

GO, < ) (Xi(y(),€)

=1
fora.e. t € [0, T]. If x;, x, € RV, we define
d(x1,x) = inf{T > 0 : dasub-unit curve y : [0,7] = R",y(0) = x;, ¥(T) = x,}.

Notice that, by Hormander’s finite rank condition, d(x,y) < oo for all x,y € R (Chow’s
Theorem). Using d we can define metric balls B(x, §) on RY by B(x, 6) = {y € RV|d(y, x) <
¢}. An important property for the balls B(x, ¢) is the following doubling condition: Given
a bounded set U C RY, there exist C = Cy > 0 and 6y > 0 such that for every x € U and
0€(0,0p)

|B(x,20)| < C|B(x,0)|.

From now on, we restrict ourselves in a fixed open set U, and thus we can assume the
above constant are uniform for all x. Throughout this Section B(x, r) always denotes the
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metric ball associated with d, and we shall use the following Poincaré type inequality (see
[141]): there exist p € (1,2) and C > 0 such that

l/p

1/2
5.1 ( | — up, | dx) <CR ( | Xul? dx)
BR BR

for every Bg = B(x,R) C R and for every u € D'"P(By).
Let Q c R" be a bounded open set and a = (a;;) : Q — R™" be measurable satisfying
the following conditions

(5.2) laijl <co ae. xe€Q and Vi,j=1,.,m,

(5.3) cillé? < (@€, &) ae. x€Q and VEeR™
Let y : Q +— R be a measurable function satisfying

5.4) O<ay<vy(x)<By ae. xel.

5.1. Linear case. We first consider the following problem
(5.5) D XXy +yu= £+ Y X(f), fe AQVi=0,..,m.
ij=1 i=1

The function u € D'*(Q) is a weak solution to (5.5) if

fainqui¢dx+f7u¢dx:ff0¢dx+f2fiXi¢dx
Q Q Q Q5

for all ¢ € D(l)’z(Q). By Sobolev type inequality and using Lax-Milgram’s Lemma we see
that (5.5) has a unique weak solution in D(])’Z(Q). We shall use the following notation:

f= . fMand F = (f° f1, ..., f™.

Lemma 5.1 (Caccioppoli Estimate). Suppose that (5.2), (3.3), and (5.4) hold. Let u €
D'2(Q) be a weak solution to (5.5). Let 0 < @ < B < 1. Then there exists a positive

constant C depending only on the structural constants, a, 3 and € such that for any ball
Bgr = B(x,BR) € Q we have

1/2
(f (|Xu|2+|u|2) dx)
Bar
1/p 1/2
(5.6) sc{(f (Xul” + |ul”) dx) +(JC |F|2dx) }
Bgr Bgr

where p is the exponent in (5.1).
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Proof. By [6] there exists a cut—off function ¢ € D(l)’z(Q) with0 < ¢ < 1,0 = 1 on By,
supp¢ C Bgr and |X;¢| < C/R Vi = 1,...,m where the constant C is independent of R.
Choosing v = (u — MBﬁR)(,Dz € D(l)’z(Q) as a test function we get

f Cl,’ijl/tXil/t ()Dz dx + 2f al-ijuXigo (u— MBﬁR)(,D dx + f yu(u - I/tBﬁR)gDz dx

BﬁR BﬁR BﬂR
= f fo(u - uBﬁR)gozdx + Z f fiXiu 902 dx+2 Z fiXigo (1 — upy)pdx.
Bpr i=1 v Bpr i=1 Y Bsr

Hence by (5.2), (5.3), and (5.4) we get

clf |Xu|2902dx
BﬁR

< 2c0f | Xul | Xl lu — up,,lp dx +,80f |uel |u — uBﬂngoz dx

Bgr Bgr
+ f Ol = gl dx + f 11Xl dx + 2 f 11X it — gl .
BBR B/3R BﬁR

From Young’s inequality, and since |X¢| < C/R, it follows moving some terms that

f (|X14|2 + |u|2) <,02 dx

BﬁR

C
< —2f lu — up,|* dx + cf lul® dx + Cf lu — g, |* dx + cf |FI* dx
R BﬂR BﬁR BﬁR BﬁR

C
< = f lu — up,, | dx + cf lu — g, |* dx + ClBggllug, | + cf |F|? dx.
BﬁR B/gR

B/gR
Therefore, using the properties of ¢, Poincaré’s and Holder’s inequalities and the fact that
the Lebesgue measure is doubling with respect to the metric balls we derive that

2/p
f (|Xu|2 + |u|2) dx<C ( f (Xul” + |u?) dx) +C f \FP dx,
Bar Bgr Bgr

since R < C(Q) by the assumption. This completes the proof. |

In the following theorem we will prove higher integrability of weak solutions to (5.5).
To prove the boundary estimate of Theorem 5.4(2) we need the following condition for
the domain Q.

Definition 5.2 (Condition (S)). We say that the domain Q satisfies condition (S) if there
exist 0 < R* < 1 and A > 0 such that for any ball B(x, R) with x € 0Q and R < R* we have

|B(x,R) \ Q| > A|B(x, R)|.

Condition (S) holds for instance if the following uniform exterior ball property holds:
there exists a > 0 such that for each x € 9Q there exists a ball B(y,ar) C B(x,r) \ Q. For
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example, this is true when 0€ is continuously differentiable, provided x is not a character-
istic point of 9Q, i.e., if at least one of the vector fields is transversal to 0€ at x (see e.g.,
[9, Theorem 7]). Nevertheless, condition (S) can be satisfied also at characteristic points.
For example, in the Heisenberg group H! identified with R?, the origin is a characteristic
point of the boundary of the set Q = {(x;, %, x3) € R? : x3 > (x7 + x3)*?}, @ > 1, and
clearly condition (S) is always satisfied at that point.

We recall the following result proved in [10] (see also [5]) that will be used in the proof
of Theorem 5.4.

Theorem 5.3 (Theorem 3.1, [10]). Let f and g be nonnegative functions such that g €
L] (RN) for some g > 1, and f € L, (R") for some r > q. Fix a ball B; = B(xo, Ry).

loc

Suppose that for each ball Bg = B(x,R) C By we have

q
J[ g”’dxsb{(f gdx) +JC f"dx}+0f gdx,
B3gya(x) Bg(x) Br(x) Bg(x)

where b, 6 are positive constants. If 6 is sufficiently small, then g € L} (By) for g < p <

1/p 1/q 1/p
(J[ g’ dx) <C (J[ g? dx) + ( fr dx)
Br(x) Bar(x) Bor(x)

for each ball Brg(x) C By, where C and € are positive constants depending only on the

q+ €and

structural constants, b, 6, q and r.

Theorem 5.4. Suppose that (5.2), (5.3), and (5.4) hold and assume further that F €
L7(Q;R™1) for some o > 2. There exists py > 2 such that if u € D"*(Q) is a weak
solution to (5.5)), then

() ue Dll(;Z(Q) for all g € [2, py), and for any ball B = B(x, R) with B(x,2R) € Q

we have

1/q
(JC (IXul? + |u|?) dx)
Br
1/2 1/q
(5.7) <C {(J[ (IXu|2 + |u|2) dx) + (JC |F|? dx) }
Bog Bar

where p is the constant in (5.1) and C depends only on p,o and the constant in
(5.6).

(2) If in addition Q satisfies condition (S) and u € D(l)’Z(Q), then u € D(l)’q(Q) for all
q € (2, po), and

(5.8) leu|"dx§Cf|qudx,
Q Q

where C depends only on the structural constants, p, o, A, Q and q.
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Proof. To prove part 1 it is enough to show (5.7). Let B(x, R) be a ball such that B(X, 2R) €
Q and set B; = B(%,2R). By Lemma 5.1/ with @ = 3/4,8 = 1 we then get for any ball
Br C B that

f (Xul? + [uP)?? dx < C(p) 1 (1Xul® + uf?) dx
B3gya

B3g/a
2/p
Sb{( (1Xul” + |ul”) dX) +JC |F|2dx}.
Bg Bgr

Therefore by the reverse Holder inequality from Theorem 5.3 applied with ¢ = 2/p, there
exists p; > 2/p depending only on b, p, o such that for any r € [%, P1)

L/rp
(JC (IXul? + |ulP)" dx)
Br
1/2 I/rp
< c{( f (1Xul® + [uf?) dx) + ( f lalg dx) }
Bog Bor

for any ball By satisfying B,z C B. In particular, this inequality holds for By = B(%, R).
So part 1 is proved with py = p;p.

To prove part 2, first let V. RY be an open set such that Q € V and extend u, f°, .. f"1
as zero outside Q. Notice that if @ is such an extension of u, then Xii = Xu, where Xu
is the extension of Xu to V as zero outside Q. However, to simplify the notation, we will
write u and Xu instead of i and Xu respectively.

Let us fix a ball Bg(x) c V with R < R*. We shall prove that

2/p
(5.9) JC (1Xul® + |ul*) dx < C(( f (Xul? + |ul”) dx) + f |F|2dx),
Bss4(2) B;(2) B(z)

for each ball By(z) C Bg(x). Recall that 1 < p < 2 is the exponent in (5.1). We have
B3,/4(2) C Bryg3(2).

Case 1: By,5(z) C Q.

In this case (5.9) follows applying (5.6) with @ = 3/4 and 8 = 7/9.

Case 2: By, 3(z) c V\ Q.

This case is trivial since u is extended as zero outside €.

Case 3: B7,3(z) N 0Q # 0.
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Let ¢ be a cut-off function like in the proof of Lemma 3.1, ¢ = 1 on Bs,4(z), supp ¢ C
B7,/3(z), and choose v = up? € D(l)’z(Q) as a test function. We then have

f ainquiu 902 d_x =+ 2f ainquiSD MSD dx + f ,)/MZQDZ d.x
B7,/8(2) B758(2)

B7y/8(2)

= f Foup’dx + Z f fiXug*dx +2 Z f FXip updx.
B74/8(2) i=1 v Brs8(2) i=1 v B3

Arguing as in the proof of Lemma 5.1 we can derive that

C
f Xul dx < = W dx+C f jul? dx + C f |FP? dx
B3s/4(2) S B743(2) B75/8(2) B743(2)

C

(5.10) <= wdx+C f |FI* dx.
57 IBrs(2) Brs/8(2)

Lety € By,3(2) N 0Q, then B3(y) C By(z) C Bisg3(y). Moreover we have s < 2R < 2R*

because B,(z) C Br(x). Hence since Q satisfies condition (S ), it follows from the doubling
property that |By(z) \ Q| > C(2) |Bs(z)|. But u = 0 on By(z) \ Q and we then get

(5.11) f u” dx < C(2) lu = up, o) dx.
BS(Z) Bs(z)

From (5.10), (5.11) and Poincaré inequality we obtain

2/p
f (1Xul? + ul®) dx < C() ( f IXul”dx) +C JE |F| dx,
B3/4(2) By(2) B(2)

and (5.9) also holds in Case 3.
From (5.9) and the Reverse Holder Inequality from Theorem 3.3, there exists py > 2,
now also depending on A, such that for any g € [2, py) we obtain

1/q
( J[ |Xu|"dx)
Bi(2)
1/2 1/2 1/q
sc((f |Xu|2dx) +(JC |u|2dx) +(JC |F|qu) )
By (2) By(z) By(2)

for any ball B,(z) such that By(z) C Bg(x), in particular, for Bg>(x). Covering the set Q
with a finite family of balls Bg/>(x) with Bg(x) C V and R < R* and then adding up on this
family of balls yields

1/q 1/2 1/2 1/q
( f |Xu|qu) sC(q,Q)[( f |Xu|2dx) +( f |u|2dx) +( f |F|qu) )
Q Q Q Q

Since u € D(l)’z(Q), it follows by Sobolev type inequality that on the right hand side of the
last inequality, the second term can be estimated by the first. Also, choosing v = u as a
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test function, it is easy to see that

f I Xul* dx < f |F|* dx.
Q Q

Therefore we obtain (5.8) and the proof is complete. O

5.2. Nonlinear case. In this subsection we consider the following nonlinear problem

2z X;(aiXju) + y(x) u = H(x, u, Xu)
u € D*(Q) N L™(Q),

where we assume that conditions (5.2), (5.3), (5.4) hold, and H(x, s, ¢) is a Carathéodory
function satisfying

(5.13) H(x,s,6)| < o + b(s)IEP ae. xeQVseR and V&eR”

(5.12)

with b : R* — R* a continuous nondecreasing function. We shall prove Meyer’s type
estimates for the equation (5.12). We mention that when the equation (5.12) is uniformly
elliptic, homogenization results are proved in [1] using the standard Meyers estimates and
the convergence in L? of the gradients of correctors of the corresponding linear equation.
Following their method the Meyers estimates from this subsection together with the con-
vergence of correctors given in Theorem 4.4 would lead to similar results of those in [1]
but this time for the equation (5.12).
We begin with a Caccioppoli type estimate.

Lemma 5.5. Suppose that (5.2), (5.3), (5.4) and (5.13) hold. Let u € Dy*(Q) N L*(Q) be
any weak solution to the problem (5.12). Let 0 < @ < 8 < 1. Then there exists a constant
C depending only on the structural constants, a and 3 such that for any ball B(x, BR) € Q

we have

(5.14)
2/p
f (IXul + 1uP) dxsCexp{C(nuumqunw»Z}x((f |Xu|de) +<||u||m+1>2].
Bur Bgr

Proof. Let B = B(x,R) be a ball such that B(x,R) € Q. Constructing the cut-off
function ¢ the same as in the proof of Lemma 5.1 and choose v = (u — ugg) E,(x) ¢* €
DA (Q)NL™(Q) as a test function with E,(x) = ellurl yypp = 45,» and where the constant
t > 0 will be fixed in the moment. We then have

f a;;i X juXu E(x) 902 dx+2t f a;;i X juXu(u— uﬁR)ZE,(x) 902 dx

BﬁR B/gR

+ 2[ a;; X juXip (u — ugp)E,(x) pdx + f Y u(u — ugg) Ei(x) (,02 dx
B/;R BﬂR

= f H(x,u, Xu)(u — ugg) E/(x) (,02dx.
BﬁR
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Hence from (5.2), (5.3), (5.4), (5.13), Young’s inequality and since |X¢| < C/R we get

C1 f | Xul’E, <p2 dx + ZCltf | Xu||u - uﬁRle,goz dx + aof | — uﬁRlet<p2 dx

BﬁR BﬁR B[gR

< Bolugr| | u— ugrl Exp® dix + 2cq f | XullXllu — ugr| Erp dx

BﬁR B,BR

b [ fer bOMLOXUP) b gl

(ﬁ0|MﬁR| + Cz) f lu — MﬁR|Ez<P2 dx + 2cy f | Xul| Xopllu — MﬁR|Ez<P dx

BﬁR BﬁR

+f bllullos) X ul*lu — wsr| Eip*dx

BﬁR
<& 2p 2 2 2 1 2p 2
< — lu — ugrl"Ewp” dx + C(luﬁRl + 1) E dx + — | Xu|"E, o~ dx
2 B Bgr 2 Bgr
C
+— | |u—uglE;dx + C b(|ull)’ f |Xul*lu — ugr|* Exp*dx.
R B,BR BﬁR
. C b(lull)? . .
Choosing t = % and since E;(x) > 1, we obtain
C1
2 2\, 2 2 2 c 2
(IXul® + | = ugel’) @* dx < C (lugel + 1) | Eq’dx+ — | |u— ugalE, dx.
R2
Bgr Bgr Bgr

o letgr|
Now taking into account that |u — uﬁRI2 > u? — % we find

f (1Xul® + |ul) ¢* dx

BﬁR

2 C
< C (jugel + 1) f E@* dx + Cluggl? f ¢ dx+ o f lu — sl E, dx
BﬂR BﬁR

B/jR

- ) C el
< Ce*™s (J[ull oo + 1) | Bgg] + f lu — uggl* dx.
R2
BﬁR

Hence by Poincaré’s inequality (5.1) and taking into account the choice of r we get (5.14).
O

We next recall the following result that can be used for the homogenization results
concerning the equation (5.12); see inequalities (4.22) and (4.26) in [10].

Theorem 5.6. There exists a weak solution v to the problem (5.12) such that

c
(5.15) IVllzo) < =2 ,
@y
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and

< 2|Q| ([Czb(Cz/Olo)]z)
— exp[————]|.

(5.16) VIl Atrey <
DOI(Q) C1Qy 8C1(l’(2)

We now prove the higher integrability of weak solutions to the nonlinear problem
(5.12).

Theorem 5.7. Suppose that (5.2), (5.3), (5.4), (5.13) hold. Then there exists an exponent
po > 2 such that if u € D(l)’z(Q) N L*(Q) is any weak solution to the problem (5.12)
satisfying (5.15), we have

(Hue Dll(;Z(Q)for all g € [2, po), and for any ball Bg = B(x, R) satisfying B(x,2R) €

Q we have
1 1/q 172
(— f IXulqu) gc((f |Xu|2dx) +1],
|BR| Br Bor

where C depends only on the structural constants and p.
(2) If in addition Q satisfies condition (S), then u € D(l)’q(Q) for all g € 2, py), and
we have

1/q 1/2
(5.17) ( f | Xul? dx) < C[( f |Xu|2dx) + 1),
Q Q

where C depends only on the structural constants, p, A, and Q.

Proof. The proof runs parallel to the proof of Theorem 5.4, and so we omit most details.
By Lemma 5.5 and inequality (5.15), there exists a positive constant b depending only on
the structural constants such that

2/p
(5.18) f I Xu|* dx < b(( JC | Xul|” dx) + 1)
Bigya Bg

for any ball By = B(x, R) satisfying B(x,2R) € Q. Therefore by the reverse Holder
inequality, Theorem 5.3, we obtain part 1. For part 2, let V be an open set in RY such
that Q € V and extending u as zero outside (). Again by the reverse Holder inequality,
Theorem 5.3, we only need to show that (5.18) holds for any ball By = B(x,R) C V
satisfying R < R*. The argument is similar to the proof of part 2 of Theorem 5.4 with
v=ue” = D(l)’z(Q) N L*(Q) taken as a test function in Case 3. In this way we derive
the desired result. O

6. CONVERGENCE OF CORRECTORS IN L>*?

In this section we prove that the correctors w, defined by (4.4) converge strongly in
L**9(Q) as &€ — 0 for some 6 > 0 provided that



HOMOGENIZATION IN CARNOT GROUPS 22

(H,) There exists o > 2 such that F, := (f°, f,..., f™) is bounded in L7(Q; R™"!) for
all sufficiently small €;

(Hy) Vgu € LP(Q,R™) for p sufficiently large.

Let py be the constant in Theorem 5.4 corresponding to the number o in (H;). We first
show that for any 8 > 0, 2 + 8 < py, there exist positive constants £, and C; depending on

[ such that

(6.1) well2s@rmy < Ci,

for all £ < &;. We have

(6.2) Well 2 @rmy < [[Vattellosg + IVaullars + 11((Vex)(61/e) Vaullrp,

From (5.8) and (H)), [|Vguelloip < ClIFgll+g < M, uniformly for all & sufficiently small.
From (H,), |[Vgullr.p 1s finite. To estimate the last summand in (6.2) it is enough to
estimate

J= L‘(X]Xk) (01/:X) X ju(x) w dx,

2+
forall 1 < j,k < m. Applying Holder’s inequality with exponents p = a

dp =
2+ﬁanp

2+«

, where « is chosen so that 2 + 8 < 2 + @ < py, we get

e\ ey | @O
Q Q

2+B)/(2+a)
<C ( fg (X3t") G1se0) )

_ C [2BICra)

a —

2+a

dx

where we have used (H,) in the second inequality. Let €y be an open bounded set such
that Q c Qy, and consider J, = {i € Z" : Q7 C Qy}. We have that Q C U;cq, OF for all €
sufficiently small. Therefore, letting x = 9.y yields

1<t Y [ ot a
joY

ieg, Y

= g2 Z f IXx* )P dy, by periodicity
ieg, VY

_ 0T f X P dy
Y

~ Q| le,)(k(y)P“’ dy, by Remark 2.5.
Y
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We want to show that the last integral is bounded. To do this, fix a bounded open set
U c G such that Y € U. Since y* € D;’Z(Y) is a weak solution of equation (3.4) in Y and
a;j are bounded Y-periodic functions, by arguing as in the proof of [2, Lemma 5] we see
that
= > Xiai X0 = > Xilag),in D™(U),
i,j=1 i=1
Therefore, we can apply the first part of Theorem 5.4/ noticing that in our case X = —X;

( fU IXJXkIde) +( fU I)(klza’x) +1

Now for any nonnegative 6 satisfying 2 + 6 < py, pick a number 5 such that 2 + 6 <

to get
< 00,

1
( f IX,X"(y)|2+“dy) <c
Y

This completes the proof of (6.1).

2 + 8 < po. We then have by interpolation inequality that

1- 1-
Wellsg < [Iwelly [Iwellysg < lwelly €177

t 1-t
10 = > + m On the other hand, from Theorem 4.4 [[w||;2q.rmy — O as
&g — 0. Therefore letting € — 0 we obtain the following theorem.

where

Theorem 6.1. Suppose Q is a bounded domain satisfying condition (S), and conditions
(H,) and (H,) above hold. Then ||wg||;2+0) — 0 as € — 0 for all nonnegative 6 satisfying
2 +6 < po.

Remark 6.2. If we relax assumption (H,) above replacing it by

(H2)10c Veu € LY (Q,R™) for p sufficiently large,
then the conclusion of Theorem 6.1/ still holds without assuming condition (S) and pro-
vided we replace the convergence of the correctors in L>*(Q) by the convergence in
L)

In fact, in the standard elliptic case, the higher integrability of the gradient in (H,) fol-
lows easily by Schauder estimates, from regularity assumptions on the data. On the other
hand, when dealing with elliptic operators on Carnot groups, things can be dramatically
different, because of the possible presence of characteristic points at the boundary (a point
x € 0Q) is said a characteristic point for X1, ..., X, if X;(x), ..., X,,(x) belong to the tan-
gent space to dQ at x). In general, even smooth open sets have characteristic points, that —
roughly speaking — can affect the regularity of solutions as cusps do when dealing with el-
liptic operators. Notice that, for instance, every continuously differentiable closed surface

in the Heisenberg group (identified with R?) that is diffeomorphic to a sphere contains
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characteristic points. Notice also that condition (S) may hold even at the characteristic
points of the boundary.

On the other hand, if in (3.3) f belongs to L7(Q) for p > Q, then by Holder inequality
condition (H,) is satisfied if the following uniform estimate for the Green function of Q
holds:

(6.3) IVeG(x,y)| < Cd(x,y)'"2, x,yeQ.

For instance, if G = H", then (6.3) is proved in [17, Theorem 3.6], provided Q satisfies the
uniform exterior ball property (see [17, Definition 3.3]). The same result holds for general
Carnot groups, and it can be derived from the proof of estimate (54) in [18]. In turn, the
uniform exterior ball property — which may hold for domains having characteristic points
— implies by doubling our assumption (S) given in Definition 5.2.
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