ON THE EXISTENCE OF DICHROMATIC
SINGLE ELEMENT LENSES

CRISTIAN E. GUTIERREZ AND AHMAD SABRA

AssTRACT. Due to dispersion, light with different wavelengths, or colors, is
refracted at different angles. Our purpose is to determine when is it possible
to design a lens made of a single homogeneous material so that it refracts light
superposition of two colors into a desired fixed final direction. Two problems are
considered: one is when light emanates in a parallel beam and the other is when
light emanates from a point source. For the first problem, and when the direction
of the parallel beam is different from the final desired direction, we show that
such a lens does not exist; otherwise we prove the solution is trivial, i.e., the lens
is confined between two parallel planes. For the second problem we prove that is
impossible to design such a lens when the desired final direction is not among the
set of incident directions. Otherwise, solving an appropriate system of functional
differential equations we show that a local solution exists.
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cference 55

1. INTRODUCTION

We showed in [GS16] that given a function u in Q C R? and a unit direction
w € §* there exist surfaces Sc depending on a real parameter C, such that
the lens sandwiched by u and S¢, made of an homogeneous material, refracts
monochromatic light emanating vertically from Q into the direction w. In the
earlier paper [Gutl3], a similar result is proved when light emanates from a point
source. The purpose of this paper is to study if it is possible to design simple
lenses doing similar refracting jobs for non monochromatic light. By a simple (or
single element) lens we mean a domain in R* bounded by two smooth surfaces
that is filled with an homogeneous material.

To do this we need to deal with dispersion: since the index of refraction of a
material depends on the wavelength of the radiation, a non monochromatic light
ray after passing through a lens splits into several rays having different refraction
angles and wavelengths. Therefore, when white light is refracted by a single lens
each color comes to a focus at a different distance from the objective. This is called
chromatic aberration and plays a vital role in lens design, see [K]J10, Chapter 5].
Materials have various degrees of dispersion, and low dispersion ones are used in
the manufacturing of photographic lenses, see [Can]. A way to correct chromatic
aberration is to build lenses composed of various simple lenses made of different
materials. Also chromatic aberration has recently being handled numerically
using demosaicing algorithms, see [ima]. The way in which the refractive index
depends of the wavelength is given by a formula for the dispersion of light due
to A. Cauchy: the refractive index 7 in terms of the wavelength A is given by

n(}\):Al+A2

A2
[Cau36]. The validity of this formula is in the visible wavelength range; see

+ —j + .-+, where A; are constants depending on the material

[BWS9, pp. 99-102] for its accurateness in various materials. A more accurate
formula was derived by Sellmeier, see [JW01, Section 23.5].

A first result related to our question is that there is no single lens bounded by
two spherical surfaces that refracts non monochromatic radiation from a point
into a fixed direction; this was originally stated by K. Schwarzschild [Sch05].
The question of designing a single lens, non spherical, that focuses one point
into a fixed direction for light containing only two colors, i.e., for two refractive
indices n # 1, is considered in [Sch83] in the plane; but no mathematically
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rigorous proof is given. In fact, by tracing back and forth rays of both colors,
the author describes how a finite number of points should be located on the faces
of the desired lens and he claims, without proof, that the desired surfaces can
be completed by interpolating adjacent points with third degree polynomials.
Such an interpolation will give an undesired refracting behavior outside the fixed
number of points considered. For the existence of rotationally symmetric lenses
capable of focusing one point into two points for two different refractive indices
see [vBO92|, [vB94]. The results of all these authors require size conditions on
n, 1. The monochromatic case is due to Friedman and McLeod [FM87] and Rogers
[Rog88|]. The solutions obtained are analytic functions. These results are all two
dimensional and therefore concern only to rotationally symmetric lenses.

In view of all this, we now state the problems that are considered and solved in
this paper.

Problem A: is there a single lens sandwiched by a surface L given by the graph
of a function u in (), the lower surface of the lens, and a surface S, the top part
of the lens, such that each ray of dichromatic light (superposition of two colors)
emanating in the vertical direction e from (x,0) for x € Q is refracted by the
lens into the direction w? We denote such a lens by the pair (L,S). Notice that
when a dichromatic ray enters the lens, due to chromatic dispersion, it splits into
two rays having different directions and colors, say red and blue, that they both
travel inside the lens until they exit it at points on the surface S and then both
continue traveling in the direction w; see Figure a). In other words, from the
result mentioned at the beginning of this introduction, there are lenses (L, Sc,)
refracting light with color b into w, and the question is then to see if we can choose
appropriately u and the parameter C;, so that the very same lens (L, Sc,) refracts
also incident light superposition now of two colors b and r both into the direction
w; see (3.2).

Problem B: a similar question is when the rays emanate from a point source O
and we ask if a single lens (L, S) exists such that all rays are refracted into a fixed
given direction w. Now L is given parametrically by p(x)x for x € Q c S?; see

Figure[I(b).

We will show in Section 3| using Brouwer fixed point theorem that Problem
A has no solution if w # e. In case w = e, the unique solution to Problem A
is the trivial solution: L and S are contained in two horizontal planes. This is
the contents of Theorem On the other hand, since Problem A is solvable for
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(a) (b)

Ficure 1. Problems A and B

monochromatic light and for each given lower surface L, we obtain two single
lenses, one for each color. We then show in Section 3.1]that the difference between
the upper surfaces of these two lenses can be estimated by the difference between
the refractive indices for each color.

Concerning Problem B, we prove in Theorem[5.2} also using Brouwer fixed point
theorem, that if w ¢ Q) then Problem B has no solution. The case when w € Q
requires a more elaborate and long approach which we can implement only in
dimension two. In fact, we show in Sections and that the solvability of
Problem B is equivalent to solve a system of first order functional differential
equations of one variable. For this we need an existence theorem for these type
of equations that was introduced by Rogers in [Rog88|]. We provide in Section
M]a simpler proof of this existence and uniqueness result of local solutions using
the Banach fixed point theorem, Theorems [.1land Section [4]is self contained
and has independent interest. The existence of local solutions to Problem B in
the plane is then proved in Section 5.5/ by application of Theorem For this it
is necessary to assume conditions on the ratio between the thickness of the lens
and its distance to the point source, Theorem We also derive a necessary
condition for the solvability of Problem B, see Corollary To sum up our
result: for w = e € Q) and fixing two points P and Q on the positive y-axis, with
|Ql > |P| and letting k = |P|/|Q — P|, we show that if k is small then there exists a
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unique lens (L, S) local solution to Problem B such that L passes through the point
P and S through Q; otherwise, for k large no solution exists. For intermediate
values of k see Remark By reversibility of optical paths, this result shows
existence of single element lenses focusing dichromatic rays from infinity into a
point.

The analogue of Problem B for more than two colors has no solution, i.e., if
rays emitted from the origin are superposition of three or more colors, there is no
simple lens refracting these rays into a unique direction w, see Remark

We close this introduction mentioning that a number of results have been
recently obtained for refraction of monochromatic light, these are included in
the papers [GH09||, [GH14], [Gut14], [Kar16], [LGM17], and [GS18].

2. PRELIMINARIES

In this section we mention some consequences from the Snell law that will be
used later. In an homogeneous and isotropic medium, the index of refraction
depends on the wavelength of light. Suppose I' is a surface in R* separating two
media I and II that are homogeneous and isotropic. If a ray of monochromatic
light having unit direction x and traveling through the medium I strikes I' at
the point P, then this ray is refracted in the unit direction m through medium II
according with the Snell law in vector form, [Lun64],

(2.1) n(x X v) = ny(m xv),

where v is the unit normal to the surface to I' at P going towards the medium II,
and ny,n, are the refractive indices for the corresponding monochromatic light.
This has several consequences:

(a) the vectors x, m, v are all on the same plane, called plane of incidence;
(b) the well known Snell law in scalar form

1y sin 67 = n, sin 6,,

where 0, is the angle between x and v (the angle of incidence), 0, the angle
between m and v (the angle of refraction).

From (2.1)), with x = ny/n4,
(2.2) x— (ny/nmy)m= Av,

with

(2.3) A=x-v—K2—1+(x V)2 =D (x-v).
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Notice that A > 0 when ¥ < 1, and A < 0 if k > 1. When x < 1 total reflection
occurs, unless x - v > V1 — x2, see [BW59]] and [Gutl14, Sec. 2].
The following lemmas will be used in the remaining sections of the paper.

Lemma 2.1. Assume we have monochromatic light. Let I'y and T, be two surfaces
enclosing a lens with refractive index ny, and the outside of the lens is a medium with
refractive index ny with ny # ny.

Suppose an incident ray with unit direction x strikes I'y at P, the ray propagates inside
the lens and is refracted at Q € I'; into the unit direction w. Then w = x if and only if the
unit normals v(P) = vo(Q).

Proof. From the Snell law applied at P and Q

x — (ny/my)m = Ay vi(P), m— (n1/n2) w = A v,(Q),
then
(2.4) x—w = A v1(P) + (n2/n1) A v2(Q).

If x = w, since A; and —(n/n1) A, have the same sign and the normals are unit
vectors, we conclude

v1(P) = v2(Q).

Conversely, if v1(P) = 12(Q) := v, then from x—w = (A + (n1/n2) Ay) v. Notice
thatm-v = (ny/ny) (x - v — A1) = (n1/ny) \/(712/111)2 — 1+ (x-v)% Hence from (2.3)

M+ mp/m)Ay =x-v—(ny/ny)m-v+ (nz/m)(m V= \/(nl/nz)2 -1+ (m -v)z) =0.
O

Let us now consider the case of dichromatic light, i.e., a mix of two colors b and
r. That is, if a ray with direction x in vacuum strikes a surface I' at P separating
two media, then the ray splits into two rays one with color b and direction m,
and another with color r and direction m,. Here m, satisfies with n; = 1 and
n, = n, (the refractive index for the color r) and m, satisfies with n; = 1 and
ny = ny (the refractive index for the color b). Notice my, m, are both in the plane
of incidence containing P, the vector x, and v(P) the normal to I' at P. Assuming
ny > n,, i.e., rays with color r travel faster than rays with color b, then for a given
incidence angle 0 by the Snell law the angles of refraction satisfy 0, < 0,. In fact

sin@ = n,sin 6, = n,sin 6,,

obtaining the following Lemma.
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Lemma 2.2. Suppose a dichromatic ray with unit direction x strikes a surface I at a point
P having normal v. Then my = m, if and only if x = v.

3. THE COLLIMATED CASE: PROBLEM A

In this section we consider the following set up. We are given Q C IR a compact
and convex set with nonempty interior, and w a unit vector in R®. Dichromatic rays
with colors b and r are emitted from (¢,0), with ¢ € Q, into the vertical direction
e = (0,0,1). By application of the results from [GS16] with n; = n3 = 1 and
n, = n,, we have the following. Given u € C?, there exist surfaces parametrized

by f.(t) = (¢, u(t)) + d,(t)m,(t), with m,(t) = nl (e —Awvyu(t)) where A, = @, (e - v,(1))

from 2.3), vu(t) = Ve 1) the unit normal at (¢, u(t)), and
1+ [Vu(®)P
(3.1) d(t) = Cr = (e —w) - (tu())

1, —w - m,(t)

from [GS16| Formula (3.14)], such that lens bounded between u and f, refracts the
rays with color r into w. Here the constant C, is chosen so that d,(t) > 0 and f, has a
normal vector at every point. This choice is possible from [G518, Theorem 3.2 and
Corollary 3.3]. In addition, given u, the corresponding surface parametrized by f,
is unique when passing through a given point, which determines the constant C,.

Likewise there exist surfaces parametrized by f,(t) = (t, u(t)) + dy(t)m,(t), with
similar quantities as before with r replaced by b, such that lens bounded between
u and f, refracts the rays with color b into w.

We assume that n, > n, > 1, where n;, n, are the refractive indices of the material
of the lens corresponding to monochromatic light having colors b or r, and the
medium surrounding the lens is vacuum.

To avoid total reflection compatibility conditions between u and w are needed,
see [GS16, condition (3.4)] which in our case reads

Avy@)-w<e w-1,and Ayv,(t) - w<e-w-1.

If w = ¢, these two conditions are automatically satisfied because A,, A; are both

1
negative and v,(t) -e = ———=— > 0.

VI + [Vu(h)P

The problem we consider in this section is to determine if there exist u and
corresponding surfaces f, and f; for each color such that f, can be obtained by a
reparametrization of f,. That is, if there exist a positive function u € C*(Q), real
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numbers C, and Cp, and a continuous map ¢ : Q — Q such that the surfaces f,
and f;, corresponding to u, C,, C, have normals at each point and

(3-2) fi(t) = folp(t))  VieQ,

we refer to this as Problem A. Notice that if a solution exists then f,(Q2) C £,(€2).
From an optical point of view, this means that the lens sandwiched between u
and f, refracts both colors into w. Notice that there could be points in f,(€2) that
are not reached by red rays.

The answer to Problem A is given in the following theorem.

Theorem 3.1. If w # e, then Problem A has no solution, and if w = e the only solutions
to Problem A are lenses enclosed by two horizontal planes.

To prove this theorem we need the following lemma.

Lemma 3.2. Given a surface described by u € C*(Q) and the unit direction w, let f, and
fv be the surfaces parametrized as above. If f.(t) = fy(t) for some t € Q, then v,(t) = ¢,
the unit normal vector to u at (t, u(t)).

Proof. Since

fo(t) = (t, u(t)) + dp(t) mp(t) = fo(t) = (t, u(t)) + d,(t) m,(t)

we get dy(t) my(t) = d.(t) m,(t), and since m,, m; are unit, dy(t) = d,(t). Therefore
my(t) = m,(t) which from Lemma[2.2implies that v,(t) = e. |

Proof of Theorem To show the first part of the theorem, suppose by contradiction
that Problem A has a solution with w # e. Since () is compact and convex, by
Brouwer fixed point theorem [Dug78, Sect. 2, Chap. XVI] there is t; € () such that
@(to) = to, and so from fi(to) = fu(to). Hence from Lemma 3.2]v,(ty) = e. By
Snell’s law at (ty, u(ty)), my(ty) = m,(ty) = e. From the normals at f.(ty) = f(to)
are parallel. Since the normals used in the Snell law go towards the target medium,
n, # n,, and both colors with direction e are refracted at f,(ty) = f,(ty) into the
direction w, it follows that w = e, a contradiction.

To show the second part of the Theorem, assume there exist u and ¢ : Q — Q
such that problem A has a solution. Let t € Q), and Q = f,(t) = fy(¢(t)). Since
the ray emitted from (t,0) with direction e and color r is refracted by (u, f,) into
e at Q, then by Lemma v,(t) = v(Q), where v(Q) denotes the normal to the
upper face of the lens at Q. Similarly, applying Lemma 2.1|to the color b we have
vu(@(t)) = v(Q). We conclude that for every t € Q

(3.3) vu(t) = vi(p(t)).
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We will show that u is constant, i.e., Vu(t) = 0, for all t € Q connected. Suppose
by contradiction that there exists t, € Q, with Vu(ty) # 0. If t; = ¢(ty), then

(“Vu(h). 1) _ e, so Vu(tp) = 0.

ty # tp. Otherwise, from Lemma 3.2/ v,(t)) =
V1 + Vu(to)l®

Also from (8.3), v,(ty) = vu(t1). Let L,(tp) be the red ray from (¢, u(ty)) to fi(to),
and let L,(t;) be the blue ray from (t;, u(t1)) to f,(t1). We have that L,(ty) and L(t;)
intersect at Qy := f.(to) = fy(t1). If II, denotes the plane of incidence passing
through (o, u(ty)) containing the directions e and v,(t,), and I1, denotes the plane
of incidence through (1, u(t1)) containing the directions e and v,(t;), then I, and
I, are parallel since v, (ty) = v,(t1). Also by Snell’s law L,(ty) C I'l, and L,(t;) C I,
so Qo € I'l, N IT,. We then obtain IT, = IT, :=I1.

Let £ denote the segment QQNII. We deduce from the above that ¢, t; € . Next,
let t, = @(t1). As before, since Vu(t;) = Vu(ty) # 0, by Lemma t, # t1; and
by vy(t1) = vu(ty). Let I, be the plane through (f,, u(t,)) and containing the
vectors e and v,(t2). We have Ly(t2) C Iy, f,(t1) = fi(t2), and f.(t1) € I1. Therefore
I, =TI, in particular, ¢, € £.

Let £; denote the half line starting from ¢; and containing ). We claim thatt, ¢ ¢;.
In fact, we first have that L,(ty) and L,(t;) intersect at Qp. Since v,(ty) = v,(t1) := v,
L,(to) is parallel to L,(t1), and L(to) is parallel to Ly(t;). And since n;, > n,, it follows
from the Snell law that the angle of refraction 0, for the blue ray Ly(t)) and the
angle of refraction 0, of the red ray L,(t;) satisfy 0, < 0,. Hence Ly(ty) and L,(t;)
diverge. Moreover, notice that all rays are on the plane I, and Ly(t,) is parallel to
Ly(t1). Then, if t, € {; , we have Ly(t;) and L,(t;) diverge and cannot intersect, a
contradiction since f,(t2) = f,(t1) and the claim is proved; see Figure 2| illustrating
that t, cannot be on ¢;.

Continuing in this way we construct the sequence t; = ¢(t;_1). By vu(ty) =
Vu(te—1) = -+ = vu(ty) # 0, and again by Lemmatk # tr_1. By Snell’s law {Ly(t)}
are all parallel, {L,(t)} are all parallel and arguing as before they are all contained
in I'T, and then f; € £. In addition, the angles between L,(t;) and L;(t) are the same
for all k. Also, for k > 1, if {; is the half line with origin ¢ and passing through
tr-1, then as above t,1 ¢ €. Hence the sequence {t} is decreasing or increasing on
the line £. Therefore t; converges to some f € ¢ so by continuity ¢(f) = f. Hence by
Lemma [3.2| Vu(f) = 0, but since Vu(t;) = Vu(ty) # 0 for all k, and u is C> we obtain
a contradiction. Thus u is constant in (). Since the lower face is then contained
in a horizontal plane, m,(t) = my(t) = e = (0,0,1). Hence from the form of the
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to t t
FiGure 2. t, ¢ {4

parameterizations of f, and f,, and since from (3.1) d, and d, are constants, the
upper face of the lens is also contained in a horizontal plane. O

3.1. Estimates of the upper surfaces for two colors. The purpose of this section
is to measure how far the surfaces f, and f, can be when w = e. We shall prove
the following.

Proposition 3.3. Suppose f,(to) = fu(to) at some point ty, and w = e. Then
f:(t) = foD] < Clny —m,|
for all t with a constant C depending only t, and n,, n.

Proof. We begin showing an upper estimate of the difference between m,(t) and
my(t). To simplify the notation write v = v,,.
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We have

mh(t):nlb(e—)\bv(t)); /\bze-v—\/ni—1+(e-v)2;

mr(t):nlr(e—)\rv(f)); /\r:e-v—\/n%—1+(e-v)2.
So
my(E) — my(F) = (nlb - nl) e+ (2— - 2—2’) V(t) = A + B,
Notice |A| = M Next write
1y 1,

(& - &) = L (nb /\r - n, /\b)
n, Ny

Now

(n —n7) (1= (e-v)?)

1, \/n§—1+(e-v)2—nb \/n$—1+(e-v)2:

1, \/n§—1+(e-v)2+nb V2 =1+ (e-v)?
Hence

2 2
np—n 1 In; — n;|

nyn npn
b Py n2 =14, 02 -1

and therefore

Iny — n,| 4 ny + 1,
nyn ’
b ny \Jn2—1+mn, \nZ -1

We next estimate d,(t) — d,(t), where
C, B Cy
p——r dy(t)

o, —my(t) e’
by (3.I). From Lemma since f,(to) = fu(to), v(to) = e = (0,0,1). Then by
the Snell law m,(ty) = my(ty) = e, and from the parametrization of f, and f,,
d,(to) = db(to) = do. Hence

(3.4) Imy(t) — m, ()] <

d,(t) =

G G
-1 n-1
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We then obtain
d,(t) — dy(t)
do

= o= - m =) e o~ Mol = 1) = (= mi(f) - )ty = 1))
do

=m0 - — () o) -

Now
A =n, —ny + (mp(t) — m,(t)) - e + nym,(t) - e — n, my(t) - e
=1, =y + (mp(t) — m(t)) - e + (np, — n,) my(t) - e + n, (m(t) — my(t)) - e,
so from (3.4))
Al < C(n,, np) [n, — .

Since (1, — m,(t) - e)(n, — my(t) - €) > (n, — 1)(n, — 1), we obtain
(3.5) |d,(t) — dp(t)] < C" [n, — 1),
with C" depending on dy, n,, 1y,

Finally write

fr() = fo(t) = d,(E)m, () — dp(E)mp(t) = di() (m,(£) — my(£)) — (dp(t) — de()) my(t).
Since d,(t) < C,/(n, — 1) = d,, then the desired estimate follows from and
(3.5). O

We conclude this section analyzing the intersection of the upper surfaces of the
single lenses (u, f,) and (i, f).

Proposition 3.4. Let w = e. If v,(t) # e for all t € Q, and Vu is injective in (), then
S5, NSy =0, where S, = f,(Q2) and Sy, = f,(Q). This means that, the upper surfaces of the
single lenses (u, f,) and (u, f,) are disjoint.

Proof. Suppose P € S,N Sy, i.e. there exists ty, t; € QA such that f,(t)) = f;(t1), then as
in the proof of we get v,(t)) = v,(t:1), and therefore Vu(ty) = Vu(t;). Since Vu
is injective, then t, = t; and so f,(ty) = fs(ty). Therefore from the proof of Lemma
B.2lwe conclude that v,(t) = e. m|

Remark 3.5. When Vu is not injective the upper surfaces of the single lenses (1, f;)
and (u, f,) may or may not be disjoint. We illustrate this with lenses bounded by
parallel planes. In fact, by Lemma [2.1{ such a lens refracts all rays blue and red
into the vertical direction e. Notice that if the planes are sufficiently far apart,
depending on the refractive indices, then f,(Q) N f,(Q2) = 0. This is illustrated in
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Ficure 3. The lens is between A and B or between A and C.

Figure 3 if the lens in between the planes A and B, then £,(Q) N f,(Q) # 0; and if
the lens is between the planes A and C, then £,(Q) N £,(Q2) = 0.

4. FIRST ORDER FUNCTIONAL DIFFERENTIAL EQUATIONS

In this section we give a new and simpler proof of an existence theorem for
functional differential equations originally due to J. Rogers [Rog88, Sec. 2]. It
will be used in Section 5 to show the existence of a dichromatic lens when rays
emanate from one point source. Indeed, the existence of such dichromatic lens in
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two dimensions is equivalent to solve a system of functional differential equations
of one variable.

Developing an extension of Picard’s iteration method for functional equations,
Van-Brunt and Ockendon gave another proof of Roger’s theorem, [vBO92]. We
present here a topological proof, that we believe has independent interest, using
Banach’s fixed point theorem.

Let H be a continuous map defined in an open domain in R*"*! with values in
R" given by

(4.1) H(X) = (i (X), 1a(X), -+, ha(X),
with X := (500,050, &), t € R; 0, T, &0, & e R”.

We are interested in solving the following system of functional differential
equations

(4.2) Z'(t) = H(t Z(t), Z(z1(1)); Z' (), Z' (21 (1))
Z(0) = 0,
with Z(t) = (z1(t), - -+ , zu(t)).
Theorem 4.1. Let || - || be a norm in R". Assume that the system
(4.3) P =H(0;0,0;P,P),
has a solution P = (p1,p2, - , Pn) Such that
(4.4) Il < 1.
Let P = (0;0,0; P, P) € R**1, and let
No(P) = {(5C° T, &) 1t + 1IN + I+ 1€° = Pll + 18" = Pl < e}
be a neighborhood of P such that
(i) H is uniformly Lipschitz in the variable t, i.e., there exists A > 0 such that
(45) [ e, e)-H(se, e, e)| < k-
forall (£;C°, T &%, &), (500, 01580, &) € Nu(P);

(ii) H is uniformly Lipschitz in the variables C° and C', i.e., there exist positive constants
Lo and L, such that

@6 [H(5 ) - H (5T, e8| < L@ - &) + L - ¢
forall (£C°, %80, &), (500, T €%, &) € No(P);

7
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(iti) H is a uniform contraction in the variables &° and &', i.e., there exists constants Cy
and Cy such that

@7 (5 E,E) (5, 08| < 6 € - & + € - &
forall (£, &80, &), (50, T €%, &) € No(P), with

4

(4.8) Co+Ci <1,
(iv) Forall X € N.(P)
(4.9) I (X)l < 1.

Under these assumptions, there exists 6 > 0 and Z € C'[-6, 6] with
(5 Z(1), Z(z1(1); Z'(£), Z'(za(1))) € N(P)
and Z solving the system
{Z(t) = H(6Z2(0, Z(1(0); Z'(1), Z' (1)
Z(0) =0,
for |t| < 6 and satisfying in addition that Z'(0) = P.

(4.10)

Proof. Since H is continuous, let

(4.11) a = max{||[H(X)|| : X € N.(P)}.
From (4.3)
(4.12) IPIl = [[HP)I| < a.

Let u be a constant such that

u > A+ (L() +L1)0(.
1-Co—-CG

For any map Z : R — R", we define the vector

Vz(t) = (5 Z(), Z (1) (Z) (1), (2) (21(4)))-

Definition 4.2. Let C'[-06, 6] denote the class of all functions Z : [-6,6] — R" that are
C! equipped with the norm ||Zllcij_s5) = MaX(_se; IZ(£)l] + max_ss; 12’ ()|l We define
the set C = C(0) as follows: Z € C if and only if

(1) Z € C'[-6,06],

(2) Z(0)=0,72'(0) =P,

(3) lz1(B) < It

(4) I1Z(®t) = ZDll < |t — 1,

(4.13)




16 C. E. GUTIERREZ AND A. SABRA

(5) lz1(t) =z () < |t =1,
6) 1Z'(t) - Z' DI < ult -1,
(7) Va(b) € N(P), for all |t] < 6.

Define a map T on C as follows:

TZ(t) = fo H(s: (), 2021 (5)); Z/6), 7/ (21(6)) d.

Our goal is to show that T : C — C, for 6 sufficiently small, and therefore from
Banach’s fixed point theorem, T has a unique fixed point Z € C and so Z solves

@2).

We will prove the theorem in a series of steps.

Step 1. There exists 69 > 0 such that C(0) is non empty for 6 < Oy, in fact, the function
Z0(t) =tP € C.

Proof. Obviously, Z°(0) = 0, (Z°)’ = P, and from |z‘1)(t)| = |p1| |t < [t]. Also from
and

1Z°(t) = Z°®Il < IIPI|t = ]l = IHP)I| It — I < ]t — ],

220~ 2B = |pal It = < 1t = B,
and || (2°)" (1) = (2°) (Bl = 0 < ult ~ .
It remains to show that V(f) € N.(P). By definition V,(t) = (t;t P, tp1 P; P, P),
and so V(t) € N, (P) if and only if |¢| + [t [|P|| + [t| [p1] [[P]] < €, which is equivalent
to

&

4.14 It < =
(4.14) 1 +||P|| + [p1| ||PI]

Op.

Step 2. C(0) is complete for every 6 > 0.

Proof. Let Z* be a Cauchy sequence in C. Since C'[-6, 6] is complete, Z* converges
uniformly to a function Z € C![-6, 6], and (Z* I converges uniformly to Z’. Since

then Step [2| follows by uniform
convergence. O

ZF satisfy properties (1)-(7) in Definition

Step3. IfZ€Cand W =TZ = (wy,--- ,w,), then

w1 (£)] < 1.
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Proof. From and since V(t) € N.(P) for |t| < 9, it follows that

lw1 ()] = < |t

f hn(V(s)) ds
0

Step4. IfZ€ Cand W = TZ, then
IW(t) — Wl < alt -1,

and
w1 (t) —wi ()l < |t - £
for every t, F € [0, 0].

Proof. Since V4(t) € N.(P), by (4.11) for all |t| < 0

W) - WOl = <alt-1,

f H(Vz(s))ds

and from ({.9), we get similarly the desired estimate for w; (t) — w1 (f).

Step 5. If Z € C(0) and W = TZ, then

W) = WOl < plt -8,
for every t,t € [0, 0].
Proof. From the Lipschitz estimates for H

IW'(t) = W Il = IH(Vz(t)) = HV ()l

< At =t + Lo [lZ(8) = Z(BIl + L 1Z(z1(8)) — Z(z1 (D)
+CollZ'(t) = Z' (DIl + G IIZ (21 (1)) = Z' (za (D).

17

Since |z1(#)| < |t| < 0 and |z1(F)| < [f| < 6, we get from the Lipschitz properties of Z,

z1,and Z’

IW’'(t) = W (Il < Alt — F| + Lo alt — #| + Ly alzi(t) — z1(F)| + Co plt — £ + Cq plza(t) — z1(F)|

< (A + (Lo + Ly)a + (Co + Cl)[.l) |t — £
From (4.13), A + (Lo + L1)a < (1 = Cy — Cq)u, then Stepfollows.

Step 6. For 6 sufficiently small, W = TZ € C for each Z € C.
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Proof. From the previous steps, it remains to show that Vi (t) € N.(). Define
Sz(8) = [+ 1ZOI + IZ O + 11Z' () = Pll + 12" (z1(#)) — P
Sw(t) = It + [IWEI + IW(wi ) + [IW(£) = Pll + [[W’ (w1 () = PII.-
Since Vz(t) € N.(P), we have Sz(t) < . We shall prove that Sy(t) < ¢ by choosing
o sufficiently small. In fact, from (4.11) for every [t| < 6

(4.15) IW(@)|l = <alt| <ab,

_fww&m
0

and from (4.9)

mw=£mw@$gma

Hence [[W(w:(t)ll < ad. We next estimate ||[W’'(f) — P||. Using the Lipschitz

properties of H we write
IW'(#) = PIl = [IH(Vz(t)) - HP)
< Altl+ Lo IZ®)I1 + Ly IZz )N + Co IZ' (1) = Pll + C1 12" (z1(8)) — Pl

Notice that ||Z(#t)|| = |1Z(t) — Z(0)|| € alt| £ ad, and since |zi(t)] < [t| < & then
1Z(z1(1))l] < ad. Also

IZ'(£) = Pll = 12" (t) = Z'(O)l| < plt| < d.
and
I1Z" (z1(t)) — PIl < pé.
Therefore, for [t| < O
IW'(t) — P|l < [A+ a(Lo + L1)0 + u(Co + C1)] 6,
and since |wy(t)| < 6, we also get
W’ (w1 (1)) — P|l < [A + a(Lo + L1)6 + u(Co + C1)] o
We conclude that

Sw(t) <6 (1+2A+2a(l + Lo+ Ly) +2u(Co + C1)),

so choosing 6 < - Step (6| follows. O
1+2A+2a(1+ Lo+ L) +2u(Co + C4)

It remains to show that T is a contraction.
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Step 7. If Z!, Z? € C(6) with 6 small enough from the previous steps, then

“Tzl - TZZ”C][—&,&] <q HZl - Zz“cl[—&,&] ’

for some g < 1.

Proof. Let W'(t) = TZ!(t), W(t) = TZ?(t). By the fundamental theorem of calculus
we have for every [t| < 0

[Wht) - Wt)|| < < §sup

It<o

'Wl (s) - W2 S)H ds

(Wl) - (w?) (t)H
< (5||W1 — W2l

and similarly ||Z1(t) - Zz(t)” < O|IZ' — Z*||ci[_s5)- From the Lipschitz properties of
H, for every [t| < 6,

(W) @ = (W) @) < IH (v 0) = H (V@)
<L |2\ - 22)|| + Ly Hzl (zn) - 22 (Z%(t))u

+Co H(zl) - (22 (t)“ + G H(zl) (i) - (2) (z%(t))H .
We have

|12ty = 22| < 8112" = ZPllcrpcssy

|12 =1®) - 22| < |2 @ ®) - Z2 @) + | 22E @) - Z2E )|
<ONZ" — 2l + |21 (1) = ()]
<ONZ' = Zlase) + aCullZ () = Z2 @)l
<6 (aCyy + DIIZ" = Z2lcas s

|2 ®& - (2) @ <12 - e on

(@) Ee)- () Eo)l < @) Eo) - () Go)l + @) Eo) - (2) EGo)
<|2' = 22y + IR = 2
<||Z' = Z2{| s + HCi HZl(t) a0

<(uCuo+1)||z" - Z2||C1[ 551

here Cy is a constant larger than 1, depending only on the choice of the norm
in R”, since all norms in IR" are equivalent such constant exists. Combining the
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above inequalities, we obtain

|y @ - (w2 )|

< (Lod +L16(aCyy + 1) + Co + Cy (uCyy 6 + 1)) || 2" = ZY||, := M6+ Co + Cy) || 2! = 27|

and from the fundamental theorem of calculus

W) - waee)|| < osup (W) @ - (W?) ]| <0 Mo+ Co+ i) |2 - 22
H<o

We conclude that
W - W2||c1[_5,5] <(1+6) Mo+Co+Cy) ||2" - zZ||C1[_5/5] .
Since Cy + C; < 1, then choosing 6 sufficiently small Step |7] follows. ]

We conclude that there exists 6* > 0 small such that for 0 < 6 < 6%, the map
T : C(6) — C(0) is a contraction and hence by the Banach fixed point theorem
there is a unique Z € C(6) such that

t
Z(t) = TZ(t) = f H(Vz(s)) ds.
0
Differentiating with respect to t, we get that Z solves (4.10) for |{| < 6. O
We make the following observations about the assumptions in Theorem

Remark 4.3. We show that even for H smooth, satisfying (4.3) with (4.4), and (4.9),
the system (4.2) might not have any real solutions in a neighborhood of t = 0. In
fact, consider for example the following ode:

(4.16) 2() = 2/ (B + %, 2(0) = 0.

In this case n = 1 and H : R® — R with

H(50, 058 = () + 1

analytic. The system P = H(0;0, 0; P, P) has a unique solution P = 1/2, and so (4.3)
and hold. Let £ = (0;0,0;1/2,1/2). Since H(P) < 1, holds in a small
neighborhood of . On the other hand, cannot have real solutions for t < 0
and so in any neighborhood of t = 0. This shows that there cannot exist a norm
||]lin R so that the contraction condition is satisfied. In particular, this shows
that the conclusion of [vBO92, Lemma 2.2] is in error.

ct’
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Remark 4.4. Let H be a map from a domain in R*"*! with values in R", and let P
be a solution to the system P = H(0; 0, 0; P, P) satisfying . Assume His C'ina
neighborhood of = (0;0, 0; P, P). Given a norm | - || in R", let |||-||| be the induced
norm on the space of n X n matrices, i.e., for a n X n matrix A

IAlll = max{[|A7]| : v € R", ||ol| = 1},

see [HJ85| Section 5.6]. Since H is C' then there exists a neighborhood N.(P) as
defined in Theorem 4.1 such that (£.5), [£.6), (£.7) are satisfied.

The following proposition shows estimates for Cy + C; in (4.7).
Proposition 4.5. We define the n X n matrices
oh; oh;
v (&é? l<z’,j<n S [85} ]1<i,]’<n |
If &.7) holds for some Cy, Cy, then
(4.17) Co > |[VoH®P)|||, and C1 > |||VoHP)||-
In addition, [4.7) holds with Cy = maxy, ) H|V50HH| and C; = maxy, @) H Vng'H.

Proof. We first prove (4.17). Let v € R" with |[v]| = 1; for s > 0 small, the vector
(0;0,0;P +sv,P) € N.(P). From (4.7), we get

IH(0;0,0; P +sv,P) — H(0;0,0; P, P)|| < Colsl.

Dividing by |s| and letting s — 0 we obtain, by application of the mean value
theorem on each component, that for every v € R" with [[v]| = 1

Co > | VH(P) Z)t” .

Taking the supremum over all v € R” with ||[v|| = 1, we obtain Cy > |||V50H(P)”| .
VaH(P)|||

To show the second part of the proposition, by the fundamental theorem of
calculus, we have for (t; O, &0, 61) , (t; 0, &9, 51) € N,(P) that

H(£C,C580,8) - H(5 0,058, 8)

Similarly we get C; > “

_ fl - ((1 _9) (t,' 0, ¢t &0 51) 45 (t; 0 L & gl)) (0,, 0,0;&° — &0 g1 _ é—l)f ds
0

_ fl VeH((1-9) (60,058, &) +s (50,058, 8)) (£2 - &) ds
0

¥ f 1 VaH((1-9) (60,058, 8) +s (50,05 8,8)) (& - &) ds,
0
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where DH is the n X (4n + 1) matrix of the first derivatives of H with respect to all
variables. Then

[F (s e )= m(se,ce,8)

. f()»l |HV£0H ((1 ) (t,‘ O &0 51) n S(t,' 0 & E‘l))l” H‘EO _ EOH ds

1
N
0

VaH ((1-9)(5,058%, &) +s (50,258, 8))| flet - & as

< IVl 1 -1 epaylivell 12 -2l
The proof is then complete. i

Givenannxnmatrix A, let R4 beits spectral radius, i.e., R4 is the largest absolute
value of the eigenvalues of A. From [HJ85, Theorem 5.6.9] we have R, < |||A[|| for
any matrix norm [||-|||. Then from we get the following corollary that shows
that the possibility of choosing a norm in R" for which the contraction property
holds depends on the spectral radii of the matrices Voo H(P), VaH(P).

Corollary 4.6. Let H be as above. Denote by R0 and R the spectral radii of the matrices
VeoH(P), and V 1 H(P) respectively. Then for any norm in R" and any C,, Cy satisfying
4.7) we have

Co+Ci =2 Rao + Ry

To apply Theorem we need H to satisfy (£.7) together with the contraction
condition for some norm || - || in R". It might not be possible to find such a
norm. In fact, if an n X n matrix A has spectral radius R4 > 1, then for each norm
| - || in R” the induced matrix norm satisfies |||A||| > 1; see [Theorem 5.6.9 and
Lemma 5.6.10][HJ85]. So if the sum of the spectral radii of the Jacobian matrices
VoH(P), VaH(P) is bigger than one, then from Corollary 4.6|it is not possible to
find a norm || - || in IR” for which holds.

4.1. Uniqueness of solutions. In this section we show the following uniqueness
theorem.

Theorem 4.7. Under the assumptions of Theorem the local solution to (4.10) with
Z'(0) = P is unique.

The theorem is a consequence of the following lemma.

Lemma 4.8. Let C(0) be the set in Definition|4.2] If there exists 6 > 0 such that W solves
(4.10) for |t| < 6, with W'(0) = P, and Vy(t) € N.(P) for |t| < O, then W € C(0).
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Proof. Since w(t) = hi(Vy(t)), then implies

(4.18) [wy ()] = fot hi(Vw(s))ds| < [t].

Also for |t, |f| < 6 since W is a solution to then from (4.11)
(4.19) IW(t) — W@ = f; H(Vw(s))ds|| < alt — {|
and by

(4.20) lw: (t) — w1 ()| = lftt i (Vw(s))ds| < |t — .

It remains to show the Lipschitz estimate on W’. Let |t],|f| < 0, then by the
Lipschitz properties of H

W’ () = WOl = IHVw(£) - HVw®)I
< Alt = + Lo [IW(t) = WOl + Ly [[W (w1 (£)) — W(wr (D))l
+ ColIW'(5) = W DIl + CLIIW (w1 (£)) = W (wr (D)II -

Using (4.19), (¢.18), and {@.20), we get that for every |#,|f| < 6
4.21)

W' () = WOIl < (A+(Lo+Ly)a)lt=E+Co W' () = W (DII+Cy W (w(£)) — W (wr(D)Il -

Fix t and fand let 7 = |t — f|. Let 7, and 7T be such that |7|,|7| < 6 and |t — 7| < 7, then

by (4.20)

[wi(7) —wi(Dl < v -7] <7
Hence applying for 7 and T we get for |7],|7| < 6, [T — 7| < r that
[W'(7) = W (DIl < (A + (Lo + L) )t = 7| + Co [[W'(7) = W (D)l + C1 [IW (wi (1)) = W (wr (D)l
SA+Lo+L)a)yr+(Co+Cy)  sup  [[W(t)-W (7).

7|, |2|<6,|t—7|<r
Hence taking the supremum on the left hand side of the inequality, and using
(4.13) we get
A+(Lo+ L) a

W (7) = W ()| < <
|T|,|f|§;|}:—f|5r” 2 @l < 1-Co—-C PEHT

so for every [t],|f| < 6

W@ -WHI<s  sup  [IW(D)-W@I <plt-1,

[TlITl<o,lt-TI<|t-H

and the lemma follows. O
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Proof of Theorem[@.7} Let 61,6, < 6* and let W' solving for |t| < 6;, with
(Wi)l (0) = P, and Vyi(t) € N(P) for |t| < 0; for i = 1,2. From Lemma
W' € C(6;), and since they solve (4.10) we have TW'(t) = W'(t) for |t| < 6;,i = 1,2.
Let 6 = min{6,,6,}. We have C(6;) C C(6),i = 1,2. Since 6 < 6, from the proof of
the existence theorem T has a unique fixed point in C(6). But, TW' = W' for |#| < 6
and so W' = W2 for |t| < 6. O

Remark 4.9. If the vector P solution to the system does not satisfy (4.4),
then the system may have infinitely many solutions. This goes back to the
paper by Kato and McLeod [KM71, Thm. 2] about single functional differential
equations. We refer to [EMOI71, Equation (1.7)] for representation formulas for
infinitely many solutions.

Remark 4.10. Theorem {4.1| has an extension to more variables and the proof is
basically the same. In fact, the set up in this case and the result are as follows.
We set Z(t) = (zi1(t), - ,z,(t)) where z;(t) are real valued functions of one
variable, and Z'(t) = (zi(t), e ,z;(t)). LetH = (hy,--- ,h,) where
hi = hi(t;coicll'” /Cm;golgll'.' /ém)

are real valued functions with {/, &/ € R” for 0 < j<m,soeachhihas1+2(m+1)n
variables. Let

X=(60,0, -, 0808 ).
We assume 1 < m < n. Set Z(zk(t)) = (z1(zk(b)), -, za(zk(t))) for 1 < k < m. We
want to find Z(t) as above satisfying the following functional differential equation

Z'(t) = H(EZ(E), Z(za (), -+, Z(zw(D); Z' (1), Z'(za(D)), -+, Z' (2 (£)))
Z0)=(,---,0) e R",

for t in a neighborhood of 0. We assume that there exists P = (p1,--- ,pn) € R"
with |p;| < 1for 1 <i < m solving

P:H(OIOIIOIPI /P)

where dots mean m + 1 times.
Let®? = (0;0,---,0;P,--- ,P) € R2m+Dn+1 ‘and let || - || be a norm in R" with

Ne@P) = {(C0 -, 0, &)+ I+ -+ I+ 1E0 = Pll+ -+ + [|€" = P < e}
a neighborhood of # such that
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(i) H is uniformly Lipschitz in the variable t, i.e., there exists A > 0 such that
”H(EICO/ /CmIEO/ /Em) _H(tlcor /leéol /ém)H S Alf— t|

fOI' au ({ICO/ ICm;EOI... rém)/(t;col"' ’Cm’.éo’_” /ém) € NE(P)I
(ii) H is uniformly Lipschitz in the variables C0,..., 0" ie., there exist positive
constants Ly, - - - , L,, such that

[ (620 Eme, e em) =B (B, 08, &) < Lo |20 = &l L[| = 7
forall (£;C°---,C"% &%, &), (5L, -+, 0% &0, -+ &™) € N(P);

(iii) Hisauniform contractionin the variables &Y, --- ,&™, i.e., there exists constants
Co, -+ ,C,, such that

[ (60, @, 8 =B (B, 08, &) < Col|80 = &)+ +C | - 7
forall (t;C°,---, 0™ &0, -+, &™), (£;C0, -, 0™ &0, -+ , &™) € N(P), with

Co+---+Cu<1;

7

7

(iv) For all X € N.(P)
I (X)] < 1.

Under these assumptions, there exists 6 > 0, such that the system

Z/(t) =H (t; Z(t)/ Z(Zl(t))/ R Z(Zm(t)); Z/(t)/ Z,(Zl(t))/ R ZI(Zm(t)))
Z(0) = 0,

has a unique solution defined for [¢| < 6 satisfying Z’(0) = P.

5. ONE POINT SOURCE CASE: PROBLEM B

The setup in this section is the following. We are given a unit vector w € R?, and
a compact domain Q) contained in the upper unit sphere S?, such that Q = x(D),
where D is a convex and compact domain in IR?> with nonempty interior. Here
x(t) are for example spherical coordinates, t € D. Dichromatic rays with colors
b and r are now emitted from the origin with unit direction x(t), t € D. From
the results from [Gutl3, Section 3] with n; = n3 = 1, n, = n,, and e; = w we
have the following. Consider a C? surface with a given polar parametrization
p(t)x(t) for t € D, and the surface parametrized by f,(t) = p(t)x(t) + d.(t)m,(t), with

rMﬂ:%@m—M¢MJﬁyﬂ%@mmN»mm@mmwnmmm“mt

normal atrp(t)x(t), and with

C—p(t) (1 —w-x(t))
1, —w - m(t)

(5.1) d,(t) =

7
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for some constant C,. Then the lens bounded between p and f, refracts the rays
with color r into the direction w provided that C, is chosen so that 4,(t) > 0
and f, has a normal at each point. Likewise and for the color b the surface
fo(t) = p(t)x(t) + dy(t)my(t), with similar quantities as before with r replaced by b,
does a similar refracting job for rays with color b.

As before, we assume n;, > n, > 1, and the medium surrounding the lens is
vacuum. To avoid total reflection for each color, compatibility conditions between
p and w are needed, see [Gutl3| condition (3.8)] which in our case reads

Avot)-w<x(t)-w—1, and Apv,(t) - w < x(t) -w - 1.

The problem we consider in this section is to determine if there exist p and
corresponding surfaces f, and f; for each color such that f, can be obtained by a
re-parametrization of f,. That is, if there exist a positive function p € C*(D), real
numbers C, and C;, and a C! map ¢ : D — D such that the surfaces f, and £,
corresponding to p, C,, C;, have normals at each point and

(5.2) £ = filp())  VteD.

We refer to this as Problem B. As in the collimated case, if a solution exists
(D) € fp(D). Again, from an optical point of view, this means that the lens
sandwiched between p and f, refracts both colors into w; however, there could be
points in f,(D) that are not reached by red rays.

If w ¢ Q, we will show in Theorem that Problem B is not solvable. On
the other hand, when w € Q) we shall prove, in dimension two, that problem
B is locally solvable, Theorem Notice that by rotating the coordinates we
may assume without loss of generality that w = e. Theorem will follow
from Theorem on functional differential equations, assuming an initial size
condition on the ratio between the thickness of the lens and its distance to the
origin. By local solution we mean that there exists an interval [-5,6] € D, a
positive function p € C*[-9, ], real numbers C, and C;, and ¢ : [-5,0] — [0, 0]
C! such that the corresponding surfaces f, and f, have normals at every point and

frt) = flp(t))  Vte[-5,0]

We will also show a necessary condition for solvability of Problem B, Corollary
5.10]
We first state the following lemma whose proof is the same as that of Lemma

B2
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Lemma 5.1. Given a surface p(t)x(t), t € D, and w a unit vector in R?, let f, and f, be
the surfaces parametrized as above. If f,(t) = fy(t) for some t € D, then v,(t) = x(t). In
addition dy(t) = d,(t).

We next show nonexistence of solutions to Problem B for w ¢ Q.

Theorem 5.2. Let w be a unit vector in R®. If Problem B is solvable, then x(t) = w for
some t € D. Therefore, since x(D) = Q, Problem B has no solutions when w ¢ Q.

Proof. Suppose there exist p and ¢ : D — D satisfying (5.2). Since D is a compact
and convex domain, by Brouwer fixed point theorem ¢ has a fixed point ¢;, and
from fi(to) = fu(to). Therefore, by Lemma vy(to) = x(ty), and by the
Snell’s law at p(tp)x(ty) we have my(ty) = m,(ty) = x(fp). Using Snell’s law again
at f,(to) = fi(to), since n, # n, and both colors with direction x(t;) are refracted at
fr(to) = fu(to) into w, we obtain x(tp) = w. O

From now on our objective is to show that problem B is locally solvable in
dimension two when w € Q, Theorem 5.13

5.1. Two dimensional case, w € Q. Let w be a unit vector in R?, by rotating the
coordinates we will assume that w = e = (0, 1). Let Q) be a compact domain of the
upper circle, such that QO = x(D) where D is a closed interval in (—7/2, 7t/2), and
x(t) = (sint, cost).

We will use the following expression for the normal to a parametric curve.

Lemma 5.3. If a curve is given by the polar parametrization p(t)x(t) = p(t) (sint,cost),
with p € C!, then the unit outer normal is

v(t) = ! (p(t)sint — p’(t) cost, p’(t) sint + p(t) cost).

VPA(E) + p(8)?

Proof. The tangent vector to the curve at the point p(t) x(t), with x(t) = (sint, cost),
equals

(p(t) x(1)) = p'(B)x(t) + p(H)x'(t) = (p’(t) sint + p(t) cost, p’(t) cost — p(t) sint).
Thus

(p() x(t)) 1 = p(t)* + p ().

Hence the unit normal

1
VP2 + p'(£)?

v(t) = + (p(t)sint — p’(t) cost, p’(t) sint + p(t) cost).
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Since v(t) is outer, i.e. x(t) - v(t) > 0, so we take the positive sign above and the
lemma follows. O

As a consequence, we obtain the following important lemma.

Lemma 5.4. Assume Problem B is solvable in the plane when w =e. Then 0 € D,
() =0, dp(0) = d,(0), and p'(0) = 0.

Proof. Using the proof of Theorem [5.2} there exists ¢, € D such that ¢(ty) = t; and
x(tp) = e = (0,1), then (sinty, costy) = (0,1), and f, = 0. By Lemma we get
dy(0) = d,(0), and v,(0) = e. Therefore, Lemma .3 yields

1
0,1) = (=p'(0), p(0)).
20 pop P

O

5.2. Derivation of a system of functional equations from the solvability of
Problem B in the plane. Assume Problem B has a solution refracting rays of both
colors b and r into the direction ¢, and recall Lemma EI

We set p(0) = pp and d,(0) = d,(0) = dy, and prove the following theorem.

Theorem 5.5. Suppose there exist p and ¢ solving Problem B in an interval D. Let
Z(t) = (z1(t), z2(t), z3(t), za(t), 25(t)) € R® with
(5.3)
z(f) = p(f),  z2() =vi(t) + po,  z3(t) = 02(F),  za(t) = 03(F),  z5(t) = v3(F) — po,

where v1(t) = —p(t) cos t, and v,(t) = p(t) sint.

Let Z = (0;0,0;2'(0), Z’(0)) € IR21.E| There exists a neighborhood of Z and a map H
defined and smooth in that neighborhood with

H:=H(t ;&% &) = (- hs)

u)here Colclléolél S R5/ Ci = ( ill 12/ ’ g)lgi = ( li/ 12/ /Eé)/ ﬂnd ZUlth' the
functions hy, - -+ , hs given by (5.24), (5.26), (5.28), (5.30), and (5.32), respectively, such

that Z is a solution to the system of functional differential equations
(5.4) Z'(t) = H(5 Z(1), Z(z1(1); Z' (1), Z'(za (1))
Z(0)=0

for t in a neighborhood of 0. The map H depends on the values py and d.

'We are assuming that 0 is an interior point of D. Otherwise, in our statements the interval
[-6, 0] has to be replaced by either [-0, 0] or [0, 6].
22/(0) = (¢'(0),0, po, =p"(0) + po, 0).
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Proof. From Lemma Z(0) = 0. We will derive the expressions for h;(t; C°, C'; &%, &),
1 <i<5,sothat

zi(t) = hi (8 Z(t), Z(z:(1), Z' (1), Z' (z1(1))) -

The first step is to express the quantities involved as functions of
(£ Z(8), Z(za(1); Z'(£), Z' (21 (1)) -

From the Snell law, a ray emitted from the origin with color r and direction
x(t) = (sint, cos t) refracts by a curve p(t)x(t) into a medium with refractive index
n, into the direction m,(t) such that x(t) — n,m,(t) = @, (x - v(t)) v(t), where v(t) is
the outward unit normal to p at p(t)x(t). From (2.3

®, (5) 2 =1+ il
(S)=s— n2—-1+s2= ,
! s+ AYn2—1+g2

v(h) p(t) o)
f , ECAUS () = _ "
a:: rz)m( :;em(rtr)l)a Z 3| v(t) 0k and x(t) - v(t) EOETAGE B0k wit
0 = (01\1), 02 . 00
@, (x(t) - V(D) = Lo - - mlo' ) |
Mm+¢%%+mw [o()] + VIoOP + (12 = Do’ (B)P
oo N T PR
Hence
65 ()= - [x(0) = @, (<O VO] = - [x(0) ~ A, 000, 0 () (0]
= (mlr(t)r er(t))
with
(5.6) A (o(t), o' (1) = Sl

o(t)] + Vo) + (n2 = Do’ (D
Rewriting the last expressions in terms of the variables z;(t) introduced in (5.3),
and omitting the dependance in ¢ to simplify the notation, we obtain

(5.7)

1_2
Ao(t), /() = i = A, (Z(1),

|(Zz - P0,23)| + \/|(22 = Po,23) + (n; = 1) |(Z4, Z5 + Po)|

68) ()= [sint ~ AD) 2] 1= i (1, Z(0),

r

(5.9) my(t) = nl [cost — A(Z) (z5 + po)] := 7, (t, Z(t)) .

r
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Notice that 7, (0, Z(0)) = 7,(0,0) = 1.
If for each t, the ray with direction m,(t) is refracted by the upper face of the
lens into the direction e = (0, 1), then the upper face is parametrized by the vector

fr(t) = p()x(t) + dr(t)m,(t) == (fir(t), for(t)) -

From (5.I), and
(5.10) ap = ST PO —cosh) G —fo(t)] — ()

n, — er(t) ny — Tr(t/ Z(t))
G- |(z2 = po,z3)| = 22 + po
B n, — 1, (t, Z(t))

=D, (t/ Z(t)) ’

with C, a constant. Since p and ¢ solve Problem B, from Lemma 5.4 we have
p’(0) = 0, and v(0) = (0, 1). So m,(0) = (0,1) and from we get C, = (n, — 1) dy.
Hence

(5.11) fu(t) = 23 + Dilt, Z) pe(t, Z) := Fup(t, Z(1))

(5.12) for() = =22 + po + Di(t, Z) T(t, Z) = Fau(t, Z(1)).

In addition, by the Snell law at f,(t), m,(t)— nle = Ay, (t) v,(t), where v, is the normal

,
to the upper surface at the point f,(t) (we are using here that the normal to f, exists
since we are assuming Problem B is solvable). Since n, > 1, then A,, > 0 and so
taking absolute values in the last expression yields

(5.13)

1 2 1 2
Ao i(t) = = \/1 + = = Sy () = \/1 e N WARW N (WA())
n nr n n

r r r

1
o) — —
m,(t) nre

Forte Rand = (y,+--,C5) € R’ we let

1 —n?

ﬂr(C) - r2 2
@ = o, @) + V|G — po G + 0 = 1)](Ca, G5+ po)

B0 = lsint - AQG]L, 1,0 =+ [cost = A0 (G + po)]

(5.14) B Crr - |(C2 — Po, C3)| — G2+ po r
Dr(t’ C) - ny — Ty (t/ C) ’

Fl?"(tl C) = CB + Dr(tl C) Hi"(tl C)/ PZr(t/ C) = _CZ + PO + D?"(tl C) Tr(t/ C)
1 2
A2,r(t1 C) = \/1 + ? - n—r’Cr(t, C)

7

with C, = (n, — 1) d,
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The functions A,, u,, v, are well defined and smooth for all + € R and for all
C = (G, Gy, G5, Gy, C5) with (Cp, G3) # (po, 0). Since 7, (0,0) = 1, then all functions in
are well defined and smooth in a neighborhood of t = 0 and C = 0. Notice
that the definitions of A,(C), u,(t, 0), 7,(t,C) and A,(t,C) depend on the value of
po, and the definitions of D,(t, C), F,(t, C) and Fy(t, C) depend on the values of py
and d,.
To determine later the functions h; we next calculate the derivatives of A,, my,, my,, d,, F1,, Fa,,

and A, , with respect to t. Differentiating (5.7), (5.8)), (5.9), (5.10), (5.11), and (5.12)

with respect to ¢ yields

(5.15)
d Pl
A0, (1) = - 2
|@z—mxgh~waz—mxaf+m%—nkmz5+mwﬂ
(22— po,23) - (£ 2y) (22— po,23) - (2, 25) + (n2 = (24,25 + po) - (2, 2L)
|(z2 — po, z3)| \/|(ZZ _ PO,Z3)|2 + (2 —1) I(Z4,ZS + P0)|2
AR | (@2 poz3) - (2, 2) . (z2 — po,23) - (2}, 25) + (n? — 1)(z4, 25 + po) - (2}, 25)
=== -
n2=11 |z2- po z) I = po, 2 + 2 = D)|(za, 25 + po)
= AZ(1), Z' (1),
(5.16)
%mh(t) = nl |[cost - AZ) 2, - AAZ, Z') za] = Ty (1, 2(H), Z' (1)),
(5.17)
%m%(t) = nl, [— sint — A(Z) zt - ANZ,Z) (z5 + po)] =T (L Z(H), Z' (1),
(5.18)
_mpozm) @) 2 |(ny — 0 (t, 2)) +T,(t, Z2,2) (Cr ~|(z2 - po,z3)| — 22 + Po)
id () = |(Zz - PO,ZS)
de ™ (n, — T,(t, Z))?

Zy — /Z . (Z//Z,
(22— po,23) - (23,23) — 2+ 1(t, Z,Z') Di(t, Z)
|(z2 - po, z3)

- — = D,(t,2(8),Z/(8)
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(5.19) %flra) =24+ Dy(t, 2) [ir(t, Z, Z) + Di(t, Z, Z') iyt Z) == Fr(t, Z(1), Z' (1))

(5.20) % far(t) = =25 + Di(t, 2)Ti(t, Z, Z) + D(t, Z, Z') 1,(t, Z) := Fau(t, Z(t), Z' (1))

1_
i —1,(t,2,72")

1y A ’
(521) E/\Q,r(t) = —W = AZ,r(t/ Z(t),Z (t))

Fort € Rand (, & € R® we let
(5.22)

AQ)? | (2= po, C3) - (£2,€3) N (C2 = po, C3) - (&2, &3) + (12 — 1)(Ca, Cs + po) - (4, E5)
2 —_ —
ol |G- po ) V@ = po, @) + 022 = D], G5 + po|
— 1 ~
(1,2, 8) = — [eost = ADE = AL )]

0O = [~ sint - RO - ACEXCs + po)]
_r(Cz = po,C3) - (€2, &3)

_ (& = po, G3)
D.(t,C, &) = | - P 31’17—Tr(t 0

Fi,(t,C, &) = & + Do(t, Ot C, &) + Do(t, T, &)t ©)
Far(t,C, &) = =& + Do(t, OT,(1, G, &) + Diylt, §, &)t ©)

1509

KZ,r(t, C/ 5) = _n;\ZrT.

:i{r(C/ &)=

- 52 + %r(t/ Cr 5) Dr(t/ C)

As for (5.14), all functions in (5.22)) are well defined and smooth in a neighborhood of
t=0and C =0, and for any &.
We mention the following remark that will be used later.

Remark 5.6. Using the formulasin (5.14) and (5.22), notice that for any differentiable
map U : V — R® with V a neighborhood of t = 0 and with U(0) = 0, we have
the following formulas valid for ¢ in a neighborhood V’ of t = 0 (possibly smaller
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than V):

d ~ d —
SIAUD] = AWUOUG), LU =F6UO,UE),
SOG UL =T UO,UE),  SDEUO] =D Uo,ue),

SR UOT = Fy U0,UE), SR UO] =Pyl Uo, W),

CLAad(t UO)] = Rt U, L),

We also obtain the same formulas for the color b with n, replaced by n,,.

We are now ready to calculate h;, one by one, for i = 1,---,5 to obtain
the system of functional differential equations satisfied by Z(t) = (p(t),v1(t) +
po, 02(8), (), v3(H) = po). Recall h; := hi(£;C°,C; &%, &), with O, &%, & € R,
Ci :< 11/ /Cé)/ gi = ( 11/ /ég),i:();l.

Calculation of /1. Since z; = ¢ satisfies f,(t) = f,(¢(t)), taking the first components
and differentiating with respect to t yields

(5.23) fir ) = ¢'(#) fi,(@(8)-
We claim that f],(¢(t)) # 0 in a neighborhood of t = 0.

Proof of the claim. By continuity of f/, o ¢ and since ¢(0) = 0 by Lemma it is
equivalent to show that f/,(0) # 0.

Recall that fi,(f) = p(t) sin t + d,(m1,(£), p(0) = po, d,(0) = do, and m,(0) = (0, 1).
Then

fllr(O) = Po + do mir(O)
Also from (5.16)), since Z(0) = 0

m, (0) = nl (1- A,(0)%(0)).

Notice that z(t) = 0] (t) = p(t) cost—p”(t) cost +2p’(t) sin t, then z;(0) = po—p”(0).
Also from (5.7)

1-n? 1-n,

AA0) = I+m)po po
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We conclude that

1 1’17—1 Tlr—lp”(O)
1(0)=—|1+ -o0"O0)|=1-—— :
m;,(0) nr( Py (po—p"( ))) o o
Similarly, fi;(t) = p(t)sint + dy(t)my(t), dp(0) = do, mp(0) = (0,1), and we get

f1,(0) = po + dom,(0), with

_ 1 14 0
my,(0) =1- m—1¢"0) )'
Ny Po
Suppose by contradiction that f/,(0) = 0. Then by (5.23) f/.(0) = 0. Hence from
the calculations above m},(0) = m} (0) = —po/do. Since n, # ny, m},(0) = m},(0)

implies p”(0) = 0. So
my,(0) = m},(0) =1 = —po/do <O,
a contradiction. O

Since z; = ¢ we then conclude that f),(z1(t)) # 0 in a neighborhood of ¢ = 0, and

f1,®)
Zi() =¢'(t) = ———.
DR =G
Applying formula (5.19) for both b and r yields
Fi(t, Z(), Z'(1)

Fip(z1(t), Z(z (), Z' (21 (1))

Zt)=¢'(t) = = (6 Z(1), Z(za(1)); Z' (1), Z'(z1(1)))

with
(5.24) h(tC°, &% = flr(t—cogo)
Fyy (29, 1, EN)
flr is defined explicitly in (5.22), and Flb has a similar expression with 1, replaced
by ny.

We next verify that h; is smooth in a neighborhood of Z = (0;0,0; Z’(0), Z’(0));
Z'(0) = (¢(0),0, po, —p”(0) + po,0). From (5.14), A, is smooth in a neighborhood
of 0 € R®, L, Tr, Dy, F1y, Far, Ao, are smooth in a neighborhood of (0,0) € R®. Also,
from (5.22), A, issmoothina neighborhood of (0, Z2’(0)) € R', and 11,, 7, D,,Fi,, sy, KQJ
are smooth in a neighborhood of (0,0,Z’(0)) € R*. Similarly, we have the same
smoothness for the functions corresponding to n,. Therefore, from (5.24), to
show that h; is smooth in a neighborhood of Z, it is enough to prove that
flb(O, 0,7'(0)) # 0. In fact, since Z(0) = 0 we obtain from for n, and the
claim above that

F1,(0,0,2'(0)) = F1;, (0, Z(0), Z'(0)) = £;,(0) # 0.
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Calculation of /; and h3;. We have

(5.25) zy(t) = V) (£) = z4(t) = ho(t; Z(t), Z(z1 (1)), Z' (1), Z' (z1(1)))
with,
(5.26) ho(t;C°, 5 &0, &h) = (.

Similarly,

(5.27) z;(t) = v5(t) = zs5(t) + po := ha(t; Z(t), Z(z1(t)); Z'(t), Z' (z1(1)))
with
(5.28) ha(t; C°, 5 &%, 8 = Q2 + po.

Trivially, h, and h3 are smooth everywhere.
Calculation of h,. The rays m,(t) and m;(¢p(t)) are both refracted into e = (0, 1)
at f,(t) (since Problem B is solvable f, has a normal vector), then by the Snell law

m,(t) — nle = Ay, (B)vs(t)

my( () - nihe = (B

with vg the outer unit normal to S = {f,(D)}. If as denotes the first component of
v, then

my(t) = Ay (Has(t), mip(@(t)) = Azp(@(t))as(t).
Solving in as(t) and using and yields
pet, Z(8) Mo p(z1(F), Z(z1 (1) = po(z1(8), Z(z1(£))) Aot Z(E))-
Differentiating the last expression with respect to t, Remark 5.6| yields

[t 2, 2") Ay (21, Z(z1)) + 2} K2,17(—21, Z(z1), 2/ (z1)) us(t, Z)
= 2 (21, Z(z1), Z'(21)) Daplt, Z) + (21, Z(21)) Ao, Z, 7).

Replacing (5.16) in the above expression
1 —
— (cost = AZ) 2, = AUZ, Z) za) Moy, Z(21))

=2 [ﬁb(zl,Z(zl), Z'(20))Aa,(t, Z) = Nop(z1, Z(z1), Z' (1)) ot Z)] + (21, Z(21)) Aoyt Z, Z)).
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From and (5.13), A, (Z)A2(z1, Z(z1)) < 0. Then solving the last equation in z
yields

’
2y

(5.29)
2 [z, Z(0), Z @) Aot 2) = Rop(r, 2@, 2/ cirt, 2)| + (1, Z@) Ao, 2, 2)) nl (cont = T2, 272 hastr Ze)
- nl,ﬂ'(Z)Az’b(ZI'Z(Zl))
= (5 Z(), Z(z1 (D); Z' (1), Z' (z1 (D)),
SO
(5.30)

_ ~ ~ 1 ~
£ [, € £ A0, (1, 0) = Mg @, T Epar(t, O] + p(C, EYA2(0, 0, %) = — (cos t = AL, E0C]) A (C5, T

ha (10,580, &N = -

1
AL, T

hy4is smooth in a neighborhood of Z, since A,(0)A,4(0,0) < 0, and as shown before
all the functions appearing in the expression for h, are smooth in a neighborhood

of Z from the comments after (5.14) and (5.22)).

Calculation of hi5. We have v,(t) = —(tan t) v;(¢). Differentiating twice we get

’” _ 7 Ui (t) sint
vy (t) = —(tan t) v (t) — 2 ol leosi v1(t).
Then
, , 2 2sint
(5.31) z5(t) = —(tant) zy(f) — cosl] z4(t) — ot (z2(t) = po)
i=hs(t; Z(1), Z(z: (1), Z' (1), Z' (z1(8))),
and so
632) 0,05, E) = —(an ) & — —p (- 220 )
' m ey 47 cos?t Tt costt 2 PVF
Since t € D C (—m/2,7/2), then hs is smooth in D x IR%.
The proof of Theorem [5.5]is then complete. O

5.3. Solutions of yield local solutions to the optical problem. In this
section, we show how to obtain a local solution to Problem B by solving the
system of functional differential equations (5.4).

Theorem 5.7. Let py,dy > 0 be given, and suppose that H is the corresponding map
defined in Theorem 5.5 Assume P = (p1,--- ,pn) is a solution to the system

P =H(0;0,0; P, P),
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such that H is smooth in a neighborhood of P := (0;0,0; P, P), and
(5.33) 0<Iml <1

Let Z(t) = (z1(t), - - - , z5(t)) be a C* solution to the system (5.4) in some open interval T
containing 0, with Z'(0) = P and

(5.34) 21 ()] < |H.
Define

t —
(5.35) iy = -2 0

and @(t) = z;1(t).

Then there is 6 > 0 sufficiently small, so that ¢ : [-6,0] — [0, 0] and

fr8) = fo(@(t)).
Here, f,(t) = p(t)x(t) + d,(t)ym.(t), and f,(t) = p(t)x(t) + db(t)mh(t) where
C, — p(t)(1 = cost) — p(£)(1 = cost)
;o dy(t) =

n, —e - m,(t) ny — e - my(t)
with C, = (n, — 1)dy, Cp = (np — 1) do; m,(t) and my(t) are the refracted directions of
the rays x(t) by the curve p(t)x(t) corresponding to each color r and b. In addition, for

di(t) =

€ [-6,6], f, and f, have normal vectors for every t and
(5.36) p(t) >0, d.(t),dy(t)>0, mt)-e>1/n, my(t)-e>1/ny.

Notice that (5.36) implies the lens defined with p(t)x(t), f, and f;, is well defined,
and moreover total internal reflection is avoided.

Proof. We obtain the theorem by proving a series of steps.

Step 1. If p is from (5.35), then

(5.37) z3(t) = p(t) sint.
Proof. Since z,(0) = 0, from (5.35)

(5.38) p(0) =

Since Z is a solution to (5.4), z)(f) = z4(t) by the definition of h; in (5.26). Hence
and from the definition of /5 in (5.32)),
2sint

=2 — S5 () = po)

Z,(t) = —(tan £) Zj(t) —

251nt

= ~(tan ) 25(6) = — 5(0) ~ o (22(8) = po)
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By (5.35), we have z;(t) = —p(t) cos t + po, then

z5(t) = —p’(t) cost + p(t) sint

zy (t) = —p”(t)cost + 2p’(t) sint + p(t) cos t.
Replacing in the formula for z, we get

2sint
cos3 t

zi(t) = (tant)(p”(t) cost — 2p’(t) sint — p(t) cos t) + . 2

032 t(P (t)cost — p(t)sint) +

p(t) cost

= p’(t)sint + 2p’(t) cost — p(t) sint
d2
=5 [p(t)sint].

Hence z5(t) = % [p(t)sint] + c = p’(t)sint + p(t) cost + c. Since z5(0) = 0, then by
(5.38) ¢ = —po, and therefore

(5.39) z5(t) = p’(t) sint + p(t) cost — po.

By the definition of /3 in (5.28)), we have

zy(t) = z5(t) + po = p’(t) sint + p(t) cost = % [p(t)sint],
and since z3(0) = 0, we conclude (5.37). O
Step 2. Foreacht el
Fu(t, Z()) = Fro(z1(8), Z(z1(1))),
with Fy,, Fyp, from (5.14).
Proof. From the definition of #; in
Fu(t, Z(H), Z'(9) = 2 () Fun(z (1), Z(z1 (9), Z' (@ (1)),
Hence by Remark integrating the above equality yields
Fuu(t, Z(1)) = Fup(z1(t), Z(z1 (1)) + c.

Since Z(0) = 0, then from the formulas of F;, and p, in (5.14) we get F1,(0,0) =
F1,(0,0) = 0. Hence c = 0 and Step 2] follows. O

Step 3. There is 6 > 0 small so that (5.36) holds.

Proof. Since p(0) = pg > 0, by continuity there is 6 > 0 with [-6, 6] C I so that p(t)
given by is positive for t € [0, 6]. Rays with colors r and b emitted from the
origin with direction x(t) = (sint, cos t) are refracted at p(t)x(f) into the directions
m,(t), and my(t). For the upper faces f, and f; to be able to refract the rays m, and
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my, into e, they need to have a normal vector for each ¢, d,(t) and d,(t) must be

1
positive for t € [-0,0], and m, and m;, must satisty the conditions m,(t) - e > —
.

1
my(t) - e > — to avoid total reflection. Notice that from (5.35))
b

) z,(t) cost + (zp(t) — po) sint

prt) =~ cos? t ’
From the definition of &, in (5.26), and since z4(0) = 0 we conclude that p’(0) = 0.
Hence from Lemma the normal to p at p(0)(0,1) is v(0) = (0,1). Since x(0) =
v(0) = (0, 1) we obtain from Snell’s law that

(5.40) m;(0) = my(0) = (0, 1).
Thus, e - m,(0) = e - m,(0) = 1, and so
G, G
(5.41) 4,(0) = 1 dy = o d,(0) > 0.

1 1
So choosing 6 small we get d,(t), dy(t) > 0, e - m,(t) > - and e - my(t) > — in [-6,0].
r b
Therefore, (5.36) holds for 6 > 0 sufficiently small. The fact that f, and f, have a
normals for every t will be proved in Step |

Step 4. For each t € [-0,0]
frt) = (Fur(t, Z(1), Forlt, Z(1))),
and similarly fy(t) = (Fio(t, Z(t)), Fa(t, Z(1))).
Proof. We first show that
(5.42) mi(t) = (uet, Z(1)), T:(E, Z(1))),

and similarly for m;. Since the direction x(t) = (sint, cost) is refracted by p into
the unit direction m,(t), by

m,(t) = nl [x(t) = Ax(o(t), o' (£)) V' (£)]
with A, given in and ov(t) = (—p(t) cos t, p(t) sint). From (5.35) and (5.37),
o) = (z(t) - po,2a(t), V(1) = (25(1), Z5(1)).

However, by the definition of /, in (5.26) and the definition of 3 in (5.28), we have
7, = z4 and z} = z5 + py, then v/ (t) = (24,25 + po). Hence becomes

2
1-mn;

[2(8) = po 25(8)] + \|(z28) = po, 23O + (2 = D|za(8), 256) + po)]

Ar(v(t), v'(1) =
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and so by (5.14), A,(v(t), v'(t)) = A(Z(t)).
We conclude that

m,(t) = 1 [(sint, cost) — A(Z(t)) (za(t), z5(t) + po)],

n,

and hence once again from (5.14), the identity (5.42) follows.
We now show that d,(t) = D,(t, Z(t)). In fact, by definition of v we have

p(t) = [o(t)] = |(z2(t) — po,z2(H)] -
Then by (5.42), (5.35) and the formula for D, in (5.14) we get

C,—p(t) + p(t)cost  Cr— |(Zz(t) = Po, Z3(t))| — 25(f) + po
n, — m27(t) Bl ny — Tr(tl Z(t))

Hence from (5.35)), (5.37), (5.42), and the formulas of F3,, F», in (5.14), we conclude

di(t) = = Di(t, Z(t)).

f(t) = p(t)(sint, cos t) + d,(t)m,(t)
= (23(1), =2z2(t) + po) + Di(t, Z(D)) (w8, Z(1)), T:(t, Z(1)))
= (Fur(t, Z(8)), Far(t, Z(1))) -
A similar result holds for f,. O

By assumption |z;(t)| < [t] for t € I, then z1(t) € [0, 6] for every t € [-6, 6].

Step 5. For 6 small, f (t) # 0 and f|,(t) # 0, and hence f, and f, have normal vectors
foreach t € [-6, 0].

Proof. By continuity of f/, and f/,, itis enough to show that f] (0) # 0 and f],(0) # 0.
Since H is well defined at $, then from the definition of %, in (5.24)), F1,(0,0, P) # 0.
We have Z’(0) = P, then from Remark[5.6/and Step [4]

£15(0) = F1(0,0,Z(0)) = F14(0,0, P) # 0.

We next prove that f/ (0) # 0. From Stepsland (4} f,,(t) = fis(z:(t)). Differentiating
and letting t = 0 yields

f1:(0) = 21(0)f7,(0).
Since f/,(0) # 0 and from (5.33) z{(0) = p1 # 0, we obtain f] (0) # 0. O

1 1
Step 6. The vectors m,(t) — e and my(z1(t)) — eare colinear for every t € [0, ].
r b
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Proof. Since z(t) = ha(t; Z(t), Z(z1(t)); Z' (), Z' (z:1(t))), from it follows that
 (cost = ALZN)Z0) - FUZE), 2 O)24(0) Aas(r (1), 221 0) =
20 [Tz (1), Z(1 (), Z' @ (0) At Z(1) — Aaplaa(B), Z(r (1), Z/ (D)t Z(1)]
+ (z(8), ZEO) Aai(t, Z(D, Z (1)
Hence from the formula of p, in (5.22)), we obtain
Lt Z(), Z' (1) Aoz (1), Z(z1 (D) + 24 (1) Aap(za (), Z(za (1)) pe(t, Z(2))
= 2O (21 (8), Z(1 () Aot Z(0) + oz (8), Z1 () Aot Z(8), Z/(1):

Integrating the resulting identity using Remark and that u,(0,0) = 14(0,0) =0
from (5.14), we obtain

(5.43) tr(t, Z(1) Ao (21 (£), Z(z1(1)) = po (21(£), Z(21(1))) Ao r(t, Z(1)).
On the other hand, from (5.42)

(5.44) wAt, Z(H)* + Tt Z(H))* = 1,

then from (5.14), A,, can be written as follows

2
Nop,(t, Z(t)) = \/1 + % - ngfcr(t, Z(1) = \/l —1,(t, Z(H))? + (nlr — T,(t, Z(t)))

r T

2
= \/[,Lr(t, Z(H)2 + (nlr - Tr(t,Z(t))) ,

and similarly for A, ;. Squaring (5.43) and using the above identity for n, and n, we
get

2
pelt, Z(8)? |ub<zl<t>,2<zl(t>>>2 (o~ e, ZCa) ]

r

2
= (21 (8), Z(@ () [m(t, 207 + (= = lt, 200 ] .
Hence

1 ’ 1 ’
B, ZOP (- = T, ZGa0) = (a0, ZEO) (- =6, 20)

r

and taking square roots

ot 20 (- = 210,261 00)| = a0, 200 (- - 0209

r
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From (5.42), since 6 is chosen so that holds in [-6, 6], and z;(t) € [-6, 6], we
have that 1/n, — 15(z1(t), Z(z1(t))) = 1/n, — e - mp(z1(t)) <0, and 1/n, — 1,(t, Z(t)) =
1/n, —e-m,(t) < 0. Moreover, since the functions A,; and A,, are both positive,
then by w(t, Z(t)) and py(z1(t), Z(z1(t))) have the same sign obtaining

b, 29) (2 (8, 21 6) = ) = a6, 2100 (w8, 260 - =)

b r
We conclude that the vectors

(Hr(t, Z(1)), T, (t, Z(1)) — nl) (ub (z1(t), Z(z1 (1)), T (21 (1), Z(z1(1))) — nlb)
are colinear and the claim follows from (5.42). |

By Steps 2] and |4}, we obtain that fi,(t) = fi,(z1(t)), so to conclude the proof of
Theorem 5.7 it remains to show the following.

Step 7. We have for |t| < 6 that
far(t) = fan(z1(2)).

Proof. From Step |5} for |t| < 6, f, and f, have normals at every point. From (5.36)
and the definitions of f, and f,, m,(t) and m;(t) are refracted into the direction e
at f,(t) and f4(t), for each t, respectively. So the Snell law at f,(t) and f,(t) implies

that m,(t) — nle is orthogonal to the tangent vector f/(t), and my(zi(t)) — n—e is
r b
orthogonal to f/(zi(t)). Hence by Step @ f/ () and f/(z1(t)) are parallel. From

Remark 5.6/and Steps[2]and [l we also obtain that f] (t) = z{(t) f,(z1(t)). From Step
and assumption (5.34), f],(t) # 0 and f], (z1(t)) # 0 for all t € [0, 5], then

fa(8) = 21 (8) (21 (H))-
Integrating the last identity, we obtain f,,(f) = fx(z1(t)) + c. On the other hand,
z1(0) = 0, f2,(0) = p(0) + d,(0)m2,(0), and f2(0) = p(0) + dy(0)m2,(0). Hence from
(5.40) and (5.41)), f2,(0) = f2(0) and so ¢ = 0, and Step|7]follows.

O

This completes the proof Theorem O

Remark 5.8. Notice that f, has no self intersections in the interval [0, 06]. Because
if there would exist t;, t, € [0, 0] such that f,(t1) = fu(t2), then by Rolle’s theorem
applied to fi, we would get f],(fo) = 0 for some f; € [t;,£2], a contradiction with
Step 5| The issue of self-intersections in the monochromatic case is discussed in
detail in [GS18]. This implies that f;, is injective, and similarly f, is injective. We
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also deduce that ¢ is injective: in fact, if @(t1) = @(t2) then f.(t) = fi(p(t)) =
folp(tr)) = f(t2) and so ty = t,.

5.4. On the solvability of the algebraic system (£.3). In this section, we analyze
for what values of py, dy the algebraic system P = H(0;0,0; P, P) has a solution,
where H is given in Theorem This analysis will be used to apply Theorem
and to decide when Problem B has a local solution. Denote

Po 1y Ny
ko = — A= ——, Ap = .
"7 4y n,—1 T -1
Theorem 5.9. The algebraic system P = H(0;0,0; P, P) has a solution if and only if
A — Ap)? . . .
ko < % In case of equality, the system has only one solution P with |p;| = 1, and
rib

in case of strict inequality the system has two solutions P and P" with 0 < |p;| < 1 and
Il > 1.

Proof. Recall that H = H(t; 0, &0, 51). Suppose P = (py,---,ps) solves P =
H(0;0,0; P, P). Then from the definitions of 1, in (5.26)), of /3 in (5.28), and of &5 in
we get
(5.45)

p2 =hy(0;0,0,P,P) =0, p3="h3(0,0,0;P,P)=po, ps=hs(0;0,0;P,P)=0.

Then, from (5.14) and (5.22))

ny

A0 =5 A0 =g
tr(0,0) = 1y (0,0) = 0

7,(0,0) = 1,(0,0) = 1

D, (0,0) = D, (0,0) = dy

Plr(OIO) :Plb (010) = 0/ FZ?‘(O/O) = FZb(OIO) = pPo +d0

My

1 1
ﬁz,r (0/ 0) _El AZ,b (O/ 0) - A_b
(5.46) A, (0,P) = A, (0,P) =0

_ 1 (A pa — 1 (A, p4)
,(0,0,P) = — (=L + =], 0,0,P)= — =2+ =

b ) Ar(nr po) b ) Ab(ﬂb Po

;ET(O/O/P):?Hy(O/OIP):O

D, (0,0,P) = D} (0,0,P) =0

— do(Ar p4) ~ do(Ab P4)

F1,(0,0,P)=pg+ —|—+ —|, F1,(0,0,P) = pg+ — | — + =
1r ( ) = po S PR 16 ( ) = po A \m T po

F2(0,0,P) = F5,(0,0,P) = 0
A2, (0,0,P) = Ay (0,0,P) = 0.
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Hence by the definition of /; in (5.24), and since 1 (0;0, 0; P, P) is well defined, we
~ do
get that Fy;, (0,0, P) # 0. That is, from (5.46), po + A_ (n_ + ?) # 0 and we have
b 0

co(2,
Flr (O 0 P) po Ar ny Po

Fi,(0,0,P) +@(@+&)'
Po Ay \1np  po

(5.47) =h1(0;0,0; P, P) =

From the definition of /4 in (5.30)

1 (_ + P_‘*) _ !
ApA, A r
(548) pa=ha(0:0,0:5P) = bAr\1y  po) 1A [Pl (nb P4) A lpo.

1 Po - Tl—r
A AbPO
To solve (5.48) in py, first notice that Do P Otherwise, from (5.48) we would

My Po
. P4 A, A L .
obtain L and so — = —, hence n, = ny, a contradiction since n, > n,.

0o n,’ n,  m
Then (5.48) yields

Ao
n, pO
5.49 = .
( ) P1 A Ps
—_ + _—
Ny  Po
Hence from (5.47) and (5.49) we get that
do (A,
n—’+p—4 p0+KO(—+&)
r Po _ r \ Ny Po
& + & Po + @ & + &
M Po Ay \1my  po

Then

el 2GR -G Rl G5
5.50 — + — +——+—|]|=|—+— 4+ —
550 (”r PO)(pO Ap \1mp  po ny  Po Po A \n, po

Simplitying,
{2
ny, Ny . pPo/\Mp  Po Ay Ay
Notice that
(5.51) &—& 1 =-1+A+1-Ay=A,— Ay

n, n, n,—1 mn,—-1
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Then dividing by A, — A and using the notation ky = % yields
0

A A,
(5.52) koA A + (—b + &) (— + E) - 0.
Ny  Po)\1r pPo
Expanding we obtain that p4/p satisfies the following quadratic equation:
2
(5.53) (&) ; (ﬁ ; ﬁ) P oA, + 22 g
Po ny Ny’ Po nyny
The discriminant of (5.53) is
2 2
(554) 5= (ﬁ ; ﬁ) _ a8 A, = (ﬁ - ﬁ) — 4koA Ay,
n, Ny n,ny ny Ny
then (5.51) yields
(5.55) O = (A, — Ap)* — 4k Ay
(Ar - Ab)z

Hence (5.53) has a real solutions if and only if ky < AA Therefore we have

b
proved the necessity part in Theorem and if P solves the algebraic system,
then

_(£+&)_\/5 _(&+&)+\/5
ny, My ’ ny My
ps = 5 pos P = 5 po
and by (5.49) and (5.51), the corresponding p; and p/ are
p_Ay—Ab—x/S , A=A+ VB
| = Sro e Ve

_—, p = .
Ay — A, — Vo YA A+ VR
Therefore if P = H(0;0,0; P, P), then the solutions are

A Ay
= +=)- s
Ar_Ab_\/S (1’[7 ﬂb)
(5.56) p=|= 2= Y90 5, 0
A—A - 2 Po
A, Ab)
—[—+—]+ Vo
(557) P = Ar—Ab-i-\/Sop (Tlr ny \/_p 0
. -\ ~=/VY, lo, 0s
Ab—Ar-i-\/g 2

with 6 given in (5.55).

ny —n;

3
Ar—Ap=——T >
PT - Dy - 1)

0
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(Ar - Ab)z .
< ————, then the system P = H(0;0,0; P, P) is
4A, A,

solvable. In fact, from the assumption on kj there is p, solving (5.53). We claim that
do (A
this implies py + A_O (n—b + ?) # 0. Assume otherwise, since (5.53) is equivalent
b\ Po
to (5.50) and py > 0 then p4 solves the system

Let us now prove that if ko

d() Ab P4)

+——+—]=0
po Ab(”b Po

do (Ar | Pa _
el B0

Subtracting both identities we get

d
P TR

ny N, po \A, A,
1 1 1 1 1 1
Since A_b - E = Tl_r - ”_b and n, # ny, dividing by d, (”_b - ﬂ_r) we get 1 —% =0,and
do (A
thenp, = py. Replacing in the first equation of the system yields py = — A_O (n—b + 1),
b \ My

and since pg,dy > 0, we get a contradiction. Now let p; be the corresponding
value to this ps given by (5.47), and p»,ps, ps from (5.45); and P be the point
with these coordinates. Hence by the formula for flb(O, 0,P) in (5.46), we get
that fw(O, 0,P) # 0, and therefore h; (0;0,0; P, P) is well defined, and P solves the
algebraic system. Then the possible values of P solving the algebraic system are

P and P’ given by (5.56) and (5.57).

A = Ay
We now prove the last part of the theorem. If k) = % then 6 = 0 and
rBb
22
\n, A= Ay)
P=P =|-1,0,po, Mpo,o Ik < u then the solutions P # P’.
2 4NN,

Moreover, since A, > Ay, and from (5.55) 0 < Vo < A, — A, Therefore
Ar = Ay~ \/Si A Ay - Vo
Ay = A= VB A=A+ VB
A=Ay + \/5| _ A — Ay + \/5
Ay = A+ VO] A=Ay - VB

<1

0<|p|=

> 1.

It
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The following corollary gives a necessary condition on k, for the existence of
solutions to Problem B.
(Ar - Ab)z .
Corollary 5.10. If ky > IAL, then Problem B has no local solutions.
Proof. If Problem Bhas a solution then by Theorem[5.5, the vector Z(f) = (¢(t), v1(t)+
po, V2(t), ¥ (t), v5(t) = po) solves the functional system for t in a neighborhood

of 0. Plugging t = 0 in yields
(0;0,0; 27(0), Z’(0)) = H(0;0,0; Z(0), Z'(0)).
Hence Z’(0) is a solution to the algebraic system P = H(0;0,0; P, P), and from

(Ar - Ab)z
. < —-
Theoremwe have kg < 1AL, O
(Ar - Ab)z . .
Corollary 5.11. If ky < TIAA and a solution p and ¢ to Problem B exists, then
rb
144 0
(5.58) p()E(AmAJ
Po
In fact,
VW)Z%%+%FVS
(5.59) = r b ,
Po 2

with 6 given in (5.55).

Proof. If p and ¢ solve Problem B, then from the proof of Corollary Z'(0) solves
the algebraic system, with Z(t) = (¢(t), v1(t) + po, 02(t), v1(t), 05(t) — po). Using the
proof of Theorem 5.9} it follows that z(0) satisfies (5.52) then
z,(0 z,(0
(ﬁ + i ))(ﬁ + i )) = —koA, Ay <0,
ny Po ) Po

z,(0) e( A, Ab).

Po n oy
On the other hand, z4(t) = v(t) = p(t)sint — p’(t) cos t, obtaining z;(0) = po —

p”’(0), so

and therefore

(5.60) @ _, =l
Po Po

We conclude that

144 0
P’ e(1+&,1+ﬁ):(Ab,Ar).
Po My n,

Finally, from (5.56), (5.57), and (5.60), we obtain (5.59). O
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Remark 5.12. The analogue of Problem B for three or more colors has no solution.
In fact, if rays, superposition of three colors, are emitted from O and n, < n; <n,
are the refractive indices inside the lens for each color, then must be satisfied
for the pairs n,,n; and n;, n,. Hence

pll (O)
p(0)
which is impossible since the last intersection is empty.

e (A5, A) N (A 4)),

5.5. Existence of local solutions to (5.4). In order to prove existence of solutions

to the system (5.4), we will apply Theorem From Theorem we must

A, — Ap)?
—( i Ab) . In this case, the algebraic system P = H(0;0,0; P, P)
rp

has a solution given by (5.56) with |p;| < 1, and therefore (4.4) holds. Let =
(0;0,0; P, P). To show that H satisfies all the hypotheses of Theorem it remains
to show there is a norm in R® so that H satisfies conditions (i)-(iv) with respect to

assume that ky <

this norm in a neighborhood N, (#). Our result is as follows.

A, — Ap)? _
Theorem 5.13. There exists a positive constant C(r,b) < %, depending only on
rb

n, and ny, such that for 0 < kg < C(r,b), the system has a unique local solution
Z(t) = (z1(t), - -+, zs5(t)) with Z'(0) = P, and |z:1(t)| < |t], with P given in (5.56). Hence
from Theorem 5.7|and for those values of ko, there exist unique p and ¢ solving Problem
B.

Proof. Since by construction #; are all smooth in a small neighborhood of P, H is
Lipschitz in that neighborhood for any norm. To apply Theorem we need to
find a norm || - || in R® and a neighborhood N, () so that 4| < 1, and H satisfies
the contraction condition (4.8).

To prove the contraction property of H, we first calculate the following matrices

VoH = I ,and VaH = I at the point #.
850 1<i,j<5 aél 1<i,j<5

i j

Calculation of V.0 H(P) = [j—;(?’)) .
j 1<i,j<5

From (5.26) and (5.28), i, and &3 do not depend on &°, then
deohy(P) = doh3(P) = 0, 1<j<5.
] ]

Also from the definition of /5 in (5.32)
doohs(P) = —6]5. (tant)lp =0, 1<j<5.
]
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We next calculate Vo1 (P). From (5.24),
1 —
VéOh](P) = ~—V50F1r(0, 0, P)
Flb (0/ 0/ P)

Recall from (5.46))
P4

F1(0,0,P) = po + l (& + —), 1(0,0) =0, D:(0,0) = do

Ay \ny  po

Differentiating Fy, given in (5.22) with respect to EO we then get

49

aFl;lr 3 a .
850 (O'O'P)=6J+d0a£° 1<j<5.
From (5.46), A.(0 p , then differentiating 1, in (6.22) with respect to & at
r 0
(0,0, P) yields
u 1
5.61 0,0,P o5
( ) 850( ) Arpo ]
Therefore
— 1
(5.62) V.0F1,(0,0,P) = (0 0,1, — 0)
kOA
We conclude that
1 1
(5.63) Vool (P) = (o 0.1, o)
0

i)
Ay \1mp  po
We next calculate Vzohy(P). Recall from (5.46) that

N 1

— 1
0,0) = u,(0,0) =0, 0,0,P — | —
(0, 0) = ur(0,0) p( )= A, ( o

T

Then from (5.30) it follows that

L(_+P_4)_
A A,
ohy _ Do \my  po 5 = po(Ab . P4)

— — 1 1
o 11 m Fpe) 0 TEI=0
ArpO Ab
Hence
(5.64) Vohy(P) = pg(— +7 0,00, o)
, " o

) ’ AZ,?‘(O/ 0) = A_I AZ,b (0/ 0) =

A0) =

7,00
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We then conclude that
1
p0+_0(_b+E) O+_0(_b+E)
»\1y  po Ay \ny  po
(5.65) V2H(P) = 0 0 0 0 0
0 0 0 0 0
00 (@ n p—‘*) 0 0 0 0
Ny  Po
0 0 0 0 0
To calculate the spectral radius of the matrix Vo H(P), set
1 A
(5.66) a= . c=po (—b + E).
) (& . &) - Po
po Ay \ny  po
The eigenvalues of V. 0H(P) are 0 (with multiplicity 3), and + kaz . Notice that
08r
from (5.56)), and (5.51))
(5.67)
&4_& _ AV - Ab - \/(Ar - Ab)z - 4kOArAb _ 2k0ArAb >0
n. - po 2 A — Ay + (O = N —dkoAD,
then by (5.47) and (5.49)
i (% ¥ E) i (ﬁ_ ’ pi)
(5.68) ac _ oAy \ Ny Po _ oAy \ Ny Po > 0.
Kol +@(&+P_4) +@(&+&)
po Ab ny Po po Ar ny Po

Therefore all the eigenvalues of V0 H(%) are real and the spectral radius of V0 H(P)

is Rgo = A We estimate Ro.
08r
From (5.55), (5.67)), and (5.68)
2/,
- 2A 2A
(5.69) ac_ _ A AI’ZZ Vo _ b < S0 =<1
koAr 1+ b A+ Ay + \/5 A+ Ay

A, — Ay + VO
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Since V6 < A, — A,, we conclude that

Ay 20 20
(5.70) \/— <Rp = <4 = 0o < 1.
A, A+ Ay + VO Ay + A,

Calculation of VaH(P) = (aél(iD)] . Notice from (5.26)), (5.28) and (5.32)
1<i,j<5

that hp, h3 and hs do not depend on &' theh

Vely(P) = Verlia(P) = Verhs(P) =

F ; P
We calculate Vi (P). From (5.24), and the fact that p; = Iy (P) = 1+(0,0,P) we
F1,(0,0, P)
get
Fy, P
Vot = ~20D . Fo,0,p) = v Fu00n)
Flb(o 0 ) Flb(O

Recall from (5.46)

flb(ofofp) =po+ @(— P4)

Ay \1np  po
Similarly as in (5.62)
~ 1
V(@) = (o 01 0)
Hence
T 00 g )
Val(P) = 0,0,1,—,0
ahi(P) +d0( p4) by
Po Ay \ 1p Po
We next calculate V1h4(P). Recall from (5.46))
ny 1
Ap(0) = — , NAp(0,00 = —, A,(0,00=—, u(0,0) = u(0,0) =0,
O =50 A0 =5 A0,0= 5, w00 =w0,0)
and as in (5.61) V:1;(0,0,P) = L (O 0,0,1,0), then from (5.30)
1
P 1A 1
Vehy(P) = T Mp (O 0,0,1,0) =p1(0,0,0,1,0)

rpO Ab
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We conclude that
_pl
00 d _pAl dkOAb 0
SRR
Ay \ 1y Po AV Po
00 0 0 0
00 0 p1 0
00 0 0 0

Notice that Va1H(P) is an upper triangular matrix with eigenvalues 0 (with
multiplicity 4) and p;, the spectral radius of Va1 H(P) is

(5.72) Rt = |pil.

Choice of the norm. We are now ready to construct a norm for which H is a
contraction in the last two variables. In fact, we will construct a norm denoted by
|| - Ik, in R® depending on kj such that for small k,

(5.73) I

vgoH(P)|||k0 + |||V51H(7>)|||k0 <1

where [||]l|y, is the matrix norm in R induced by | - |l,. Recall that ko = po/do.

(A = Ay’
4N, A

depending on kj such that the norm in R®> having the form

We will show that for each 0 < ky < , there exist Ay, -+, A5 positive

||x||k0 = max (Aq|x1], Azlxal, Aslxs], Aalxal, Aslxs]),

satisfies
|||V50H(P)H|k0 <1

We first choose A; = A, = A5 = 1. Assume x € R° with [|x|l, = 1, which implies

1
lx;| < T Then from (5.65), and (5.69)

| (oH(P)x”k —max(ax3+kA 4|, A4 |cx1|)
1 1 al lal o
<max(—a ,A ) ( ,A )
A3|| T M + 1o Al

with a and ¢ defined in (5.66). Hence

Ve r@l, = max |

llxllk,

a 0
VaH(P) x”k <max{| | /\4(|) t ,Agle |}
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We will choose A3 and A4 so that the last maximum is less than one. Let 6y < 6; <
0y < 1, with §g defined in (5.69), Ay = 02/|c|and A3 = N A4, with N to be determined
depending only on 7, and n;,. Then

|a| 0o } { 1 (ac ) }
max A4 lc max + 60|, Aslclt,
{0+ o dale i (5 + o) sl
. (Ar - Ab)z
notice that ac > 0 from (5.68). From (5.69), ac < ko A, < A, IAA S B(r,b), we
rib
obtain
B(r,b
max{M + A(S(I) Tk , Ay |C|} < max{éz( (;’ ) 60),62}.
B(r, D)
Now pick N large, depending only on 1, and 1, so that N +0p < 01. Therefore,
IVaH®)[, <max|2,6,} =50 <1
&0 ko < max 52’ 2( =50 s
Ay — Ay
fora110<k0 < ﬁ

It remains to show that with the above norm || - ||, we also have (5.73). To do
this we need to choose k sufficiently small. In fact, from (5.71) and for ||x|lx, = 1
we have (since A3 = N Ay, Ay = 8,/]c|, and ac < koA, < B(r, b))

||V H

ax3+ ——axy|,

?)x”iko = |p1l max(

e n |x4|)

|| 1 |4 )
< — g
Pl max( s kol\y

.y |mx(1(ac ac)l)
pibmax (s N kOAb'

(r,b) a
<|p1|max(62( N +Ab , 1= pals1,

with s; depending only on 7, and 1, (s; > 1). Hence

(Ar - Ab)z

forall 0 < ky < AR,

[VaHP||,, < lpalsa.

Therefore
IveE®l, +[VaHP, <50+ il
From (5.55) and (5.56)), p1 — 0 as ko — 0, and therefore we obtain for ky close
to 0.
Verification of (£.8). Let us now show that H satisfies the Lipschitz condition
(4.7) with constants satisfying in a sufficiently small neighborhood of ¥ and
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with respect to the norm chosen. In fact, for k, sufficiently small, from (5.73)), there
is 0 < ¢y < 1 so that

Since H is C!, there exists a norm-neighborhood N.(P) of P as in Theorem 4.1} so
that

VaH®)|,, +[[Va HO],, < e <1.

(5.74) max H
(£:C0,C1E0,61)eN(P)

+ max H‘Vng (f; &, ¢4 &, él)
(£:C0,01;0,E1)eN, (P)

VeH (50,058, &)

ko

<cy,
ko

for some ¢y < 1 < 1. Then by Proposition 4.5} the inequalities (4.7) and hold

with Cy = maxy, @) |||V50H|H and C; = maxy,(p) H VgHm.
Y
Verification of (¢.9). If ky < %, then from Theorem [5.9||p;| < 1, and
rb

so [h1(P)| < 1. Hence by continuity there exists a neighborhood of # so that
|h1(t; 0, &0, 51)| < 1 for all (% ;&% &Y in that neighborhood. Therefore,
condition (4.9) in Theorem [4.1|is satisfied.

We conclude that for small values of k) Theorem [4.1]is applicable and therefore
there exists a unique local solution to the system with Z’(0) = P and P
given in (5.56). Notice also that for such a solution Z, we have z;(0) = 0, and
zZ (O)| = [(P)| = |p1| < 1, then by reducing the neighborhood of zero, if necessary,

we have that the solution satisfies |z;(t)| < |t|. Since we also showed in Theorem
that p; # 0, Theorem [5.7]is applicable and the proof of Theorem is then
complete. O

Summarizing the question of solvability of Problem B in the plane in a neighborhood
of zero, we have:

(Ar - Ab)2

(1) If ko > then Problem B is not locally solvable.

4N, N
(Ar - Ab)2
(2) LetA = (0, po), B = (0, Po +d0), and 0 < ko < C(I’, b) < 4A—A
rb

exists 6 > 0 and a unique lens (L, S) with lower face L = {p(t)x()}e[-s,5],

. Then there

x(t) = (sint, cost), and upper face S = {fy(t)}ic[-s5), fv defined in Theorem
such that L passes through A, S passes through B, and so that (L, S)
refracts all rays emitted from O with colors r and b and direction x(¢),
t € [-0, 6] into the vertical direction e = (0, 1).
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Remark 5.14. In this final remark, we point out that Theorem4.1]is not applicable
(Ar - Ab)z
4NN,
this case we claim that there is no norm in R® for which we can obtain (£.7) with

Cp and C; satisfying (4.8). In fact, from (5.55), (5.56)), (5.70), and (5.72)

(0+R1=‘/ + |py| — ,/ +1>1
¢ A+Ab+\/_ pii—

(Ar - A ) ( r )
1AL, from below. Hence for kj close to ———— 1AL,

1, and hence by Corollary [4.6] the claim follows.

to find solutions to the system (5.4) when k; < and kj is away from 0. In

asky — ,wehave Roo+R;1 >
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