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1. Introduction

Suppose we have a domain 2 C R™ and a domain ¥ contained in an n dimensional surface in R**!;
here, {2 denotes the extended source, and X denotes the target domain, receiver, or screen to be illuminated.
Let n; and no be the indices of refraction of two homogeneous and isotropic media I and II, respectively.
Suppose from the extended source (2, surrounded by medium I, radiation emanates in the vertical direction
en+1 with intensity f(z) for x € 2, and the target X is surrounded by medium II. That is, all emanating
rays from {2 are collimated. A parallel refractor is an optical surface R, interface between media I and II,
such that all rays refracted by R into medium II are received at the surface X' with prescribed radiation
intensity o(p) at each point p € X. Assuming no loss of energy in this process, we have the conservation of
energy equation [, f(z)dx = [, o(p) dp.

When medium 1II is denser than medium I (i.e. ny < ny), CL* estimates are proved in [12], and the
existence of refractors is proved in [11]. The purpose of this paper is to consider the case when n; > nsy. This
has interest in the applications to lens design since lenses are typically made of a material having a refractive
index larger than the surrounding medium. In fact, if the material around the source is cut out with a plane
parallel to the source, then the lens sandwiched between that plane and the constructed refractor surface
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will perform the desired refracting job. When ny > ns the geometry of the refractors is different than when
ny < ng; in fact, the geometry is determined by hyperboloids instead of ellipsoids. In addition, in case
ni > no, total internal reflection can occur and one needs additional geometric conditions on the relative
configuration between the source and the target so that the target is reachable by the refracted rays. To
obtain existence and regularity of refractors when n; > no, the use of hyperboloids requires non-trivial
changes in some of the arguments used in [12] when n; < mn2. The main differences are in the set up of
the problem, in the arguments to obtain global support from local support, Section 4, and in the proof
of existence. Our results are local; that is, we only need to assume local conditions in a neighborhood of
a point in the extended source and the target. The main result of the paper is Theorem 5.4 where C1®
estimates are proved. We remark that most results do not involve the energy distribution given in the source
and target, and conservation of energy is only used to prove existence in Theorem A.1. For instance, the
fact that local refractors are global, Theorem 4.2, just follows from the geometric assumptions in Section 3;
see condition (AW). In addition, Theorem 5.3 only requires geometric assumptions. Properties of the target
measure are necessary only to obtain the Holder estimates, Theorem 5.4. Our results are structural, in the
sense that they only depend on the geometric conditions assumed and do not depend on the smoothness of
the measures given in the source and target.

Problems of refraction have generated interest recently for the applications to design free form lenses and
also for the various mathematical tools developed to solve them. For example, the far field point source
refractor problem is solved in [8] using mass transport. The near field point source refractor problem is
considered in [7,9]. More general models taking into account losses due to internal reflection are in [10].
Numerical methods have been developed in [2,4] for the actual calculation of reflectors, and recently in [5]
for the numerical design of far field point source refractors. A significant amount of work has also been done
to obtain results on the regularity of reflectors and refractors [3,18,15,13,14,6].

The organization of the paper is as follows. Section 2 contains results concerning estimates of hyperboloids
of revolution. The precise definition of refractor is in Section 2.2, and the structural assumptions on the
target that avoid total reflection are in Section 2.3. The derivative estimates needed for hyperboloids are in
Section 2.4. Section 3 contains assumptions on the target modeled on the conditions introduced by Loeper
in the seminal work [17, Proposition 5.1]. In Section 4, using the geometry of the hyperboloids, we prove
that if a hyperboloid supports a parallel refractor locally, then it supports the refractor globally provided the
target satisfies the local condition (AW). This resembles the condition (A3) of Ma, Trudinger and Wang [19]
introduced in the context of optimal mass transport. The main results are in Section 5; in particular,
Section 5.1 contains the proof of the Holder estimates. Finally, in the Appendix, we discuss and establish
the existence of refractors satisfying the energy conservation condition (A.17).

2. Definitions and preliminary results

We briefly review the process of refraction. Points in R"*! will be denoted by X = (2, ,,41). We consider
parallel rays traveling in the unit direction e, ;. Let T be a hyperplane with outward pointing unit normal
N and X € T. We assume that medium I is located in the region below 7" and media II in the region above
T. In such a scenario, a ray of light emanated from (2 in the direction e, 11 strikes T" at X and, by Snell’s
Law of Refraction, gets refracted in the unit direction

A=kKenr1 +0N, withd=—kepi1 N+ \/1—&—/{2 ((ent1 - N)2—1),

where § < 0 since £ = ny/ny > 1. The refracted ray is X + s, for s > 0; see Fig. 1. In particular, if v € R
and the hyperplane T is so that the unit upper normal N = (zvD)_  then § = —VIZEDIRE g the

V1+w]?’ ViH[?
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Fig. 1. Snell ny > no.

refracted unit direction is

) )
A(v) = ( \/1 P v, \/1 P + H) = (Q(v)v, —Q(v) + k), (2.1)

with Q(v)?[v]? + (Q(v) — k)* = 1. With this notation we have Q > 0.

Since medium [ is more dense than medium I, total internal reflection can occur, [1, Sect. 1.5.4]. To
avoid this we assume e, 11 - A(v) > ny/ny, or equivalently, e, 11 - N > /1 — k=2; see [8, Lemma 2.1] where
ny1 and ng are reversed.

2.1. Hyperboloids

Fix b > 0. A two-sheeted hyperboloid in R"*! with upper focus at Y = (y,yn11) and lower focus at
Y’ = (yvyn+1 - L_bl) has equation

K,2
, 2
(o= oo+ 22)"
2 - 2 =
_b _b
() (v=)

The semi-axis with direction y,4+1 is ﬁ, the semi-axis with direction y is \/%, and the center of

symmetry is the point (y,ynH — Kg—j’l) Moreover, the upper vertex is <y7yn+1 — ﬁ), and the lower

vertex is (y, Yn+1 — %) Hence the distance between the foci is

2k b
%2 = 7
T

and the distance between the vertices is
2b

2a = .
“ K2 -1
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Fig. 2. Refraction in the hyperboloid.

By definition, the eccentricity is £, and so the eccentricity equals x. The lower sheet (facing downwards) of
the hyperboloid is given by

H(Y,b) = {X = (z,Tpy1) € R EYn+1 — Tnt1) — | X =Y = b}, (2.2)

which can be written as the graph of the function

2
P(x) = oy p(x) = Ynt1 — H:_b - \/( ’ > P (2.3)

1 K2 —1 K2—1"

Suppose the region above H(Y,b) has refractive index ng, and the region below H(Y,b) has refractive
index ny, with kK = ny1/ne > 1. Then we have from [8, Section 2.2] and the reversibility of optical paths
that each ray with direction e, striking from below the graph of ¢ at the point X = (z, ¢(zx)) is refracted
into a ray passing through the upper focus Y; see Fig. 2. Therefore, Y lies along the ray X + sA(v) with
v = D¢(x), with A(v) given by (2.1). Conversely,

if X = (z,#(x)) and the focus Y can be written as Y = X + s A(v) (2.4)
for some s > 0 and v € R", then v = D¢(z);

a fact that will be used on multiple occasions throughout this paper.
Given X,Y € R"*! let us define

(X,Y) = K(ynt1 — Tny1) — [X =Y. (2.5)

If ¢(Xo,Y) > 0, then H(Y, ¢(Xo,Y)) is the unique lower sheet of a two-sheeted hyperboloid with upper focus
at Y passing through Xy, and it is thus described by

Ke(Xo,Y)  [e(Xo,Y)? | |z —yl?
K2 — 1 (W2—1)2 " K2-1°

P(z,Y, Xo) = Yn+1 — (2.6)

Notice that ¢(x,Y, Xo) = By e(Xo.y) (z).
2.2. Definition of refractor

We are given a source domain 2 C R” = R™ x {0} surrounded by medium n; and a target X, a compact
hypersurface in Riﬂ = {2,411 > 0}, swrrounded by medium ng, with ny < n;. Informally, a parallel refractor
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from §2 to X' is the graph of a function u defined on (2 that refracts all vertical rays emanating from (2 into
Y. The hyperboloid H(Y,b) is said to support w at the point (xg,u(zg)),zo € {2, if there exist b > 0 and
Y € X such that u(z) > ¢y,(x) with equality at z = xo. We will show that the existence of supporting

hyperboloids depends on the relative positions between {2 and Y'; this will lead to a precise notion of refractor

given in Definition 2.1.

Also from physical reasons, the refracting surface given by u must be above the source {2: u has thus to

be positive in (2. This means that the supporting hyperboloids must satisfy
dyp(z) >0 forallze 2 andforall Y € X,

which immediately imposes a condition on b. In fact, first notice that from (2.3) we have

b
k—1

max ¢y, () = ¢y,p(y) = Ynt1 —
If ¢y (Z) > 0 at some T € §2, then we have ¢y ;(y) > 0 that is
0<b<(k—1)Ynt1-

Fix Y € ¥ and b satisfying (2.8). By calculation we get that

{x e R" : ¢py(x) >0} =B (y, \/(b — /fyn+1)2 — ny_l) )

Since we need all the ¢y,;’s to be positive in {2, we want

2CB (y, \/(b - /@yn+1)2 - ny+1> for all Y = (y,yn+1) € X.

(2.7)

(2.8)

(2.9)

Notice that (2.8) implies that the quantity inside the last square root is positive. Fixing Y = (y, yp+1) € X

and letting A, = diam (2 U {y}), (2.9) is equivalent to

2
A, < \/(b — KYnt1) — Y24
which squaring imposes a condition on b, i.e.
b —2Kkbyny1 + (k7 — 1) yn — A > 0.

The corresponding quadratic equation in b has roots

T+ = KYny1 L \/ yyzl+1 + A%

(2.10)

(2.11)

First observe that r_ > 0. Because there is zy € {2 such that Ay = |zo —y| and since ¢y ,(zo) > 0 we obtain

Y

Yn+t1 > ﬁ

which is equivalent to r_ > 0. So to have the inclusion (2.9) we must have from (2.11) that

0<b<r_ or ry<hb

But from (2.8) it is easy to see that r4 < b is impossible. So to have the inclusion (2.9) we must have

0<b<min{(k—1)Yny1,7—} =7r_,

that is,

0<b<KYnt1—\/Ypiq + A2,
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We now choose a uniform bound for b in y. Let

A= A 2.12
ygﬁ}é) Y ( )

where 7(X) is the projection onto R™ of the target X. We require that

0<b<hYnp1— /Y2, + A% (2.13)

For this to be well defined we need the right hand side to be positive, which means

A
Ynt1 > NS for all (y,yn41) € X.

So we assume that the target satisfies the condition

A
inf Y1 > (2.14)

Y=(y,yn+1)€X K2 —1.

We can now define refractor as follows.

Definition 2.1. Let A be defined by (2.12) and assume (2.14). The function u : 2 — (0,400) is a refractor
from (2 to X if for each xo € 12 there exists Y = (y,yn41) € ¥ and 0 < b < KYnq1 — /Y241 + A? such that
u(z) > ¢pyp(x) for all z € 2 with equality at x = xo.

2.3. Structural assumptions on the target

From here onwards, we will assume that (2 is convex, and X' C R™ X [r1, 71 + w] for positive constants

T1,w; with 71 to be chosen in a moment. Let 72 = 71 +w. By (2.14), we require 71 > A,l- We assume that

VK2
the graph of our refractor w is contained in the cylindrical region

C_Q = x [0,7’0]

for some 0 < 79 < 71, that is, u : 2 — [0, 70]; see Fig. 3 in the Appendix. Let us also suppose the following
compatibility condition:

KA
71 > max {/@'7'0,7'0 + } . (2.15)
k—1

In the Appendix, we show under this configuration the existence of such a refractor. More precisely, we
will prove that, for any x > 1, A > 0, w > 0, one can choose 71 > 0, sufficiently large, and 0 < 79 < 71,
both depending only on x, A and w, such that (2.15) holds and there exists a refractor u in the sense of
Definition 2.1; see Theorem A.1 and the comment afterwards. In addition, the refractor constructed there
satisfies the energy condition (A.17).

Since nj > ng, total reflection can occur, [1, Section 1.5.4]. To avoid this, we require that the target ¥
satisfies

Y- X na
il > yx eCy Y e 2.16
€n+1 |Y — X| = 0 ( )
This means the following: if for each X € C we consider the upward cones Cx with vertex at X and
opening ¢ := arccos(ng/n1), then (2.16) is equivalent to say that ¥ C Nxec,Cx. If X = (z,2,41) € Cp,
then 0 < z,,41 < 70, and since the cones are vertical, we have C(, r,y C Cx. Therefore

Naze Cla,y) C Nxecy Cx-
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If we assume %' C Nye C(q,ry) = S, then (2.16) holds choosing {2 appropriately. For example, if £2 = B,.(zo)
and we look at the cones C(, -,y with x € B,(x¢), we see that the set S is a cone with the same opening ¢

and vertex at the point (xg, 79 + h) with h = rtan(n/2 — ¢) = TZTS;’: r\/li If we choose r sufficiently
small such that 7o + h = 19 + r——— \/7 < 71, then S intersected with the slab R™ x [r1, 7 + w] is non-empty.
Therefore, taking a target X' C S NR™ x [r, 71 + w], there is no total reflection, that is, condition (2.16)

holds and X' satisfies the previous structural assumptions.

2.4. Derivative estimates for hyperboloids

Let us first observe that hyperboloids are uniformly Lipschitz hypersurfaces. Indeed, a direct calculation
shows that

Dm¢(x7Y7X0) = v .
Ve(Xo, V)2 + (82 = 1]z —y[?
Therefore,
. ly — z| 1 } 1
D.o(x,Y, Xo)| < min , < . 2.17
.ot < min{ L s < g 21
Hence, by the definition of refractor, we conclude that
u(we) —u(zr) < ¢(x2,Y, Xa) — d(21,Y, X2) < for all x1, 24 € 02. (2.18)

\/7 ‘.’172 - 31‘1|
If we interchange the roles of 1 and x5, we get a uniform Lipschitz bound for the refractors.

The above argument suggests that obtaining higher derivative estimates for ¢ will allow us to obtain
higher derivative estimates for u. We calculate below the relevant derivatives of ¢ that will be used. Fix
(x,Y,Xp) € 2 x ¥ xCq, and put xp41 = qb(x)

For the derivative in ¥ ;, we notice that Bz —(X)Y) = -k % and thus m’ <k+1.
From (2.6)
1
0 K 0c(Xop,Y (X0, Y)?2 |z —y?\ % ¢(Xo,Y) dc(Xo,
¢($7Y,XO):7 i (00 ) (20 )2+|2y| (20 )2 (Xo,Y)
ox) K2 —1 ox) (k2 —1) k2 —1 k2 —1)2 Ozx)
=[G ) (YR et (X0, ) | 0e(Xo.1)
N K2 —1 (k2 —1)2 (k2—=1)2| 920, ~
and so we get
2 a2\ "2
a¢ ("E,KXO) S ( Zﬁ ) + (C();Ovy)Z + ‘xQ y| ) C(‘;(O’Y)Q ‘8C(X07 )‘
oxh K2 —1 (k2 —1) K2 —1 (k2 —1) oxh
K 1 k+1
< 1) = . 2.1
_{(n2l>+/{21}(ﬁ+ ) k—1 (2.19)
Next we calculate the second derivatives and get, for 7,5 = 1,...,n, that
3
¢ 1 (X0 Y)?  |z—yl) > o(Xo,Y)? |z —yl?
Y, Xo) = — ’ 5 ’
8xi8xj(x’  Xo) /<;2—1<(/<52—1)2+ —1) { ]((K2—1)2+/€2—1>
(@i —yi)(z; — ;)
— . 2.2
K2 —1 (2.20)
This gives
0%¢ 2 2
z,Y, Xo) < . 2.21
axia:r] ( 0 \/C Xo, — 1)|IIJ - y|2 - C(XOa Y) ( )
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The mixed second derivatives in x and Y are, fori=1,...,nand j=1,...,n+1,
2 o
¢ (z,Y,Xo) = 9 Yi — T
02,0y, Fyj \ Ve(Xo,Y)? + (k% = Dz — y?

T X0, VPP (8 Do)
W — @) (C(XO’ ¥) g7 0(X0,Y) + (52 = 1)(y; — 2;)(1 = 5j,n+1))
(e(X0. Y 4 (2 = Do — y[2)* ‘

Since aiyjc(X, Y) = kdjni1 — (‘%é:%), we have |aiyjc(X, Y)| < k + 1. Therefore,

9?¢
6‘zi5‘yj

o(Xo,Y)* + (5 + Do — yle(Xo,Y) +2(x* — D]z — y|?
(c(Xo,Y)? + (w2 = 1|z —y[?)?

§<2+;~/:i> C(X;Y). (2.22)

It is evident from the above calculations that in order to bound the derivatives of ¢ in a uniform manner,

($,Y, XO) S

we must obtain a positive lower bound for ¢(X,Y) when X € Cp and Y € Y. For this, we will use the
structural assumption (2.15). In fact, let X = (z,2,41) € Co and Y = (y, yn+1) € X. Since |z —y| < A, we
first have

c(X,Y) = k(Yn+1 — Tny1) — [ X = Y| > 6(ynt1 — Tny1) — \/A2 + (Ynt1 — Tng1)*

Next, if we let 9 (t) = kt — VA2 412, then ¥(0) = —A < 0 and ¢¥'(t) = K — ﬁ
P(t) > —A+ (k — 1)t for all t > 0. It then follows that if v > 0 is given, we have

>k —1 > 0. Thus,

v+ A

i — > > . .
Xeclél,g/ez(ynﬂ Tnt1) 2 k—1 Xeclf?,%/ezc(X’ Y)2n (2.23)
From (2.15), we get
A 1A+ A
k—1 k—1

Since infxec, ves(Ynt1 — Tny1) > 71 — 7o, we then obtain that v = (k — 1) A is a lower bound for ¢(X,Y).
Clearly, this bound yields uniform bounds in (2.21) and (2.22), as well as for higher order derivatives.

We explicitly remark that the first order derivative bound in (2.17) is independent of the bounds for ¢, and
thus independent of the compatibility assumptions. It depends just on the fact that the relevant supporting
objects in our problem are hyperboloids, and it gives automatically global Lipschitz bounds for the refractor.
This is in strong contrast with the case x < 1 considered in [12]. In fact, the supporting objects in [12] are
ellipsoids and to obtain global Lipschitz bounds for them a condition between {2 and X is needed, see
[12, Section 2.3].

The derivative bounds and the properties of hyperboloids also imply the following estimates, which will
be used in Section 5.

Lemma 2.2. Let X € Cq, Y € X, xg € 0. Let also Xo = (w0, ¢(w0,Y, X)), and assume X; =
(zg, ¢(x0,Y, X) + h) € Cq for some positive h. Then

k—+1

0 < ¢(x,Y, X5) — o(x,Y, Xo) < .
-

h  for all x € 0.
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Proof. We recall that ¢(X°,Y) = k(yn41 — 29,;) — |[X° — Y. Since k > 1 we have 8x2+lc(X0,Y) =

Z/n+1*1"91+1
= Tr== ) < 0. Therefore,

(X% Y) > 0.

angc

k(XY ey 2 oXO,Y)
k2 —1 (k2—=1)2  k2Z-1 (k2 —1)2

am?,/_*_lgb(ma KXO) = [_

It follows that ¢(z,Y, X§) — é(x, Y, Xo) > 0. For the upper bound we have, for some X € [Xo, X¢], that

k+1
k—1

¢($,KXS) - ¢($7Y, XO) = 8w2+1¢(1.7Y7X)h < h?

where in the last inequality we have used (2.19). O

The following lemma can be proved verbatim as in [12, Lemma 2.3].

Lemma 2.3. There exists C > 0 such that for all Y,Y € ¥ and X, € Cg, we have

3. Regularity assumptions on the target

We assume the following assumptions on the target X.

8.1. Parametrization of the target

Let us assume that each Y € ¥ can be represented in the form Y = X + sx(4)4 for each X € Cq, with
|A] =1 and sx(A) Lipschitz as a function of A.
The Lipschitz character of sx, together with (2.4) and the estimate (2.22), implies that for any Xy € Cp,
there exists C = C(Xj) > 1 such that
1 - _ .
6|Y—Y|§|17—ﬁ|§C|Y—Y| (3.1)

forall Y,V € ¥, 0,0 € R, 5,5 > 0 satisfying Y = X, + 5A(v) and Y =X+ 3A(D), see [12, Lemma 2.1].
8.2. Regularity of the target

Given Y,Y € ¥ and X, € Cq, let v = D,p(z0,Y, Xo), o = Dm¢(x0,f/,X0). Let us consider
C(Xo,Y,YV) = {Xo+ sA(w(N\) : s > 0, v(\) = (1 — A\)7 + A0 for A € [0,1]}.
From (2.4), we know that if Y (\) = Xo + sA(v(\)) € C(Xo,Y,Y), then v(A) = Dé(z0, Y (N), Xo). Define
[V,Y]x, = £ NC(Xo,Y,Y).

By the parametrization of the target and (3.1), each Xy + sA(v(\)) € C(Xo,Y,Y) intersects X in at most
one point for each A € [0,1]. The points in [Y,Y]x, have the form Y (\) = Xg 4 sx, (A(v())))A(v()\)) for
Ae[0,1].

Definition 3.1. Fix Xy € Cp. We say the target X is regular from X if there exists a neighborhood Ux, and
Cy, Cy > 0 depending on Uy, such that, for all Y, YVeXand Z = (2, zn41) € Ux,, we have

6w, Yz(N), 2) < max {(2,Y, 2), (2, ¥, 2) } = CofY = V2|o — 2 (3:2)

for all z € 2 with |z — 2| < C2, A € [1,3] and Yz(A) = Z + sz(A(v(N))) A(v(N)).
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The following characterization of the regularity from a point in Cy can be proved exactly as in
[12, Theorem 3.2].

Theorem 3.2. The target X is reqular from Xo € Cq if and only if there exists a neighborhood Ux, and
C(Xo) > 0 such that, for all Yy € X, Z € Ux, and for all &,n € R™ with £ L n, we have

d2
d€2 e=0

where Ye = Z + sz (A(v + €€))A(v + €€) and v = D, ¢(z, Y0, Z).

(D3(x0,Ye, Xo)n,m) > C(Xo)|¢[*In]? (3.3)

The theorem above follows from [12, Theorem 3.2] since the proof of that theorem does not rely on the
particular structure of the function ¢ nor on the size of the refractive index k. Indeed, the condition (3.2)
is satisfied by the negative of the function in [12, Theorem 3.2], and so the condition (3.3) has the opposite
sign as well.

Let us end this section with some clarifying remarks. The set [V, )A’] x, mimics the notion of a c-segment in
the theory of optimal mass transport (cf. [20]), while the condition (3.3) is akin to the Ma—Trudinger—-Wang
condition (A3) in the regularity theory of optimal transport maps (cf. [19,20]). A watershed for the regularity
theory of mass transport is the result of Loeper [17], which shows the condition (A3) is equivalent to a
maximum principle for e-support functions. This forms the motivation for the regularity hypothesis (3.2)
and the theorem above is the analog of this characterization for the case of the parallel refractor.

4. Local to global

Loeper’s maximum principle allowed him to obtain a result which Kim and McCann [16] refer to as the
DASM (Double-Mountain Above Sliding-Mountain) Theorem in the context of optimal mass transport. This
in turn enabled Loeper to obtain a local-implies-global result for c-support functions. This section is devoted
to establishing the analog of this local-implies-global result in the setting of the parallel refractor. We refer
the reader to the end of this section for further comments.

We say that the target X satisfies condition (AW) from X, € Cg, if for all Yy € X written as Yy =
Xo + sx,(A(v))A(v), and for all £ L 7, we have

d2
de2 <D92c¢(ffo,YmX0)77ﬂ7> >0, (AW)
e=0

where Y. = X + sx,(A(v + €€))A(v + €£), and v = D,é(xo, Yo, Xo). Equivalently, if Y(v) = Xo +
sx,(A(v))A(v), then the condition (AW) requires that for all £ L n, we have

Z DW,Uk [Dﬁcmxjd)(x()vY(v)7X0)7h'77j] fkgf > 0.
i,5,k,1

Let us put H(v, X) = sx(A(v))Q(v), where we recall that A(v) = (Q(v)v, —Q(v) + k) as defined in (2.1).
We denote J(Y, X,n) = (D2¢(x,Y, X)n,n). By (2.20), for [n| = 1, we have

1 (X Y)? o=y [,V fe—y?  (z—y,n)
J(Y’X’n):_,‘g?—l((/—#—l)z—’_/f2—1 (H2—1)2+K2—1_ K2 —1 ’

Since (X, Y)? + (k2 — D)z — y|2 = (K|X — Y| = (Yns1 — Zns1))?, we obtain
TV, X,n) = =(KIX = Y| = Uns1 = 2ng2)) "+ (57 = 1)z —4,m)° (51X = V] = (U1 — 2ng1) ™.
IfY — X = sx(A(0))(Q)v, —Q(v) + k), then [Y — X| = sx(A(v)), and so
KX =Y | = (Ynt1 — Tnt1) = ksx (A(v)) + sx(A(v)Q(v) — ksx (A(v)) = sx (A(v))Q(v).
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Hence,
(5= 1) (v,p)° —1
sx (A(v))Q(v)

Now if v. = v + €, then we can write Y. — X = sx(A(v.))(Q(ve)ve, —Q(ve) + k). Recalling that
|Y: — X| = sx(A(ve)), we therefore obtain

(Y, X, ) = (4.1)

S Xy = =D @em =1 (5= 1) (o)’ — 1

= =: F(ve, X, n).
S A0)Q() (0., X) (e 1)
The condition (AW) is then equivalent to
d2
—|  F(ve,X,n)>0.
|, (ve, X,7) > 0

On the other hand, by setting G(v, X) = H(v, X)™!, we see that

Fv,X,n) = ((52 —1) (0, )% — 1) G(v, X).
Notice that if £ 1 n, then

d
|0 = D) o) = 1] = 2062 = 1) (v m) (€)= 0.
It follows that
d2

| Flo X = |2 = 1) (o) 1] (D26, X)) (4.2)

e=0

By the derivative estimate (2.17) for ¢(x,Y, X), we have |v| < \/;-;27—1 (actually it is strictly less than 1).

Thus, (k2 —1) (v,1)* =1 < 0 for all v and || = 1. Therefore, the condition (AW) implies G(-, X) is a positive
concave function for each X.

Theorem 4.1. Suppose that the condition (AW) holds from some Xy € Cg. Let Y,Y € ¥ be given by
Y = Xo + sx,(A(0))A(0) and ¥ = X + SXO(A(A))A(A) For A € (0,1), let vy = (1 — Ao+ A0, and define
Yy = Xo + sx,(A(va))A(vy). Denoting H(Y) = {X € R"™ : ¢(X,Y) > ¢(Xo,Y)}, then

H(YA) CH(Y)U H(Y).
In particular, for all z € 12,

6w, Ya, Xo) < max {¢(x, ¥, Xo), 6(a, 7, Xo) | .

Proof. Assume for simplicity X = 0. Let us first make note of the following:
oX,Z2)>¢c0,2) & k(zns1 — Tng1) — | X — Z| > kzny1 — | Z]
< | X - Z| < |Z] — kxnyr
= |X]?-2X - Z+|Z? <|Z)? - 2620 11| 2| + K22 4
= |X|* — k%22, <2X - Z — 263041/ 2Z]. (4.3)
We notice that the set bdryH(Y) N bdryH(Yy) is contained in a hyperplane 7. Indeed, if X € bdryH(Y) N

bdryH(Yy), then ¢(X,Y) = ¢(0,Y) and ¢(X, Y ¢(0,Yy). Applying (4.3) in the case of equality with
Z=Y and Z = Y\, we obtain

|X)? — H21‘2+1 =2X Y — 2kzn41|Y;
|X|? — k22, =2X - Yy — 262,11 |V
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Hence,

XV —kn|V] =X Y\ — 62nia|Val
We can rewrite this as X - 7 = 0, where

A= = k[Y]ens1) = (Va = 6[Valens).

In conclusion, X € bdryH(Y) N bdryH(Yy) implies X -7 = 0. Analogously, if X € bdryH(Y) N bdryH(Y),
then X - = 0 where

=Y —&lY|ent1) — (Ya — £[Yalens1)-

Recall that any Y € X is given by Y = s¢(A(v))A(v). Denoting H(v) := H(v,0) = so(A(v))Q(v), we may
rewrite 7) and 77 as the (n + 1)-vectors

= (H(2)0 — H(vx)vx, H(vx) = H(2)), 7= (H(v)o— H(vx)vs, H(vx) — H(0)).

This is because the first n components of Y are given by the vector H(v)v, while the (n + 1)-st component
is given by Y,+1 = |Y|(—Q(v) + k), since |A(v)| = 1. Hence, Y,,41 — k|Y| = —|Y|Q(v). Since H(v) =
s0(A(v))Q(v) = |Y|Q(v), it follows that Y,,+1 — k|Y| = —H (v). Let us now prove a couple of claims.

(1) Suppose X € H(Y)). Then

As a matter of fact, since X € H(Y)), we have ¢(X,Y)) > ¢(0,Y)), which implies by (4.3)
| X|? = 2X - V) + 262041 |Ya| — k%22, < 0.
If X -7 > 0, we then have
X - (Ya =) = kaasa (V2] = 7)) < 0.
The last two inequalities give

|X|2 = 2X -V + 282,41 |V] — w222, <O0.
In particular, this implies | X — V|2 < (|Y| — £#n41)%. We want to conclude that | X — V| < |V] — k1.
This is possible thanks to the structural assumption (2.15). In fact, for any Y € ¥ and X = (2,2,41) €
Cq, we have

Y| — £Znt1 > Yng1 — KTpg1 > 71 — KT > 0.

This gives |X — Y| < |Y| — k&nq1, which implies ¢(X,Y) > ¢(0,Y). Thus, assuming X -7 > 0, we
have X € H(Y), and the first implication is proved. The proof of the second implication we claimed is
completely analogous.

Let us note that so far, we have not used the condition (AW), which we have shown to be equivalent to
the concavity of ﬁ We will now use this fact in the proof of the following claim.
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2) X -H<0and X -7 <0, then X & H(Y)).
Assume X -7 < 0 and X - 77 < 0. Notice that

H(Y2)\ {0} C {X eR"™ : XN, >0},

where Ny = (v, —1). Hence, it is enough to show that X - N < 0. First assume H(vy) — H(v) # 0 and
H(vy) — H(0) # 0. We will show that

%= (9 =) (= a0

with m >0 and m > 0 for some t. By comparing the first n components of 77 and 7,
we find that the above equality holds if and only if

(1 —t)(H(0)o — H(va)vy)  tH(®)0 — H(vz)vy)

fﬂ@‘iﬁﬁf ) l“”‘@QQA )
V)V — V) A
1=0 (7o) + (o - o)

[ 0-DAH@) - NHE) |
“@ )ﬂmm—Hw me—mm}

Therefore, we choose t such that

1—OAH@E) 1 - NH (D)

H(vy) — H(v) — H(vy) — H(0)

Since Q(v) > 0, we have AH(v) > 0 and (1 — A\)H(0) > 0. It follows that m and m

have the same sign. From the last identity, we also obtain

t

MO = ey =1 ¢

H(:) (1~ NH(6) + \H(0)) — H©)H(©)}

<0

By the concavity of 1/H, we have H(vy)((1—AN)H(0)+ A H (v)) — H(v)H(0) < 0. Hence, m <

and thus ﬁ < 0 as well.
Now consider the case H(vy) — H(9) = 0 and H(vy) — H(v) # 0. From the concavity of 1/H, we have
H(vy) < H(D). If we write Nx = g5y g7077 + 1, then t = cro—pimih—sz7, and so ¢ < 0.

Finally, the last case to consider is H(vy) = H(¥) = H(?9). In such case 1 = AH(0)(d — 9,0) and

= (1—XH(v)(v—9,0), and so both inequalities X - < 0 and X -7 < 0 cannot hold simultaneously.

The above claims complete the proof of the theorem. Indeed, by the second claim, if X € H(Y)), then
either X -7 > 0 or X -7 > 0. Hence, it follows from the first claim that X € H(Y) or X € H(Y). O

For a function u : 2 — [0, 79], ¢ € 2, Xo = (20, u(x0)), the refractor-normal map is defined as
Fu(zo) ={Y € X :u(x) > ¢(z,Y, Xo) Vz € 2} . (4.4)

By Definition 2.1, u is a parallel refractor if Fy,(xg) # 0 for all zy € £2.

The next result applies the previous theorem to show that a locally supporting hyperboloid is in fact a
globally supporting one under the condition (AW). The proof is similar to that of [12, Proposition 4.2]; we
provide all the details for the convenience of the reader.
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Theorem 4.2. Suppose u is a parallel refractor in §2 that satisfies the condition (AW) from Xo = (zo,u(z0)),
with xo € 2. If there exists Yo € X and € > 0 such that u(z) > é(x, Yo, Xo) for all x € Bc(xp), then
u(z) > ¢(z, Yo, Xo) for all x € 2.

Proof. Denote the refractor by R = {(x,u(z)) : x € 2}, and let Y (X,v) := X +sx(A(v))A(v) where X € R.
Consider the local subdifferential

Ou(xg) = {v € R" 1 u(z) > u(zo) +v- (x — z0) + o]z — xo]) } -

Notice that if u(z) > ¢(z, Yo, Xo) for all € B.(zg), then Yy € {Y(Xo,v) : v € du(xo)}. Indeed, by using
the Taylor expansion of ¢ around z(, we obtain

u(z) = ¢(z, Yo, Xo) = d(zo, Yo, Xo) + Dad(z0,Y, Xo) - (z — z0) + o(|z — zo])
= u(xg) + Dyd(x0,Y, Xo) - (x — x0) + o(|Jz — o). (4.5)

It follows that vy := Dyd(x0,Y, Xo) € Ou(zg). By (2.4), we recall that v = D,y¢(2z,Y, X) with Y € X' if and
only if Y = Y (X, v). Therefore, Yy = Y (X0, vo) with vg € du(xp) as claimed.

We will now show that under the condition (AW), we have the inclusion
{Y(Xo,v) : v € Ou(xg)} C Fy(zo). (4.6)

This will immediately imply Yy € Fy,(xo) and conclude the proof. Let us first observe that the above inclusion
is equivalent to showing

au(.’to) - {Dx(i)(l'o,Y, Xo) Y € Fu(l'o)} = BI()' (47)

To this end, we are going to show that the extremal points of Ju(xg) are contained in B,, and that B,, is
convex. The convexity of du(z) will then conclude the proof.

Let vg € Ou(zp) be an extremal point. Then there exists a sequence z, — xz¢ with u differentiable
at x, and v, = Du(z,) — vo. Let X,, = (zp,u(x,)), and let Y,, € F,(z,). Since u is differentiable
at x,, it follows that Y,, = Y(X,,v,). By compactness of ¥, we may assume Y, — Y, € X. We
claim Yy = Y (Xo,v). Indeed, u(z) > é(x,Y,,X,) for all x € £ with equality at 2 = z,, so by
letting n — oo, we obtain u(x) > ¢(x,Yy, Xo) for all z € 2, with equality at 2 = z0. Note here
that we are also using the continuity of w, since X,, = (zn,u(z,)) — (zo,u(x)) = Xo. Furthermore,
vp, = Du(x,) = Dyd(n,Yn, X,), so since ¢ is smooth (as a function of the variables (z,Y, X)) and
v — g, it follows that vg = lim, oo vp = limy, oo Ded(Tn, Yn, Xn) = Ded(x0, Yy, Xo). Combining all
this, we conclude that Yy € F, (7o) and D,¢(z0, Yo, Xo) = v, which shows Yy = Y (Xo,vp) and vy € By, .

On the other hand, to show that B, is convex, let Y1,Ys € F,(zo) and let v; = D,é(xo,Y:, Xo) for
i =1,2. Consider vy = (1 — A\)v1 + Avg and let Yy, = Y (Xy,v)). Since vy = Dy d(x0, Y, Xo), we have by the
condition (AW) and Theorem 4.1 that for all xz € {2,

d)(xa Y)\) XO) S max {QZS(Z‘, Y17 XO)) QZS(.I‘, }/27 XO)} S u(x)
Hence Yy € F,(zo) and B, is convex.
The proof is thus complete. O

Let us make another comparison with optimal mass transport. The set B, is the analog of the c-
subdifferential d,u(zq) (cf. [20]) in the theory of optimal mass transport. The inclusion d.u(zg) C du(zg) is
immediate from the definition of the c-subdifferential. The equality of the sets is obtained only after assuming
the weak form of the condition (A3) and establishing Loeper’s DASM theorem. In the case of the parallel
refractor, the inclusion B, C du(zg) also follows from the definition of parallel refractor, as illustrated above
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n (4.5). The above analog of the DASM theorem thus shows that under the condition (AW), we have the
equality Ou(zg) = Bs, for all zy € 2, which is the analog of the equality d.u(zg) = du(zg) under the weak
(A3) condition in the theory of optimal mass transport.

5. Main results

Lemma 5.1. If u is a parallel refractor, then there exists a structural positive constant C' such that
u((1 = 8)Z + s2) < (1 — s)u(Z) + su(@) + Cs(1 — s)|z — &|?
for each z,% € 2, and s € [0,1].
Proof. It can be proved following the arguments in [12, Lemma 5.1] by exploiting (2.21) and the lower bound
(2.23). The constant C' may be chosen dependent only on the bound for D?¢(z,Y, X). O

The following lemma is crucial for the regularity of refractors, assuming X' regular from a point with
respect to Definition 3.1. We omit the proof since it can be completed proceeding as in [12, Lemma 5.2].
The main needed ingredients for the proof are: the concavity of ¢, the estimates (2.18)—(2.22), Lemma 2.2,
Lemma 2.3, and Lemma 5.1.

Lemma 5.2. Suppose u is a parallel refractor and the target X is regular from X* = (z*,u(z*)). There exist
positive constants 6,C1,Cy depending on X* such that if z,% € Bs(z*) and Y € F,(z), V= F.(%), and
|Y — Y| > |z — 2|, then there exists zo € [Z, ] such that if X = (x0,u(xo)), then

u(z) = ¢z, Y, X5) 2 =ClY = Y[[z = &| = CIY(\) = Y]]z — zo| + C1|Y = Y|z — o[,

for all Y (X) € [Y,EA’]XS, A€ [1,3],Y € X and v € 2N Be,(x0). The constant C above depends only the
derivative bounds of ¢.

The following theorem represents the first regularity-type result for refractors we show in this paper. Let
us remark that our compatibility conditions (2.15) play a key role in the proof.
Here and in what follows we denote by N,,(S) the p-neighborhood of a set S.

Theorem 5.3. Suppose u is a parallel refractor and X is regular from X* = (z*,u(z*)). Let C,Cy,Cso,6 be
from the previous lemma. Then there exists a constant M = M (C, C1) such that if &,z € B; (z*),Y € F,(2)

and Y € F, (%) satisfy
N oM \? [2M\?
Y —Y|>max< 1, | — ) ,( —= |z — 2| (5.1)
1 Cs

then there exists xo € [%,&] such that

N, ({Y()\) €[V, ¥]x; A e B i] }) T C Fu(By(xo)), (5.2)

wjw

Bl
Nl

=

where X§ = (xo,u(x0)), p = ‘}7_?‘ -2

: “"d”:M(”;:g)

C C244C,C
Proof. Let M = VS 1200

Define pu = |Y V|3 |z—2

and suppose Y € F, (%) and Y € F, (&) satisfy (5.1) with this choice of M.
1

3 andn = Mu — M (|l;§:§/“) * Since [Y —Y| > |z—#|, Lemma 5.2 applies. Let

xo be the point in that lemma and let X§ = (xo, u(x0)). Fix Y € N, ({Y()\) € [Y,?}Xs (A €E [§,3] }) nx.

404
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Then there exists Y/()\) € [Y, Y]X[’)‘ with A € [, 2] such that [Y'(A) — Y| < u. We already know we have the
estimate

u(z) = ¢z, Y, X5) = =C|Y = Y[[z = &| = Cplz — zo| + C1]Y = Y[*|ar — o],

for all |x — z¢| < Ca. Observe that the right-hand side of the above expression is positive for all x € (2
satisfying |x — x| > 7 as long as 7 satisfies the lower bound

Cp+1/C22 +40CH[Y — VPl — 4
201 [V — VP2 '

Our choice of M ensures that 7 satisfies such inequality.

n >

Next, observe that by (5.1), 7 < £ and n < $. Since zg € B; (x*), it follows that B (x¢) C Bs(z*) C £2,
by the choice of ¢ in Lemma 5.2. Thus, u(z) > ¢(x,Y, X¢) for all € (2N Be,(x0)) \ By(xo)-

We have to prove that Y € F,(By(x)). By definition of Xj, we have u(zo) = ¢(zo,Y, X(). Let
G, denote the graph of u on Be,(z9) N 2, and consider o := sup {¢(X,Y) — ¢(X§,Y) : X € G, }, where
e(X,Y) = 6(Ynt1 — Tny1) — | X =Y. Since X} € G,,, we must have 0 > 0. We claim ¢(X,Y) —¢(X},Y) <0
if X € Gy, and |z — 29| > 1. For © € By(xo), let X = (z,u(z)) and X' = (x,¢(x,Y, Xy)). Since
w(z) > ¢(z,Y, X§) for © ¢ B, (z0), it follows that X lies above X’. Hence, since 8zg+lc(X0,Y) < 0, it
follows that ¢(X,Y) < ¢(X',Y). On the other hand, ¢(X',Y) = ¢(X§,Y) by definition, and so the claim
follows. Thus, the supremum o is attained at some X = (%,u(#)) € G, with # € B, (z¢). To conclude the
proof, we are going to show that Y € F, ().

To do this, we first show that, for all z € (2,

K
K2 —1

Clearly, the second inequality implies the first. We want to explicitly remark that the structural assumption

F(gns1 —u(@)) = e(X,Y), and yoi1 —u(@) = ——c(X, V). (5.3)

(2.15) allows us to obtain the second inequality. As a matter of fact, noticing that
(X, Y) = Kyt = Eng1) = |X = Y[ < (5 = 1)(Ynt1 — Fnp),
we have
K - K

—c(X,)Y) < ——
I<L2—1C( ’ )_m—i—l

We claim %H(ynﬂ — Znt1) < Ynt1 — u(z), which implies the second inequality in (5.3). Now, a simple

(yn-i-l - jn+1)~

rearrangement shows
K

K+ 1

Recall that #,4+1 = u(Z). Since £ > 1 and |z — Z| < A, it follows from (2.18) that

|z — Z| A
<

(Yn+1 = Tng1) S Y1 —ul@) & K(u(@) = Tng1) < ynpr — u(@).

— ~7L — _ ~ < .
u(e) = o] = fula) —u(a)| < L < S
By (2.15) we have 7, — 79 > :—_Al, which then implies
- kA
K(u(z) = Tpi1) < 1 <711 — 70 < Ynt1 — ulx).

Therefore, the relations (5.3) are satisfied.

To conclude the proof, we have that ¢(X,Y) > ¢(X,Y) for all X € G, that is,

VIE =y + (a1 — u(@))? 2 £(gns1 — u(@) — (X, Y)




F. Abedin et al. / Nonlinear Analysis 142 (2016) 1-25 17

for all z € 2N Be, (z0)- By (5.3), the right-hand side of the above inequality is non-negative, and so we get
& = y” + (Y41 — u(2))® 2 62 Yns1 — u(2))? = 26(yns1 — u(2))e(X,Y) + (X, Y)?

c(X,Y)?
K2 —1

= % > (Y41 = u(@))® = 2(yns1 — u(®))

K2_1C(X,Y)—|—
lz —y[?  oX,Y)? K - ?
N +(n271)22 yn+1—u(w)—li27lc(X,Y) .

Again by (5.3) we infer

K - c(X,Y)2 |z —yf? -
> - — =
u(@) = yns1 — (X, Y) \/(H2 St e =@ YY)

for all x € 2N Be, (o), with equality at x = Z. Since n < % and & € B, (z0), we have Be, (Z) C Be, (o).
Recall that by our choice of §, we have the inclusions B, (z9) C Bs(z*) C {2 and so B:(ﬁc) C 12 for all
¢ > 0 sufficiently small. Hence, we obtain the local estimate u(z) > ¢(x,Y, X) for all € B(Z) for € > 0
sufficiently small. By Theorem 4.2, we obtain u(z) > ¢(x,Y, X) for all z € £2, which shows Y € F,(Z) and

conclude the proof. [

5.1. Hélder regularity for refractors from growth conditions

In this subsection we prove the C''®-regularity result for refractors. We assume the regularity of the
target from a point (Definition 3.1), together with some growth conditions for the target measure which we
are now going to introduce precisely.

Let o be a Radon measure on the target X' and let Xy € Cp,. Assume there exists a neighborhood Ux,
and a constant C' > 0 depending only on X, such that for all Y, YeX Zce Ux, and p > 0 sufficiently
small (depending on Xj), we have

N 1 ~ .
- [NH ({m) €[V, ¥]s:Ae [ 3] }) z} > Gy — P, (5.4)
We will also assume that the measure o satisfies

U(Fu(Bn)) < Con

Q3
—
ot
(S
=

for all balls B, CC 2 and some constant Cyp > 0 and 1 < ¢ < e

Theorem 5.4. Suppose u is a parallel refractor and the target X is regular from X* = (z*,u(x*)). Suppose
the target measure o satisfies the growth conditions (5.4) and (5.5) at X*. Then there exists 6, M > 0 and
Cs > 0 depending on X* such that if Z,& € Bss(2*), Y € F,(z) and Y e F,(&) satisfy

2 2
[V — V| > max < 1, 2M ) M |z — 2], (5.6)
§ Cs

then there exist positive constants C; = C1(Cy,C, M) and o = a(n,q) such that
Y — V| < Cy|z — 2|
Moreover,

u € CI’O‘(B(;/Z(x*)).
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The Hélder exponent can be obtained explicitly as

n n—1

271 -T2
a = . 5.7
1+ m—1y+w (5.7)

Proof. In Theorem 5.3 we showed that under the assumption (5.6) (which is the same as (5.1) from
Theorem 5.3) there exists zg € [Z, ] such that if X§ = (20, u(xo)), then we have the inclusion (5.2)

N, ({Y()\) €Y,V]x; 1 A€ [i, ﬂ }) NXY C Fu(By(20)),

Nl

T— §7| _ Mp
Y-V Ty =Y|2°

w7 ¥l <2 N, ( 731 ne [L]}) o]

< o[Fu(By(20))] < Con’,

where = |Y — V|2|z — #|2, and = ( It now follows from (5.4) and (5.5) that

which immediately implies |Y — V| < Cy|Z — #|*. The value of a shown in (5.7) can be obtained using the
definitions of y and 7.

Moreover, it follows that [, (z) is single-valued for all x € Bs/s(z*). Take Z € Bj/o(x*). We first show
that u is differentiable at Z and D,u(Z) = D.$(z,Y, X), where X = (Z,u(Z)) and Y = F,(z). Indeed, for

t=1,...,n and h sufficiently small, we obtain from (2.21) and the definition of parallel refractor that
v, X vt he:) — ul@ v+ he Y, X) = o, Y, X
Dig(z,Y, X) — (u(ﬁ eh) “(x)) < Dig(z,Y, X) — (”é(“” € h) ¢(z ))

= Dl(ﬁ(i’,Y,X) - Dz¢(j + Eeiaan)

A

for 0 < h < h < h. For the reverse inequality, let 2 = Z + he;, X = (2,u(2)) and ¥ = F,(2). Once again,
by the definition of parallel refractor,

(U242 Dy, ) < (‘b(iy’m_‘b@j’y)) - Dio(#, Y, X)

h h
= Dzd)(‘fa}/\/aX) 7Dl¢(5:7Y7X)

for some % € [z, #]. By the first part of the proof, we have also F,(z) is a continuous function of z and so
Y — Y as # — z. Thus, by letting h — 0, we obtain the differentiability of u and the desired formula for
Du.

Finally, we show that u € Cl’a(B5/2 (7*)). As a matter of fact, for 7, & € Bs/o(x*), we have

|Du(z) — Du(#)| = |Da¢(2,Y, X) — Dp(#, Y, X))
< D(,Y, X) = Dod(2,Y, X)| + [D2$(2,Y, X) = Dpp(2, Y, X))
+|Da¢(2,Y,X) - Dpop(,V, X))
gc(|x—x\+|y VI+|X - X\)gOﬁ:—fc\"‘.

Here we have exploited the Lipschitz and the Hessian estimates for ¢, together with the facts that
X - X|<Clz—#|and |Y = V| < Cmax {|z — &|, |z — &}, O
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Appendix

The purpose of this appendix is to show existence of parallel refractors assuming an appropriate
configuration and location of the target Y. In fact, we will show existence of refractors for targets located
within a slab of certain dimensions and so that (2.15) holds, see Theorem A.1. Therefore, the C*® estimates
proved in the main body of this paper are applicable to actual refractors. A main difference with the
existence result in [11] is that the geometry is now given by hyperboloids, then some estimates are different
and require explanation. We show explicit estimates for the parameters in the configuration that yield
existence of parallel refractors. In particular, we seek refractors satisfying the energy conservation condition.

Let us first recall some notions. Given a refractor v and a point Y € X, the tracing mapping of wu is
defined by

T.Y)={z € £2: H(Y,b) supports u from below at = for some b > 0} .
If EC X, we put
T.(B) = |J T.(v).

YeFE

Given a nonnegative f € L!(2), and assuming the visibility condition (A.16), the refractor mapping induces
a Borel measure, the refractor measure, given by

this is proved as in [11, comment after Definition 2.3]. The function f represents the intensity of the radiation
emanating from 2. The radiation intensity to be received at X' is given by a Radon measure x. By assuming
the energy conservation condition [, f(z)dx = p(£2), we will prove the existence of a parallel refractor
u: 2 — [0,7] (in the sense of Definition 2.1) for which the compatibility conditions (2.15) are satisfied,
and such that

My(E)=u(E) VECZX.

The main step is to prove this in the discrete case, i.e., when p = Zfil a;0y, with a; > 0 and Y; € X. Once
this is established, existence when p is a general Radon measure follows by an approximation argument, see,

e.g., [11].
A.1. Geometric configuration of the target for existence of refractors

Let us fix Y; = (yi,y%41) € 2. Given b = (by,...,by) with

0<b¢<f$y;+1— (y;+1)2+A2, 1<¢<N,
we let

up() = max dy,y,(z) @€ 0.

We will denote My (Y;) = M, (Yi).
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Step 1. We want to choose 0 < by < Kyl 1 — \/(yh1)? + A% such that if b; = kgl 1 — /(¥4 )2 + A2

for 2 <i < N, then

e < ~ :
22‘%}3\/ by, () < @y, 5, (2) T E LY

that is, we will choose b; such that
by, 5, (¥) = by, p,(7) forallz € 2 and2<i < N.

We write

We have

. B 1 Kby by |1 — y1]?
gggng],bl(z) = Yn+1 — K2 — 1 - \/<I€2—1> + K2 — 1

for some z; € 2. So

- — 2
. _ 1 fibl bl AQ _ 1 —
gélg¢yl,bl($) ZYnt1 T 37 \/(Hg — 1) toa T T Y T @ (b1) -

On the other hand,

, b,
by, b; (7) < Ovip, (i) = Y1 — P
1

= yfl+1 T (’i Z/fz+1 —/ Wh)? + A2>

=H1<—y;+1+ (?/Z+1)2+42), 2<i<N; Vze .
So (A.1) holds if we choose b; > 0 such that

1
k—1

Ynir — @ (b1) > (y:L+1 + /(Wi 1)+ AQ) 2<i<N,

SO

) _
— >
Y1 — ¢ (b1) > AKX

<_y:z+1 +\/ Whi1)? + A2) .

This is equivalent to choose b; such that

7 1 : ; ‘ T .
@ (b1) <ypia + i { p— (y;“ =/ Wpa)? + A2> } = Ypy1 T mi=mY

notice that m < 0, and so v, ; > m*. Now the function ¢ is strictly increasing in [0, +-00) and ¢(0) =

so to get some by > 0 satisfying (A.2), we need that
A

K2 —1

*

<m.

It is easy to see by calculation that the inverse function of ¢ is

_ _ A
el ) =ry—Vyr+ A% o 1<Kz_1)0;
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ol [\/%,—&—oo) — R*. Since ¢!,y > 71 for 1 <i < N, we have

1 : ; 1 /
1 %
Yn+1 + m (yilﬂ - (yn+1)2 + AQ) >7+ ﬁ (7'1 - T12 + A2)
1 / 1 _
:n—1<ﬁﬁ_ 712+A2):ﬁ—1<p ‘()

A
> ——— by choosing 7; sufficiently large, (A.4)

VK2 =1

so (A.3) holds. In addition, b; must satisfy that 0 < by < kyt | — \/(y}.1)2 + A2; so we pick by as large
as possible in this interval and satisfying (A.2) (notice that from (A.3), (2.14) always holds for all b > 0
sufficiently small). That is, we define

by = max{b 10 <b<kypi —/(Yhi1)? + A% and p(b) < m*}, (A.5)

with m* given in (A.2).
We then have

by — min {w(m*), kvt~ JEa)? A2}

= min {mm* — \/mﬂiyiﬂ =/ Wpi1)? + A2}
=rm* —/(m*)2+ A2 = o~} (m"), (A.6)

! is increasing and y, ., > m*.

since ¢~
With the b; already chosen by (A.5), let

W = {(bg,...,b]v)!0<bi < Kyhy1 —\/(¥hi1)? + A2 with

M(Bl,bQ,...,bN)(K') <aqg;for2<i< N}. (A7)

The inequality (A.1) implies that the set W # (), since Mg, ;. 1 (Y:) = 0 for b; = Kb —/ (Wi q)? + A2
for 2 <i < N.

Step 2. We prove that the vectors in the set W are bounded below by a positive constant depending
only on the constant 7 in (2.14) (and (A.4)), the constant 75 concerning the location of the target, A, and
k. That is, we prove that if (bs,...,by) € W, then b; > 6 > 0, for all 2 < i < N with § to be calculated; see
(A.12). Suppose that for some (b, ...,by) € W there is 2 < jo < N such that bj, < §. We shall prove that
this implies that

¢Yj07bj0 (z) > ¢Y1,51 () Vx e, (A.8)

which implies that Mg, ;. ,.1(Y1) = 0 contradicting the energy conservation condition. We will prove
that

Wil y;, b, (%) 2 Max by, 3, () (A.9)
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which clearly implies (A.8). We have for some z; € £2

K

. Py b 2 A2
> 0 Jo Jo )
Z Yn+t1 K2 —1 \/(ﬁ2—1> +/€2—1

2 2
: _ _ . J ’%bjo bjo |$1 - yjol
ggg(bijbjo(x) = vy b, (T1) = Yl1 — 2_1 21 + 21

On the other hand,

b
1 1
Pyy 5y (Y1) = Yoy — ——7 2 mAx Py, 5, (2).

So to prove (A.9) it is enough to show that

2 2 n
j 'V‘:bjo bj A 1 bl
yn‘?1,€2_1\/(ﬁ2_1 R e e |

if b;, < 0. Since ¢ is strictly increasing, if we choose § with

; b
Jo _ 5 > 1 _ 1
yn+1 SD( )7yn+1 k—1
then
_ _ 3
Y =% (bjo) Z Uiy =9 (0) 2 Yy — —- (A.10)
So we need to choose § > 0 such that
by »
— 2 Y1~ U +9(0).
We have p(0) = \/%, so to find ¢ > 0 satisfying the last inequality, we need to have
61 1 jU A
- > .
1 Y t Yt PR
We have from (A.6)
by : I ;
7 Yt = ¢ (M)~

1 1 ;
ot ( lcp_l(ﬁ)) —yhl + Yy, (from (A.4) sincep ™ !is increasing)

k—1 K —
S ~ j .
,ﬁ_lw H_ISO (1) ) =2 +n (smceﬁ§yn+1§72for1§]§]v),
If we choose 71, 7o sufficiently large (7 satisfying also (2.14) and (A.4)) and satisfying
1 L A
N N A1l
5_190 (5_1410 (Tl)> Ty + T1 > o ( )

(notice that w = 7 — 71 is the width of the slab containing the target, and (A.11)) and choose § with

1 1
p(0) = o (,{1%0_1(71)> — T2 + T,

then (A.10) follows. That is,

§=¢" ( Lo < ilwl(ﬁ)> w) : (A.12)
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Therefore all ’s in W are bounded below by 4.
In other words, given w, we can pick 7y sufficiently large so that (A.11) is satisfied. We have then proved
that

W C 5,0 Y +w)N L.
Step 3. We shall prove the following upper bound for each refractor

up(z) = 1r<nizixN Oy b () T €2,

when b; = by from Step 1, and (bs,...,by) € W:

]
up(x) <19 i=T Fw— 1 (A.13)

with

A
T1 > max {FLT(),TO + :_ T } , (A.14)

where w = 179 — 71, for all 7y is sufficiently large where 0 is given in (A.12).
First notice that from (2.7)

)<yt - —— <y — = _
¢Yubl(3«")_yn+1 H71_7’2 P 1+ w ]

fori=2,...,N; and
b <7 b1 .
k—1 k—1

Ovi b1 (€) < Yy —
If we prove that
by >4,
then (A.13) holds. In fact, from (A.4) and (A.6)

b= (m") > ¢! <I<J— 1

) = 1

since ¢! is increasing. Now ¢(6) = —15 L — w, so L > § is equivalent to ¢(6) — % + w > 0 which holds
true since () — =25 > 0 and w > 0. Notice that to obtain the bound (A.13) we must take 71 sufficiently
large satisfying the inequalities (2.14), (A.4), and (A.11).

We shall prove now that we can take 71 even larger so that (A.14) holds. We first show we can choose 7y

large so that
1
T0 < —T1.
K

This inequality is equivalent to

Yy (1 - i) el rerr <Ki1¢1 (Hi 1901(71)) w) L), (A15)

Writing ¢ 1(a) = a(m— 1+(§)2>, Alm) = et (ﬁg@‘l(ﬁ)), and noticing that

lim,, oo @ 1(11) — 400 and lim,, 400 A(T1) — w — +00, we see that lim,, 4 £(71) = 1. Hence (A.15)
holds for all 7; sufficiently large, since x > 1. To show that we can choose 71 large so that

K
71270+ﬁ>
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T +w
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! Q :
K -

Fig. 3. Refraction configuration.

it is enough to show, since k > 1, that we can choose 7| large such that
Kk A 1
< - T1.

o+ 1~ &k

K
The last inequality is equivalent to

w+(1—i)+('m <0 )

T1 H—l)’]’l (I‘L—].)Tl

which as before holds true for all 71 sufficiently large.

In summary, we can choose 71 large depending on w, k and A such that (A.13) and (A.14) hold true for
any refractor with b, = by, and (bs,...,by) € W. That is, the graph of the refractor is contained in the
cylinder Cp = 2 x [0, 79], with 7o =71 + w — %; where 71 is large.

Recall once again that assuming the visibility condition (A.16), M, is a Borel measure in X as in
[11, comment after Definition 2.3]. In addition, the continuity of the refractor measure follows as in
[11, Lemmas 2.4 and 3.2] implying that the set W in (A.7) is closed. Then using the argument in the

last third of the proof of [11, Theorem 3.3] yields the following existence theorem; see Fig. 3.

Theorem A.1. Let w > 0 be fized. For all Ty sufficiently large depending only on w, k and A, there is 19,
given in (A.13) and satisfying (A.14), such that for each target ¥ = {Y1,...,Yn} contained in the slab
{(Y, Ynt1) : 71 < Yny1 < 711+ w} and satisfying the visibility condition:

for all X € 02 x [0,7] and for all m € S™ 1,
the ray {X +tm :t > 0} intersects X in at most one point, (A.16)

there is a parallel refractor u : 2 — [0, 7| satisfying

/ f(z)de = p(E) VEC X, (A.17)
T.(E)

where p = Zf\il a;dy, with a; >0 and the energy conservation condition [, f(x)dx = Ef\il a;.

Using the last theorem and proceeding as in the proof of the existence [11, Theorem 3.4], we obtain
by discretization that Theorem A.1 holds true for an arbitrary Radon measure p on a general target X
satisfying (A.16) and the energy conservation condition [, f(z)dx = pu(X).
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