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ABSTRACT: We present a new model for the calculation of molecular
polarizabilities from eﬀective atomic polarizabilities. This model is based on
the Thole modiﬁed dipole interaction model for molecular polarizabilities,
where the total polarizability is computed as a sum of eﬀective atomic
polarizabilities modiﬁed by dipole−dipole interactions. We extend this model
by making the atomic polarizabilities explicit functions of the interatomic
distances, scaling them by the radius of the volume an atom occupies in a
molecule. We use the SCAN functional to show that this model, denoted
TholeL, yields accurate molecular polarizabilities with little dependence on
the training set. We also demonstrate that the TholeL model yields accurate
polarizabilities for conﬁgurations far from the ground state structure for a
wide range of molecules. Finally, we show that the TholeL model can be used
to generate accurate Raman spectra for water, crystalline urea, and urea in water from ab initio molecular dynamics simulations.

■

calculations.11 Thus, one must at least use DFT with some
exact exchange added, further adding to the cost of the
calculation.
Owing to the prohibitive cost of polarizability calculations,
there is a long history of approximate models of the molecular
polarizability. Although much use has been made of bond
models, atomic models of the polarizability tend to be more
ﬂexible and thereby more common. The earliest atomic models
involved simply summing over parameterized atomic polarizabilities, and despite the simplicity of such an approach, these
models tend to reproduce the average polarizability quite
well.12 Such models are not very ﬂexible, however, with
parameters depending on both the local bonding environment
and the size and composition of the training set.13 In order to
ensure the accuracy and general applicability, large training sets
with very accurate molecular geometries are required.
The accuracy and generality of polarizability models was
improved signiﬁcantly with the introduction of dipole
interactions. The atom dipole interaction (ADI) model for
the polarizability was ﬁrst introduced by Silberstein14 and was
later reﬁned by Applequist, Carl, and Fung.15 These authors
recognized that they could obtain polarizabilities that are selfconsistent with intramolecular electric ﬁelds by including the
dipole interaction tensor into their polarizability calculations.
While this approach was mildly successful, it required very
small atomic polarizability parameters due to the divergence of
the dipole−dipole interaction at small distances. This model
was signiﬁcantly improved by Thole,16 who removed this
divergence by replacing the point dipoles at each atom with

INTRODUCTION
The calculation of atomic and molecular polarizabilities is an
essential component of a wide range of theoretical models and
is necessary for the calculation of an equally large number of
experimental observables. In the ﬁeld of molecular dynamics, it
has long been recognized that static charges do not adequately
model the ﬂuctuating electric ﬁeld in and around molecules,
and so various polarizable force ﬁelds have been introduced.
These force ﬁelds can range from simple additive models1 to
Drude oscillators2 to Gaussian-smeared atomic charges.3 These
models have generally been shown to improve both the
electrostatic properties and equilibrium structures over nonpolarizable force ﬁelds.4 The polarizability is also key in
devising QM/MM strategies for extending the range of
applicability of ab initio methods.5 Finally, the polarizability
is important for predicting vibrational spectra, including both
Raman scattering6 and sum frequency generation.7,8
While there are well-established ab initio methods for
calculating the polarizability at high accuracy, in most cases,
these approaches are prohibitively expensive. Although it is
relatively simple to compute the polarizability from analytic
derivatives of the Hamiltonian, accurate values of the
polarizability often require very large basis sets.9 It is not
uncommon to require triple or quadruple zeta basis sets to
obtain accurate results, and even then polarization and diﬀuse
functions are often necessary for the polarizability to
converge.10 Not only do these basis sets require more
computation time, but the addition of diﬀuse functions can
complicate convergence, necessitating more robust and more
expensive optimization algorithms. Finally, in many cases,
density functional theory (DFT) is the common choice for
moderately sized molecules, but problems with describing
electron correlation make DFT impractical for polarizability
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THEORY
While the details of ADI models are described elsewhere, we
summarize the general approach in order to introduce the
expansion to volume-dependent polarizabilities. The starting
point for all ADI models is the equation for the self-consistent
dipole in a system of atoms interacting under the dipole
approximation

smeared out charge densities. The Thole model has seen
widespread use in molecular simulation,3 has been shown to
maintain accuracy for large data sets,17 has been expanded to
hyperpolarizability calculations,18 and has been extended to
include both dipole interactions from both Slater-like and
Gaussian-like charge densities.19,20
Despite the success of the ADI model, such models are
generally limited to studying molecules at their ground-state
geometries. The dependence of molecular polarizability on the
atomic position in ADI models arises from the change in the
total charge density contributing to the dipole−dipole
interaction with changes in bond length and angle. As the
bond length increases, more of the model charge density
around a given atom is included in the dipole−dipole
interaction tensor, and so the dipole interaction and the
eﬀective polarizabilities increase. While this leads to
qualitatively correct dependence of the polarizability on
molecular geometry, the gradient of the polarizability with
respect to atomic positions is often underestimated. This can
often result in problems, including dependence on the details
of the training set and diﬃculty predicting the relative weights
of vibrational spectra. While ADI models can be used for
vibrational spectroscopy,21 they are generally restricted to
narrow frequency ranges and relatively homogeneous systems
where all vibrational chromophores have similar frequencies
and polarizabilities.
In this work, we improve upon the ADI model by
introducing atomic radius-dependent polarizabilities, which
reproduce the dependence of the molecular polarizability on
atomic conﬁgurations. One of the reasons that a simple,
additive model for the polarizability can work so well is that, in
atomic units, the polarizability has units of a0 3. The
polarizability of a molecule should then be proportional to
the size of the molecule, and thus in turn it should be
proportional to the number of atoms in the molecule. We can
take advantage of this same scaling of the polarizability to
improve upon ADI models by making the atomic polarizabilities depend on the radius of the spherical “volume”
occupied by the atom in the molecule. While the dependence
of the polarizability on molecular geometry is a complex
function of the changing hybridization of the molecular
orbitals, it is useful to think of the atomic charge densities
simply being stretched or compressed to occupy large or
smaller spherical volumes, respectively, in the deformed
molecule. The atomic polarizability will then scale correspondingly with the volume, growing and shrinking with changes in
the atomic volume. In practice, however, we ﬁnd that the
polarizability should scale with the radius of the atomic volume
in order to best reproduce the molecular polarizability. Despite
the simplicity of such an approach, we show that this picture
allows us to accurately predict the polarizability of a wide range
of molecules up to the dissociation limit.
We train this model, denoted TholeL for bond lengthdependent Thole model, on the TABS database22 and ﬁnd that
it can accurately reproduce the ab initio polarizability. We
show that this model yields accurate polarizabilities not only
for molecules at the ground state but also for molecular
geometries far from equilibrium. Finally, with an accurate
model of the polarizability as a function of the molecular
geometry over such a wide range, we show that it is possible to
eﬃciently calculate Raman spectra from ab initio trajectories
for a wide range of systems.

μi = αi(Ei + Tij μj )

(1)

where μi and αi are the dipole moments and polarizabilities of
the ith atom, Ei is the external ﬁeld at the ith atom, and Tij is
the dipole interaction tensor, which gives the electric ﬁeld at
the ith atom due to the jth atom. Note that we use Einstein
notation, such that all repeated indices are implicitly summed.
By inverting the above equation, one obtains
αi−1μi − Tij μj = Ei

(2)

Equation 2 can be written as a matrix equation Aμ = E,
where the matrix A has the form of an inverse polarizability.
We can thus deﬁne an eﬀective polarizability αeff
i as
αieff =

∑ (A−1)ij
(3)

j

In Thole’s initial approach, the dipole interaction tensor was
calculated from a single H atom-like charge density.16 Since
the charge density, and thereby the dipole interaction tensor, is
determined by a single exponential function, we denote this as
the “expontential” or “Exp” interaction. The dipole interaction
tensor is then
ÄÅ
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Å
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k2
{
where rij ≡ ri − rj, rTij is the transpose of rij, and I is the identity
matrix. Here, bij ≡ arij(αiαj)1/6 is a scaling factor, and a is a free
parameter determined by ﬁtting to ab initio data.
In this work, we also use a dipole interaction tensor based on
the interaction between two Gaussian charge densities:23
É
(3rijrijT − IrijTrij) ÅÄÅÅ
2Ñ
Ñ
ÅÅerf(|rij| /R ij) − 2 e−(| rij | /R ij) ÑÑÑ
Tij =
5
Å
ÑÑÖ
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−
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4
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e
π R ij 3
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(5)

In this case, the scaling factor Rij is deﬁned by eﬀective
atomic radii R ij ≡

i 2
y
αi zzzz
R i ≡ jjjj
k3 π {

R i 2 + R i 2 , where Ri is a radius deﬁned by

1/3

(6)

The atomic radius is deﬁned in terms of the atomic
polarizability by taking the limit rij→0, leaving a constant
term24 4/(3 π )R ij−3. We interpret this constant term as twice
the self-energy of a single dipole, since the interaction as rij→0
gives the interaction between two dipoles at zero distance.
Since the interacting Gaussian charges give rise to a term with
an error function, we denote eq 5 as the “Erf” dipole
interaction.
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In most approaches, the initial polarizabilities αi are
parameters determined from a ﬁtting procedure to a large set
of ab initio molecular polarizabilities. The polarizabilities αi are
then static properties of the atoms, and all changes in the
molecular polarizability with respect to the atomic coordinates
are due to changes in the dipole interaction tensor Tij.
However, the changes in Tij are not large enough to accurately
represent the changes in the molecular polarizability with
respect to changes in the molecular geometry.
In order to rectify this deﬁciency in the ADI model, we make
the polarizability αi an explicit function of the size of the atom
in a molecule. This strategy is inspired by the atom-inmolecules approach to molecular properties and by the fact
that the polarizability has units of a0 3. The reasoning is that, as
a bond is stretched or compressed, the atom-in-molecule is
able to occupy a larger or smaller volume, respectively,
assuming that the overlapping charge densities repel each other
due to electrostatic eﬀects and Fermi degeneracy. While this is
obviously not a correct picture of the electronic structure of a
molecule, it employs similar ideas of atomic volume employed
in Hirshfeld25 and Bader partitioning26 to ﬁnd atomic charges
and polarizabilities.
We deﬁne the change in the atomic radius, and thereby the
atomic volume, in a given molecule via the overlap of atomic
radii. We take the vacuum atomic radius to be the covalent
atomic radius. When the two atoms i and j are near each other,
we calculate a new radius for atom i as
R i ≡ R i(0) − 0.5(R i(0) + R (0)
j − rij)

Figure 1. Illustration of the new radii determined by eq 7 for a
diatomic molecule. The spheres represent the original, covalent radii,
while the spheres formed by the new radii, which have minimal
overlap, are not shown. The gray plane shows the intersection
between the two spheres, and the two arrows show the point at which
they meet.

(7)

where R(0)
i is the covalent radius of atom i, Ri is the new radius,
and rij is the distance between the two atoms. If we deﬁne the
radius Rj for atom j in the same way, then Ri and Rj, by
deﬁnition, point toward the other atomic center along a line
connecting the two, such that the vectors meet at the plane of
intersection of two spheres with radii R(0)
and R(0)
i
j . This
process is illustrated in Figure 1, where we can see that the
vectors Ri and Rj result in atomic radii which touch at only a
single point between atoms i and j.
We perform the above procedure for every atom in a system,
where for atom i, we deﬁne a new radius vector Ri using the
nearest neighbor, even if it is greater than the covalent radius
R(0)
i . In this way, we ensure that the volume of each atom in a
molecule has a minimal overlap with its nearest neighbor. In
other words, the sphere formed by Ri must touch the sphere
formed by the nearest-neighbor radius Rj at a single point. This
eﬀectively means that the volume of an atom in a molecule is
determined by its nearest neighbor in the molecule, whether it
is expanded or contracted with respect to its vacuum value.
Such a procedure is obviously incorrect for a dissociating bond
in vacuum, but for systems where no bonds are broken this
procedure gives a good measure of the volume occupied by an
atom-in-molecule and yields excellent results for the molecular
polarizability, as shown below.
Finally, once we have a new radius vector Ri, we can scale
the polarizability αi. Since the polarizability has units of a0 3,
one might assume that it is best to scale αi by the cube of the
ratio of Ri with the covalent radius R(0)
i . However, we ﬁnd that
this results in an overestimation of the dependence of the
polarizability on the bond length; rather, it is best to scale the
polarizability with respect to the ratio Ri/R(0)
i . While it is not
immediately clear why this is the case, note that we are scaling
atom-in-molecule polarizabilities, which we then use to

compute the molecular polarizability using the Thole model.
The emperically observed linear relationship between polarizability and volume has primarily been observed with
molecules, such that all complex interatomic interactions are
implicitly included.27 Thus, in order to better reﬂect the
geometry of the molecule, we scale each diagonal component
of the vacuum polarizability αi by the ratio of the components
of the ratio Ri/R(0)
i . The scaled polarizability can thus be
written as
(αi′)nn = (αi)nn ·(R i /R i(0))n

(8)

Note that by scaling the polarizability by the components of
the ratio Ri/Ri(0), we are essentially accounting for the
stretching or compressing of a bond between two atoms.
Once the scaled polarizabilities are obtained, we follow the
standard procedure of ADI methods to ﬁnd the eﬀective
polarizabilities, namely, using eqs 2 and 3 but with αi′ replacing
αi.
When we scale the polarizabilities, a subtle issue arises
because the atomic radius in eq 6 is deﬁned by taking the
interatomic distance to zero, resulting in a ﬁnite interaction
energy at zero distance when using static polarizabilities.
However, if we scale the polarizabilities using the interatomic
distance as in eq 8, the polarizabilities and the scaling constant
should go to zero as the interatomic distance goes to zero.
While this results in a divergent dipole−dipole interaction,
−1
since Tij and α−1
i both scale as Rij as the distance rij→0, the
resulting eﬀective polarizabilities go to zero as rij→0. Without a
ﬁnite dipole−dipole interaction as rij→0, one cannot use eq 6
to compute the scaling constant.
Despite this issue, we elect to continue to use eq 6 to deﬁne
the atomic radius for the “Erf” interaction using the scaled
polarizabilities. Our reasoning is that our scaling of the
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of the Fourier transform to write the intensities in terms of the
time derivative of the polarizability:

polarizabilities is simply a method to generate the polarizability
parameters that work for every reasonable conﬁguration of a
molecule, which we might expect to see in, for example, a
molecular dynamics simulation, rather than just the equilibrium conﬁguration. Once these scaled parameters are found
for a given molecular conﬁguration, we then freeze the
polarizabilities and the ﬁctitious charge densities used to
compute the dipole−dipole interactions and let the interatomic
distance rij→0. We thus recover eq 6 for a large number of
conﬁgurations of a molecule but with the scaled polarizabilities.
Indeed, in order to obtain eq 6, even without scaling the
polarizabilities, one must assume that the charge density
generating the dipole−dipole interaction is unchanged as rij→
0. Note that this approach is also supported by numerical
evidence: we attempted to deﬁne the scaling parameter as Rij =
1/2
+ α2/3
a(α2/3
i
j ) , where a is a global scaling constant similar to
that used in eq 4. Fitting the global parameter a to ab initio
data yielded a factor close to that yielded by eq 6. Thus, we
believe that our use of eq 6 with the scaled polarizabilities is
justiﬁed.
The parallel and perpendicularly reduced scattered Raman
spectra are calculated using the following time-dependent
formalism6
I (ω) =

I (ω) ∼ (ω − ωI)−4

I⊥(ω) ∼ (ω − ωI)−4

■

(9)

where α̅ (t) ≡ (1/3)Tr[α(t)], Tr is the trace, β ≡ α̅ − αI is the
anisotropic part of the polarizability operator, ωI is the incident
radiation frequency, Q(ω) is a quantum correction factor, and
kB is Boltzmann’s constant. Note that the factor of (ω − ωI)−4
comes from the deﬁnition the reduced Raman spectrum, which
ensures that the computed Raman spectrum is directly
proportional to the intrinsic Raman scattering activity.28 The
quantum correction factor guarantees that the above
expressions satisfy the detailed balance condition I(ω)
=exp(ℏω/kBT)I( − ω). We use the harmonic approximation
QHA(ω) = ℏω/kBT/(1 −exp( − ℏω/kBT)) as this yields the
best results in most cases and obeys the ﬂuctuation dissipation
theorem.29 The expressions for the intensity in this case then
become

dt e−iωt

1
⟨Tr[β(t )β(0)]⟩
10

−∞

+ 2Tr[β(t )β(0)]⟩
I⊥(ω) = (ω − ωI)−4 ω 2

∫

∞

−∞

1
̇ ]⟩
⟨Tr[β (̇ t )β (0)
10

COMPUTATIONAL DETAILS

All polarizability calculations were performed using the
Gaussian16 (rev. A.03)30 software package. We used the
ωB97XD functional31 with the aug-cc-pVTZ basis set,32,33 as
this combination has been shown to yield accurate polarizabilities for the TABS database.11 The optimized geometries
were taken from the TABS database and were not modiﬁed for
the polarizability calculations. We optimized the polarizability
parameters for the TholeL model using the NLopt library34
with the “Subplex” algorithm,35 as it is a highly robust
optimization algorithm.
In order to test the TholeL model for nonequilibrium
geometries, we generated quasi-random conﬁgurations of a
small subset of the TABS database. These geometries were
generated by running Car−Parinello molecular dynamics
(CPMD) simulations of the molecules using the B3LYP36,37
functional in combination with the cc-pVDZ basis set, as we do
not require high accuracy for the resulting geometries. After
running each simulation for 0.5 ps with a step size of 0.5 fs, we
sampled the trajectories every 25 fs and calculated the
polarizability for each frame.
In order to test the TholeL model for Raman spectra
calculations, we ran several simulations of crystalline systems.
All trajectories were obtained using the “cp.x” module of
Quantum Espresso (v.6.2.1).38,39 For all simulations, we used
CPMD with the HSCV pseudopotentials,40,41 an electron mass
of 100 a.u., a timestep of 2.0 a.u. while sampling the trajectories
every ten steps (∼0.5 fs), and a temperature of 300 K. We used
the SCAN functional42 for all simulations. Every simulation
was equilibrated using velocity rescaling followed by
equilibration with a Nose−Hoover thermostat.43,44
We ran the following simulations in order to test the TholeL
model for Raman spectroscopy calculations of molecules. We
ran an NVE simulation of liquid water using 32 H2O molecules
with a plane-wave cutoﬀ of 90.0 Ry for 30 ps. We ran an NVE
simulation of a single urea molecule solvated by 32 H2O
molecules with a plane-wave cutoﬀ of 90.0 Ry for 30 ps. We
ran an NVE simulation of crystalline urea using 16 urea
molecules with a plane-wave cutoﬀ of 130.0 Ry for 20 ps.
Further simulation details are included in the Supporting
Information.

−∞

1
⟨15α̅ (t )α̅ (0)
15

dt e−iωt

Since the polarizabilities in any physically realistic system
with a constant number of particles oscillate around an average
value, eq 11 guarantees a signal with zero mean, thereby
guaranteeing the Fourier transform decays to zero at zero
frequency. This approach avoids issues with numerical
accuracy where small frequencies ω ≈ 0 are multiplied by
the time average of the correlation functions in eq 10.

∫

dt e−iωt

∫

∞

(11)

ij
y
ω
jj1 − expjijj− ℏω zyzzzzzQ (ω)
j
jj k T zzzz
(ω − ωI)4 jk
k B {{
∞
1
dt e−iωt ⟨Tr[β(t )β(0)]⟩
10

∞

1
⟨15α̅ ̇(t )α̅ ̇(0)
15

−∞

−∞

∫

dt e−iωt

−∞

ij
y
ω
jj1 − expjijj− ℏω zyzzzzzQ (ω)
j
j
z
j kBT zzz
(ω − ωI)4 jk
k
{{
∞
1
dt e−iωt ⟨15α̅ (t )α̅ (0) + 2Tr[β(t )β(0)]⟩
15

I (ω) = (ω − ωI)−4 ω 2

∞

̇ ]⟩
+ 2Tr[β (̇ t )β (0)

∫
I⊥(ω) =

∫

(10)

where we have removed the constant prefactors for brevity. In
order to simplify our calculations, particularly to reduce noise
at low frequencies, we use the properties of the time derivative
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RESULTS AND DISCUSSION
We parameterized the TholeL model and the Thole model,
without bond-dependent polarizabilities, on the TABS database using both the “Exp” dipole tensor (eq 4) and the “Erf”
dipole tensor (eq 5). We chose to parameterize and test our
model on the TABS database22 as it is a reasonably large
database, containing 1641 molecules, which features a wide
range of common organic molecules up to a reasonably large
size (34 atoms). Thorough testing of a small subset of the
database has shown that accurate polarizabilities can be
obtained using the ωB97XD functional coupled with the
aug-cc-pVTZ basis set.11 We parameterize both models, Thole
and TholeL, by reducing the average of the norm of the
diﬀerence between the ab initio and approximate polarizabilities
1
χ=
∑ |αi(0) − αi|2
N i
(12)
where N is the total number of molecules, α(0)
is the ab initio
i
polarizability of the ith molecule, and αi is the approximate
polarizability of the ith molecule. We use a random third of the
TABS database to train our model, and the remaining twothirds to test the resulting model.
We list the statistics of the error for the optimization of the
α(0)
using the TABS database in Table 1 and show the
i

Figure 2. Correlation plots of the norms of the ab initio and
approximate polarizabilities of the TABS database for the Thole and
TholeL models for both the “Exp” and “Erf” interactions. The blue
points show the results from the Thole model, while the red points
show the results from the TholeL model.

Table 1. Statistics of the Error of the Fit to the TABS
Database, Including the Average Error and the Slope (M)
and R2 Coeﬃcient of the Correlation between the Exact and
Approximate Valuesa
parameters

Exp

Exp-L

Erf

Erf-L

err-|α|
err-⟨α⟩
err-δ
M-|α|
M-⟨α⟩
M-δ
R2-|α|
R2-⟨α⟩
R2-δ

8.60
2.76
5.40
0.93
0.94
0.85
0.97
0.98
0.91

10.2
3.79
6.15
0.92
0.93
0.84
0.96
0.96
0.88

9.82
3.62
5.44
0.91
0.92
0.92
0.97
0.96
0.93

11.6
4.59
6.26
0.90
0.91
0.89
0.94
0.94
0.89

less accurate. This is mostly due to large molecules that are
approximately 1D or 2D, such as anthracene, as the TholeL
model tends to underestimate the longitudinal polarizability of
the molecule. This is because the TholeL model tends to
reduce the eﬀective polarizabilities of atoms in molecules near
the ground-state conﬁguration, whereas the eﬀective polarizabilities of the Thole model tend to remain close to their
initial values. For molecules like anthracene, the Thole
molecular polarizability is very close to a simple sum over
atomic polarizabilities, and so the longitudinal polarizability is
quite large and grows approximately linearly with the size of
the molecule. For the TholeL model, on the other hand, if any
atoms have relatively short bonds compared to the rest of the
dataset, their eﬀective polarizability can be signiﬁcantly
reduced compared to the initial value, thereby resulting in an
underestimation of the longitudinal polarizability. We show
this explicitly for ﬁve molecules in the TABS database with the
largest polarizabilities in Tables 2 and 3, which show the
average polarizability and anisotropy of the polarizability,
respectively, for each molecule and for each model. Note that
the TholeL model slightly underestimates the average

|α|, ⟨α⟩, and δ refer to the absolute diﬀerences (a.u.) for the norm,
average polarizability, and anisotropy for the molecules in the TABS
database, respectively. The “Exp” and “Erf” dipole interactions are
deﬁned in the text.

a

correlation between the norms of the exact and approximate
polarizabilities in Figure 2. In Table 1, we list the average error
and the slope (M) and the correlation coeﬃcient (R2) for the
exact and approximate polarizabilities. As we compute the full
polarizability tensor for each molecule, we calculate the
quantities mentioned above for the norm of the polarizability,
the average polarizability, and the anisotropy of the polar-

Table 2. Average α (a.u.) of Five Molecules in the TABS
Database with the Largest Polarizabilitiesa

izability. The norm is computed as |α|= ∑ij αij 2 , the average

name
cinnamaldehyde
(E)-1,3,5hexatriene
azulene
heptalene
phenazine
anthracene

is computed as ⟨α⟩ = 1/3∑iαii, and the anisotropy is computed
as δ = 9/2(⟨α2⟩ − ⟨α⟩2).45
All models yield accurate results for each of the measures
chosen. The “Erf” interaction yields signiﬁcantly more accurate
oﬀ-diagonal elements as compared to “Exp”, as evidenced by
the lower error for the anisotropy, but also yields slightly worse
average polarizabilities. Note that, while the Thole and TholeL
methods yield very similar results, the TholeL model is slightly

a

5382

exact

TholeExp

TholeLExp

TholeErf

TholeLErf

122
94

92
64

86
61

100
73

95
69

130
153
169
179

94
113
123
129

89
103
117
121

102
125
136
141

98
121
132
135

The “Exp” and “Erf” dipole interactions are deﬁned in the text.
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Table 3. Anisotropy of α (a.u.) of Five Molecules in the
TABS Database with the Largest Polarizabilitiesa
name
cinnamaldehyde
(E)-1,3,5hexatriene
azulene
heptalene
phenazine
anthracene

exact

TholeExp

TholeLExp

TholeErf

TholeLErf

115
102

21
13

12
8

93
75

81
62

average polarizabilities and polarizability derivatives for each
molecule. We can make this analysis more formal by looking at
the mean slope and R2 for each correlation plot for each
molecule, as listed in Table 4. While there are still inaccuracies
in the TholeL model, Table 4 shows that it greatly improves
the polarizability derivatives over the Thole model.

109
112
169
172

21
22
32
34

13
19
21
24

91
88
138
138

84
84
127
125

Table 4. Average M and R2 for the Polarizabilities of Each
Set of Conﬁgurations for Each Molecule in the Subset of the
TABS Database Used To Generate Random
Conﬁgurationsa

The “Exp” and “Erf” dipole interactions are deﬁned in the text.

a

polarizability and the anisotropy of the polarizability compared
to the Thole model.
We further test the generality of the Thole and TholeL
models by comparing their performance for nonequilibrium
geometries of molecules. For a small subset of molecules in the
TABS database (see the Supporting Information), we run
CPMD simulations of each molecule to generate a series of
random perturbations to the ground-state geometry, with an
average standard deviation of the polarizability of ∼3 bohr3 for
each molecular conﬁguration. We then calculate approximate
polarizabilities of these geometries using parameters obtained
from training to the entire TABS database. The correlation
plots (Figure 3) show that the TholeL model improves on the
Thole model. Note that, in particular, although the Thole
polarizabilities roughly follow a line of unit slope overall, the
plot is composed of a series of overlapping horizontal lines.
This indicates that, while the Thole model yields accurate
average polarizabilities for each molecule, it does not, in
general, yield quantitatively accurate derivatives of the
polarizability with respect to atomic positions. On the other
hand, the TholeL data is composed of a series of overlapping
diagonal lines, indicating that the TholeL model yields accurate

a

model

⟨M⟩

⟨R2⟩

Thole-Exp
TholeL-Exp
Thole-Erf
TholeL-Erf

0.117
0.417
0.286
0.586

0.362
0.569
0.712
0.745

The “Erf” and “Exp” dipole interactions are deﬁned in the text.

In order to compare the performance of the two models with
respect to molecular conﬁguration in more detail, we consider
two speciﬁc examples. The ﬁrst example is H2O, as it is such an
important molecule, and accurate models of its polarizability
can signiﬁcantly improve statistical quantities in MD
simulations.3 We plot the polarizability of H2O predicted by
the Thole and TholeL models with respect to the ab initio
polarizability in Figure 4, where each r(OH) distance is set to
0.9575 Å and is varied within [−0.3 Å,0.2 Å] with a step of
0.025 Å and the θ(HOH) angle is set to 104.5° and is varied
within [ − 40°,40°] with a step of 5°. Figure 4 shows that the
Thole model can, at times, yield quantitatively accurate
polarizability derivatives near the equilibrium conﬁguration.
However, in most cases, the Thole model yields neither
quantitatively accurate polarizabilities nor derivatives of the
polarizability with respect to internal atomic coordinates, as is

Figure 3. Correlation plots of the norms of the ab initio and approximate polarizabilities of random perturbations of a subset of molecules in the
TABS database. Each panel shows the results using either the Thole or TholeL model with either the “Exp” or “Erf” dipole interaction, as deﬁned in
the text.
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the case with the H2O molecule and the “Exp” dipole
interaction. The TholeL model, on the other hand, improves
the polarizabilities yielded by the “Exp” interaction for all
molecular conﬁgurations and, with the “Erf” interaction, yields
more accurate polarizabilities over essentially the entire range
of sampled geometries. Thus, paired with the proper dipole
interaction, the TholeL model can yield quantitatively accurate
molecular polarizabilities for essentially all reasonable conﬁgurations likely to be found in molecular dynamics simulations.
To further illustrate the performance of the TholeL model,
we consider a second example: a dissociating H2 molecule. In
this case, we used CCSD(T) with the dAug-cc-pVTZ basis to
both optimize the H2 geometry and calculate the polarizability.
We set the r(HH) distance to the ground state value of 0.7431
Å and then sample the polarizability at distances from [−0.2
Å,2.2 Å] with respect to the ground state. We plot the
longitudinal, perpendicular, and average polarizability of H2
obtained from CCSD(T), Thole, and TholeL in Figure 5.
Once again, the Thole model is qualitatively correct,
reproducing the overall trends while failing to yield accurate
polarizabilities far from the ground state. The TholeL model
tends to overestimate changes in the longitudinal polarizability
and underestimate changes in the perpendicular polarizability,
but still yields excellent results for both components and the
average polarizability all the way up to the dissociation point at
∼3.1 Å, especially for the “Erf” interaction. Past the point of

Figure 4. Polarizability of H2O with respect to molecular
conﬁguration. The blue points are those obtained using the Thole
model, while the red points are those obtained using the TholeL
model.

Figure 5. Polarizability of the H2 molecule with respect to the H−H distance. The black points are calculated using CCSD(T), blue points are
calculated using the Thole model, and red points are calculated using the Thole model. The panels on the left and right and computed using the
“Exp” and “Erf” interaction models, respectively. The top, middle, and bottom panels show the perpendicular, longitudinal, and average
polarizabilities, respectively.
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excellent agreement with the experiment.28 While the
frequencies of the diﬀerent peaks are determined from the
underlying forces associated with the functional, the intensity
and shape of the resulting peaks is entirely a result of the form
and parameters of the TholeL model. The ratio of the
intensities is remarkably close to what is observed in
experiment: the O−H stretching mode (∼3400 cm−1) should
be ∼100× larger than the bending mode (∼1700 cm−1),
though the vibrational band (∼600 cm−1) is slightly too large
compared to the bending mode. However, we note that the
agreement is excellent given the simplicity of the model we are
using and is comparable to results from much more
sophisticated models, for example, MB-pol.46 Importantly,
the Raman intensities are dramatically improved with respect
to the Thole model, which underestimates the amplitude in the
O−H stretching region by over an order of magnitude.
In order to demonstrate the generality of the TholeL model,
we calculate the Raman spectrum of urea in diﬀerent bonding
environments. We choose to study the urea molecule as it is a
well-studied test case in polarizability calculations,18,47 and
Raman spectra have been reported in a number of environments.48−50 We plot the Raman spectrum for crystalline urea
in Figure 8, with the N−H stretching region shown in Figure

dissociation, the TholeL model is no longer accurate as the
dependence on the interatomic distance is determined only by
the nearest-neighbor distance, without any regard to bond
breaking. This was to simplify the model and reduce the
number of parameters by not making a reference to bond
length parameters, as the intended use of the TholeL model is
condensed systems. However, in Figure 5, we see that even for
rather extreme bond ﬂuctuations, the TholeL model still yields
accurate results.
Since the TholeL model with the “Erf” dipole interaction
yields accurate derivatives of the molecular polarizability with
respect to atomic positions, the TholeL model should yield
accurate Raman spectra for a wide range of systems. To test
this hypothesis, we calculated Raman spectra from CPMD
trajectories using the SCAN functional and the “Erf” dipole
interaction for several diﬀerent systems where the Raman
spectrum is an important tool for characterization.
We ﬁrst calculate the Raman spectrum I∥(ω) and I⊥(ω) for
liquid water at 300 K from a simulation of 32 H2O molecules
in Figures 6 and 7, where we see that the TholeL model yields

Figure 6. Raman spectrum, I∥(ω), of water calculated from the Thole
and TholeL models (normalized to unity). The black solid line is the
spectrum normalized to unity, while the blue dashed line is the same
multiplied by 20, and the green dashed line is the Thole spectrum.
The red points show the experimental spectrum, where the region
below 3000 cm−1 has been enlarged by a factor of roughly 100.28

Figure 8. Calculated Raman spectrum I∥(ω) of crystalline urea, where
the solid black line and dashed red line show the TholeL and Thole
spectra, respectively. The dashed vertical lines show the observed
peak values.51 All spectra have been normalized to ﬁt on the same
plot. Each panel shows a diﬀerent frequency range.

8a and the C−H stretching and NH2 bending regions shown in
Figure 8b. The Thole and TholeL spectra in the N−H
stretching region are quite similar, but at lower frequencies, in
Figure 8b, we see signiﬁcant diﬀerences between the two
models. We have labeled the peaks according to the molecular
motions as either bending (b), stretching (s), rocking (r), or
symmetric stretching (ss). Experiments show that the NCN(ss) peak should be roughly 10 times that of the NH2(b) and
CO(s) peaks, which should be roughly equal in amplitude.51
While the TholeL model yields intensities that roughly match

Figure 7. The Raman spectrum, I⊥(ω), of water calculated from the
Thole and TholeL models (normalized to unity). The black solid line
is the spectrum normalized to unity, while the blue dashed line is the
same multiplied by 30, and the green dashed line is the Thole
spectrum. The red points show the experimental spectrum, where the
region below 3000 cm−1 has been enlarged by a factor of roughly
100.28
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empirical linear relationship has been tested primarily with
molecular polarizabilities and volumes. Our approach to the
“atomic volume” is a relatively simple idea that nonetheless
yields excellent results for a wide range of molecules in a
diverse array of conﬁgurations and condensed phase environments. By further expanding our ideas on the atomic volume in
a molecule and how it impacts the polarizability and possibly
other properties, even greater improvements in accuracy and
generality may be possible. Even with the simple model we
have introduced, however, that we are able to use the TholeL
model to calculate highly accurate Raman spectra from ab
initio trajectories for a diverse array of materials. With the
accuracy of the TholeL model over a wide range of molecular
conﬁgurations, this model might also be useful for molecular
simulations, where accurate polarizabilities are required for all
possible conﬁgurations of a molecule in a given ensemble.

the experiments, the Thole model vastly underestimates the
amplitutde of the NCN(ss) peak while overestimating the
amplitude of the CO(s) peak.
In addition to crystalline urea, we also computed Raman
spectra for a urea molecule solvated by 32 H2O molecules. In
order to investigate the impact of solvation on the Raman
spectrum, we compute the eﬀective polarizabilities for all
atoms in the system, but we plot the Raman spectra for only
urea for the Thole and TholeL models in Figure 9. Once again,
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from the bending region in Figure 9b, we see that the Thole
model underestimates the amplitude of the NCN stretching
peak at ∼1000 cm−1 compared to the NH2 bending peak at
∼1175 cm−1. Experiments predict that the C−N stretching
peak should be roughly 10 times larger than the NH2 rocking
peak;49,52 the TholeL model predicts a ratio of 6, while the
Thole model predicts a ratio of 1.5. Figure 9a also shows that
the Thole model predicts a strong CO(s) and NH2(b) peak
around 1500−1600 cm−1, while both the TholeL model and
experiments show that these modes only contribute a broad,
low band, consistent with the experiments.52 Thus, the TholeL
model yields signiﬁcant improvements for urea solvated by
water in addition to crystalline urea.
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